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THE IRREDUCIBILITY OF POWER COMPOSITIONAL
SEXTIC POLYNOMIALS AND THEIR
GALOIS GROUPS

JOSHUA HARRINGTON and LENNY JONES

Abstract

We define a power compositional sextic polynomial to be a monic sextic polynomial f(x) :=
h(xd) € Z[x], where h(x) is an irreducible quadratic or cubic polynomial, and d = 3 ord = 2,
respectively. In this article, we use a theorem of Capelli to give necessary and sufficient conditions
for the reducibility of f(x), and also a description of the factorization of f(x) into irreducibles
when f(x) is reducible. In certain situations, when f(x) is irreducible, we also give a simple al-
gorithm to determine the Galois group of f (x) without the calculation of resolvents. The algorithm
requires only the use of the Rational Root Test and the calculation of a single discriminant. In
addition, in each of these situations, we give infinite families of polynomials having the possible
Galois groups.

1. Introduction

Many techniques are known to determine whether a polynomial f(x) € Z[x]
isirreducible over Q. Some of these methods require rather complicated calcu-
lations. One of the goals of this article is to present a very simple procedure to
determine the irreducibility of a certain class of sextic polynomials which we
refer to as power compositional sextic polynomials. We define a power compos-
itional sextic polynomial as a monic sextic polynomial f(x) := h(x¢) € Z[x],
where h(x) is an irreducible quadratic or cubic polynomial, and d = 3 or
d = 2, respectively. Special cases of f(x) when d = 2 have been studied by
various authors [5], [6], [7], and the calculations used to establish the irredu-
cibility of f(x) in those papers are somewhat tedious and apply only to those
specific situations. The case d = 3 does not seem to have been addressed
previously in the literature. In this article, we use a theorem of Capelli to
give necessary and sufficient conditions for the irreducibility of f(x) that are
very easy to implement in both cases. Moreover, in each case when f(x) is
reducible, we describe the degree-type of the factorization of f (x) into irredu-
cibles. For the particular situations of when 4 (x) is a cubic and f(0) = —c?,
or when h(x) is a quadratic and f(0) = ¢, these conditions give rise to an
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extremely simple algorithm (see Section 5) to determine the irreducibility of
f (x) and, without the use of resolvents, the Galois group of f(x), when f(x)
is irreducible. Indeed, this algorithm represents a much easier alternative than
any previously described method currently in the literature, and requires only
the use of the Rational Root Test and the calculation of a single discriminant.
For example, in [5], while the main agenda is to determine sextic monogenic
fields, corresponding to f(x), that have Galois group A4, the methods used
there to determine the irreducibility of f(x) and its Galois group are more
complicated than the approach given here. Additionally, this algorithm allows
us to improve and extend the results in [6]. As an application of the algorithm,
we provide infinite families of polynomials having the possible Galois groups.

REMARK. We should point out that Stephen Brown [2], using more ele-
mentary techniques, has investigated the Galois groups that can occur for
sextic polynomials of the form x® + ax + b.

2. Preliminaries and notation

Throughout this paper, we let A(f) denote the discriminant over Q of the
polynomial f(x), and if f(x) is irreducible over Q, we let Gal( f) denote its
Galois group over Q. For the sake of brevity, unless stated otherwise, when we
say a polynomial is irreducible or reducible, we mean irreducible or reducible
over Q.

We now present some results, without proof, that are needed for the sequel.
The following two theorems are due to Capelli (See Section 2.1 in [9]).

THEOREM 2.1. Let f(x) and g(x) be polynomials in Q[x] with f(x) irre-
ducible. Suppose that f(a) = 0. Then f(g(x)) is reducible over Q if and only
if g(x) — « is reducible over Q(«). Furthermore, if

gx) —a =crup(x) - up(x),

where c| € Q(«), and the u;(x) are distinct monic irreducible polynomials in

Q(a)[x], then
fg) =N (w(x) - N(u,(x),

where ¢; € Q, and the norms N (uj(x)) are distinct monic irreducible poly-
nomials in Q[x].

THEOREM 2.2. Let r € Z withr > 2, and let « € C be algebraic. Then
x" — a is reducible over Q(«) if and only if either there is a prime p dividing
r such that o = BP for some B € Q(a) or 4 | r and a = —4p* for some

B € Q(a).
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We require the following three additional facts in Section 4.

