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A GLOBAL BRIANCON-SKODA-HUNEKE-SZNAJDMAN
THEOREM

MATS ANDERSSON*

Abstract

We prove a global effective membership result for polynomials on a non-reduced algebraic sub-
variety of CV. It can be seen as a global version of a recent local result of Sznajdman, generalizing
the Briangon-Skoda-Huneke theorem for the local ring of holomorphic functions at a point on a
reduced analytic space.

1. Introduction

Let x be a point on a smooth analytic variety X of pure dimension n and let
O, be the local ring of holomorphic functions. The classical Briangcon-Skoda
theorem [26] states that if (@) = (a4, ..., a,;) is any ideal in O, and ¢ is in O,

then ¢ € (a)" if
l¢] < Cla|"*"! (1.1)

holds with v = min(m, n). The proof given in [26] is purely analytic. How-
ever, condition (1.1) is equivalent to saying that ¢ belongs to the the integral
closure (a)’+"—1, and thus the theorem admits a purely algebraic formula-
tion. Therefore it was somewhat astonishing that it took several years before
algebraic proofs were found [21], [22]. Later on, Huneke [18] proved a far-
reaching algebraic generalization which contains the following statement for
non-smooth X.

Let x € X be a point on a reduced analytic variety of pure dimension.
There is a number v such that if (a) = (ay, ..., ay) is any ideal in O,
and ¢ is in Oy, then (1.1) implies that ¢ € (a)".

An important point is that v is uniform with respect to both (a) and r. The
smallest possible such v is called the Brian¢on-Skoda number, and it depends
on the complexity of the singularities of X at x. An analytic proof of this
statement appeared in [4]. A nice variant for anon-reduced X of pure dimension
is formulated and proved in [27].
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Let x be a point on a non-reduced analytic space X of pure dimension 7,
and let X4 be the underlying reduced space, cf. Section 2.1 below. There is
a natural surjective mapping Oy, — Oy, .. Leti: X — Q C C" be a local
embedding, and let £x . be the associated local ideal in Og_,, so that 0, =
Ox.x = Oq [/ x . A holomorphic differential operator L in €2 is Noetherian
at x if L¢ vanishes on Xeq , (or equivalently, Lo € / Fx x = Px,.,.x) for all
¢ € Px.x. Such an L defines an intrinsic mapping

L:@X,x — @Xred;x’ (P = L¢

THEOREM 1.1 (Sznajdman, [27]). Given x € X, there is a finite set Ly of
Noetherian operators at x and a number v such that for each ideal (a) =
(@i, ...,am) COxand ¢ € Ox ,,

ILo@| < Cla|"™  on Xiedx (1.2)

for all a, implies that ¢ € (a)".

Here |a| means |a;| + - - - + |a,,| (Where |a;| is the modulus of the image of
a;j in Oy ), which up to constants is independent of the choice of generators
of the ideal (a). The condition (1.2) means that L,¢ is in the integral closure
of the image in O, , of (a)"*".

Applying to (a) = (0) we find that L,¢ = 0 on X,¢q , for all @ implies that
d) =0in @X.x'

We now turn our attention to global variants. Let V be a purely n-dimen-
sional algebraic subvariety of CNandlet Jy C C[xy, ..., xy]be the associated
ideal. Assume that F; are polynomials in CV of degree < d. If the polynomial
® belongs to the restriction of the ideal (F1, ..., Fy,,) to V, i.e., there are
polynomials Q; such that

®=> " FQ+Jy, (1.3)
1

then it is natural to ask for a representation (1.3) with some control of the
degree of Q;. Itis well-known that if V = CV, then in general max; deg F; Q;
must be doubly exponential in d, i.e., like 22 However, in the Nullstellensatz,
i.e., & = 1, then (roughly speaking) d" is enough, this is due to Kollar [20]
and Jelonek, [19]. In [17] Hickel proved a global effective version of the
Briancon-Skoda theorem for polynomial ideals in C", basically saying that if
|®|/|F|™nmm) g Jocally bounded, then there is a representation (1.3) in C”
withdeg F; Q; < deg ®+Cd". For the precise statement, see [17] or [8]. In [8,
Theorem A] a generalization to polynomials on reduced algebraic subvarieties
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of CV appeared. Our objective in this paper is to find a generalization to a not
necessarily reduced algebraic subvariety V of CV of pure dimension 7.

Let X be the closure (see Section 2.2) of V in PV and let X,.q be the
underlying reduced variety. Given polynomials Fi, ..., F,,, let f; denote the
corresponding d-homogenizations, considered as sections of the line bundles
0(d)|x,.,, and let Z; be the coherent analytic sheaf on X4 generated by f;.
Furthermore, let ¢, be the maximal codimension of the so-called distinguished
varieties of the sheaf _#;, in the sense of Fulton-MacPherson, that are contained
in

Xred,oo = Xred \ Vred,

see Section 5. It is well-known that the codimension of a distinguished variety
cannot exceed the number m, see, e.g., [13, Proposition 2.6], and thus

Coo < min(m, n).

We let Z; denote the zero variety of #; in Xeq.
Let reg X denote the so-called (Castelnuovo-Mumford) regularity of X C
PV, see Section 2.2 below. We can now formulate the main result of this paper.

