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PROPAGATION OF POLYNOMIAL PHASE SPACE
SINGULARITIES FOR SCHRODINGER EQUATIONS
WITH QUADRATIC HAMILTONIANS

PATRIK WAHLBERG

Abstract

We study propagation of phase space singularities for a Schrodinger equation with a Hamiltonian
that is the Weyl quantization of a quadratic form with non-negative real part. Phase space singular-
ities are measured by the lack of polynomial decay of given order in open cones in the phase space,
which gives a parametrized refinement of the Gabor wave front set. The main result confirms the
fundamental role of the singular space associated to the quadratic form for the propagation of
phase space singularities. The singularities are contained in the singular space, and propagate
in the intersection of the singular space and the initial datum singularities along the flow of the
Hamilton vector field associated to the imaginary part of the quadratic form.

1. Introduction

We study the initial value Cauchy problem for equations of Schrodinger type

dut,x)+q¥(x, Du(t,x) =0, >0, xR,
M(O, ) = Up,

where u is a tempered distribution on R?, ¢ = ¢(x, &) is a quadratic form
on the phase space (x,£) € T*RY with Reqg > 0, and g% (x, D) is a Weyl
pseudodifferential operator. This family of equations contains as particular
cases the free Schrodinger equation where g (x, £) = i|£|?, the harmonic os-
cillator where ¢ (x, £€) = i(]x|*> 4 |£]?) and the heat equation where g (x, ) =
[

We show results on the propagation of a parametrized version of the Gabor
wave front set. The parametrized notion is called the s-Gabor wave front set (or
singularities) and denoted WF(up) for s € R. We show how the singularities
of the initial datum ug are propagated to the solution u(¢, -) at time ¢ > O,
possibly with a change of parameter s. The Gabor wave front set, introduced
by Hormander [13], measures the phase space directions in which a tempered
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distribution does not behave like a Schwartz function. A tempered distribution
has thus empty Gabor wave front set if and only if it is a Schwartz function. In
this way the Gabor wave front set is a measure of the lack of global regularity,
in the sense of both smoothness and decay at infinity.

To be more precise, the Gabor wave front set WF(u) of u € %'(R?) is
defined negatively as follows. For a point in phase space z € T*R¢ \ 0, z €
T*RY \ WF (1) means that the short-time Fourier transform of u decays like
Ci(-)%, Cy > 0, for each s € R, in an open conic subset of T*R4 \ O that
contains z. The s-Gabor wave front set that we introduce and study in this
paper is a parametrized version of the Gabor wave front set: the polynomial
decay for each order s in the definition of the Gabor wave front set is relaxed
to polynomial decay up to a fixed order s € R. Thus WF (#) € WF(u) for all
s € Rand u € 7' (RY).

For the propagation of the s-Gabor wave front set the case of a purely
imaginary-valued quadratic form g serves as a reference. Denote the solution
operator (propagator) of the Schrodinger equation by e~¢"*-P) It is then a
straightforward consequence of the corresponding result for the Gabor wave
front set (see e.g. [3]) that we have exact propagation of the s-Gabor wave
front set as

WF,(e7'"Pug) = e " WF(ug), t€R, uge S R, seR,
where

0 1 2dx2d
]-(_I 0>E[R , (1.1)
Q is the symmetric matrix that defines ¢, and F = JQ is the Hamiltonian mat-
rix corresponding to ¢. This exact propagation is explained by the metaplectic
representation. Note that the time parameter ¢ is real-valued. The propagator
e'4" D) ig in fact a group.

If ¢ has a non-negative real part then time has a direction: the propagation is
studied for 7 > O instead of f € R and the propagator e ~'¢" *-P) is a semigroup.
The above equality for the propagation of the s-Gabor singularities is then
replaced by an inclusion.

The results of this paper assume that g has a non-negative real part. We
prove inclusions for WF, (e /4" *?)y,) in terms of WF(ug) and F fort > 0,
with r = s or r smaller than s, either r < s —4d orr < s — 8d. A main result
is (see Corollary 5.6)

WF, (e “Py) € (X ™F(WF,w) N $)) NS, t>0,
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wherer < s —8d,Re F =2 " (F+ F),ImF = (2i)"'(F — F) and

2d—1
S = (ﬂ Ker[Re F(Im F)j]> NT*R? € T*R?
j=0

is the singular space of the quadratic form ¢. This result is a refinement of [19,
Theorem 5.2] that concerns the Gabor wave front set. The singular space plays a
decisive role for the spectral and hypoelliptic analysis of non-elliptic quadratic
operators, cf. [8], [9], [10], [17], [18], [26], [27].

If we assume the Poisson bracket condition {g, g} = Othen S = Ker(Re F).
Then the inclusion

WF (e_’qw(x’D)u) - (€2t mF (WF(u) N Ker(Re F)))NKer(Re F), t>0,

holds for s € R (see Proposition 5.7). Note that there is no loss of regularity s
in this case.
For the heat equation

du(t,x) — Awu(t,x) =0, t>0, x € R,
Proposition 5.7 implies
WF(e7' " “Plug) € WF (uo) N (R x {0}), >0, upe S (RY,
for s € R. Therefore, if s € R, ug € &' (R%) and
WF(uo) N (RY x {0}) = 9, (1.2)

then .
WF (e """ “Pug) =9, t>0. (1.3)

The regularity assumption in a conic neighborhood of the phase space direc-
tions (R? \ {0}) x {0} on the initial datum (1.2) gives the global phase space
isotropic conclusion (1.3) on the solution e 4" *-P)y for all ¢ > 0.

Similarly to the corresponding result for the Gabor wave front set (see [19,
Section 6.2]), there is an immediate regularizing effect of the heat propagator
provided the initial datum has some regularity in the directions (R?\ {0}) x {0}.

Note that for s > 0

(RY\ 0) x {0} = WF(1).

The heat equation is thus immediately regularizing if WF;(uo) is disjoint from
WF,(1) for s > 0.
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Our results on the propagation of the s-Gabor wave front set are refinements
of the corresponding results for the Gabor wave front set derived in [19].
The results in the current paper rely crucially on [19, Theorem 4.3] which
is an inclusion for the Gabor wave front set of the Schwartz kernel of the
propagator. Another important ingredient is Theorem 5.3 (see Section 5) which
is an s-Gabor front set version of Héormander’s inclusion [13, Proposition 2.11]
concerning the Gabor wave front set. Our inclusion reads

WF, (% 'u) C WF(K) o WFy(u) 1.4)

for alinear operator %7: & (R?) — % (RY) with Schwartzkernel K € .#’(R%*),
expressed with the twisted Gabor wave front set WF(K)' of the Schwartz
kernel, where the fourth coordinate is reflected. The Schwartz kernel K €
S (R??) is assumed to satisfy some conditions regarding its Gabor wave front
set, and has a parameter m € R. The parameters s, € R are restricted
asr < s —m — 4d. Since [19, Theorem 4.3] gives control of WF(K) when
H = e~14" D) we get propagation of s-Gabor singularities results from (1.4).

The recent papers [3], [2], [16] treat propagation of Gabor-type wave front
sets for various classes of Schrodinger equations. These classes admit the
presence of potentials with certain properties and symbols g of greater gener-
ality than quadratic forms, but they do not allow the quadratic form ¢ to have
nonzero real part.

Concerning the organization of the paper, Section 2 fixes notation, intro-
duces background results and defines the s-Gabor wave front set. In Sec-
tion 3 we specify the Schrodinger equation and shortly discuss the semig-
roup theory underlying the construction of the solution operator when uy €
D(g"(x, D)) € L*(R%). In Section 4 some properties of the s-Gabor wave
front set are proved: independence of the window function, its relation to the
Gabor wave front set, microlocality with respect to pseudodifferential operat-
ors with symbol in the Hormander class Sg_o and symplectic invariance. Some
examples of s-Gabor wave front sets of basic tempered distributions are also
given.