THEOREM 2.3. Suppose that deg(f(x)) = n. If f(x) is irreducible, then
Gal(f) is isomorphic to a subgroup of the alternating group A, if and only if

JAP el

THEOREM 2.4. Let f(x) € Z[x] be an irreducible monic sextic polynomial,
and suppose that f(x) = 0. Then Gal(f) is isomorphic to an element of
{A4, S4} if and only if Q(«) contains a cubic subfield and \/A(f) € Z.

THEOREM 2.5. Let f(x) € Z[x] be an irreducible monic sextic polynomial,
and suppose that f(x) = 0. Then Gal(f) is isomorphic to an element of
{C¢, S3, C, x S3} if and only if Q(«) contains both a quadratic and a cubic
subfield.

Theorem 2.3 can be found in many basic Galois theory texts, and it also
appears as Proposition 6.3.1 in [4]. Theorem 2.4 can be deduced from The-
orem 2.3 and the more recent work of Butler and McKay [3] on the classific-
ation of transitive groups. Theorem 2.5 also follows from [3]. For additional
information, see [1], [8], and the remark at the end of Section 6.3.5 in [4]. We
have presented formal statements of these results for the convenience of the
reader.

3. The irreducibility theorems

THEOREM 3.1. Let h(x) = x* 4+ bx + ¢ € Z[x] be irreducible. Then
f):=h(x*) =x+bx*+¢

is reducible if and only if ¢ = n® and b = m> — 3mn for some m,n €
Z. Furthermore, if f(x) is reducible and b*> > 4c, then f(x) factors as an
irreducible quadratic polynomial times an irreducible quartic polynomial.

ProoOF. Let h(a) = h(a) = 0. By Theorems 2.1 and 2.2, f(x) is reducible
if and only if @ = B° for some B € Q(«). Suppose this is the case. We then

deduce from Theorem 2.1 that
f) =N —=B) N>+ Bx+ B) G
= (2 4 mx + n)(x* + dsx> + dox® + dix + dy), '

where m, n, d; € Z. Since
N(x —B)=x>—(B+ B)x+ BB,

it follows that _
n=pp = QBB =B ez,
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and thus ¢ = n’. By expanding and equating coefficients in (3.1), we get the
system of equations
m—+dz =0,
dy +mds; +n =0,
d, +mdy, +nd; = b,
dy +mdy +nd, =0,
mdy + nd; =0,

d() = Iflz.

From this system, we see that b = m* — 3mn, completing the proof of the first
part of the theorem.

To establish the second part of the theorem, notice that @ € R if b2 > 4e.
However, the quadratic polynomial x> + Bx + B2 in (3.1) has negative dis-
criminant, and so it is irreducible over Q(«). Since x — B is clearly irreducible
over Q(«), we deduce from Theorem 2.1 that f(x) is reducible if and only if
its irreducible factors are of degree 2 and 4.

COROLLARY 3.2. Let h(x) = x* + bx + ¢ € Z[x] be irreducible. Then
f(x) = x04+bx>+c3isreducible ifand only if g (x) = x3—3cx—b is reducible.
Furthermore, if g(x) factors as the product of three linear polynomials, then
f(x) factors as the product of three irreducible quadratic polynomials, and if
g(x) has exactly two irreducible factors, then f(x) factors as an irreducible
quadratic polynomial times an irreducible quartic polynomial.

ProoF. We know from Theorem 3.1 that f(x) is reducible if and only if
b = m? — 3mc for some integer m. This is equivalent to saying that f (x)
is reducible if and only if g(x) = x> — 3cx — b has an integer zero, which
establishes the first part of the corollary.

To prove the second part of the corollary, suppose first that g(x) factors as
the product of three linear factors. Then there are three values of m that satisfy
the equation » = m> — 3mec. Thus, since the factorization of f(x) in (3.1)
is unique up to the order of multiplication, we deduce that f(x) has three
quadratic factors. Hence, x> + Bx + B2 factors as the product of two linear
factors, and therefore, by Theorem 2.1, the three quadratic factors of f(x)
must be irreducible.

Suppose now that g(x) has exactly two irreducible factors. Then there is
only a single value of m that satisfies b = m® — 3mc, and so f(x) has exactly
one quadratic factor. Since Theorem 2.1 implies that f (x) cannot have a linear
factor, we deduce that f(x) factors as an irreducible quadratic polynomial
times an irreducible quartic polynomial.



