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COMPOSITION OPERATORS ON WEIGHTED
SPACES OF HOLOMORPHIC FUNCTIONS
ON THE UPPER HALF PLANE

WOLFGANG LUSKY

Abstract

We consider moderately growing weight functions v on the upper half plane G called normal
weights which include the examples (Im w)¢, w € G, for fixed a > 0. In contrast to the compar-
able, well-studied situation of normal weights on the unit disc here there are always unbounded
composition operators C, on the weighted spaces Hv(G). We characterize those holomorphic
functions ¢: G — G where the composition operator Cy, is a bounded operator Hv(G) — Hv(G)
by a simple property which depends only on ¢ but not on v. Moreover we show that there are no
compact composition operators C, on Hv(G).

1. Introduction

Let O C C be open, non-empty and consider a continuous function v: O —
10, oof. Put

Hv(0) = { h: 0 — C: h holomorphic, |||, := sup [h(w)|v(w) < oc }.

weO

In other words, the growth of a (not necessarily bounded) function # € Hv(O)
is controlled by 1/v.

For a holomorphic function ¢: O — O we define the composition operator
C,on Hv(O) by Coh = ho @, h € Hu(O). Classical examples of O are the
unit disc D = {z € C: |z| < 1} and a half space,e.g. G :={w e C: Imw >
0}.

It is of some interest to find similarities and differences between the
weighted spaces over D and over G as far as Banach space properties are
concerned.

There is an extensive number of papers dealing with ‘typical’ weights v
on D where v satisfies v(z) = v(|z]),z € D, v(#) < v(s)iIf0 <s <t < 1,
andlim,_,; v(r) = 0 (e.g.see[3], [4], [7], [8], [9], [10], [11]). A typical weight
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v is normal if it satisfies

v(l —27K
- - 7 1.1
ren vl —2 k) =% b
and
1— 2,/{,”
inf sup o ) (1.2)

—k <
neNkeN V(1 —27%)

Standard examples are the weights v(z) = (1 — |z|) for some a > 0. If v is
normal then the Banach space Hv(D) is isomorphic to £, the space of all
bounded sequences [7], [10]. If v is typical and satisfies (1.1) but not (1.2) then
Hv(D) is isomorphic to Hy,, the space of all bounded holomorphic functions
on D [8].

There are similar results for weighted spaces over G.

DEeFINITION 1.1. Let v: G — ]0, oo[ be continuous.

(1) viscalled a standard weight if v(w) = v(i Imw), w € G, v(is) < v(it)
whenever 0 < s <t < 00, and lim,_,g v(is) = 0.

(i1) A standard weight v on G is called normal if it satisfies

v(2k+1i)
sup ———— < 00 (1.3)
vy v(2i)
and v(2ki)

inf sup

— < (1.4)
neN kez V(2KH1D)

For example the weights (Im w)“, for some a > 0, are normal weights on G.

Again, Hv(G) is isomorphic to £, if v is normal [2]. If v is a standard
weight on G satisfying (1.3) but not (1.4) then Hv(G) is isomorphic (as a
Banach space) to H,, [6]. However, the situation over G cannot be reduced to
the one over D by simply considering v o i for a conformal map : D — G.
Indeed, v o v is not typical over D even if v is standard over G.

The similarities between weighted spaces over D and G completely break
down if we consider composition operators. It was shown in [4, Theorem 2.3]
(together with the fact that normal weights are essential — see [3] and Section 2
below) that, for normal weights v over D, the composition operator C, is a
bounded operator Hv(D) — Hwv(D) for any holomorphic function ¢: D —
D. Moreover there are always compact composition operators Hv(D) —
Hv(D).

The purpose of this paper is to show that the situation over G is entirely
different. There are always unbounded composition operators even if v is nor-
mal over G. For normal weights we give a complete characterisation of the
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holomorphic functions ¢: G — G such that C,, is bounded. It also shows that
the boundedness of C, does not depend on special properties of the given
weight. Moreover we prove that there are no compact composition operators
on Hv(G).

The main result of the paper is the following.