Section 5 is devoted mostly to the proof of the propagation result The-
orem 5.3. Combined with [19, Theorem 4.3] we get the propagation of singu-
larities results Corollaries 5.5, 5.6 and Proposition 5.7.

Section 6 concerns some examples of concrete equations and how they
propagate the s-Gabor wave front set according to our results.
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2. Preliminaries

The gradient of a function f with respect to the variable x € R? is denoted
by f/ and the mixed Hessian matrix with respect to x € R? and y € R" is
denoted f,. The Fourier transform of f € & (R?) (the Schwartz space) is
normalized as

FfE) = [ = fR f@e 'y,

where (x, £) denotes the inner product on R?. The topological dual of ¥ (R?)
is the space of tempered distributions %’ (R%).

The Japanese bracket is (x) = (1 + |x|?)!/? for x € RY. For s € R the
weighted L' space L!(RY) has norm f > || £{-)*|1(ra)- An open ball in R?
of radius & > 0 is denoted B, (RY) = {x € R : |x| < &}. The unit sphere in
R? is denoted S;_; = {x € R? : |x| = 1}. For amatrix A € R*Y A > 0
means that A is positive semidefinite; A’ is the transpose. In estimates we
denote by f(x) < g(x) that f(x) < Cg(x) holds for some constant C > 0
and all x in the domain of f and g. If f(x) < g(x) < f(x) then we write
fx) = g).

We denote the translation operator by T, f(y) = f(y — x), the modula-
tion operator by Mg f(y) = €'0%) f(y), x,y,& € RY, and the phase space
translation operator by I1(z) = M:T,, z = (x,§) € R2¢. Given a window
function ¢ € £ (R?) \ {0}, the short-time Fourier transform (STFT) (cf. [6])
of f € F'(RY) is defined by

Vof (@) = (f, TI(z)e), zeR¥.

Here (-, -) denotes the conjugate linear action of &’ on & which is consistent
with the inner product ( -, - )2 that is conjugate linear in the second argument.
The function z = V,, f(z) is smooth and its modulus is bounded by C (z)* for
all z € R for some C,k > 0.If ¢ € #(R?), |l¢llz2 = 1 and f € ¥ (RY),
the STFT inversion formula reads (cf. [6, Corollary 11.2.7])

(f.g) = @m) /

V,f((M(2)p, g)dz, ge L (RY). 2.1)
[RZd

Letgp € (R \0andlet 0 < w € L (R?) be a weight function that
satisfies

wx, )] £ ((x, §)),  (x,§) € R¥,

for some s > 0. For p, g € [1, oo] the weighted modulation space (cf. [6])
ML (RY) is the space of f € &'(R?) such that the norm

a/p 1/q
e = ([ ([ Werte e wis. evax) de)
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is finite, with natural modifications when p = 0o or ¢ = co. The modulation
spaces are Banach spaces and were introduced by Feichtinger [4].

The Weyl quantization (cf. [5], [12], [22]) is the map from symbols to
operators defined by

a®(x, D) f(x) = @)~ // ei("y’§>a<x;y,§)f(y)dyd§
R2d

fora € #(R*) and f € S (R?). The latter conditions can be relaxed in
various ways. By the Schwartz kernel theorem, any continuous linear operator
F(R?) — F'(R?) can be written as a Weyl quantization for a unique symbol
a € S (R™).

DerNITION 2.1 ([22]). For m € R, the Shubin symbol class G™ is the
subspace of all a € C*®(R??) such that for every o, B € N?

070 atx, )] < (v, )" L (x,8) e R

We denote G = U,,cg G™.

DEeFINITION 2.2 ([12]). Form € R,0 < p < 1,0 < § < 1, the Hérmander
symbol class S7'; is the subspace of all @ € C ©(R2?) such that for every

o, B e N?

|07 ax, ©)] < (E)" I (x 8) e R

Both the Shubin symbols and the Héormander symbols are Fréchet spaces
with respect to naturally defined seminorms.

The following definition introduces conic sets in the phase space T*R¢ ~
R24. A set is conic if it is invariant under multiplication with positive reals.
The distinction to the frequency-conic sets that are used in the definition of the
(classical) C*° wave front set [12] should be noted.

DEFINITION 2.3. Given a € G™, a point in the phase space zo € T*R? \ 0
is called non-characteristic for a provided there exist A, ¢ > 0 and an open
conic set ' € T*R4 \ O such that zy € I" and

la(z)| = e(z)™, zeTl, |z| > A.

The characteristic set char(a) of a € G™ is the complement in 7*R¢ \ 0
of the set of non-characteristic points. The Gabor wave front set is defined as
follows.
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DEFINITION 2.4 ([13]). If u € %' (R?) then the Gabor wave front set is

WF (1) = N char(a) € T*R? \ 0.

aeG®:a¥(x,D)uce?

According to [13, Proposition 6.8] and [20, Corollary 4.3], the Gabor wave
front set can be characterized microlocally by means of the STFT as follows.
Ifu e (R and ¢ € F(RY)\ 0 then zg € T*R? \ 0 satisfies zo ¢ WF(u) if
and only if there exists an open conic set I';;, € T*R“ \ 0 containing z, such

that
sup (Z>N|V¢M(Z)| <oo VN =0.

z€ly,

The microsupport u supp(a) of a € G™ [21] is defined as follows. An
element zo € T*RY \ O satisfies 7o ¢ u supp(a) if there exists an open cone
I' € T*R? \ 0 that contains z( and is such that

sup(z)V0%(z)| < o0, o €N VN >0.

zel

The following list summarizes the most important properties of the Gabor wave
front set.

(1) Ifu € ¥ (RY) then WF (1) = ¢ if and only if u € & (R?) [13, Proposi-
tion 2.4].

Q) Ifu € #'(R?) and a € G™ then (cf. [13], [21], [20])

WF(a" (x, D)u) € WF(u) N usupp(a)
C WF(a"(x, D)u) U char(a).

(3) Ifa € 80, and u € '(RY) then by [20, Theorem 5.1]
WF(a" (x, D)u) € WF(u). 2.2)

In particular WF (I1(z)u) = WF (u) for any z € R*?,

As three basic examples of the Gabor wave front set we have (cf. [20, Example
6.4-6.6])

WF(8,) = {0} x (R?\0), xeR? (2.3)
WF (' %) = (RY\ 0) x {0}, & eR?, (2.4)

and

WF(e'™4/%) = {(x, Ax) : x e R"\ 0}, A € R symmetric. (2.5)
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The canonical symplectic form on T*R? is

o((x,8), ', §)) = (', &) — (x, &), (x,8), (&) eT*R.

With the matrix (1.1) the symplectic form can be expressed as

o((x,8), @, €)= (J(x, §), (. &)), .8, &) eTR"

To each symplectic matrix y € Sp(d, R) is associated a unitary operator
w(x) on L*>(R?), determined up to a complex factor of modulus one, such that

n(x)'a"(x, D)y u(x) = (@o x)"(x, D), ae (R*) (2.6)

(cf. [5], [12]). The operator 1(x) is a homeomorphism on % and on .%"'.

The mapping Sp(d, R) > x +— wu(y) is called the metaplectic represent-
ation [5], [25]. More precisely it is a representation of the so called 2-fold
covering group of Sp(d, R), which is called the metaplectic group and de-
noted Mp(d, R). The metaplectic representation satisfies the homomorphism
relation modulo a change of sign:

w(xx) =xnGoux", x.x €Spd,R).

