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ESSENTIAL NORM ESTIMATES FOR HANKEL
OPERATORS ON CONVEX DOMAINS IN C?

ZELJKO CUCKOVIC and SONMEZ SAHUTOGLU

Abstract

Let Q C C? be a bounded convex domain with C!-smooth boundary and ¢ € C!(2) such that ¢
is harmonic on the non-trivial disks in the boundary. We estimate the essential norm of the Hankel
operator H,, in terms of the d derivatives of ¢ “along” the non-trivial disks in the boundary.

Let © be a domain in C” for n > 1 and <2 denote the boundary of 2. Further-
more, letd V denote the volume measure on 2 and A%(Q) be the Bergman space
on €2, the space of square integrable holomorphic functions on €2 with respect to
dV . The Bergman projection P is the orthogonal projection from L*(2) onto
A%(2). For ¢ € L>(2) we define the Hankel operator H,: A*(2) — L*(Q)

by
Hyf = — P)(¢f),

where I denotes the identity operator on L2(£2).

In [4] we studied compactness of Hankel operators on smooth bounded
pseudoconvex domains with the symbols smooth up to the boundary. Our
most complete result is attained on smooth bounded convex domains in C2.
On such domains we characterize compactness of H, in terms of the behavior
of ¢ on the analytic disks in b$2. Throughout this paper D will denote the unit
open disk in C.

THEOREM ([4]). Let 2 be a smooth bounded convex domain in C? and
¢ € C*(R2). Then Hy, is compact if and only if ¢ o F is holomorphic for all
holomorphic F: D — bS2.

In this paper we continue our study of compactness of Hankel operators
and obtain estimates on their essential norms. The essential norm || T ||, of a
bounded linear operator 7: X — Y, where X and Y are normed linear spaces,
is defined as

. = inf{||T — K| : K: X — Y is a compact linear operator}.
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That is, the essential norm of 7 is the distance from 7 to the subspace of
compact operators.

The first estimates for the essential norms of Hankel operators were ob-
tained by Lin and Rochberg [7] in 1993, for the case of the Bergman space
on D. They showed that the essential norm estimates of H,, acting on A%(D),
are analogous to the estimates on the Hardy space which is a famous theorem
of Adamjan, Arov and Krein [1]. The Lin-Rochberg results were later gen-
eralized by Asserda [2] to higher dimensions when the domain is a strongly
pseudoconvex.

As in [4] our approach uses the connection between Hankel operators and
the 8-Neumann operator. Due to this connection, we are able to consider more
general domains; however, our symbols are more restricted. As a result, our
estimates are of a different type to Lin and Rochberg’s estimates. In our case,
the estimates depend on the behavior of the symbol on the analytic disks in
the boundary of domains. We note that an analytic disk in the boundary of €2
is the image of a holomorphic function F: D — bS2.

Before we state our main result we define I';q, the set of all linear paramet-
rizations of “circular” affine non-trivial analytic disks in b2, as follows:

Tpo = {F:D — bQ: F(§) = £z + p for some p € bQ,z € C*\ {0}}.

We note that in case where there are no non-trivial affine disks in the boundary
of Q, the set [',q, is empty.

In the main result below and the rest of the paper, f, and f; denote the
derivative of f with respect to z and 7 respectively.

THEOREM 1. Let Q be a C'-smooth bounded convex domain in C?, let g
denote the diameter of Q, and let ¢ € C'(Q) be such that ¢ o F is harmonic
for every holomorphic F: D — b<Q2. Then the Hankel operator H, satisfies the
Jfollowing essential norm estimate:

|[F'(0)] . B
ST

Vet ~
< | Hylle < Fseurrzn{ O] zgg{l(wo F)g(é-')l}}-

REMARK 1. Both estimates in the theorem above are defined to be zero in
the case 'y = . That is, when there are no non-trivial analytic disks in b2
we get || Hyl|, = 0. This is in accordance with the fact that, in this case, H,, is
compact.
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REMARK 2. F’(0) measures the size of the disk F(D) C b%Q. So it is
interesting that the essential norm depends on the “bar” derivatives of ¢ on the
disks in the boundary as well as the size of these disks.

In case of the bidisk we get a better estimate for the lower bound as in the
following theorem.