THEOREM 1.2 (Main Theorem). Assume that V is an algebraic subvariety
of CV of pure dimension n and let X be its closure in PV. There is a finite set
of holomorphic differential operators Ly, on CV with polynomial coefficients
and a number v so that the following holds:

(1) for each point x € V the germs of L, are Noetherian operators at x
such that the conclusion in Theorem 1.1 holds,

(i) if Fi, ..., F, are polynomials of degree < d, ® is a polynomial, and
|L,®|/|F|" is locally bounded on Vieq (1.4)

foreach a, then there are polynomials Q1, . .., Qn, such that (1.3) holds
and

deg(F; Q)
< max(deg ® 4 vd“™ deg Xed, (d — 1) min(m, n + 1) +reg X). (1.5)

If there are no distinguished varieties of _#; contained in X eq 00, then d°
shall be interpreted as 0.

In case V is reduced we can choose L, as just the identity; then (ii) is
precisely (part (i) of) Theorem A in [8]. If V = C" we get back Hickel’s
theorem [17] mentioned above.
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ExaMPLE 1.3. If we apply Theorem 1.2 to Nullstellensatz data, i.e., F; with
no common zeros on V and & = 1, then the hypothesis (1.4) is fulfilled, and
we thus get Q; such that F1Q; + --- + F,,Q,, — 1 belongs to Jy and

deg(F;Q;) < max(va’”"C deg Xieq, (d — 1) min(m, n + 1) +reg X).
See [8, Section 1] for a discussion of this estimate in the reduced case.

ExAMPLE 1.4. If f; have no common zeros on X and ® is any polynomial,
then there is a solution to (1.3) such that

deg F; Q; < max(deg ®, (d — 1)(n + 1) +reg X).
If X = P", thenreg X = 1 and so we get back the classical Macaulay theorem.

REMARK 1.5. It follows that L, is a set of Noetherian operators such that a
polynomial ® € C[xy, ..., xylisinJy C C[xy, ..., xy]ifandonly L,® =0
on V4 for each «. The existence of such a set is well-known, and a key point
in the celebrated Ehrenpreis-Palamodov fundamental theorem, [12] and [24];
see also, e.g., [9] and [23].

REMARK 1.6. It turns out, see Theorem 4.1 below, that the Noetherian
operators L, in Theorem 1.2 have the following additional property: for each
« there is a finite set of holomorphic differential operators M, ,, such that

Lo(®W) =Y L, DMy, ¥

14

for any holomorphic functions ® and W. This formula shows that set of func-
tions that satisfy (1.2) at a point x is indeed an ideal.

By homogenization, this kind of effective results can be reformulated as
geometric statements: let z = (2o, ..., 2zn), 2 = (21,...,2N), let fi(z) =
ng (z'/z0) be the d-homogenizations of F;, considered as sections of O (d) —
PV, and let (z) := zgeg(bfb(z’ /z0). Then there is a representation (1.3) on V
with deg(F;jQ;) < p if and only if there are sections ¢; of O'(p — d) on PN
such that dea ®

f1q1+"'+fm‘Im=Z(/)) g(p
on X in PV; that is, the difference of the right and the left hand sides belongs
to the sheaf #x.

To prove Theorem 1.2 we first have to define a suitable set of global No-
etherian operators on PV, This is done in Section 4 following the ideas of
Bjork [10] in the local case, starting from a representation of £x as the anni-
hilator of a tuple of so-called Coleff-Herrera currents on PV . The rest of the
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proof of Theorem 1.2, given in Section 5, follows to a large extent the proof
of Theorem A in [8]. By the construction in [5] we have a residue current RX
associated with £y such that the annihilator ideal of R¥ is precisely _#x. Fol-
lowing the ideas in [8] we then form the “product” R/ A RX, where R/ is the
current of Bochner-Martinelli type introduced in [1], inspired by [25]. By com-
putations as in [27], the condition (1.4) ensures that ¢ annihilates this current
ateach point x € Vieq. If p is large enough, this is reflected by the first entry of
the right hand side of (1.5), then a geometric estimate from [13] ensures that
the p-homogenization ¢ of ® indeed satisfies a condition like (1.4) even at in-
finity. Therefore ¢ annihilates the current R/ A RX everywhere on PV . For this
argument it is important that the Noetherian operators extend to PV . The proof
of Theorem 1.2 is then concluded along the same lines as in [8] by solving a
sequence of d-equations. If p is large enough, this is reflected by the second
entry in the right hand side of (1.5), there are no cohomological obstructions.
We then get a global representation of ¢ as a member of 0'(p) ® (£ + £x).
After dehomogenization we get the desired representation (1.3).

In Section 2 we collect some necessary background material. In Section 3
we discuss global Coleff-Herrera currents on projective space. As mentioned
above, the proof of our main theorem is given in the last two sections.

ACKNOWLEDGEMENTS. We would like to thank the referee for careful read-
ing and several suggestions to improve the presentation.

2. Preliminaries

In this section we collect various definitions and facts that will be used later
on.