Accordingto [13, Proposition 2.2] the Gabor wave front set is symplectically
invariant as

WF(u(x)u) = xWF(u), x €Spd,R), uce F'(RY). 2.7)

For s € R we introduce the s-Gabor wave front set WF(u) of u € &'(R?).
This concept is a refinement of the Gabor wave front set WF (1) in the sense
that WF,(u) € WF(u) for all s € R. The s-Gabor wave front set is the notion
of singularity we study in this paper.

DEFINITION 2.5. Let ¢ € (R \ 0, u € ¥ (R?) and s € R. Then z €
T*R?\ 0 satisfies zo ¢ WF(u) if there exists an open conic set I';, € T*R4\ 0
containing zo such that

sup (2)*|V,u(z)| < oo.
z€ly,

We will show in Proposition 4.2 that the definition of WF(u) does not
depend on the window function ¢ € ¥ (R%) \ 0.
It follows that WF (u) = ¢ if and only if u € %' (RY) satisfies

Vou@| £ (2)7°, zeR¥
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For any u € %'(R?) the STFT V,,u is polynomially bounded so WF (1) = ¢
provided s is sufficiently small for each u € %’(R?).
The s-Gabor wave front set WF (1) increases with the index s:

t>s = WF(u) € WF,(u).
From WF (1) € WF(u) and (2.3) we have for any s € R
WF,(80) € {0} x (R'\ 0).
If p € &\ O satisfies ¢(0) # O then for & € R?\ O and ¢t > 0

[V(80(0,28)| = [¢(0)] # O,

SO
{0} x (RY\ 0) € WF,(8), s>0.
Hence
WF,(8) = {0} x (RY \0), s>0, (2.8)
Since
[Vodo(x, &) = lo(=x)| < 1, (x,8) € R¥,
we have

WF(60) =0, s<0. (2.9)

3. Problem formulation and the solution operator

We study the initial value Cauchy problem for a Schrodinger equation of the

form
du(t, x) +q" (x, Dyu(t,x) =0,

20, ) = uo. 3.1

wheret > 0, x € R? and ug € &' (R%). The Hamiltonian ¢* (x, D) has a Weyl
symbol that is a quadratic form

q(x, &) = ((x,£), 0(x,8)), x,&eR’,

where Q € C?¢*%d 5 a symmetric matrix with Re Q > 0. The special case
Re O = 0 admits to study the equation for ¢ € R instead of # > 0.
The Hamilton map F corresponding to ¢ is defined by

o(Y,FX)=q(,X), X,YeR¥,
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where ¢ (Y, X) is the bilinear polarized version of the form ¢, i.e. ¢(X,Y) =
q(Y, X) and ¢(X, X) = g(X). The Hamilton map F is thus the matrix

F — ]Q c (CdeZd

with 7 defined by (1.1).
When ug € D(g¥(x, D)) € L*(R?) the equation (3.1) is solved for t > 0

by —1q" (x,D)

ut,x)=ce up(x),

where the solution operator (propagator) e 4" *:?) is the contraction semig-
roup that is generated by the operator —g* (x, D). Contraction semigroup
means a strongly continuous semigroup with L? operator norm < 1 for all
t > 0 [28]. The reason why —q" (x, D), or more precisely its closure M_,
as an unbounded linear operator in L?(R?), generates such a semigroup is
explained in [14, pp. 425-26]. The contraction semigroup property is a con-
sequence of M_, and its adjoint M_z being dissipative operators [28], which
for M_, means that

Re(M_yu,u) = (M_gequ,u) <0, ueDM_,),

D(M_,) € L?(R%) denoting the domain of M_,. The fact that M_, and M_5
are dissipative follows from the assumption Re Q > 0.

Our objective in this work is the propagation of the s-Gabor wave front
set for the Schrodinger propagator e'4" ) This means that we want to find

inclusions for —tq"(x.D)
WE, (e77" Py,

in terms of WF, (ug), F and t > 0 for ug € &'(R?) and conditionsonr, s € R
as sharp as possible.

If Re O = 0 then the propagator is given by means of the metaplectic
representation. To wit, if Re Q = 0 then ¢/7"®-P) is a group of unitary
operators, and we have by [5, Theorem 4.45]

e P = (e, 1 eR, 3.2)

where w is the metaplectic representation, see (2.6). In this case F is purely
imaginary and i F' € sp(d, R), the symplectic Lie algebra, which implies that
e 2"F ¢ Sp(d, R) for any ¢ € R [5]. Since 1(e~2%'F) is a continuous operator
on %', the semigroup theory extends uniquely to initial datum uy € &’'(R%)
instead of merely ug € D(g" (x, D)) € L*(R%). According to (2.7) we have

WF(e7'""“Pug) = e " WF(up), teR, uge ' R).  (3.3)



PROPAGATION OF POLYNOMIAL PHASE SPACE SINGULARITIES 117

4. Properties of the s-Gabor wave front set
LEMMA 4.1. Let f be a measurable function that satisfies for M > 0
If)] < )M, xeR (4.1)

Let s € R and suppose there exists a non-empty open conic set T € R? \ 0
such that

sulr)(x)s|f(x)| < 00. 4.2)
If
ge[ LR (4.3)
>0

then for any open conic set T" C R¢ \ 0 such that T’ N S;_; € T, we have

sup (x)’| f * g(x)| < oo. (4.4)

xel”

PrROOF. By the assumptions (4.1) and (4.3) and Peetre’s inequality
x4+ < @M, x yeR! reR,

we have
If *g(x)] < ()M, x eRY,

so it suffices to assume |x| > 1.
Let ¢ > 0. We estimate and split the convolution integral as

1f * ()| </

(y)<e(x

)If(x—y)llg(y)ldy+/<> ()If(x—y)llg(y)ldy-
y)y>e(x

=:1; =1

Consider ;. We may assume that I"” is non-empty. Since {(y) < e(x) we have
x—yelifx eI, |x|] > 1, and ¢ > 0 is chosen sufficiently small. The
assumptions (4.2) and (4.3) give

I s/ (x — ) lgldy < <x>S/ Mg ldy
(y)<e(x) R? 4.5)

<), xel, x| > 1
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Next we estimate I using (4.1). If necessary we first increase M so that M >
—s. This gives

I sf (x — WM Ig()]dy
(y)>e(x)

< (oM / ()™M ()M g ()] dy
(y)>e(x) 4.6)

< ()M M= / d<y>2M+S|g<y)| dy
R
<X, xe Rd,

again using (4.3). A combination of (4.5) and (4.6) proves (4.4). The proof is
complete.

As a first application of Lemma 4.1 we show that Definition 2.5 does not
depend on the Schwartz function ¢ € ¥ (R%) \ 0.

PROPOSITION 4.2. Supposeu € '(R?). The definition of the s-Gabor wave
front set WF (1) does not depend on the window function ¢ € & (R%) \ 0.

PRrROOF. Let ¢, ¥ € #(RY) \ 0. By [6, Theorem 11.2.3] we have for some
MZ=0
Vou@)| s (", zeR¥,

and by [6, Lemma 11.3.3] we have
IVyu@)| < Qr) el Voul * |Vyol(z), zeR™.

If |V,u(z)| decays like (z)™° in a conic set I' C T*R“ \ 0 containing z¢ # 0
then by Lemma 4.1 we get decay for |V, u(z)| of order (z)™* in a smaller cone
containing zg, since

Vyp € S(®R*) < [ L/(R¥).