THEOREM 2. Let ¢ € C'(D?) such that the functions z — ¢(z, ') and
w — (e, w) are harmonic on D for all 6 € [0, 27). Then the Hankel
operator H,, satisfies the following essential norm estimate:

|[F'(0)] .
| Hylle = FZI;FDZ{ 7 ;Iel[[f»{l(w o F)S(E)I}}

REMARK 3. The diameter of the bidisk tp: = 24/2 is the distance between
(—1,—1) and (1, 1). Hence v/21p: = 4 > +/2. Thus the lower bound in
Theorem 2 is better than the one in Theorem 1.

Proofs of Theorem 1 and Theorem 2
LEMMA 3. Let y € Cé(U), where U C D is a domain. Then ||y || = |l v¢ll-

PRrROOF. Since y is compactly supported in U there are no boundary terms
in the following integration by parts formula:

I|Vs||2=/UJ/s(€)75(S)dV(S)=/UV(E)755(S)dV(E)
=/ Vve(§)7:(€)dV(E) = llyel®.
U

Therefore, [ yell = [lvll-

We note that a unitary affine mapping F' on C" is of the form F (z) = Az+p,
where A is an X n unitary matrix and p € C".

LEMMA 4. Let V be a bounded domain in C", F a unitary affine mapping,
and ¢ € L(V). Then || Hy|le = | Hpor ||, where Hyo is the Hankel operator
(with symbol ¢ o F) on A*>(F~1(V)).

PrOOF. Let U = F~!(V) and let the pull-back F*: A2(V) — A%*(U) be
defined as F*(f) = f o F for f € A?(V). Then one can check that F* is
an isometry. Furthermore, the Bergman kernel transformation formula of Bell
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(see, [6, Proposition 6.1.7]) gives PV = (F~')*PY F*, where PV, P" are the
Bergman projections on U and V, respectively. Then for f € A2(V), we have

(F™)*Hyor F*(f) = (F~')*Hyor (f o F)
= (F")*(¢(F) f(F) — PY(¢(F) f(F)))
=¢f — (F )*PUF*(¢f)
=¢f — PV (@f)
= Hy(f).

Also TV:A%2(V) — L*(V) is a compact linear operator if and only if
TY: A2(U) — L*(U) is compact where TV = (F~")*TY F*. Furthermore,

1Hy — TV I = I(F ™) Hpor F* — (F~)*TY F*|| = || Hpor — T"||.
One can check that, the equality above implies that || Hy |l = || Hpor |le.

We will use the 3-Neumann problem to obtain the upper bound in The-
orem 1. The 3-Neumann operator, denoted by N, is defined as the solution
operator for the complex Laplacmn 99 +0 0 on square integrable (0, 1)-
forms on €2, denoted by L (0,1)(9)- We refer the reader to the books [3], [8]

and references therein, for more information about the 3-Neumann problem.
In the following theorem we list the properties we need about N (see [3, The-
orem 4.4.1]).

THEOREM. Let Q2 be a bounded pseudoconvex domain in C" for n > 2.
There exists a bounded self-adjoint operator N: L%O,l)(Q) — L%o,l)(Q) such
that

(i) @9+00)N =1onL2 (),

(i) "N is the solution operator to du = v that produces solutions ortho-
gonal to AZ(Q),

(iii) the Bergman projection P satisfies the following equali
8 proj g equality
P=1-23 N9,
where 1 is the identity mapping,
(iv) the operators N, 3N , 99 N andd aN are bounded, and
INI < et3, [ANII <Veto, [10°N| < Veraq,

where tq is the diameter of S2.
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We note Elat (i1) and (iii) in the theorem above imply that 5H¢ f = fop
forp € C'(Q) and f € A%(Q).

REMARK 4. Before we start the proof of Theorem 1, we note that even
though [4, Corollary 2] is stated for ¢ € C*(£2), observation of the proof
reveals that it is enough to have a C'-smooth domain © and ¢ € C'(Q).

