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ON THE x-COORDINATES OF PELL EQUATIONS
WHICH ARE FIBONACCI NUMBERS

FLORIAN LUCA and ALAIN TOGBE

Abstract

For an integer d > 2 which is not a square, we show that there is at most one value of the positive
integer x participating in the Pell equation x> — dy?> = 41 which is a Fibonacci number.

1. Introduction

Letd > 1 be a positive integer which is not a perfect square. It is well-known

that the Pell equation
x? —dy* =+1

has infinitely many positive integer solutions (x, y). Furthermore, putting
(x1, y1) for the smallest solution with x > 1, all solutions are of the form
(xn, ¥,) for some positive integer n where

Xn +yn\/¢_1: (xl +y1‘/2)”

There are many papers in the literature which solve Diophantine equations
involving members of the sequences {x,},>1 or {y,},>1 being squares, or per-
fect powers of larger exponents of some other integers, etc. (see, for example,
[4], [5] and [9]). In this paper, we study a new problem of this type which we
now describe.

Let {F}, }m>0 be the Fibonacci sequence given by F,,.» = F,41 + Fy,, for
m > 0, where Fy = 0 and F| = 1. The first terms of this sequence are

0,1,1,2,3,5,8,13,21, 34, 55, 89, 144, 233,
377,610, 987, 1597, 2584, 4181, 6765, . ..
The Fibonacci numbers are well-known and possess numerous properties

(see [15, pp. 53-56] and [7] together with their very extensive annotated bib-
liography for additional references and history).
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In this paper, we study when can x,, be a Fibonacci number, which reduces
to the Diophantine equation

X € {Fm}mzl-

Of course, for every integer x > 2 and every ¢ € {£1}, there is a unique
square-free integer d > 2 such that there is an integer solution y € Z to

x2—dy* =e.

Namely d is the product of all prime factors of x> — & which appear at odd
exponents in its factorization. In particular, taking x = F,,, we get that every
Fibonacci number is the x-coordinate of the Pell equation corresponding to one
or two specific square-free integers d. Here, we study the square-free integers
d such that the sequence {x,},>; contains at least two Fibonacci numbers. Our
result is the following.

THEOREM 1.1. Let d > 2 be square-free. The Diophantine equation

Xn € {Fm}mzl (1)

has at most one solution (n, m) in positive integers except for d = 2. In this

case, we have
(n,m) e {(1,1), (1,2), (2,4)}.

A fun reformulation of the above result is the following. Consider the Dio-

phantine equation
(F2+1)(F2+1) =x* (2)

in integers (n, m, x) with n, m positive and x > 0. To fix ideas, we assume
that n < m. The above equation obviously has the trivial solutions n = m
and the corresponding signs being equal, as well as x = 0, n € {1, 2}, and its
corresponding sign being negative. Theorem 1.1 implies that the only nontrivial
solutions are (n, m, x) = (1, 3,4), (2, 3, 4). Indeed this deduction relies on
the fact that if a product of two positive integers is a square, then each one of
them is of the form d times a perfect square for the same square-free integer
d. Assuming x > 0 and applying the above argument to the left-hand side of
equation (2) we arrive at the problem treated by Theorem 1.1.

The organization of this paper is as follows. The proof of Theorem 1.1
proceeds in two cases according to whether # is even or odd. So in Section 2,
we consider n even and prove that equation (1) has more that one solution if
and only if d = 2. In this case, the solutions are those listed in Theorem 1.1.
In fact, we transform the main problem into finding integer points of some
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elliptic curves. This is done by the means of MAGMA. In Section 3, we take
n odd and use Baker’s method and the Baker-Davenport reduction method to
prove that there is no other solution than those obtained in the case of n even.