2.1. Non-reduced analytic space

A reduced analytic space Z is locally described as an analytic subset of some
open set 2 C CV, and the sheaf O of holomorphic functions on Z, the
structure sheaf, is then isomorphic to Oq/ £z, where _#; is the ideal sheaf of
functions in €2 that vanish on Z. A non-reduced analytic space X (also referred
to as an analytic scheme) with underlying reduced space Z and structure sheaf
Oy is locally of the form Ox = Oq/.#, where # C _#z is a coherent ideal
sheaf with common zero set Z. Thus ¢, = \/j and Oy is obtained from Oy
by taking the quotient by all nilpotent elements in Ox. Given the non-reduced
space X we denote the underlying reduced space by Xieq.

The space X has pure dimension n if for each x € X4, all the associated
prime ideals of the local ring O, has dimension 7. In particular, then X,.4 has
pure dimension 7.
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2.2. Algebraic and projective varieties

We will only be concerned with analytic spaces that are globally embedded in
some CV or PV. An analytic subvariety V C CV is algebraic if the sheaf #y
is generated by a finite number of polynomials. Let Jy be the corresponding
ideal in the polynomial ring C[x, . .., xy]. Let Jx be the homogeneous ideal in
the graded ring C[xo, . .., xy] generated by homogenizations of the elements
in Jy. If Jy has pure dimension 7, then Jy has pure dimension n + 1. In
particular, O is not an associated prime ideal. Each homogeneous polynomial
corresponds to a global section of the line bundle O (¢) — PV for some £.
These sections define a coherent analytic sheaf _#x over PV of pure dimension
n. We define the closure X of V as the analytic subvariety of PV with structure
sheaf Oy = Opv / Px. It is clear that the sheaf #y coincides with the sheaf £y
defined by the ideal Jy in CV.

Let S be the graded ring C[xo, . .., xx] and let S(—d) be the S-module that
is equal to S but with the gradings shifted by d. Let Jx be the homogeneous
ideal in § of all forms that belong to #x. Since O is not an associated prime
ideal of Jy, cf. [14, Corollary 20.14], see also [8, Section 2.7], there is a graded
free resolution

N r
0— P S(-dy) =5 - = P S(-d)) = S — §/Jx — 0
i=l i=l
- 2.1
of the S-module S/Jx, where ¢, = (c}j ) are matrices of homogeneous forms

in CN*! with deg ¢j = df — d_,. The number

reg X = H,:%X(d/i —k)+1

is called the Castenouvo-Mumford regularity of X in PV, see, e.g., [15]. This
number describes the complexity of the embedding of X in PV; thus two
isomorphic analytic spaces embedded in different ways may have different
regularities.

2.3. Some residue theory

Let Y be a (smooth) complex manifold of dimension N. Given a holomorphic
function f on Y, following Herrera and Lieberman [16], one can define the
principal value current 1/f as the limit

1

f 9

where x (t) is the characteristic function of the interval [1, c0) or a smooth
approximand and v is any smooth strictly positive function. The existence of

lim (1 f*v/€)
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this limit for a general f relies on Hironaka’s theorem that ensures that there
is a modification 7: ¥ — Y such that 7* f is locally a monomial. It is readily
checked that f(1/f) = 1 and f8(1/f) = 0. The current 1/f is well-defined
even if f is a holomorphic section of a Hermitian line bundle over Y, since
a(l/af) = 1/f if a is holomorphic and nonvanishing.

ExaMPLE 2.1. In one complex variable it is quite elementary to see that the
principal value current 1/s™*! exists and that

ndse =L 40,

9
smtl m! 9s™

for test functions &.

The sheaf PM = PMy of pseudomeromorphic currents, introduced in
[6], [3], consists of currents on Y that are finite sums of direct images under
(compositions of) modifications, simple projections and open inclusions of
currents of the form

1

Ay 2
Sm

3 -1 "
o QHAE)STZ/\---/\S
S8 )

m=n,

in some C' and £ is a smooth form with compact support.

The sheaf 2.4 is closed under d (and 9) and multiplication by smooth
forms. If 7 is in .4 and has support on an analytic subset V C Y and nis a
holomorphic form that vanishes on V, then

TAT=0, dijrt=0. 2.2)

The first equality roughly speaking means that T does not involve anti-holo-
morphic derivatives. By a standard argument the second equality in (2.2) im-
plies:

Dimension principle: If T is a pseudomeromorphic current on Y of bi-
degree (x, p) that has support on an analytic subset V of codimension
> p, thent = 0.

Let % C Y be an open subset. If 7 is in A (%) and V C 9 is an analytic
subvariety, then the natural restriction of t to the open set % \ V has a canonical
extension as a principal value to a pseudomeromorphic current 14,y 7 on %.
If & is a holomorphic tuple in % with common zero set V, and yx is a smooth
approximand x of the characteristic function of the interval [1, 0o), then

Loyt = lirr(l)x(lhlz/é)t. (2.3)
€e—
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It follows that 1y T := 7 — 14,y T is pseudomeromorphic in % and has support
on V. Notice that if & is a smooth form, then 1ya A T = o A 1y T. Moreover,
if w: U — 9 is a modification, T is in M (%), and T = 7, T, then

1yt = (1-1v7)
for any analytic set V' C %. For any analytic sets W, W C %,
1le"L' = IWQW/T.

Let Z C Y be an analytic subset of pure codimension p and let T be a
pseudomeromorphic current of bidegree (/V, %) with support on Z. We say
that T has the standard extension property, SEP, with respectto Z if 1yt =0
for each subvariety V. C Z N % of positive codimension, where % C Y is
some open subset. The sheaf of such currents is denoted by #'2.1f Z = Y we
write % rather than %7 . The subsheaf of %"Z of 3-closed currents of bidegree
(N, p) is called the sheaf of Coleff-Herrera currents', €% Z on Z.