POWER COMPOSITIONAL SEXTIC POLYNOMIALS 185

THEOREM 3.3. Let h(x) = x> + ax? + bx + ¢ € Z[x] be irreducible. Then
fx) = h(x?) = xS +axt+bx*+c¢

is reducible if and only if c = —n* and m* + 2am?® — 8nm + a> — 4b = 0 for
some m,n € Z. Furthermore, if f(x) is reducible, then f(x) factors as the
product of two irreducible cubic polynomials.

PrROOF. Suppose thatz(«) = 0. By Theorems 2.1 and 2.2, f (x) isreducible
if and only if & = B2 for some B € Q(«). Suppose this is the case. We then
deduce from Theorem 2.1 that

f&x)=Nx—=p) - Nx+B)

3.2
=(x3—mx2+tx—n)(x3+mx2+tx+n), ©-2)

where m, t, n € Z. Expanding and equating coefficients in (3.2), we see that

a=2t—m? b=t"—2mn, and c=-n’. 3.3)
Solving for ¢ in the first equation of (3.3) and substituting into the second
equation gives m* + 2am? — 8nm + a* — 4b = 0 as desired.
Since x — 8 and x 4§ are irreducible over Q(«), it follows from Theorem 2.1
that f(x) factors as the product of two irreducible cubics.

COROLLARY 3.4. Let h(x) = x> + ax?> + bx — ¢* € Z[x] be irreducible.
Then f(x) = x® 4+ ax* + bx* — ¢? is reducible if and only if g(x) = x* +
2ax* — 8cx + a* — 4b has exactly one integer zero.

Prookr. It follows immediately from Theorem 3.3 that f (x) is reducible if
and only if g(x) has an integer zero. The corollary will follow by showing that
if g(x) has a quadratic factor, then 4 (x) is reducible. So suppose that g(x) has
a quadratic factor u(x) = x? + rx + 5. Dividing g(x) by u(x), and setting the
coefficients of the remainder equal to zero, gives

—8c—r’+2rs—2ra=0 and —sr>+a’> —4b+s>—2sa=0. (3.4)

Solving the first equation in (3.4) for s, and substituting into the second equa-
tion, we see that

ro + dar* + 16br? — 64¢> P2\ r2\? r? 5
0= =|—|) +al—) +b|—|—c
64 4 4 4

(1)

so that & (x) is reducible.
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4. The Galois groups

In this section we establish simple criteria for the determination of the Galois
group of the particular power compositional sextic polynomials f (x) of Corol-
lary 3.2 and Corollary 3.4. The techniques given in those corollaries, combined
with the results of this section, provide a simple algorithm to determine the
irreducibility of these compositional sextic polynomials f(x), and Gal(f), if
f(x) is irreducible. The summary of this algorithm is given in Section 5.

We divide the remainder of this section into two subsections, according to
the two cases given by Corollary 3.2 and Corollary 3.4. In each of these situ-
ations, we provide examples of infinite families of the power compositional
sextic polynomials for each possible Galois group in the corresponding corol-
lary. In the case of Corollary 3.4, we actually give three sets of infinite families
depending on whether the coefficients of f(x) are such thata = 0 and b # 0,
ora#0andb=0,ora #0and b # 0.

4.1. The case of Corollary 3.2

Throughout this section, we let

h(x) = x>+ bx + ¢,
fx)= h(x®) = x84+ bx® + &,
gx) = x> —3cx — b,

where b, ¢ € Z, with ¢ # 0. Then
A(f) =358 A and A(g) = -3 Ah),

where A(h) = b> — 4c3. The zeros of f(x) are

o, IB’ _ﬂgv _aé‘_l’ _:35_17 _ag’
where
—b— Vb =43\ P —b+Vb* =43\
o = s =
2 2
14++V-3
and ¢ = +T, a primitive sixth root of unity. Thus,

h(@®) = f(@)=0= f(B) = h(p),
o+ B = —b, 4.1)

aff =c.
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It is straightforward to show that the zeros of g(x) are

—~(@+p), BC+ac”!, and P! +at. (4.2)
LeEMMA 4.1. Suppose that h(x) is irreducible. Then

Q®) = Q(¢) &= V/A(g) = v108¢3 — 27h2 € 7.