2. The case n even

Let
a=x+yvd, B=xi—yvd=ca"",  &e{£l)}.
Then,
X + yn\/c_i =ao",
which leads to
Xp = .
2

Write n = 2ny. Since
Xp = Xop, = xfo + aly,iJ = Zx,%0 +1,
it suffices to solve the equation
2u’+1=F,,  where m> 1. 3)

There are many papers in the literature solving Diophantine equations of the
form F,, = f(u), for some quadratic polynomial f(x) € Q[x] by elementary
means. We give only a couple of examples. The only squares in the Fibonacci
sequence are 0 = Fy, 1 = F| = F,, 144 = F,. This is a consequence of the
work of Ljunggren [8], [10] (see the Introduction to [11]) and was rediscovered
by Cohn [3] and Wyler [16]. All triangular numbers in the Fibonacci sequence
are | = F| = F»,3 = F4, 21 = Fg, 55 = F)p were found by an elementary
method by Luo Ming [14]. It is therefore likely that one can find all solutions of
equation (3) by elementary means using only congruences and Jacobi symbol
manipulations. We preferred a more computational approach using MAGMA,
which we now describe. Since the formula

VZ —50U% = 44, 4)

holds with (V, U) = (L, F,), where {L,},>¢ is the Lucas companion of the
Fibonacci sequence givenby Lo =2, Ly =1land L,,» = L1 + L,, for all
n > 0, it follows that by replacing F,, with 2u? £ 1 and setting v = L,,, we

obtain
v2 =5Qu* +1)> +4. (5)
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In the right-hand sides of (5) above we have four polynomials, each of degree
4. Se we are lead to integer points (u#, v) on the following four elliptic curves:

v? = 20u* 4 20u® + 9; (6)
v? = 20u* +20u* + 1; (7
v? = 20u* — 20u* +9; (8)
v? = 20u* — 20u® + 1. 9)

We used MAGMA to determine the integer points (u, v) on these elliptic
curves. We obtained:
(0, £3), (£1, £7), for curve (6);
(0, £1), for curve (7);
0, £3), (&1, £3), for curve (8);
0, £1), (£1, £1), for curve (9).

As F,, = 2u®> £ 1, we get that x, = F,, € {1, 3}. Since n is even, the only
possibility isd = 2, n = 2, m = 4. Thus,

x2—2y% = +1

has x, = F4 = 3. Actually, we solve completely the problem in the case d = 2
in the following lemma.

LeEMMA 2.1. Assume that x> — dy?> = 1 and that x,, = F,,, for some even
n. Then d = 2. Further, all solutions (n, m) (regardless of the parity of n) are

(n,m) € {(1, 1), (1,2), (2, 4)}.

PrROOE. Obviously, x; = 1 = F; = F,. Assume for a contradiction that
x, = F, and n > 2. From the previous arguments we know that n is odd.
Assume m # 1,2, 4. Let x be the common value of x,, = F,,. Since n is odd,
we have x?> + 1 = 2y?, where y = y,. On the other hand, by (4), we also have
5x% 4+ 4 = v?, where v = L,,. Multiplying these two relations, we get

(x% + 1)(5x% £ 4) = 222,
where z := yv. We get the two equations

(22)? = 10x* + 18x2 + 8;
(22)% = 10x* +2x%2 — 8.
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With MAGMA we got (x, 2z) = (£1, £2), (£1, £6). That is,
(x,2) = (£1, £D), (%1, £3),

none of which leads to a new convenient solution to our original problem.

3. The case n odd

3.1. Preliminary considerations

From now on, d > 2. Thus, we may assume that n, = nn and m, = m ¢t
with n odd and ¢ € Z. We denote in this whole section x,, by x; and y,, by yi,
then @ = x,,, + ynlﬁand B =x, — y,“\/g so that

xm:lev xnzszz'

But ged(xy,,, xp,) = ged(F,,, Fy,) implies that Xecd(n,,n,) = Facdony,my)- In-
deed, the fact that ged(x,,, Xn,) = Xgcd(ni,n,) When ny, ny are odd follows
from (ii) of Theorem O in [13]. The fact that the same is true for Fibonacci
numbers even without the restriction that indices are odd is (i) of the same the-
orem. So by performing the replacement (n, m;) — ((ny, ny), (m, my)), we
may assume thatn; | ny andm, | m,. We change x,,, — x; and (dy;, — dy}).
So, we have

x| = o +:8 — le (10)
2
and n n
w=22" _F,, an

where we have put t := my/m;. We also put ¢ = o € {£1}. With these
notations, the following inequalities hold.