REMARK 2.2. The sheaf €9¢% was introduced by Bjork, in a slightly dif-
ferent way. For the equivalence to the definition given here, see [2, Section 5].

ExAMPLE 2.3. Let [Z] be the Lelong current associated with Z and let S
be a smooth form of bidegree (p, *x). Then u = B A [Z] is in W2, If B is
holomorphic, then u is in CH*. See, e.g., [2, Example 4.2].

PRrROPOSITION 2.4. If £ is a holomorphic differential operator and T is in
W2, then & — 1. L defines a current in W72.

ProoF. It is a local statement so by induction it is enough to let £ be a
partial derivative d/d¢; with respect to some local coordinate system. Let L
denote the Lie derivative with respect to this vector field. Since & has bidegree
(0, %), (3/9¢1)€ = LE. Thus

1.(9/30)E = T.LE = +L7.£,

and L7 is in %% according to [7, Theorem 3.7].

2.4. Almost semi-meromorphic currents

We say that a current b on a smooth manifold Y is almost semi-meromorphic,
b € ASM(Y), if there is a modification 77: Y’ — Y, a holomorphic generically
non-vanishing section o of a line bundle L — Y’ and an L-valued smooth

form w such that w
b=m,—, (2.4)
o

T'we adopt here the convention from [10]; in, e.g., [27] these currents have bidegree (0, p).
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where w/o denotes the principal value current. This class of currents was
introduced in [3] and studied in more detail in [7]. All results in this subsection
can be found in the latter reference.

Let ZSS(b), the Zariski singular support of b, be the smallest analytic set
such that b is smooth in the complement.

We will need the following results.

ProposITION 2.5 ([7], Theorem 4.25). If b is almost semi-meromorphic on
Y and £ is a holomorphic differential operator, then £b is almost semi-
meromorphic as well.

Clearly, ZSS(£b) C ZSS(b).

THEOREM 2.6 ([7], Theorem 4.8). If b € ASM(Y) and t is any pseudomero-
morphic current in Y, then there is a unique current T in Y that coincides with
b A T outside ZSS (D) and such that 17553, T = 0.

We will denote the extension T by b A T as well. It follows from (2.3) that

b/\t:litgnx(;b/\t
if xs = x(lg|?/8) where g is a holomorphic tuple whose zero set is precisely
ZS8S(b). Itis not hard to check, cf. [7, Proposition 4.9], that if V is any analytic
set, then

Iy(bAnt)=bA1lyT. (2.5)
It follows from (2.5) that b € ASM (Y) induces a mapping

W% > W%, 1t bAT.
Givena € ASM(Y) and T € 24" we define
daAT:=03(aAT)— (—D%% A dT

The definition is made so that the formal Leibniz rule holds.

REMARK 2.7. Clearly da = b + r(a) where b = 1x\zs5()da and r(a), the
residue of a, has support on ZSS(a). One can check, cf. [7, Proposition 4.16],
that in fact b € ASM(X). Thus we can define r(a) A7 :=da AT — b Aa. If
Xs 18 as above, then

r@ay At =li§néxg ANaANT. (2.6)

If a is holomorphic outside ZSS(a), then clearly the support of da A T
is contained in supp T N ZSS(a). In particular, if yy, ..., y, are holomorphic
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functions, then by induction we can form the current

0— A---ANJ—. 2.7)

Clearly it is d-closed and has support on Z,={yn=--=y,=0}1Ifin
addition Z, has codimension p, then (2.7) is anti-commuting in its factors,
see, e.g., [6, Section 2]. In this case we call it the Coleff-Herrera product "
formed by the y;. It is well-known, and was first proved by Dickenstein-Sessa
and Passare, that the annihilator ann u¥ = {¢ € O : pu¥ = 0} is precisely
equal to the ideal (y) generated by yi, ..., v;, see, [2, Eq. (4.3)] for the setting
used here. It follows by the dimension principle that u” is in #'%. If wis a
holomorphic (N, 0)-form, therefore " A w is in €H# Zy,

Any Coleff-Herrera current y can be written locally as 4 = au? A o for
such a tuple y and some holomorphic function a, see, e.g., [2, Theorem 1.1].
Thus the annihilator ann w is the kernel of the sheaf mapping O — O /(y),
¢ +— a¢, and hence ann u is coherent.

Let S — Y be a vector bundle. We say that b € ASM (Y, S) if there is a
representation (2.4), where w is a smooth section of L ® 7*S. The statements
above have analogues for S-valued sections. For instance, if S is a line bundle
and y; € O(Y, S), then (2.7) is an S~7-valued current.

3. Global Coleff-Herrera currents on PV

Let §, be interior multiplication by the vector field
—
1 ox j

on CV*! and recall that a differential form & on CV*!\ {0} is projective, i.e.,
the pullback of a form on PV, if and only if §,& = §;& = 0, where §; is the
conjugate of §,. We will identify forms on PV and projective forms. Notice

that
Q=205 (dxogN---ANdxp)

is a non-vanishing section of the trivial bundle over PV, realized as a (N, 0)-

form on PV with values in O(N + 1).