Proor oF THEOREM 1. First we will prove the lower bound. Since €2 is a
C'-smooth bounded convex domain in C2, [4, Corollary 2] implies that H,, is
compact if and only if ¢ o F' is holomorphic for any holomorphic F: D — bQ.
Thus, in order to find the essential norm estimate, without loss of generality,
we assume that there exists holomorphic F: D — bS2 such that (¢ o F)g # 0.
Since ¢ is C'-smooth, this means that ¢=(F) # 0 on some open set. But the
domain €2 is convex which implies that the disk F'(D) is an affine disk (see [5]
and [4]). Using Lemma 4 we can thus assume that there exists 7y € (0, tq)
such that

(1) ¢z(z,0) £ 0 for all |z] < 79,
(i) {(z,w) € C:|z] < 19, w = 0} C Q.
Since €2 is bounded we can also deduce that
(i) QC{zeC: |zl <10} x {we C:|w| < 19, Re(w) > 0.

With this setup, we can now put a wedge W in 2 perpendicular to D = {z €
C : |z] < 1y}. Furthermore, W can be chosen as close to flat as we want if we
are willing to choose its radius very small. That is, for any &; > 0 there exists
ro > 0sothat D x W C 2, where

_ ) e ) T—é&
W=3re” eC:0<r <ryl|0] < 5 .

Let us choose

2 z)? —
X(Z)=—2<1—%>, for z € D.
T 5

Then x € C*®(D), x > 0 with x(z) = 0 for |z| = 7). Then we have

2 %o 0> 4 702 ‘Eé
dv = —=27 ——=ldo=—=|—-—7=)=1,
/DX(Z) @ w1l /0 (p roz) P 2 ( 2 4‘1,'02)

and

4 |z 4 /TO 8
2 3

= dV(z) = 2w dp =
Iz 2ty Jp Ty @) 2l 0 PP = o
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Hence
Jp x(2dV(2) _ o [m_ VD)

Ty = = —F—.
x|l Voo Var

Let us first restrict ¢ onto D and extend the restriction as a C'-smooth func-
tion ¢, defined on C x {0}. Finally, we extend the function ¢, trivially as
a C'-smooth function ¢; on C2. That is, ¢;(z, w) = ¢(z, 0). Let us define
¢ =¢ — ¢ and

y(z) = ﬂ

= , for z €D,
¢1z(z,0)

where ¢z denotes dg;/0z. We will continue to use this notation below when
appropriate.

We note that, in the rest of the proof | .|| and | . ||y denote the L? norm
on €2 and on open set U, respectively.

Let us define o; = 1 — 272~ ! and

1
filz,w) = S for (z, w) € Q.

@j
Using polar coordinates one can show that
l—«a 2—a;
I fillw =7 —errg 7 and || fijll =7zg . )]

We will use the following equality in the second equality in (2) below.

oH, fi _ dH, fi __ — _
a"’z‘f’ dz + a‘%f’dw =3H,, fi = d(p1 f; — P(o1 )

= o1
= fja(ﬂl = f,a—zdz

Then, for w € W we have

5
/x(z)dV(z)=/ fes w)%(z, w)y (2)dV (2)
D D Z

27 w%
_ / ot (0 wyy(2)dv(2) 2
p 0z
= _/ Hy, fj(z, w)yz(2) dV (2).
D

We note that in the last equality above we used integration by parts and the
fact that y (z) = 0 for |z| = 10.
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Now we take the absolute values of both sides of (2) and then apply the
Cauchy-Schwarz inequality to the right hand side to get

1500, w)I/DX(Z)dV(z) < 1Hy, fillpllv-l-

After integrating over the wedge W and dividing by ||yz||p we get

Jpx@dV(2)
Ivzllp
We remind the reader that ¢;; and ¢,z below will denote d¢;/dz and

8¢, /3207, respectively. Since we assumed that ¢ is harmonic on D, Lemma 3
implies that

/50, Hliw < 1Hy, fillxw = | Hy, f;ll.

X @1 lxz1lp
lyzllp = ly:llp = ‘—Z— = H < =
Viz (¢12)? Y1z lﬂfD lg1zl
Then
x(2)dV(z)
| Hy, fill > fD—IIf/(O, Illw

lvzllp
fDx(z) V(2)
1 x:1lp

3
(in flsmzl)llfj(() iw-

Therefore, inequality (3) and the fact that || £; (0, .)|lw = /7 — &1 ré_a’ imply

that
1—a; T — & .
| Hoy £l 2 rg ™\ [ == V(D) (inf lpi]). 4)

Now we turn to ¢,. Since ¢,(z, 0) = 0, for every € > 0 there exists § > 0
and j, so that

(i) |¢2(z, w)| < ¢, for (z, w) € Q and |w| < 8, and
(i) |f(z, w)| < &, for (z,w) € Q, |w| > §and j > j..