>0

Hence, by symmetry, polynomial decay of order s € R in an open cone around
a point in 7*R¢ \ 0 happens simultaneously for V,u and Vyu. The proof is
complete.

For a conical subset I' € T*R¢ \ 0 we denote by I' € T*R? \ 0 its closure
with respect to the usual topology in T*R¢ ~ R?? in T*R¢ \ 0. We have the
following equality:
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PROPOSITION 4.3. If u € &'(R?) then

WF (1) = U WF, (u).

seR
Proor. The inclusion

WF ) 2 | WF, @)

seR

follows immediately by virtue of WF(u) € WF(u) foralls € Rand WF(u) C
T*R“ \ 0 being closed.

To show -
WF (u) € | WF,(u) (4.7)

seR

we may assume that |, g WF,(u) # T*R? \ 0.

Let 0 # 20 ¢ U, g WFs(u). There exists an open conic set ' € T*R¢ \ 0
containing zo such that ' N |, g WF;(u) = ¥.

Let ¢ € #(RY) \ 0. By definition of WF(u), for every z € T and every
s € R there exists an open conical set I', ; € T*R? \ 0 containing z such that

sup (w)*|Vyu(w)| < oo.
wel

We thus have for each s € R

I'N Sy C U I

zel'NSr—1

and by the compactness of I' N Soy_; € T*R? \ 0, the covering of open sets
on the right-hand side may be reduced to a finite covering of the form

n
TNSa1 S|y =T seR, (4.8)
j=1

where I'y € T*R? \ 0 is open, conic and satisfies

sup (w)* |Vou(w)| < oo, s € R.
wel

From (4.8) we may conclude

rgﬂrs

seR
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which gives

sup(w) ™ [Vyu(w)| < sup (w)V[Vou(w)| < oo, N >0.

wel wel'y

We may conclude that zo ¢ WF (1) which proves the inclusion (4.7). The proof
is complete.

The next result says that pseudodifferential operators with symbols in 58,0
are microlocal with respect to the s-Gabor wave front set. The proof is similar
to the corresponding proof for the Gabor wave front set [20, Theorem 5.1].

PROPOSITION 4.4. If s € R, a € S, andu € ' (R?) then

WF(a" (x, D)u) C WF(u).

PrOOF. We have (see e.g. [11])
Soo= M2, 4.9)

NZ>0

where vy is the weight vy (x, §) = (§)" for (x, &) € R* @ R*, and M =
Ml‘)’;”l (R2?) is a weighted modulation space. The space M;’;j’l is also known as
a weighted version of Sjostrand’s symbol class (cf. [7], [23], [24]).

Letp € & (RY) satisfy ||¢||.> = 1. Denoting the formal adjoint of a® (x, D)
by a¥ (x, D)*, (2.1) gives for z € R*?

Vo (a"™ (x, D)u)(z)
= (@"(x, D)u, T1(z2)p)

= (u,a"(x, D)*T1(2)p)

— m) / V,u(w) (TTw)g, a” (x, DY TI(2)) dw
RZJ

— 2m) / V,u(w) (@” (x, D) T(w)g, T1()g) dw
RZJ

— 2m) / Vyu(z — w) (@ (x, D) 1z — w)g, TH(2)e) duw.
de

By (4.9) and [7, Theorem 3.2], for any ¢ > 0 there exists g, € L!(R?*?) such

that i
|(@”(x, D) T1(z — w)p, MI(2)p)| < g(w), z,w e R™.

With g(w) = sup, g [(@” (x, D) I1(z — w)e, I1(z)¢)| we thus have
g e[ LI®RM),

>0
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and w )
|Vp(a®(x, D)u)(2)| < |Vyul x g(z), z€R™. (4.10)

If 0 # 79 € T*RY \ WF,(u) then there exists an open conic set ' € T*R4 \ 0
containing zo such that

sup(z)*|Vu(2)| < 0o,
zel

By [6, Theorem 11.2.3] we have for some M > 0
Vou()| < (@), zeR¥,

It now follows from (4.10) and Lemma 4.1 that for any open conic set I'’
containing zo such that I'" N Sy € I" we have

sup(z)’|Vy(a" (x, D)u)(z)| < oo,

zel”
which proves that zo ¢ WF(a¥ (x, D)u). Thus we have shown
WF(a® (x, D)u) C WF(u).
The proof is complete.

REMARK 4.5. Note that Proposition 4.4 is a refinement of (2.2) (cf. [20,
Theorem 5.1]), in view of Proposition 4.3.

Since modulation and translation are invertible operators with Weyl symbols
in 58,0, the result gives the following consequence.

COROLLARY 4.6. Ifu € &' (R?) and z € R* then
WF(IT(2)u) = WF(u).

Thus the examples (2.8) and (2.9) generalize into
WF(8,) = {0} x (R?\0), xeRY s>0, 4.11)

and 4
WF,(8,) =0, xeR? s5<0, 4.12)

respectively.
Next we show an s-Gabor wave front set version of the symplectic invari-
ance (2.7).

LEMMA 4.7. For each s € R
WF,(n(x)u) = xWFs(u), x €Sp(d,R), ue SR, (4.13)

where (1 (x) is the operator corresponding to x € Sp(d, R) that satisfies (2.6).
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PrOOF. Let ¢ € F(RY) \ 0. Since u(x)p € F(R?) \ 0 it suffices by
Definition 2.5 to show

|Vu(x)<p(ﬂ(X)u)(XZ)| = |V¢M(Z)|, VS R,

Define for x, & € R the symbol

(v, ) = SWEHHED -~y ) o R

For f, g € & we have (a;‘fS (x,D)f, 8) = (M¢T, f, g), that is a’ (x, D) =
I1(z) for z € R*. Note that Ay € S(()),o- It follows from (2.6) that

n(x) " H(xz) 1)) = (ayz o x)" (x, D).

By [5, Proposition 4.1] we have, with A, B, C, D € R%*4,

A B
XZ(C D)eSp(d,[R)

if and only if
A'C=C'A, B'D=D'B and A'D-C'B=1.

With z = (x, &) this gives

ay; o X()’» 77) — ei(Ax+BS,Cx+D$)/2+i((Cx+D£;‘,Ay+Bn)—(Ax+B§,Cy+D77))
— ei((Ax,Cx)+(BE,DE)+(x,(A’D+C’B)S))/2

x ! (¥ (C'B=A"D)n)+(§,(D'A=B'C)y))

— o {AX,Cx)+(BE, DE)+2(Cx, BE)+(x,6)) /2 ,i((§,y)—{x.m)

= ¢/ (Ax.CIHBEDEFACKBEN 2y (y ),

and hence (a,,0x)" (x, D) = ¢! (Ax-CX)H(BEDE+ACBED/2[] (x, £). This gives
finally for z € R??
[Viooe (tGOuw) (x2)| = (0w, TH(xz) u(x)e)l
= |(u, OO T (x2) (X))
= |(u, [T(D)p)| = |V,u(z)|.

The proof is complete.

Combining (3.2) and (4.13) we obtain the following invariance result for
the s-Gabor wave front set (cf. (3.3)). If 0 € C***?¢ ReQ = 0 and F =
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90 € R**% then

WF (e "Dy = e 2"FWF, (ug), 1 €R, uye ' (RY, seR.
(4.14)

The symplectic invariance (4.13) gives s-Gabor wave front set versions
of (2.3), (2.4) and (2.5) as follows. We have (4.11), (4.12),

WF, ('8 = WF(e' 42y = ¢, £eR?, AeR™ symmetric, s <0,
WF (%) = (RT\ 0) x {0}, &eR? s>0, (4.15)
and

WF (A2 = {(x, Ax) : x e RY\ 0}, A € R symmetric, s > 0.
(4.16)
5. Propagation of polynomial phase space singularities

5.1. Propagation of s-Gabor singularities for certain linear operators

Every continuous linear operator J7: #(RY) — %’ (R“) has a Schwartz kernel
K € &'(R*) that satisfies

(Ff.e)=(K,g®f), fgeLRY.