Let yi, ..., ¥, be holomorphic sections of O (r) such that their common
zero set Z,, has codimension p. Then, cf. Section 2.4 above,
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is a global section of €% ® O(—pr + N + 1).

LEMMA 3.1. Let Z C Z,, be areduced projective variety of pure codimension
p and let yu be a global section of €% ® O + N + 1) such that

ip=---=y,u=0. (3.1)

If p < N — 1, then there is a global holomorphic section a of O (£ + pr) such

that 1 1

w=ad— N---ANd— A Q.
Vp Y1

If p= N and £ + N > 0, then the same conclusion holds.
In particular we see thatif p < N — 1 and £ 4+ pr < 0, then u = 0.

PrOOF. Let us introduce a trivial vector bundle E of rank p with global
holomorphic frame elements ey, ..., e, and let e}, .. ., e;j be the dual frame

for E*. We then have the mapping interior multiplication §,: A*™'E — A*E
by the section y := ye] + - - - + ye;, of E*. We consider the exterior algebra

of E @ T*P" so that d&; A ej = —e; A d¥; etc. Then both 8, and 3 extend to
mappings on currents with values in A E, and

8,0 = —a3,. (3.2)

Lete = ej A+ - - Ae,. Recall that HV-K(PN, O(v)) = Oifeither 1 <k < N—1
ork =N andv > 1; see, e.g., [11, Ch. VII, Theorem 10.7].If p < N — 1, or
£+ N + 1 > 1, we can therefore find a global solution to E_)wp,l =uAne.ln
view of (3.2) and (3.1) we have that

38, wy_1 = —8,0w,_1 = =8, (L Ae) = 0.
Thus we can successively solve
Wy =pAe, Wy o=38wy 1, ..., dwy=3w.

Thena A Q :=3d,wpisa 9-closed, and thus a holomorphic, (N, 0)-form with
values in O (£ + pr + N + 1). Altogether,

(6y—5)w:a/\52—u/\e
ifw=wp+---+ wp,_1.As in [2, Examples 3.1 or 3.2] we can find a global
current U such that

(6),—5)U:1—/LV/\(3.

Thus _
6, —N@UAQ—w)=pn—ap’ AQ.
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Since the right hand side is in €% Z it now follows from [2, Theorem 3.3] that
it must vanish.

ExaMPLE 3.2. Given a global section u of €4z ® O(£) one can always
find y; such that (3.1) holds. In fact, for a large enough ry there are sections
g1s - &y, of O(ro) that generate the ideal sheaf #; C Opv. If gy, ..., g, are
generic linear combinations of the g}, then Z, = {g; = --- = g, = 0} has
codimension p, Z, D Z, and (expressed in a local frame) dgy A---Adg, # 0

on Zeg. If yj = g}nj and m ; are large enough, then (3.1) holds.

4. Bjork-type representation of global Coleff-Herrera currents

In this section we express the action p.£ of a global Coleff-Herrera current p
on a test form & as an integral over Z of /&, where / is a certain differential
operator.

As usual we identify smooth sections ¥ of the line bundle O(¢) by ¢-
homogeneous smooth functions on C¥*! \ {0}. Notice that then each 9/dx i
j =0,..., N, induces a differential operator O'(£) — O(£ — 1). We say that
a finite sum ga

D?:Za:va@

is a holomorphic differential operator on PV of degree r if the coefficients v,
are holomorphic sections of @ (r + |«|). Such an ¥ maps O(£) — O£ +r)
for each £. The order of £ is the maximal occurring |«| as usual.

Consider the affinization C¥ ~ {x, # 0}. Notice that there is a one-to-
one correspondence between smooth sections of @ (£) over CV and smooth
functions in CV, via the frame [xo, ..., xy] > x§ for O(¢) over C¥. More
concretely, given the section ¢ one gets the associated function by just let-
ting xo = 1. Conversely, given ®, then ¢ (x) = xgcb(x/ /Xo0). In this way a
differential operator of degree r gives rise to a differential operator

’
’

L= Z Vy (x) i

o
o' [<M dx

where V, (x’) are polynomials of degree at most r + |o’|. Notice however, that
the resulting affine L will depend on £ unless . (xo¢p) = xo-£ ¢ for all ¢. For
instance, the differential operator £ = d/dxy, that has order 1 and degree —1,

induces N _
9/

L=¢— —

;x] ox/
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Notice that ., as well as an associated affine differential operator L, act on
smooth (0, *)-forms as well.

The following statement is a global version of a construction due to Bjork,
[10]. A similar result is obtained in [28, Theorem 4.2].

THEOREM 4.1. Assume that Z C PN has pure codimension p, that i is a
global section of €77 ® O(r), and assume that p < N — 1l orr+1 > 0.
Let $ = ann u. There is a multiindex m = (my, ..., m,), a humber p, and
for each a < m there are holomorphic differential operators £, and M,_,
such that deg £, + deg M\, = p, and a global meromorphic (n, 0)-form t
with values in O (—p), not identically polar on any irreducible component of
Z, such that the following hold:

(i) for any global holomorphic section ¢ of O (L) and any test form & of
bidegree (0, n) with values in O (—r — £), we have

bk =Y [ v L n il i, @.1)

a<m

(ii) for each point x € Z, a germ € O, is in %, if and only if

Lu e\/?x, a <m,

(iii) for each a < m there are holomorphic differential operators M, ,,
y < a, such that

guz (¢1/f) = Z gyﬁb‘/ﬂa,yw

y=«a

for all holomorphic sections ¢ and W of O (£) and O (¢).