THEOREM 1.2. Let v be a normal weight on G and ¢: G — G a holomorphic
function. Then C, is a bounded operator Hv(G) — Hv(G) if and only if

Im w

sup — (1.5)
nee Im g (w)

We prove Theorem 1.2 in Section 2. Here we discuss some

ExamPLES 1.3. Let v be a normal weight on G. Then, according to (1.4),
v is unbounded. Hence, C, cannot be bounded if ¢ is constant on G. Let
o1(w) = —1/w, g (w) = w — 1/w, g3(w) = log(w) (main branch), w € G.
Then all ¢, are holomorphic and satisfy ¢ (G) C G. In view of (1.5), C,, is
bounded while C,, are unbounded if k =1, 3.

As a consequence of Theorem 1.2 we obtain

THEOREM 1.4. Let v be a normal weight on G. Then there is no holomorphic
map ¢: @ — G such that the composition operator C,: Hv(G) — Hv(G) is
compact.

We prove Theorem 1.4 in Section 3. Here we discuss another consequence
of Theorem 1.2. To this end put

€ (v) = {¢: G — G holomorphic : C, : Hv(G) — Hv(G) bounded }.

In fact, €(v) is a cone and has a certain ideal property with respect to
addition.

COROLLARY 1.5. Let v be a normal weight on G. Then:
(a) Fora, B > 0and ¢, € €(v) we have ap + By € € (v).
(b) If p: G — G is holomorphic and v € € (v) then ¢ + ¥ € €(v).

Corollary 1.5 is a direct consequence of (1.5). So we obtain that, for every
€ > 0 and every holomorphic function ¢: G — G, with ¢ = €idg +¢, the
composition operator Cy, is bounded on Hv(G). In particular, € (v) is dense
in {¢:G — G : ¢ holomorphic} with respect to the topology of compact
convergence. (1.5) also shows that € (v) does not depend on special properties
of v. In fact, for all normal weights the set € (v) is the same.
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Finally, we pose the following

OPEN QUESTION. Let v be a standard weight on G. Assume that

. Im w
€(v) = {(p: G — G holomorphic : sup < oo}.
weG Im @ (w)

Does it follow that v is normal?

In Section 4 we discuss a result which might suggest that there is a positive
answer.

2. Proof of Theorem 1.2
We start with a well-known lemma [2, Lemma 1.6].

LEMMA 2.1. Let v be a standard weight on G. Then (1.3) holds if and only
if there are constants ¢ > 0 and a > 0 such that

it AN
v ot .1
v(is) s
whenever 0 < s <t.
Condition (1.4) holds if and only if there are constants d > 0 and b > 0
such that b ,
t v(it)
dl-| = — (2.2)
s v(is)

whenever 0 < s <.
We immediately obtain

PROPOSITION 2.2. Let v be a standard weight on G satisfying (1.3) and
¢: G — G aholomorphic map satisfying (1.5). Then C, is bounded on Hv(G).

ProoOF. Leth € Hv(G). For any w € G we have, with the constants a and
cof (2.1),

I(Cph)(w)[v(w) = [h(p(w))|v(w)

= |h(p(w))v(e(w))

v(w)

v(p(w))

I a
c(ﬂ) if Imw > Im @(w)
<l - Im ¢(w)

1 otherwise
< |hll.d
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where d is a constant which does not depend on % or w. Here we used (2.1),
(1.5) and the fact that v(i?) is increasing in ¢. This shows that C,, is bounded.

To show the converse of Proposition 2.2 we need the notion of associated
weight. Let v be a weight on G. Then the associated weight v is defined by

|

v(w) = inf{— th e Hu(G), ||h]l, < 1}.
|h(w)]

(The definition of associated weight can be extended to weights on arbitrary

open subsets of C.) We have v(w) < v(w) for all w € G. If also v < dv for

some constant d then v is called essential weight.

LEMMA 2.3. Let v be a standard weight on G satisfying (1.3). Then there
is a constant ¢ > 0 such that, for every w € G, there exists h € Hv(G) with
IAlly = 1 and |h(w)|v(w) = c.

ProOF. It is well-known that, for every w € G there is & € Hv(G) with
|A(w)|0(w) = ||k|l, = 1 [3]. Moreover, if v is a standard weight with (1.3)
then v is essential [1, Theorem 1.3 and Proposition 3.5] which immediately
proves the lemma.

PrOPOSITION 2.4. Let v be a normal weight on G and assume that : G — G
is a holomorphic map such that C, is a bounded operator on Hv(G). Then ¢
satisfies (1.5).