LEMMA 5.1. Let 9 S (RY) — F'(RY) be a continuous linear operator
with Schwartz kernel K € &' (R*?), suppose ¢ € & (R?) satisfies ||¢|l1> = 1
and set ® = ¢ ® ¢. Then for u, ¥ € ¥(R?)

(Hu, )

_ <2n>—2d/ VoK (x, v, &, —1) Vo (6, B) Vouly, ) dx dy dé d. (5.1)
R4d

Proor. Since Mg T, y® = M:T,¢ ® M, T, we have

Vo( Qu)(x,y,&,n) =W Qu, MeT o @ M, T,¢)
= V¥ (x,8) Vgu(y, —n).

The STFT inversion formula (2.1) gives

(Hu, )
= (K, ¥y ®u)

— 2m) / VoK (x, y, &, —1) Vo (5. ) Vyu(y, ) dx dy d& dn.
[R4ll
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The integral converges since V¢ K is polynomially bounded according to [6,
Theorem 11.2.3], and V, ¢, Vou € & (R??). The proof is complete.

Since

VoIt 0)p(x, &) = &' V(t —x,0 — ),
we obtain from Lemma 5.1 with ¢ = I1(¢, 6)¢ for (¢, 0) € R*
Vo (Fu)(t,0) = (Ju, Il(t, 0)p)
= [ SR g ) (52
X Voot —x,0 — &) Vou(y, n)dx dy d§ dn.

This formula will be useful in the proof of Theorem 5.3.

In the following results we need some definitions from [13]. For K €
' (R?*?) we define

WF(K) = {(x,&) € T*R? : (x,0,&,0) € WF(K)} € T*R?\ 0,
(5.3)
WFy(K) = {(y,n) € T*R?: (0, y,0, —n) € WF(K)} € T*R*\ 0.

We also need the relation mapping between a subset A C X x Y of the
Cartesian product of two sets X, Y, and a subset B C Y,

AoB={xeX:3yeB:(x,y) € A} C X.
Finally we need later the reflection operator in the fourth R¢ coordinate on R*

(x7y7$’ n)/:(x’y’é:v_n)’ x7y7$9776|Rd' (54)

The following lemma concerns the relation mapping between closed conic
sets, the first of which does not intersect the coordinate axes.

LEMMA 5.2. Let G € R**\ 0 and G; € R? \ 0 be closed conic sets such
that
G N ({0} x RYUR? x {0}) = ¢. (5.5)

Suppose xo € RY\ 0 satisfies xg ¢ G o G. Then L there exist open conic sets
Ty, Ty € RY\ O such that xo € Ty, G; STy andTyN (G oTy) = 0.

ProOF. The assumption xg ¢ G o G| means

{xo} x G))NG =4. (5.6)
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Let 0 < ¢ < 1 and define the open conic sets

r0€_{xeuad\o o ﬁ+B([R<")}guza"\o,
X0

Fla—{yERd\O ﬁeGl—l—B(Rd)}g[Rd\O,

whose closures in R? \ 0 are, respectively,

Fos_{xe[Rd\O e —= —i—B([Rd)}C[Rd\O
x| |xol

T, {ye[Rd\O ﬁeGlJrB([Rd)}ctkzd\o

Obviously xg € I'g, and G| € I'y ; for any ¢ > 0.
We are going to show that

ToexT1a)NG =0 (5.7)

holds for some ¢ > 0, which proves the lemma since it is equivalent to To.N
(Gol'1 o) =0.
To prove (5.7) suppose for a contradiction that

TotmxTiim)NG #W, neN. (5.8)

Then there exists (x,, y,) € (FO,I/n X Tm/,,) N G for all n € N. Since all
involved sets are conic we may assume

(Xn, Yn) € Tot/n X T11m) NG N Say—y, neN.
Passing to a subsequence without change of notation gives convergence
(xn,)’n)_>(xa}’)EGmSZd71, n_)oo9

and thanks to the assumption (5.5) we must have x # 0 and y # 0.
Since x, € g 1/, We have

Yo Xo
lxa| %ol
where |w,| < 1/n, so it follows that x € Ry xg = {txg : t > 0}. Likewise,
since y, € Fl,]/n we have
Yn —u, +w,
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where u, € G, and |w,| < 1/n. It follows from the closure of G| in RY \ 0
and its cone property that y € G;.
We have thus deduced

(x,y) e (Ryxo x G1)NG

which contradicts (5.6). It follows that our assumption (5.8) must be false
so (5.7) indeed holds for some ¢ > 0. The proof is complete.

For K € &'(R*) and ® € ¥ (R?*?) \ 0 we have by [6, Theorem 11.2.3]

(cf. Section 2) for some m € R that does not depend on ®,

VoK (x, y, &, M| < ((x, y, E, )", (x, 3, &, 1) € RY. (5.9)

The preceding two lemmas are needed in the following result on propaga-
tion of singularities. It is an s-Gabor wave front set version of Hormander’s
result [13, Proposition 2.11] which treats the Gabor wave front set. More pre-
cisely Hormander’s result concerns a continuous linear operator 77 : & (R¢) —
&' (R?) with Schwartz kernel K € %' (R??). The proposition says that the do-
main of % can be extended to all u € %'(R?) such that

WF(u) N WF»(K) = 0,
in which case #u € &'(R%), and the Gabor wave front set inclusion
WF (¥ u) € WF(K)' o WF(u) U WF,(K)
holds. Note that WF(K)' o WF (1) here means

WF(K) o WF (1)
={(x. &) e T*R?: A(y.n) € WF(u) : (x,y, &, —n) € WF(K)},

that is, the second and third R? coordinates of WF(K) are permuted (see [13],
[14], [19D).

THEOREM 5.3. Suppose % S (R?) — F(R?Y) is a continuous linear op-
erator that extends uniquely to a continuous linear operator . %' (RY) —
I (RY). Suppose the Schwartz kernel K € &' (R*) of X satisfies (5.9) for
m € R, and

WF1(K) = WF,(K) = 0. (5.10)
Then for s, r € R such that

r<s—m-—4d (5.11)
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and u € &' (R?) we have

WF,(%u) C WF(K) o WF(u). (5.12)

ProOF. By [1, Lemma 5.1] we have by the assumption (5.10)
WF(K) STy = {(x,y,&n) € TR : c7M(x, )] < (v, W] < cl(x, )}
for some ¢ > 1. Defining

Tis={Gy.&neT* R c|(x, &) < |0, I},
Moa={(x,y.6,m) € T*R* : | (v, n)| < |(x, ©)I},

we thus have "
[y S R\ (T3 UTa). (5.13)

After these preparations we first show that the formula (5.1) extends to
u e S (RY and ¢ € S (R?) under the given assumptions.

By [6, Corollary 11.2.6] the topology for .#(R¢) can be defined by the
collection of seminorms

SR 3¢ > sup (2)"|V,¥ ()], n >0, (5.14)

zeRM

for any ¢ € F(RY) \ 0. Pick ¢ € #(R?) such that |¢|/;> = 1 and set
® = ¢ ® ¢. By Lemma 5.1 we have for ¥, u € % (R%)

(9] s/

» VoK (x,y, & —m)| Vo ¥ (x, )| [Vgu(y, m|dx dy d& dn.