Proor. To begin with we choose g1, ..., gy, m 1= (my,...,m,), and a
as in Example 3.2 and Lemma 3.1 so that

gm+l

n=au A Q. 4.2)

After a projective transformation on PN i.e., a linear change of variables on
CN*!, we may assume that each irreducible component of Z intersects the
affine space CV := {x( # 0}. Then the affinizations G; of g; are polynomials
in CV suchthatd G A- - - AdG, is nonvanishing on Zregﬂ(CN, cf. Example 3.2.
Let x’ = (xi, ..., xy). After possibly a linear transformation of CV, we may
assume that the polynomial

G
H := det —
an
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is generically nonvanishing on Z N CV, where

x/=(§9n)=(§]1""§n’nlv'~'n[))'

Let us introduce the short hand notation

5L 3 ! A A 5—1
T = ; . g
Gm+ Gllnl+ G;I +

We first look for a representation of the Coleff-Herrera current

1
Gm-‘,—l

a=2a Adn AdC

at points x on Z' := Z N CY N {H # 0}. Locally at such a point we can make
the change of variables

w:G(é-? 77)’ z=4.

If E is a smooth (0, n)-form with small support, and & is holomorphic, with
the notationm! = my!...m,!and 3% = 8!®!/gw®, etc, in view of Example 2.1
we then have

. -1 _
d),u,.a:/BGmH ANdnANde ANDPE

-1 )

2mwi)? )
Caf O (Za)
w=0 m! H

2mi)? _ =
=+ — L dz AT — |o%D.
3 /w enip (o )os

— o)l o!
rJu=o (m—o)!a!

Now, notice that

9, = (8,G)0,
so that r
Oy = — 0y,
H

where I' is a matrix of polynomials. It is readily checked that

- r o
La = H2|ot| <ﬁ8n>
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has a holomorphic extension across H = 0. Let us define

. B =
MyE = + @ri)? w2 (D \ B
Bl(n—B)! H") H

Then also My is holomorphic across H = 0.
With T = dz = d¢, we have that

- T —
@M.d:\/‘,Zm/\Mmad/\Laq)

a<m

for & with support close to x. We claim that if @ is a germ of a holomorphic
function at x, then ®ji, = 0 if and only if L,® =0 on Z, forall « < m. In
fact,

=0 < P9 =0

X

Ojiy =0 < I

Gm—H
— P =00nZ, a<m & Ly®=00nZ, a <m. (4.3)

m+1
w x

Now, for each @ < m, let us homogenize the coefficients in ia to obtain
£, for some fixed degree, and then let us homogenize My, to M, SO that
the sum of their degrees is a fixed number p. Let 7’ be the homogenization of
T =d¢,ie.,

T’:dﬂ/\.../\dx_n
X0 Xo
if x = (xo,...,xy5) = (X0, ¢, n). Finally let us homogenize H*"*! to h so

that T := t’/ h takes values in 0 (—p). We possibly get some factors xg in the
denominator, but since Z has no irreducible component in {xo = 0} this is
acceptable.

Let us define the global current

m+1

=18 AQ (4.4)

in PV In view of (4.2) it takes values in O (r — dega). At each point x € Z’
itis the (r — dega)-homogenization of our previous & but the global current
is not necessarily d-closed at xo. However, in view of (4.2), (2.5), and (4.4),

m+1 m+1

app =alzu® AQ=1zau® AQ=1zu=pu,

since 1 has support on Z, and thus a/i is 9-closed.
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For holomorphic sections ¢ of (£ — dega) and test forms & of bidegree
(0, n) with support in PV \ {# = 0, xo = 0} and values in O (—r — £) we have

piL.E = / Z TN Mu—o€ N ja‘p- 4.5)

a<m

By Theorem 2.6, T A jqﬁ A[Z]is a global section of #'# ® O (r + £) and thus
the integrals on the right hand side of (4.5) exist as a principal values for any
test form &. In view of Proposition 2.4 the right hand side of (4.5) defines the
action on & of a global section of #'# ® O (r + £). Since {h =0, xo =0}NZ
has positive codimension on Z it follows by the SEP that the equality (4.5)
holds for all &.

Define the holomorphic differential operators %, by the equality

L = Lo(agh). (4.6)

Then (4.1) follows from (4.5). Thus (i) is proved.
Forx € Z' = Z \ {h =0, xo = 0} we have, by (4.3) and (4.6), that

ou, =0 ifandonlyif F¢=0o0nZ,, a<m. 4.7

Again since {h = 0, xo = 0} N Z has positive codimension on Z, it follows
by continuity and the SEP that (4.7) holds for all x € Z. Thus (ii) is proved.
To see (iii), just notice that

Lo(@W) =) L, ®coyLay®,

Y=«

where ¢, ,, are binomial coefficients. After homogenization and replacing ¢
by a¢ we get (iii) with %, , = ¢4,y Loy

REMARK 4.2. One can check, cf. [6, Section 5], that 1, = O if and only
if ¢ is in the intersection of the primary ideals of (g™*') associated with the
irreducible components of Z.