LEMMA 3.1. We have the following estimates:

Zomle L, 12
RV T 1
ymlt—2 <o < ym1f+2; (13)
5 24/5
£y—’"”a"—l < ‘/_. (14)
2 y2m1t

Proor. Using equation (10) and the Binet formula for the Fibonacci num-

bers, we have o+ B B pr g

2 N
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where y = (1 ++/5)/2 and § = (1 — +/5)/2. We deduce that

2 2
a=—p" - - —=5". (15)
N&] NE]
Since @ > 3 (because d > 2) and |8| < 1, we have
o« o+
- < < a.
3 2

Further, we see that .

m=2 < o< y™Th

14
Thus, from (10), we deduce

%4 _
_<ym1 1

3

mp—1 mi+2
9

so o <3y <y

as well as
mi—

y"t < Fp <a.

So, we get 2 _—

y <o <y

Therefore, from (15), we have

2 | Z|EL L 2 g
7 . T R®

o —

- 1 ( 2 n 2) 4
=—\—F=7TV < —,
V5 Y™ A5 y™
which leads to (12). On the other hand, we use equation (11) to get

2 2

n mit n mit
o = ——ymt g Z_gmi, (16)
NG NG

Similarly as above, we have

an+ﬂn .
<
2

myt—2
yl <Fm1t=

- 3<a 42-,3 ) —3F,, <3yl < i,

=

The above inequality now implies (13). Further, estimate (13) together with
n mit :l:l 2 mit
= + —S(iV)

(16) leads to
1 2 42 4
a' — — — — < —
N ar V5 yi\J5 ) T

2
which easily leads to (14). This completes the proof of Lemma 3.1.




24 E. LUCA AND A. TOGBE

3.2. The case m; =3

In this case, x; = F,,, = 2. Thus,d € {3, 5}.Ifd = 5, we then have x} —5y} =
—1. Since n is odd, we have that x,f — 5y,f = —1. Hence, 2x,)> — 52y,)> =
—4. It is known that all integer solutions (U, V') of the equation (4) are of the
form (U, V) = (F, Ly), for some integer k and L,% — 5sz = 4(—1)*. For us,
we get2F,, ;, = Ly withk odd, so F,,;, = Ly/2. Thus, 2F,,, = Ly = F/ Fg,
S0 Fpr = 2F,,Fy. If k > 7, then, by Carmichael’s Theorem on Primitive
Divisors (see [2]), Fa has a primitive divisor which cannot divide 2F,, Fy.
Thus, £ < 6 and since Fy; is even, it follows that 3 | k. Thus, &k € {3, 6}.
The situation £ = 3 leads to 8 = F¢ = 2F,;F3 = 4F,,, so F,,; = 2,
therefore + = 1, which is not convenient, while the situation k = 6 leads to
144 = Fi, = 2F,,:Fs = 16F,,,;, so F,,,;, = 9, which is impossible.

For the case d = 3, we appeal again to MAGMA. Namely, in this case with
(x,y) = (X, y»), we have x> — 3y = 1, so x> — 1 = 3y, Since by (4) we
also have 5x2 + 4 = v2, where v = L+, we get that

(x? = (5x> £ 4) = 377,
where z := yv. Expanding, we get

(32)% = 15x* — 3x% — 12;

(32)% = 15x* — 27x% + 12.

With MAGMA we got (x, 3z) = (£1,0), (£2, £12), i.e. (x,2) = (£1,0),
(£2, £6). Therefore, we have no new solution.
From now on, we assume that m; > 4.

3.3. An inequality among n and t

In this subsection, we prove the following result that helps to compare n and
t.

LeEmMA 3.2. If equation (11) has a solution, then we have n > t.

Proor. Note that

(a, B) = <Fm1 +F2 —& Fu —/Fa —e).