PROOF. Suppose first that Q(a®) = Q(¢). Since h(x) is irreducible, there
existr, s € Q, with s # 0, such that

Vb2 — 4¢3 =1 + 54/-3. (4.3)

If r # 0, we get a contradiction by squaring both sides of (4.3). Hence, r = 0,
and multiplying both sides of (4.3) by 34/—3 gives

Vv 108¢3 — 27bh% = —9s € Q.

Since A(g) € Z, we deduce that \/A(g) € Z.
Conversely, suppose that \/A(g) € Z. Then

which implies that Q(a®) = Q(¢).
THEOREM 4.2. Suppose that f(x) is irreducible. Then

Cy x 83, if A(g) is not a square in Z,

Gal(f) ~
{ Cs, if A(g) is a square in Z.

PrROOF. We claim that Gal( f) is isomorphic to one of the groups in {Cg, S3,
C, x 83}. Since f (x) is irreducible, we have that [Q(«) : Q] = 6. To establish
the claim, it is enough, by Theorem 2.5, to show that Q(«) contains both a
quadratic subfield and a cubic subfield.

Note that /1 (x) is irreducible since f (x) is irreducible, and therefore, Q(c®)
is a quadratic subfield of Q(«). From (4.1), we have that « 4+ 8 € Q(«), and
since g(x) is irreducible by Corollary 3.2, it follows from (4.2) that Q(« + 8)
is a cubic subfield of Q(«). Hence, the claim is established.

Now suppose that A(g) is not a square in Z. If | Gal( f)| = 6, then Q(«) =
Q(B¢),andso ¢ € Q(«) by (4.1). Since both S5 and Cg have a unique subgroup
of order 3, it follows that Q(a*) = Q(¢). Thus, from Lemma 4.1, we have that
/A(g) € Z, which contradicts our assumption. Therefore, Gal( f) >~ C, x S;.
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Now assume that A(g) is asquare in Z. Then Gal(g) >~ Az by Theorem 2.3.
Consequently, Q(« + B) is a normal extension of Q so that

Qa+B)=QB¢ +at™ ) =Q(B¢ " +ay), (4.4)

and Gal( f) has a normal subgroup of order 2. Thus, Gal(f) % S;. Because ¢
is clearly not an element of Q(« + ), we have that [L : Q] = 6, where

L:=Q(x+p,29).

Since v/A(g) € Z, it follows from Lemma 4.1 that > € L and 83 € L. Since
(¢ + B)? € L, we see by (4.1) that «> + B2 € L. Note that B¢ +a¢ ™' € L
from (4.4). Thus, since o>, ,83, ¢, ¢! e L, we deduce that

B +af = (@ +BHBL+ar™) — (@ + D) e L. (45)
Similarly, we have
B+ ap’ =+ ) a+p)— (@ +p°) € L. (4.6)
Therefore, by (4.1), (4.5) and (4.6), we get that

@*BE* +ap?) — (@B +ap?)
o= €
c¢*—1

Hence, B € L and L is the splitting field of f(x). We conclude that Gal( f) ~
C¢, which completes the proof of the theorem.

L.

In the following corollary we give examples of some infinite families of
these polynomials having each of the possible Galois groups C¢ and Cy x S;.

COROLLARY 4.3. Define
Fr = {x"+eBk>+3k+1)x> + Bk* +3k+1)* | €,k € Zwithe € {—1,1}}
and
Fo={x+bx>+¢ | b,c € Zwithb =3 (mod6) and c = 1 (mod 6)}.

If f(x) € &y, then Gal(f) =~ Ce, and if f(x) € F,, then Gal(f) ~ C, x S;.

PRrROOF. Letr € Z.
First let f(x) € %,. Note that

h(r)=r>+eBk*>+3k+ D)r —=3CBk*+3k+1)’=1 (mod 2),
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and thus A (x) is irreducible. Similarly,
g(r)=r=3@k*+3k+ r —eBk*+3k+1)=1 (mod 2),

and therefore g(x) is irreducible. Hence, f (x) is irreducible by Corollary 3.2.

Since 5 in )
A(g) =812k + 1H)*(Bk~ 4+ 3k + 1),

it follows from Theorem 4.2 that Gal(f) =~ Cs.
Now let f(x) € %,. As before, both h(x) and g(x) are irreducible since

h(r)y=g(r)=1 (mod 2).
Hence, f(x) is irreducible by Corollary 3.2. Since

A(g)  108¢ —27p*
27 27 B

we see that A(g) is not a square in Z. Therefore, Gal(f) ~ C, x S3 by
Theorem 4.2.