(5.15)
We first show that the right-hand side integral can be estimated by a seminorm
(5.14) of ¥ when u € %' (R“). By the assumed uniqueness of the extension
H: S (R — F'(RY) this implies that formula (5.1) holds for u € ¥'(R?)
and ¥ € S (RY).
Consider first the right-hand side integral over (x, y, &, —n) € R* \ Iy,
where we have

VoK (x,y,& -l S ((x, 5,6 m) ", keN, (x,y,&-n) eRY\T,

(5.16)
on account of WF(K) € T'yand T} € R* \ 0 being open. By [6, The-
orem 11.2.3] we have for some L > 0

|Vou(y, ml < (v, )=, (v, ) € R¥, (5.17)

since u € &' (R?).
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We have for any n € N
/[RM\F/ |V¢K(X’ Ys s’ _n)| Ileﬁ(x, E)l |V¢M(y, 77)| dx dy dé dn
N /Wd\p((’“’ ¥, E ), )V ¥ (x, ©)] (v, m) dx dy dE dn

< sup (Z)”IVwﬂ(Z)I/ ((x,y,&m)*dxdydgdn
R4d

zE R2d

< sup (2)" [V (2)]

zeR™M
(5.18)
provided k > 0 is sufficiently large.
Next we consider the right-hand side integral (5.15) over (x, y, §, —n) € I'y.
If (x,y,&, —n) € I'y we have ((x, &)) < ((y, n)) which gives

VoK (x,y, & = [Vowr (x, E)| [Vgu(y, m)|dx dy d& dn

T

< f ((e, y, & )" P40y g (e, )| (0, m))E dx dy dE dn
T

/
1

< f (e, p, &) 4 (e, &)L Yy (x, €)| dx dy dE dnp

rl
< sup ()" Vg ()]

(5.19)
The estimates (5.18) and (5.19) prove our claim that the right-hand side of
(5.15) can be estimated by a seminorm (5.14) of ¥ when u € %' (RY).
Thus (5.1), and therefore also (5.2), hold for u € ¥/ (R¢) and ¥ € F(R?).
Using (5.2) we show the inclusion (5.12) under assumption (5.11) by show-
ing that
0 # (to, 0y) ¢ WF(K) o WF(u) (5.20)

implies (g, 69) ¢ WF,(J u). Thus we suppose (5.20). By Lemma 5.2 we may
assume that (fy, 6p) € Qo and Qo N (WF(K) o Q) = @ where o, Q, C
T*R? \ 0 are conic, open and WF, (1) € ,. (Note that the assumption (5.5)
of Lemma 5.2 corresponds to the assumption (5.10).)

Denote by

p1,3(x’ y,é, 77) = (xa€)7

x,y,&neR?,
Do —a(x,y, &, ) =y, —n),
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the projections R* — R2? onto the first and the third R? coordinate, and onto
the second and the fourth R? coordinate with a change of sign in the latter,
respectively.

With these notations we may express Qo N (WF(K) o Q) = ¢ as

Qo N p13(WF(K) N py L, Q) =0,

or, equivalently, = o =
P13 NWF(K) N py 42 = 0.

Due to assumption (5.10) we may strengthen this into
Pr3(QoU{ON\ONWF(K) N p; L, (R U{0)\0=0.
Since P1_§ (QoU{0)H) \ 0 and pii4 (2, U{0}) \ 0 are closed conic subsets of

R* \ 0, decreasing I'; € R*@ \ 0 if necessary there exist open conic subsets
Iy, ', € R* \ 0 such that

WF(K) STy, pi3Qo STo. pyl,Q STy,

and
NN, =0. (5.21)

Let ¥y € T*R?\ 0 be an open conic set such that (fy, 6)) € X, and
Yo N Sr—1 S Qo. Suppose ¢ € L(RY), |l¢llzz = land ® = ¢ ® ¢.
From (5.2) we have

(1, 0)) [V, ()1, 0)]
5/ VoK (x. . & —m)| (1, ) (5.22)
Réd
x [ Voot —x,0 — E)||Vau(y, n)|dx dy dé dn.

We will show that this integral is bounded when (¢, 6) € X, which proves that
(to, 6o) ¢ WF (K u).

Consider first the right-hand side integral over (x, y, &, —n) € R* \ I';.
From (5.16), (5.17) and ((¢,0)) < {((x,&)){(t — x,0 — &)) we obtain, since
Vop € S (R¥),

/\ VoK (. v, &, —n)| (£, )
R4\
X Vot — x,0 — )] |Vouly, m)| dx dy d& diy
2
s/ A 6, £ () dedyde d (523)
IRAd /l

= /Ad((x, v, E, )R dx dy de dny < oo
R
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if k > 0 is chosen sufficiently large. The estimate holds for all (¢, §) € R?“.

Itremains to estimate the right-hand side integral (5.22) over (x, y, &, —n) €
'y where ((x, &)) < ((y,n)). By (5.13) and (5.21) we have I'} € G| U G,
where

G =R\ (I'3Ul4UTy), Gy=R¥\(T13Ul,UDy).

First we assume (x, y, &, —n) € Gy. Then (x, y, &, —n) ¢ 'y which implies
(x, &) ¢ Qp. There exists § > 0 such that

|(x,8) = (,0)| = 8|(x, &), (x,8&) ¢ L0, (7,0) € Xo.

For (z,0) € Xy we obtain with the aid of (5.9), for arbitrary k > |r|, since
Vop € &(R*), using ((x, §)) < ((y,n)) and (5.17),

| ok .y 6=l .00
X Vel — %0 — O |Vau(y. ] dx dy d d

sf (e, E, )™ ((x, ) (= x, 0 —ENTR((t —x,0 — &)+
G,
x ((y, m)-dxdydé&dn

< / ((x, £))mHrHa 2k () =21 24 gy g dy
G,

< / (e, £)) 2 (s ) 2 dix dy dE dn < 1
R4d

(5.24)
provided k > |m|+r +4d +2+ L.
Finally we assume (x, y, &, —n) € G,. Then (x, y, &, —n) ¢ I'; so we have
(y,n) ¢ 5. Hence (y,n) € G where G C T*R? is closed, conic and does
not intersect WF(u). Assumption (5.11) gives

e=s—r—m-—4d > 0.
We obtain with the aid of (5.9) forany (¢, 6) € T*R?, using ((x, £)) < ((y, 1)),

|VCI>K(x9 y»S’ _7])| ((t’ 9)>r

G,
’ X Voot —x,0 = E)| |Vau(y, mldxdyd§ dn

S [ Gy ) ) Vot ml e dy d d
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S [ Ay e o) oty ol didy de dy

< sup (w)*|Vgu(w)| < oo. (5.25)

weG

We can now combine (5.22), (5.23), I'1 € G; U G», (5.24) and (5.25) to

conclude
sup ((t,0))" |V, (Hu)(t,0)| < oo.
(t.0)eXy

Thus (tg, 6p) ¢ WF, (5 u). The proof is complete.

REMARK 5.4. Under assumption (5.10), Theorem 5.3 implies Hormander’s
result [13, Proposition 2.11] for the Gabor wave front set

WF (¥ u) € WF(K) o WF(u).

In fact this follows from Proposition 4.3 and the claim G o G; € G o G, if
G C R™ \ 0 is closed, conic and satisfies (5.5), and G| R4 \ 0 is merely
conic (cf. Lemma 5.2).

To show the claim, assume that x, € G o G forn > 1 and x, — x € R?
as n — oo. For each n € N there exists y, € G such that (x,, y,) € G.