By induction, it is readily proved that the two sequences {x,},>1 and { F};, 5 }n>1
satisfy

Xp = 2lexn71 + (—S)anz; (17)
len = Lmlle(n—l) +(_1)ml_1Fm1(n—2) (18)
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for all n > 3. Further,
x1 = Fp,, X =2F, —& <2F, +1< Fay,. (19)

The last inequality above follows because F5,,, = Fy, Ly, and Ly, > 2Fy,,
for m; > 4, inequality which is obvious in light of the formula L,,, = 2F,,, +
F,,—3, which can be proved by induction on m; > 4. We now prove by
induction on 7 that the inequality

Xp < Fp,n  holds, forall n > 2.

This together with the fact that for us x, = F,,;, will give us the desired
conclusion that t < n.

The inequality x, < F,,, holds with n = 2 by (19) and we also have
x; = F,, (so when n = 1 we have equality). Suppose that n > 3. Since
Ly, > 2F,,, for all m; > 4, the desired inequality follows by induction on n
from the two recurrences (17) and (23) when m; is odd. When m is even, we
have, again by induction on #,

FmIn - Lmlle(n—l) - Fm](n—2)

= (Lm| - 1)le(n—l) + (le(n—l) - le(n—Z))
= 2Fm|Fm1(n—l) + le(n—Z) > 2le)cn—l + Xp2 = Xy,

which is what we wanted to prove.

3.4. An inequality among m and n

The following result will help to compare m; and n.
LemMA 3.3. If equation (11) has a solution, then we have y™ < 6n?.

Proor. We shall show that
Fp, | n* 12 (20)

The right-hand side above is nonzero by Lemma 3.2. Divisibility (20) will
immediately imply the desired conclusion since then y™1 =2 < F,, < n?>+t? <
2n% by Lemma 3.2, so ¥y < 2y?n® < 6n?%, which is what we want.

Recall that the Dickson polynomial

[n/2]
Dyx,v) =y — (n P )(—U)pxn_ZP @1
p=0 ' PN P
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satisfies
D,(u+v/u,v) =u" + (v/u)".
Taking n to be odd, u = o, v = &, we get that
X, a"+p"  Du(2x1, )
xi  a+p 2x1

= (—e)"?p  (mod xy),

by (21). Since x; = F},, and x,, = F,,;, we get that

lel _

—— ==®n (mod F,,). 22)
Fon,

When ¢ is odd, the left-hand above is congruent to +¢ modulo F,,,, a fact
which can be proved invoking again properties of the Dickson polynomials.
But we prefer a direct approach. Given two algebraic integers n, ¢ and an
integer m we say that n = ¢ (mod m) if (n — ¢)/m is an algebraic integer.
Then, y™' = 6" (mod F,,,), therefore

Fm]t ymlt _6mlt
le B Vm] —&m

— yml(t—l) 4Lt 8m|(t—l) = l)/m'(t_l) (mOd Fm )
The same congruence holds if we replace y by § and multiplying them we get

Fuit\?

(F_’) =2(y8)™ Y =41 (mod F,,). (23)
mi

By (22), the left-hand side above is congruent to n? (mod F.n,), which together

with (23) leads to divisibility relation (20), which is what we wanted.

3.5. Bounding n and m

The next result to prove will give us upper bounds for n and m;. But before
this, we recall the following result due to Matveev [12]. Let L be an algebraic
number field and d; be the degree of the field L. Let 1, 12, ...,71n¢ € Lnot0
or 1 and dy, ..., d; be nonzero integers. We put

D = max{|di|, ..., |d¢|, 3},

and put

Let Ay, ..., A, be positive numbers such that

Aj = W' (yp) = max{dih(ny), logln; I, 016}, for j=1,....¢,
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where for an algebraic number 1 we write 4 (n) for its Weil height. The result
below follows from Corollary 2.3 of Matveev [12] and its proof was worked
out as Theorem 9.4 in [1].

THEOREM 3.4. If A # QO and L C R, then

log|A| > —1.4-307¢*3d2(1 4+ logdy)(1 +log D)A A, - - - A,.

We will use the above theorem to prove the following result.
LEMMA 3.5. We have n < 7 x 104, Additionally, we have m| < 145.