Let i be a global section of # 2@ 0O (r)in PN and let b be a global almost
semi-meromorphic current of bidegree (0, x) with values in @ (ry). Then bu
is a section of #'4 ® O(r + r;). Let us also assume that ZSS(b) N Z has
positive codimension in Z. Consider a representation of  as in Theorem 4.1.
In view of Theorem 2.5 we can define differential operators M, with almost
semi-meromorphic coefficients so that

M, & = M, (b§).
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For test forms & of bidegree (0, *) with values in O (—r — £) and with support
outside ZSS(b), and any global holomorphic section ¢ of & (£) we have

sbue =Y [ ALt ok “8)

In view of Propositions 2.6 and 2.4 the right hand side defines a global section
of W2 Q0O (r+r). Since ZNZSS(b) has positive codimension in Z, it follows
that (4.8) holds globally.

5. Proof of Theorem 1.2

Let X be our non-reduced subspace of PV . As was mentioned in the introduc-
tion the proof relies on the global current R/ A R¥ that we first discuss.

5.1. The current RX

Given a vector bundle E — PV, let O(E) denote the associated locally free
analytic sheaf. We can find a locally free resolution

0— O(Ey) 2 - 25 0(E) =5 O(E)) —> Opv | Fx —> 0

of Opv / #x, where Ej is a trivial line bundle and E; = &0 (—d}) for suitable
positive numbers d!, see, e.g., [8]. In fact, we can use the “same” mappings
cx = (¢) asin (2.1) but with ¢;’ considered as sections of 0 (d] —d._,). There
is a natural choice of Hermitian metrics on E; and following [5, Sections 3
and 6] there is an associated current

X X X
R*=RY+ - +R}

with support on X4, where R,f are (0, k)-currents that take values in E, and
with the property that ¢ RX = 0 if and only if ¢ € £x. Furthermore,

IR = i R, k> 0. (5.1)

PROPOSITION 5.1. There is a bundle

F = @ O(dr), (5.2)
i=1

aglobal section p of €X' ® F Q0 (N+1), and an almost semi-meromorphic
section b of Hom(F, EBZ-N:J;I E}) such that

R¥AQ =bu (5.3)

in PN.
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Proor. Since the kernel J7° of Chit @(E;)—>0“(E;+l) is coherent, for a
large enough integer dr, /¥ ® 0 (dr) is generated by global sections g, . . . , &y,
We therefore have a surjective sheaf mapping @" 0 — F# ® 0'(dr) and hence

" O(—dp) — ¥ . Define F by (5.2) and let g: O(E,) — O(F) be the dual
of the composed mapping O(F*) — J# — O(E;). We then have the exact
sequence

.
Cp+l

0(F 55 0B 25 0(EL,)

of sheaves. We claim that ¥
p=gR; NQ

is a global (vector-valued) Coleff-Herrera current. In fact, in view of (5.1),
I =0gRY NQ=gdR ANQ=gc, 1R | AQ=0,

since gcp41 = 0. Because of the dimension principle 1 must have the SEP
with respect to X g and hence it is, by definition, a Coleff-Herrera current and
thus a section of €% %~ @ F x O(N + 1).

Let X1 be the subset of X,.q where s, does not have optimal rank. Let
us choose a Hermitian norm on F', and define of: F' — E, on the complement
of Z,4 so that o = 0 on the orthogonal complement of Im g and 6rg = I
on the orthogonal complement of Ker g. It is shown in [6, Section 2] that of
has an almost semi-meromorphic extension across X, ; let us denote the
extension by o as well. Following the proof of [27, Proposition 3.2] we see
(this is just a local argument) that R)\ = org R, outside X, 1. The right hand
side here is defined in view of Theorem 2.6. Since both sides have the SEP on
X eq We conclude that they coincide in PV . Thus

R;( AQ =0ofru. 5.4)

From [5, Theorem 4.4] we get global almost semi-meromorphic sections o |
of Hom(Ey, Ex+1), k = p, p+1, ..., that are smooth outside analytic subsets
Xi+1 of Xieq Where s 1 do not have optimal rank, such that

X X
Riy = a1 R

Since X has pure dimension it follows that codim X, , > p +£+ 1 according
to [14, Corollary 20.14]. Arguing as in the proof of [27, Proposition 3.2] we
now get for each k > p + 1, in view of (5.4), the representation

R,f =0 ...0p|OF L. (5.5

Now let by = ay . ..a,410F. Then by is an almost semi-meromorphic, see [7,
Section 3.1], and by (5.5), R,f = by 4 where by is smooth, that is, outside Z, ;.
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Since 17,11 = 0 it follows from (2.5) that R,f = by . Thus the proposition
follows with b = b, + - - - + by.