ProoF. Fixw € Gandfindh € Hv(G) with ||#], =1 and | (@ (w)|v(e(w))
> ¢ where c is the universal constant of Lemma 2.3. If Im w < Im ¢(w) then
Imw/Im¢(w) < 1. Now assume Im w > Im ¢(w). Then we obtain with the
constants of (2.2)

IColl = 1Cy (M)l
> |h(p(w))|v(w)
_ v(w)
= Ih(w(w))lv(w(w))v((p(w))

Imw b
>cd| ————
(Imfp(w))

which implies that Im w/Im ¢(w) < (||C, |/cd)'/?. This shows that ¢ satis-
fies (1.5).

The proof of Theorem 1.2 follows from Propositions 2.2 and 2.4.
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3. Compact composition operators

Here we use that G and D are conformally equivalent. Consider

a(z) = i for z#1 and B(w) = E for w # —i.
w1

1
1-z
Then « and B are holomorphic and we obtain

a o Blg =idg and Boualp=idp. 3.1

First we show that the growth along the lines parallel to the imaginary axis
of the imaginary part of a holomorphic function mapping G into G is at most
linear.

LEMMA 3.1. Let ¢: G — G be holomorphic. Then there is a constant c(¢) >
0 such that

Irn(p(x——l—it) > c(p) whenever x € R and t>+vx?>+1. (3.2)

PrOOF. (a) First we assume in addition that ¢ (i) = i. Put ¢y = Bogpoa|p.
Then ¢ is holomorphic and satisfies ¥ (D) C D and ¢ (0) = 0. The Schwarz
lemma yields | (z)| < |z| for all z € D. With (3.1) this implies

2

‘cp(w)—l forall weG

2 .
w—1

- <

p(w) +i ‘

w+i

from which we obtain

(p))* + 1 —2Imp(w))(Jwl* + 1 + 2Imw)
< (lew)*+1+2Impw))(Jw|* + 1 — 2Im w).
We conclude
Imw _ lw|*> + 1 - lw|? + 1
Impw) ~ lpw)?+1 = Ime(w))?’

w e G. 3.3)

Now fix x € R. Then we have 2t2 > t> + x%> + 1 forall > /x2+ 1. (3.3)

ields
Y t - 24+ x2+1 12

Ime(x +it) — (Ime(x +it))? = (Ime(x +it))?

and hence ¢

1
- < forall > +/x2+1.
2 7 Ime(x +it)
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(b) Now let ¢ be arbitrary. Then put

oy — @) Reo(

= ; —, w e G.
Ime@) Ime@)

(Take into account that Im ¢(i) > 0 since ¢(i) € G.) ¢, is holomorphic and
we have ¢ (G) C G and ¢, (i) = i. Hence (a) implies that, for every x € R,

t

1
— > whenever ¢ > +/x2+ 1.
Ime(x +it) = 2

Then ¢ satisfies (3.2) with c(¢) = 1/(2Im ¢ (7)) since Im p(w) = Im ¢ (w) -
Im @ (i).

LEMMA 3.2. Let w, € G be such that lim,,_, o, |w, | = 00. Then there are a
subsequence (wy,,) and holomorphic functions f,: G — C with

1, k=n,

sup sup | f,(w)| < 0o and Su(wp,) = {0 k % n

n weG

PrOOF. We use again the map § from (3.1). Consider z,, = B(w,). By our
assumption on (w,) we have lim,_,« |z,| = 1. Pick a subsequence (z,,,) such
that I — |z,,,,,| < (1 — |zmm,])/2 for each n. Then (z,,,) is an interpolating se-
quence [5, Theorem 9.1 and Theorem 9.2]. This means that, for every bounded
function g on Q = {z,,, : n = 1,2, ...}, there is a holomorphic function g
on D with gl = g and supp, |g(2)| < csupg |g| where ¢ > 0 is a universal
constant. In particular there are holomorphic functions g,: D — C with

1, k=n,

sup sup |gn(z)| <00 and gn(zmk) = {0 k 7& n

n D
Finally, take f,(w) = g,(B(w)), w € G.
The following lemma is obvious.

LEMMA 3.3. Let v be a weight on G and let h,, € Hv(G). Assume that there
are w, € G and a constant ¢ > 0 with |h,(w,) — h,,(w,)|v(w,) > c foralln
and m # n. Then (h,) does not have a norm convergent subsequence.

PrOPOSITION 3.4. Let v be a normal weight on G and let ¢: G — G be a
holomorphic function satisfying (1.5). Then there is a sequence of holomorphic
Sfunctions h, € Hv(G) with sup,, ||h,ll, < oo such that (Cyh,) does not
contain any convergent subsequence.