Proor. We take

5
A = %V—m.tan _ 1'

This is nonzero, since if it were, then +/5 /2 = y™'q™" would be a unit, which
is false since it belongs to K = Q(\/g) and its norm from K to Q is 5/4. We
use Theorem 3.4 to get a lower bound for |A|. We take £ = 3,

m=+5/2, m=y, m=aqa, di=1, dy=—mt, d3=n.

We put L := (Oz(«/g, «). Clearly, d € {2,4}. We have h(n;) = (log5)/2,
h(ny) = (logy)/2, h(e) = (loga)/2. Thus, we can take A; = 2log5,
A, =2logy, A3 = 2logw. Since d > 3, we have that o > 2 + V3> )/2, SO
inequality (13) gives that

2n

n myt+2
yo<al <yt

therefore 2n < mt + 1, son < mit. Hence, we can take D := mt. The-
orem 3.4 gives now that

—log|A| < 1.4 x 30° x 3*3
x 42(1 + log4)(2log5)(2logy)(2loga)(1 + log(m1)). (24)

On the other hand, inequalities (13) and (14) give
2V5 25y 31

Al < —— < < so —log|A| > 2nloga —log3l.
y mt O[2n a2n
(25)
Putting (24) and (25) together, we get
log 31

n < 1.4 %300 x 3%3 x42(1+log4)(210g5)(210gy)(1-|-10g(m]t))+1—.
ogu
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Sincew > 2++/3,¢t <n (by Lemma 3.2) and m; < log(6n®)/logy (by
Lemma 3.3), we get

n < 1.7 x 108 (1 + log(n log(6n%)/ log y)),

giving n < 7 x 10'4. Additionally, F,,, < 2n> < 10° (see the proof of
Lemma 3.3), so m; < 145.

3.6. The final step
For each m € [4, 145] and ¢ € {£1}, we calculate

o =F, +,/F; —e.

We put
I':=nloga —mtlogy + 10g(«/§/2).

Note that e” — 1 = A. Since r > 2, m; > 4, we have that mz > 8, so by (14),
we have that
2V5 1

< —.

A< 3 <3

By a classical inequality, this leads to

445

y2m1t :

Tl <2|Al =

(26)

Inequality (26) is suitable to apply the reduction algorithm. Note that n <
mit < mn < 1.2 x 1017 := M. So in order to deal with the remaining
cases, for m; € [4, 145], we used a Diophantine approximation algorithm
called the Baker-Davenport reduction method. The following lemma is a slight
modification of the original version of Baker-Davenport reduction method.
(See [6, Lemma 5a]).

LEMMA 3.6. Let k and . be given real numbers. Assume that M is a positive
integer. Let P/Q be the convergent of the continued fraction expansion of k
such that Q > 6M and let

n=IuQl—=M-|«Ql,

where || - || denotes the distance from the nearest integer. If n > 0, then there
is no solution of the inequality

O<mk—n+u<AB™"
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in integers m and n with

log (AQ/n)

<m<M.
log B - T

45

0 <nloga —mtlogy +10g(\/§/2) <=
y}

we apply Lemma 3.6 with

I 1 5/2 44/5
cologa _logWWS/2) A5 s g
log y log y logy

The program was developed in PARI/GP running with 200 digits. For the
computations, if the first convergent such that ¢ > 6 M does not satisfy the
condition n > 0, then we use the next convergent until we find the one that
satisfies the conditions. In one minute all the computations were done. In all
cases, we obtained m ¢t < 151. We set M = 151 to check again in the range
4 < n < 151. The second run of the reduction method yields m ¢t < 149
and then n < 149. For the third round, we consider the following ranges and
obtained better bounds:

(1) 4 <n <50, then M = 54;
(2) 51 <n <100, then M = 105;
(3) 101 <n < 145, then M = 149.

For each ¢, we choose n odd such that inequalities (13) holds (if it exists) and
with this n, we check whether the equality

2xp, = Dy(Fy,, €) = 2F,1,

holds where the polynomial D(x, v) is shown at (21). It does if and only if we
have found another solution to our original problem. We wrote a program in
Maple that we ran and we found no new solutions.
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