Letus denote Q2; 5 = {(z,w) € Q: |[w| < d}and 25 = {(z, w) € Q : |w| >
8}. Then for j > j, we have

I Hy, fill = Nl@2fill = lle2 filla,, + o2 fille,,
2—a;
<e(lfill +llg2d) = elmrg 7 + llg2l).

Then, limsup; , ., | Hy, fjll < e(tq + llg2). Since ¢ is arbitrary, we get

lim || H,, f;|| = 0. (5)
md®s
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By the definition of essential norms for Hankel operators, for any &, > 0 there
exists a compact operator K,,: A%(Q) — L*() such that

”EaJh = ”Ea?_'K;Al_'S%

Then
H fi— K. f
|Hylle > lim sup w e
H il = VH. £l — 1K.. f:
< lim sup 1ol = WHn fil = WKes il _ o
j=oo TTg
1 ”b%uﬁ”
_hjriigpF_gz
Q

In the last equality we used (5), compactness of K,,, and the fact that f; —
0 weakly. Therefore, combining (4) and (6) together with the fact that the
constants €1, &, > 0 are arbitrary we get

Holle =

N DSEI?Q{V(D);EEJ{'%(S)H}'

We note that there is a one-to-one correspondence between the (affine) disks
in b2 and F € T'pq. Since we need F: D — D to be a surjection, we must
have F(£) = (1€, 0). Then one can show that
V(D) inf {|z(£)[} = 7 |F'(0)] inf {|(¢ o F)z(£)I}.
§eD £eD

Therefore, we have

[Hylle = sup
Felpo

F'(0
i l\/§(r)| sig{'(w ° F)g(§)|}}.
Q

Now we turn to the upper estimate. Let p be a defining function for 2. That
is, p is a C'-smooth function in a neighborhood of Q such that p < 0 on 2,
p > 00nC?\Q,and |Vp| # 0on bS2. Then we define the complex tangential
and complex normal vector fields as

Vel \dw 3z 9z dw
22 (ap 9 N ap 0 )

2T Vel \sz 0z " ow ow

1

2ﬁ(apa 8,08)
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One can check that {L, L,} form a continuous orthonormal basis for the space
of (1, 0) type vector fields on a neighborhood on 2. Let w; and w; be the
differential forms of type (1, 0) that are dual to L, and L, respectively. That
18,

2 (9 3
o = L(—ﬁdz - —fdw),
Vol \ 0w 07
2 (9 9
wy = L(—pdz + —'Odw).
Vol \ 0z dw

One can check that ||w;|| = |lwz|| = 1and f = L,(f)w, + L2(f)@, for
any f € C'(Q) (see special boundary charts in [8, p. 12]).

Using the method in the first part of the proof of Theorem 3 in [4, p. 3739
3740] (B and B in [4] correspond to ¢3 and ¢4 below, respectively), we define
@3, 94 € C'(Q) such that

(1) ¢ = @3+ ¢4,

(i) @3 = ¢ and Ly(¢3) = 0 on b<2,

(iii) ¢4 = 0 on b2.
We note that ¢4 is a uniform limit of compactly supported smooth functions
on 2. This fact together with Montel’s Theorem imply that H, is a limit of
compact operators in the operator norm. Hence H,, is compact and || H, ||, =
[ Ho, Il

Let _
n= | F)

Felpa

and let x, € C*®(Q) be such_thatO <xe <l,x.o=1onll, = {z € Q:
d(z,TT) < ¢}, and x, = 0 on Q \ ITy,. Then for f € A>(Q), we have

—% —k —%
Hyy =0 NM7, =9 NM, 5, +93 NM_, 5,.,

where M), denotes multiplication by 4. First we will show that 3'NM (1
is compact on A%(Q). Let f € A%(RQ).