Suppose that the sequence {y,};2, € G is not bounded. Then for some
subsequence we have |y,,| > j for j € N. The cone property of G gives
| Yn; |*1(xnj, Yn;) € G, and this sequence converges to (0, y) € G for some
y € G N S;_; as j — oo, after passage to a further subsequence. This
contradicts the assumption (5.5), and it follows that the sequence {y,}7>; € G,
must be bounded.

Therefore we have convergence

(an7y}’lj)_>(xay)€Ga j_>oo’

for some subsequence, and y € G U{0}. Due to the - assumption (5.5) we have
x #0and y # 0,s0y € G, which gives x € G o G;. This proves the claim
Go G1 g Go Gl.

5.2. Propagation of s-Gabor singularities in the general case

In this subsection we combine Theorem 5.3 with results in [19] in order
to obtain results on propagation of singularities for Schrodinger equations.
Hormander’s result [14, Theorem 5.12] says that the Schwartz kernel of the
Schrodinger propagator e 4" *-D) s a 5o called Gaussian oscillatory integral.
Therefore we first need some background on Gaussian oscillatory integrals and
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the associated symplectic geometry. We give a brief description of these topics
and refer to [14, Section 5] and [19, Sections 3 and 4] for richer accounts.

Let g be a quadratic form on T*R? defined by a symmetric matrix Q €
C??*2d with Re Q > 0 and Hamilton matrix F = 7Q. According to [14,
Theorem 5.12] the propagator is

W
e @D) — .7{;—21’1F

where 7, ir: F(R?) — F'(R?) is the linear continuous operator with Sch-
wartz kernel

" l' " .
Kr(x,y) = (Zﬂ)_(d+N)/2\/det <p69/// Peﬁy ) / e Py gg y’(RZd)
Pxo lpxy RV
(5.26)

with T = e~2"F The Schwartz kernel K is a Gaussian oscillatory integral
with respect to a quadratic form p on RV [14], [19]. The quadratic form p
satisfies certain properties (cf. [19, Section 3]) including Im p > 0, and it is
not uniquely determined by the oscillatory integral. Each Gaussian oscillatory
integral is bijectively associated with a Lagrangian in 7*C?¢. Certain aspects of
the analysis of the propagator are natural to study in terms of the corresponding
Lagrangian.
The Lagrangian associated to the Schwartz kernel K -air is

A={(x,y.6 - eT*C: (x,6) = " (y,n} c T*C".
With the twist operation (cf. (5.4))

(3, 6. =(x,y,& -1, x,y,&neC,

the Lagrangian is thus the twisted graph Lagrangian defined by the matrix
e 2"F By [19, Lemma 4.2] we have T = e~%'F ¢ Sp(d, C), and

i(c(TX,TX)—0(X,X)) >0, XeT*C".

Amatrix T € Sp(d, C) that satisfies this property is called positive [14, p. 444].

Since K, s € &'(R*?) the propagator is a continuous operator ¢ /4" *-D):
L (R — F(R?). According to [14, Proposition 5.8 and Theorem 5.12] we
have in fact continuity e~/¢"*-P): #(R?) — F(R?). In order to extend the
propagator to an operator e'¢" *-P): ' (RY) — #'(R?) one considers the
formal adjoint. The formal adjoint of /7 for a positive matrix 7 € Sp(d, C) is
Ji=-1 where T e Sp(d, Q) is positive [ 14, p. 446]. Thus 7 may be extended
uniquely to a continuous operator #7: %' (RY) — %' (R?) by

(Hru, @) = u, Hz19), ued'RY, ¢ SR.
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Since e~4" D) = 9, ».r this gives in particular the unique extension of the
propagator to a continuous operator e '¢" *-P): ' (RY) — ¥/ (RY).
According to [19, Theorem 4.3], the Gabor wave front set of the Schwartz
kernel K, of the propagator e 4" D) for t > 0 obeys the inclusion

WF (K ,-2r)
C{x,y. & —n) e T*R*¥\0: (5.27)
(x,&) = e 2P (y,n), Ime > (y, ) = 0}.

Since e~ %' e C?*% ig invertible, WF (K, 2ir) = WFy(K,-2r) = @, cf.
(5.3).

A Gaussian oscillatory integral with respect to a quadratic form as in (5.26)
is a particular case of a so called Gaussian distribution [14, Section 5]. An
oscillatory integral of this type has the form

Ce*(Sp@1)0 A

where p is a quadratic form on R?>? with Imp > 0, 8o = 8o(RF), k < 2d,
A € R?*¥*24 jg an invertible matrix and C € C \ 0. From this information it
follows that we may take m = 0 in (5.9) when K = K,-2ir.

The observations above allow us to combine (5.27) and Theorem 5.3 with
H = e '4"D) and m = 0. This gives the following propagation result for
Schrodinger equations and the s-Gabor wave front set.

COROLLARY 5.5. Suppose q is a quadratic form on T*R? defined by a
symmetric matrix Q € C?2d ReQ >0, F=90Q,s,r € Randr < s —4d.
Then for u € &' (R9)

WF,(e7'4"*Py) € e (WF,(u) N Ker(Ime™*'F)), 1 >0.

As in the proof of [19, Theorem 5.2], the latter inclusion can be sharpened
(at the expense of decreasing r) using the semigroup property of the propag-
ator [14, Proposition 5.9 and Theorem 5.12]

e~ 1 t1)g" (x,D) _ ie*tlq”’(XqD)e*tzq”"(X»D)’ ttr > 0.

One obtains then the following result, where the singular space

2d-1
S= (ﬂ Ker[Re F(Im F)f]) NT*RY € T*R?
j=0
of the quadratic form ¢ plays a crucial role. The singular space has recently
been found to play a decisive role in the analysis of spectral and hypoelliptic
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properties of non-elliptic quadratic operators, cf. [8], [9], [10], [17], [18],
[26], [27].

The following result is an s-Gabor wave front set refinement of [19, The-
orem 5.2] (which is formulated in terms of the Gabor wave front set). This result
implies [19, Theorem 5.2] via Proposition 4.3. Note that the upper bound for r
is 4d smaller than in Corollary 5.5. As shown in the proof of [19, Theorem 5.2]

(™ F(WF ()N S)) NS S e #"F(WF,(u) NKer(Ime 7))
so the right-hand side of the following inclusion is a sharpening of the right-
hand side in the inclusion of Corollary 5.5.

COROLLARY 5.6. Suppose q is a quadratic form on T*R? defined by a
symmetric matrix Q € C2dx2d Re 020, F=90,s,reRandr <s—8d.
Then for u € &'(R?)

WF,(e_’qw("’D)u) C (eZ’ImF(WFS(u) ns))ns, t>0.

5.3. Consequences of the assumption of normality of the Hamiltonian

Finally we draw some conclusions on propagation of the s-Gabor wave front set
under the additional hypothesis of normality of the Hamiltonian. This means
that g% (x, D) commutes with its formal adjoint g* (x, D), that is

[qw(x’ D)’ aw(x’ D)] = 0

acting on . (R¢). This condition of normality is equivalent to the condition on
the Poisson bracket

lg.9} = (4;. 4}) — {q;.q%) = 2i{Imq,Req} = 0.

The condition is also equivalent to [Re F, Im F'] = 0O since the Hamilton map
of the Poisson bracket {Im g, Re ¢} is given by —2[Im F, Re F], see e.g. [17,
Lemma 2]. In this case the singular space reduces to

S = Ker(Re F) N T*R?.

The following result is an s-Gabor wave front set refinement of [19, Corol-
lary 5.3]. Again it implies the latter result via Proposition 4.3. Note that there
is no loss of order s as opposed to Corollary 5.6.