43 —p* =1 (mod 3),

4.2. The case of Corollary 3.4
Throughout this section, we let

h(x) = x> 4+ ax®> + bx — 2,
F(x) =h(x?) = x84+ ax* + bx? — 2, 4.7)
glx) = x* 4+ 2ax? — 8cx + a® — 4b,
where a, b, ¢ € Z, with ¢ % 0. Then
A(f) = 64c*A(h)? and A(g) =2"Ah),
where A(h) = —27¢* — 18abc? + a’b* + 4a’c?* — 4b>. Observe that

VA(f)eZ and +/A(h) eZ <= /A(g) €Z. (4.8)

The following proposition is an extension of a result in [6].

PROPOSITION 4.4. Let h(x) € Z[x] be a monic cubic polynomial such that
f(x) = h(x?) is irreducible. Then Gal(f) ~ Ay if and only if JA(f) € Z
and \/A(h) € 7.

ProOOF. If \/A(f) € Z and \/A(h) € Z, then Gal(f) =~ A4 by Corol-
lary 1.2 in [6]. Conversely, suppose that Gal( f) >~ A4. Then /A(g) € Z by
Theorem 2.4. If \/A(h) & Z, then we have by Theorem 2.3 that

S3 >~ Gal(h) C Gal(f) = Ay,
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which is impossible, and the proof is complete.
THEOREM 4.5. Suppose that f(x) is irreducible. Then

Sa,  if A(g) is not a square in Z,

Gal i~
/) { Ay, if A(g) is a squarein Z.

ProOF. The proof is immediate from Proposition 4.4 and (4.8).

Four infinite families of sextic polynomials f (x), with certain conditions on
the coefficients of f(x), are given in [6] such that Gal( ) >~ A,4. Nevertheless,
for the sake of completeness, we give here three more sets of pairs of infinite
families such that each polynomial in one infinite family in each pair has
Gal(f) ~ A4, while each polynomial in the second infinite family in each pair
has Gal(f) >~ S4. These three sets correspond to the three possibilities for the
coefficients a and b of f(x) in (4.7):

Casel: a =0and b # 0,
CaseIl: a #0and b =0,
Case III: a # 0and b # 0.

COROLLARY 4.6 (Case ). Let n = 2 + /3, the fundamental unit of Q(v/3),
and forn > 0, let k, = u, /2, where n*"*' = u, + V3.

Define

F1 = {x°* =3kx* —k, | n >0}

and

Fr = {x6 —3m?x? —m? | odd positive m € Z, with m # k, for any n}
If f(x) € #y, then Gal(f) >~ Ay, and if f(x) € F,, then Gal(f) =~ S;.

Proor. First note that, for any integer c =1 (mod 2), that neither

h(x) = x> = 3c¢’x —¢? nor glx) = x* = 8ex 4+ 1262

has a linear factor since, for any r € Z,

1 (mod?2), ifr =1 (mod?2),

=1 (mod2) and g(r)E{4(mod8) if r = 0 (mod 2)

It is easy to see by induction that k, € Z with k, = 1 (mod 2). Hence, all
polynomials in & U &%, are irreducible by Corollary 3.4.
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Suppose that f(x) € ;. Then
g(x) = x* — 8k,x + 12k = x* — du,x 4 3u?,

and
Alg) =23 ut 2 —1)=2%3".ut .02

n’

since u, + v,+/3 is a unit in Q(«/g). Thus, by Theorem 4.5, we deduce that
Gal(f) >~ Ay.
Now suppose that f(x) € %,. Then g(x) = x* — 8mx + 12m? and

A(g) =22.3 . m* . 4m® - 1).

If /A(g) € Z,thend4m?—1 = 3t*forsomet € Z.Butthen, n*'*! = 2m+1+/3
for some n > 0. Thus, m = k,, which contradicts the choice of m. Hence,

VA(g) € 7, and Gal(f) ~ S4 by Theorem 4.5.
COROLLARY 4.7 (Case II). Define

Fi={x"+ @ +k+Dx* =K +k+7)° | k €z}

and
Fr={x0+ Qk+ 1" — 2k + 1) | ke zZ}.