13" NF(1 — x)d@s3l> = (0 Nf(1 — x)dg3, 8 Nf(1— x:)dg3)
= (fogs, (1 — xo)N3D Nf(1 — x:)d93)
SN = x)N3G NF(1— x) gl

Now we will use the fact that (1 — x.)/N is compact. This is essentially done
on pages 3740-3741 in the proof of Theorem 3 in [4]. The idea is to use com-
pactness of the d-Neumann operator locally to get the following compactness

—Xe) 993
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estimate: for every e; > 0 there exists a compact operator K., on L%O‘l ,(§2) so

that
(1 — xo)Nh| < ellhll + || K¢ hll.

Then using the fact that 90 N is a bounded operator in the second inequality
below, we get

I(1 = x)N3d Nf(1— x)dgsll < 11130 Nf(1 — x)des
+ 1Ke, 30 NF(1 — xe)dgsll
< el fll+ 1K, fllon,

where I?el = Kglﬁ*NM (1—x)3gs 18 @ compact operator. Therefore,

9'NM,,_. s, satisfies a compactness estimate and hence it is compact. Then
(I1=xe)9¢3

0¢3 = Li(¢3)@1 + L (¢3)@.
Using the facts that Lrg3 = 0 and ¢ = @3 on b<2, we get
19¢3] = IL1(p3)| = [Li(g)| on bS2.
Therefore, we have
18" Nf x93l < 19 NIl £ xedg3ll < 13 N1 sup{|Z1(9)(2)] : z € Tae}l £
So if we let € go to zero and use the fact that ||§*N|| < Jetq, we get
IHylle < v/etasup{|Li()(2)] : z € TT}.

On the other hand, for p € IT there exist p; € I1, &, € D and F; € I'pq such
that F;(§;) = p; and lim p; = p. We note that if p is not on the boundary of
a disk then we can choose p; = p forall j.

Let F;(§) = (Fj1(§), Fj2(§)), for & € D. Since € is convex in C* and we
assume that p; is in a horizontal disk, Fj; is linear and Fj, is constant. The
chain rule and the fact that L, is the complex tangential derivative imply that

(¢ 0 F)z(&) = 0z(p) Fiie &) = Li(9)(p)) F/, (&) = L1 (9) (p)) F}, (0).

Hence
_ (¢ 0 Fg(&)
Ta@ ()] = 2SN
|F/(0)]

Then, if we take supremum over j we get

{I((pon)g(é)l}

IL1(¢)(p)] < supsup |0

j &€D
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Hence, we have

Vet ~
I Hylle < Fseurrzg{ O] zgg{l(w o F)g(é”}}-

This completes the proof of Theorem 1.

ProoF oF THEOREM 2. The proof of Theorem 2 is very similar to the
first part of the proof of Theorem 1. So instead of running through the whole
argument again we will point out where they differ and the modifications
needed for this proof. Without of loss of generality we may assume that there
exists zop € D, p € bD such that z(zo, p) # 0. In this case wedge W is
replaced by the disk D in w. Let us choose a sequence {p;} C D such that
lim;_, o, p; = p. Let us define fj(w) = kp; (w) where k), is the normalized
Bergman kernel of D) centered at p;. Then instead of (1), we have

Ifilo=1 and |fill=+/7.

The decomposition of ¢ is unnecessary in the case of the bidisk. Or simply we
decompose ¢ = ¢ + ¢, where ¢; = ¢ and ¢, = 0. We choose D C D x {p}
such that (zg, p) € D and ¢z does not vanish on D. In a similar fashion to the
proof of Theorem 1, we get the following inequality.

[p x(2)dV(z) -

I fillp < Hy fillpxp < I[Hy fill.
/ llvzllp e £
Then
V(D) ,.
| Hy fill = (inf |¢z]).
T D

We can estimate the essential norm as in (6)

H .
| Hyll, > lim sup NH, i1l P

for an arbitrary ¢ > 0. Furthermore, we choose r > 0 so that F'(§) = (r(§ —
20), p) and D = F (D). Then

V(D) Eirelg{lfﬁ(é)l} = 7 |F'(0)| sirel{l(fp o F)z(&)I}.

Hence

H, fi F'(0
[Holle = limsupw —&z 7O inf{|(p o F)g®)]} —e.

j—00 ﬁ B \/5 ge
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Now we take supremum over F and let ¢ go to zero, to get

|F'(0)] .
{7512“((# o F)g(§)|}}-

This completes the proof of Theorem 2.

[Hylle = sup
FEFbID)Z
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