PROPOSITION 5.7. Suppose q is a quadratic form on T*R? defined by a
symmetric matrix Q € C**2 gych that ReQ > 0. If F = JQ satisfy
[Re F,Im F] = O then for s € R and t > 0 we have for u € &' (R%)

WF(e7'7"Pu) € (¥ ™F (WF,(u) N Ker(Re F))) N Ker(Re F).
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PrOOF. Lets € R. As an immediate consequence of Corollary 5.6 we have
fort >0

WF(e7'7"®Py) € (2™ F (WF 43441 (u) N Ker(Re F))) N Ker(Re F).
Thus it suffices to show
WF(e74"™Pu) € ™ WF, (), t>0. (5.28)

The matrix T = e~ %'F e Sp(d, C) is positive by [19, Lemma 4.2], and
therefore also T+ = e 2F ¢ Sp(d, ©) is positive (cf. [14, p. 446]). The
assumption [Re F, Im F] = 0 imply

ef2le672ltF — ef4ltReF

and ef4itRe F

arbitrary we may conclude that e

€ Sp(d, C) is positive by [14, Proposition 5.9]. Since t > 0 is
—2itRe I ¢ Sp(d, C) is positive.
From these considerations we also see that e%’F e Sp(d, C) which implies

e RFQUF — (=2(F=F) _ MImF o g C).

4t Im F 2tIm F

Since e is a real matrix we have e € Sp(d, R), again replacing ¢ by
t/2. Since an Sp(d, R) matrix is trivially positive, we have now showed that
both e %'ReF ¢ Sp(d, C) and '™ € Sp(d, R) are positive.

We have, again from [Re F, Im F] = 0,

e—ZttF — eZt(ImF—zReF) — eZtImFe—ZttReF — e—2theF62tIrnF.

By [14, Proposition 5.9 and Theorem 5.12], from the positivity of e =2/ Re £

Sp(d, ©) and e* ™ < Sp(d, R) we now obtain

S

e—tq’”(x,D) — :I:e—t(Req)“’(x,D)e—t(i Img)* (x,D)

where the sign ambiguity is related to the corresponding feature of the meta-
plectic group (see [14, Proposition 5.9]). The term metaplectic semigroup is
used in [14] to describe this phenomenon.

To prove (5.28) it suffices therefore by (4.14) to show

WF, (e 'ReD"Dy) € WE (), ue S (R, (5.29)

that is, microlocality of the operator e~ ®e¢®"*-D) with respect to the s-Gabor
wave front set.
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The operator e~ Re@)"(x:D) g the solution operator to the initial value prob-
lem
du(t, x) + (Req)” (x, Dyu(r, x) =0,
u(0, -) = up.

According to F. Nicola’s result [15, Theorem 1.2], for any # > 0 the operator

e~!Rea)"(x.D) jq 3 pseudodifferential operator with Weyl symbol g, € 58’0, that

is e7(Re)"(x.D) — 4w (x D). Appealing to Proposition 4.4 we may conclude

that the inclusion (5.29) indeed holds. The proof is complete.

6. Some particular equations

In this section we look at propagation of the s-Gabor wave front set according
to Proposition 5.7 in some particular cases of quadratic forms q.

EXAMPLE 6.1. A generalization of (4.16).
Consider the equation

qu(t, x) + (x, Ax)u(t,x) =0, t>0, x € RY,

where 0 < A € R?? is symmetric. It is a particular case of the general
equation (3.1) where the quadratic form g (x, §) = (x, Ax) is defined by the

i
matrix o 4 0

~\0 0)°
and the Hamilton matrix is

0 0
reso-( 0 0)

e D)y (x) = e AY Y (x).

The solution operator is

Clearly [Re F,Im F] = 0 and Ker(Re F) = Ker A x R?. Proposition 5.7
yields for s € R

WF (e "4 u) CWF () N (Ker A x RY), >0, ueRY. (6.1)

This example gives a generalization of (4.16) as follows. Let + = 1 and
u = 1.By (6.1) and (4.15)

WF (e Ay CKerA\0x {0}, s>0. (6.2)
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If A is invertible the opposite inclusion is trivial, and it holds also if A is
singular by the following argument. Let x € Ker A \ 0 and let ¢(y) = e~ ¥ i
for y € R?. The STFT evaluated at (ax, 0) € T*R is then for any a > 0

Vq,(e_("A'))(ax, 0) = / e—(yw‘ly)—ly—ax\2 dy
R4

:/ e larty A En=yP gy
R4

:f AN gy
R4

which is a positive constant that does not depend on a > 0. The STFT does
therefore not decay like (z)~*, for z in any open cone in T*R¢ containing
(ax, 0), for s > 0. This proves the opposite inclusion to (6.2) so we have

WFs(e™"*)) =Ker A\ 0 x {0}, s> 0. (6.3)

We also have

since
Vo(e U AN, & <1, (x,8) e R¥, ¢ e F(RY\O.

Now let A € C?*“ be symmetric with Im A > 0. Considered a multiplica-
i(x,Re Ax)/2 _ M(X) where

tion operator we have ¢’
I 0
= Sp(d, R
X (ReA 1) < 5p(d. R)

(cf. (2.6)). We obtain from Lemma 4.7 and (6.3)
WE, (¢!l 4)/2) = WF, (¢l ReA)/2g=(-ImA}/2y
= Y WF (e~ ImA/2)
={(x,Re Ax + &) : (x,£) € WF,(e” "4 /2)}
={(x,ReAx):x € R NKer(ImA) \ 0}, s >0,
which is the announced generalization of (4.16). We also obtain

WFs(ei<"A')/2) =0 s<0.

ExaMPLE 6.2. The heat equation

u(t,x) — Au(t,x) =0, >0, x eRY,
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is a particular case of the general equation (3.1) where g (x, £) = |£|* is defined

by the matrix 0 o
_ e R2*2
2= (o 1)

0 I
Feso= (0 1),

Since [Re F,Im F] = 0 and Ker(Re F) = R x {0} Proposition 5.7 gives
forany s € R

with Hamilton matrix

WF(e7'""Py) € WF,(u) N (R x {0}), t>0, ue S (R). (6.4)
Therefore, if s € R, u € %' (R?) and

WF(u) N (RY x {0}) = ¢ (6.5)

w

then WF,(e™'4"*-Dy) = ¢, that is

V(e " “Pu) ()| < ()%, zeR™, t>0, (6.6)

where ¢ € #(R?) \ 0. The assumption (6.5) means that there exists an open
conic set ' € T*R? \ O such that

RINO) x {0} ST, sup(e)'|Vu(2)| < 1. 6.7)
zel
Thus the mild regularity assumption in a conic neighborhood of the phase space
directions (R? \ 0) x {0} on the initial datum (6.7) gives the global (isotropic)
phase space conclusion (6.6) on the solution e~*¢"*-P)y for all ¢+ > 0. There
is an immediate regularizing effect of the heat propagator provided the initial
datum has some regularity in the directions (R? \ 0) x {0} in phase space.
Note that (cf. (4.15))

(RY\ 0) x {0} = WF,(1)

fors > 0. When s > 0 the assumption (6.5) thus means that WF;(u) is disjoint
from the s-Gabor wave front set of the function 1, which is an eigenfunction
for the heat propagator. If the initial datum is the function 1, the s-Gabor wave
front set for the solution remains the same for all ¢+ > 0, and if the initial
datum has s-Gabor wave front set disjoint from that of the function 1, then
regularization of the solution occurs.

The inclusion (6.4) is a refinement of the corresponding result for the Gabor
wave front set, see [19, Eq. (6.6)].
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