If f(x) € Py, then Gal(f) =~ Ay, and if f(x) € P>, then Gal(f) >~ S,.

PROOF. An argument identical to the one used in the proof of Corollary 4.6
shows that all polynomials in &#; U %, are irreducible.
Suppose first that f(x) € %,. Then

g(x) =x* =8P+ k+T7)’x +4k>+k+1)°
A(g) =2k + 1)*(K* + k +7)8.

Thus, Gal(f) >~ A4 by Theorem 4.5.
Now let f(x) € ;. In this case,

A(g) = 2'2(64k* 4 128k> + 96k* 4 32k — 23)(2k + 1)®.

Using the command IntegralQuarticPoints in MAGMA, we see that
there are no integer points on

y* = 64k* 4 128k> + 96k* 4 32k — 23.

Thus, Gal(f) >~ S4 by Theorem 4.5.
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COROLLARY 4.8 (Case III). Define
Fr = {x*+92k+1)*x* +2(3k + 1) (3k +2) (18k* + 18k +5)x* — (2k +1)*}

and
Fo = {30+ @K + Dx* + 2K + Dx® — (& + D),

where k € Z. If f(x) € %, then Gal(f) >~ Ay, and if f(x) € P, then
Gal(f) =~ S4.

ProoF. Firstlet f(x) € &,. Then

h(x) = x> + 92k + 1)%x?
+ 23k + 1)(3k + 2)(18k* + 18k + 5)x — 2k + 1)?

g(x) = x* + 182k + 1)*x* — 82k + l)x + 1.
Since h(r) =1 (mod 2) forany r € Z, we see that £ (x) is irreducible. Since
g(—1) = 72k*>+88k+28 >0 and g(1) = 72k*>+56k+12 > 0 forall k,

it follows by the Rational Root Test that g(x) has no linear factors, and hence
f(x) is irreducible by Corollary 3.4. Since

A(g) = 2"2(108k* + 216k + 162k + 54k + 7)%,

we conclude that Gal(f) >~ A4 by Theorem 4.5.
Now let f(x) € %#;. Then

h(x) = x> 4+ k> + Dx> + k2> + Dx — (K> + 1)2
g(x) = x* +22k> + 1)x? — 8(k> + 1)x + 1.

As before, h(x) is irreducible since A(r) = 1 (mod 2) for any r € Z. Also,
g(x) has no linear factors by the Rational Root Test since

g(=1)=12k>4+12>0 and g(l)=—4k>—4 <0 forallk.

Hence, f (x) is irreducible by Corollary 3.4. Since 4k® +32k* +48k> 423 > 0
for all k, we have that

A(g) = —2"2(k* + 1)*(4k® + 32k* + 48k> +23) < 0 for all k.

Consequently, Gal(f) ~ S4 by Theorem 4.5.
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5. Summary: the algorithm

Let f(x) be a power compositional sextic polynomial of the form given in
either Corollary 3.2 or Corollary 3.4. That is, we have the two cases:

f@) =x0+bx* + 7,
h(x) = x>+ bx + ¢, (5.1)
glx) = x> —3cx — b,

and 2

fx) =x% + ax* + bx* — 2,
h(x) = x> 4+ ax®> + bx — 2, (5.2)
gx) = x* 4+ 2ax® — 8cx + a® — 4b,

where a, b, ¢ € Z, with ¢ # 0. The algorithm to determine the irreducibility
of f(x) and also Gal( f), when f(x) is irreducible, is described below.

Step 1: Use the Rational Root Test to determine whether /2 (x) has a rational
zero. If h(x) has a rational zero, then f(x) is reducible and the algorithm
terminates. If /(x) has no rational zero, then proceed to Step 2.

Step 2: Use the Rational Root Test to determine whether g (x) has arational
zero. If g(x) has a rational zero, then f(x) is reducible and the algorithm
terminates. If g(x) has no rational zero, then f(x) is irreducible and proceed
to Step 3.

Step 3: Calculate A(g). Then, when f(x) is in (5.1),

C, x 83, if A(g) is not a square in Z,

Gal(f) ~ . . .
Ce, if A(g) is a square in Z,

and when f(x) is in (5.2),

Sy, if A(g) is not a square in Z,

Gal(f) ~
al(s) { Ay, if A(g) is asquarein Z.
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