5.2. The current R® A RX

Assume that we have sections ay, ..., a, of a Hermitian line bundle S over
some open set % C PV and let E be a trivial rank m bundle. Then we have in-
terior multiplication §,: A*"'E ® S™*~! — A*E ® S~*, and we can consider
the induced double complex as in the proof of Lemma 3.1 above. Following [8,
Example 2.1] we define the Bochner-Martinelli form U4 = U{ + --- 4+ Uy,
explicitly from the a;. The components U}’ are almost semi-meromorphic
(0, k —1)-forms with values in A* E ® S~* that are smooth outside the common
zero set Z, of the a;. Moreover, (8, — 9)U“ = 1 outside Z,. We thus have the

residue current _
R =1-(,—0)U?,

with support on Z,, whose components R} are (0, k)-currents with values in
AYE @ S7F.If x. = x(la|*/€), where x is a function as in (2.3) above, then
U%€ = x.U? are smooth and tend to U¢. Thus

R“=1=(8,—0U =1—=xc+3dx AU"
tend to R%. As in [8, Section 2.5], cf. (2.6) above, we can form the product

RARY AQ:= lin%R’“/\RX/\Q.
e—
We will use the following important property, which follows from [8, (2.19)]
and the proof [8, Lemma 2.2]:

LEMMA 5.2. If ® is holomorphic and ®R* A R* A Q = 0 at x, then ® is
in (a)x + fX,x'

REMARK 5.3 (Warning!). Although the components R} of R“ vanish for
small k because of the dimension principle, the terms R{ A R* might be
nonzero. See, e.g., [7] for examples.

5.3. End of proof of Theorem 1.2

To begin with we assume that p = codim Z < N — 1. Let u be the (vector-
valued) Coleff-Herrera current in the representation (5.3) of RX A Q. Let us
consider u as an rg-tuple of Coleff-Herrera currents, and let %, « < m,
be a (tuple of) Noetherian operators obtained from Theorem 4.1. Moreover,
let M,, be the associated differential operators with almost semi-meromorphic
coefficients so that (4.8) holds.



50 M. ANDERSSON

Atagivenpointx € X4 thereisanumber v, suchthatif (a) = (ay, ..., ay)
C Ox is alocal ideal, and ¢ € Oy ,, then |Z,¢| < Cla|” on Xyeq , for all
a < m implies that pR* A RX A Q = 0. This is precisely the main step of
the proof of [27, Theorem 1.2] and we do not repeat it here (just notice that
our number v, is called N in [27], our M are called Ka, moreover, the non-
reduced space that we call X is denoted by Z in [27] whereas X denotes the
associated reduced space!). In this proof the number vy is explicitly deduced
from the singularities of the the coefficients of M, and of b, expressed as the
degree of monomials in a suitable log resolution of X4, see [27, Eq. (4.9)].
In particular, the number v, works for all points in a neighborhood of x. By
compactness we therefore get:

PROPOSITION 5.4. There is a number v, such that if x € Xieqd, (@) =
(ai,...,am) C Ox, is alocal ideal, and ¢ € Ox ,, then | ZLyop| < Clal’
on Xied x for all o < mimplies that ¢ R A RX¥AQ =0.

Combined with Lemma 5.2 we have thus obtained v and differential oper-
ators %, so that part (i) of Theorem 1.2 holds.

Now let F; be polynomials as in Theorem 1.2 (ii), let f; be the d-homogeni-
zations considered as section of 0'(d) over X.q and let #; be the associated
ideal sheaf as in the introduction.

LEMMA 5.5. Let ® be a polynomial such that (1.4) holds and let ¢ be the
p-homogenization of ®. If

p > deg ® + vd“* deg X eq, (5.6)

then | %, < C|f|" for all a.

PROOF. Let: X — Xyeq be the normalization of the blow-up of X4 along
F and let ) r;W; be the exceptional divisor, where W; are the irreducible
components and r; the corresponding multiplicities. Notice that if v is a holo-
morphic section of some O (£), then || < C|f|" if and only if 7 * vanishes
to order at least vr; on W; for each j.

If (1.4) holds on Viq, then 7* (%, ¢) vanishes to order vr; on each W; that
is not fully contained in 7! (Xred,00)- Notice that

¢ — p—deg CD(p
where ¢ is the deg ®-homogenization of ® and thus holomorphic. If W; is
contained in n_eredyoo, then ¢ vanishes at least to order p — deg ® on W;.
Since %, does not involve the derivative, 9/0xy £, ¢ also vanishes to order
p —deg ® on W;. By the geometric estimate in [13], cf. [8, Eq. (6.2)], we have

that .
rj < dcedim = (Wy) deg Xieq.
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If (5.6) holds, therefore 7*(.%,¢) vanishes, at least, to order vr; on W; for all
Jj. Thus the lemma follows.

With the same hypotheses as in Lemma 5.5 it follows from the lemma and

Proposition 5.4 that
dRT AR¥AQ =0.

If in addition
p>(d—1)min(m,n + 1) +reg X,

we can now solve a sequence of global d-equations in PV and get a global
solution g; to ¢ = f1q1 + - -+ + fiuqm, cf. [8, Lemma 4.3]. The fact that X is
not reduced plays no role here. After dehomogenization we obtain the desired
representation of @, and so the proof of Theorem 1.2 is complete in the case
p<N-1

Now assume that p = codim Z = N so that X4 is a finite set in CV ~
PV \ {xo = 0}. If necessary we multiply « by a suitable power of xg to be able
to apply Theorem 4.1. We then get the global, in CV, L,, that form a complete
set of Noetherian operators at each point x € Xq. Part (ii) is trivial, since the
image of any ideal (@) C Ox , in Ox,, . is just either (0) or (1) = Oy

redsX *
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