148 W. LUSKY

Proor. Fix ¢, > 0 with lim,_, 1, = o0. Put w, = ¢(it,). In view of
(1.5) we have sup, (t,/Im ¢(it,)) < oco. Hence co = lim,_ . Im¢(it,) =
lim,,, o0 [wp .

In view of Lemma 3.2, by perhaps going over to a subsequence, we can
assume that there are holomorphic functions f,: G — C with
1, k=n,

0, k#n.

supsup | f(w)| < 0o and fo(wy) = :
n G

S~ince v is normal, a~cc0rding to Lemma 2.3, we find h, € Hv(G) with ¢y <
|hn(w,,~)|v(w,,) < ||hs|ly = 1 for all n. Here ¢; > 01is a constant. Put /,,(w) =
Su(w)h,(w), w € G. Then sup, ||h,]l, < co. We obtain, for n # m,

|(C(phn)(itn) - (C(phm)(itn”v(itn) = |hn(wn) - hm(wn)lv(i[n)

v(it,)

= |hn(wn)|v(wn)m

v(it,)
= Vet

Leta, b, c, d be the constants of (2.1) and (2.2) and consider the constant c(¢)
of Lemma 3.1. If 7, > Im ¢(it,) then (2.2) implies

v(ity) >d( I )”
v(p(it,)) — \Img(it,)

> de(p)?

for all n such thatz, > 1. (We applied Lemma 3.1 forx = 0.) If ¢, < Im ¢(it,)

then (2.1) implies ) a
v(it,) - l ty
v(p(ity)) — C(Imfﬂ(itn)>

1
—c(p)”.
C

v

for all n such that 7, > 1. Thus

(Con) i) — (Colm)itn)[vit) = 1 min(c(‘”)a dc«p)b)

C b
for all m # n and n such that 7, > 1. In view of Lemma 3.3 the sequence

(Cyh,) cannot have a convergent subsequence.

Proposition 3.4 shows that no composition operator on Hv(G) for normal
v can be compact.
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4. Concluding remarks

Let v be a standard weight on G. Then it can happen that Hv(G) = {0}.
However Hv(G) # {0} if and only if there are constants a > 0 and b > 0 with
v(it) < ae’ for all + > 0 [12]. Hence, in view of Lemma 2.1, for standard
weights satisfying (1.3) we always have Hv(G) # {0}.

Now let v be an arbitrary standard weight on G with Hv(G) # {0} and
consider the associated weight v. Then v is a standard weight, too. Indeed, we
have v(w) = v(i Im w) by definition. Moreover, v(it) > v(is) whenever 0 <
s < t according to [1], Lemma 2.1. Finally, for f,(w) = ¢"¥, w € G, there
are t, — O withe " v(it,) = sup,.o | fu(i)|v(it) = || fullv (1], Lemma 3.1).
This implies v(it,) = v(it,) for all n. We have lim,,_, o, v(it,,) = 0 and hence,
together with the preceding property, lim,_.o v(it) = 0.

We get

THEOREM 4.1. Let v be a standard weight with Hv(G) # {0}. Then

Im w

i(p: G — G holomorphic : oo} C €(v)

sup <
weg Im @ (w)
if and only if v satisfies (1.3).

PrROOF. At first assume

Imw

i(p: G — G holomorphic : su

P mew) Oo} cew.

Let p(w) = w/2, w € G. Then ¢ is holomorphic and ¢(G) C G. By as-
sumption, C, is bounded on Hv(G). So for each ¢+ > 0 there is a function
h € Hv(G) with I = ||hlly = |h(p(i1))|v(p(1)) and

B D
S/ = MO
= Ih(p()I3(i1)
< G, Il

In particular, 9(i2K"1)/5(i2%) < ||C,|| for all k € Z.

Conversely, let v satisfy (1.3) and let ¢: G — G be holomorphic and satisfy
(1.5). Then Proposition 2.2, applied to v instead of v, shows that C,, is bounded
on Hv(G) = Hv(G). Hence

¢: G — G holomorphic : sup

= Imw
<
weg Im @ (w)

oo} C €(v).
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Theorem 4.1 for standard weights on G seems to be the equivalent of [4,

Theorem 2.3] for typical weights on D.
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11.

12.
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