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MILD SINGULAR POTENTIALS AS EFFECTIVE
LAPLACIANS IN NARROW STRIPS

CESAR R. DE OLIVEIRA and ALESSANDRA A. VERRI

Abstract

‘We propose to obtain information on one-dimensional Schrodinger operators on bounded intervals
by approaching them as effective operators of the Laplacian in thin planar strips. Here we develop
this idea to get spectral knowledge of some mild singular potentials with Dirichlet boundary con-
ditions. Special preparations, including a result on perturbations of quadratic forms, are included
as well.

1. Introduction

In this paper we combine two questions. The first one is about the spectrum of
the Laplacian operator in a narrow neighborhood of a plane curve. In particular,
we are interested in the spectral properties of the Dirichlet Laplacian operator
when the width of this strip tends to zero. There are several reasons why this
study is attractive [11], [12]. In this work we consider ad hoc curved strips from
rather different constructions. The other question is about the spectral charac-
teristics of one-dimensional Schrodinger operators with some mild singular-
ities. Specifically, we are interested in the class of potentials V (s) = Cs~2",
0 < m < 1/2; see (3) below, whose interpretation is of a quantum particle
in a box (i.e., the interval (0, 1)) under such potentials. Although this kind
of Sturm-Liouville problem is quite traditional [19], [13], [21], we believe
that our approach adds some interesting points. We mention motivating papers
dealing with singular potentials [4], [8], [20], and also the well-known one-
dimensional Coulomb problem [16], [7], [17] (see also [10]), even though the
latter is not on a compact interval and presents different characteristics.

At first, these two questions may seem unconnected, but we relate them
by reversing the usual order of obtaining information on the Laplacian in
thin planar regions from one-dimensional effective operators; here we try to
get spectral information for particular one-dimensional operators from the
Dirichlet Laplacian in particular thin regions. In this process we needed a new
perturbation of forms that is presented in Theorem 1.3.
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We start talking about a particular situation which motivated our strategy.
Consider a plane curve 7: (0, 1) — R? of class C?> parameterized by its arc
length s. Denote by N (s) the normal vector of r at the point r(s). Fix d > 0.
For each ¢ > 0, we can build a curved strip

Ae:={XeR*:X=r(s) +eyN(s), y € (0,d)},

of width ed > 0. The constantd > 0 is taken so that the strip doesn’t have self
intersection. Denote by k(s) the curvature of r at the point r(s) and suppose
that k > 0 and k € L*™(0, 1). Let —A,, be the Dirichlet Laplacian in A..
After a standard renormalization (see Section 2), it is possible to show that
m? d*>  k(s)

AT pal T e T T
in the norm resolvent sense. Note that the limit operator on the right-hand side
of (1) presents a potential which “inherits” geometric characteristics of A..
For the norm convergence in (1) we mention [2], [5], [12] (and [6] when the
width is not constant, resulting in different effective potentials and a useful
technique).

In this paper, we formulate a rather different view of the problem. We
build strips of width ed and the reference curve r, also depends on the small
parameter ¢ > 0, as described in the sequel. Let 0 < m < 1 and take a positive
number a so that am < 1. For each ¢ > 0, write

g — 0, (1)

am(1—m)

ke(s) := Ci,Cr >0, 5s€(0,00). (2)

Cis™ 4+ Cy ’
It is known that there exists a differentiable planar curve r.(s), parameterized
by its arc length s, whose curvature is given by (2). If N, (s) denotes the normal
vector to r, at the point r,(s), consider the sequence of regions

Q= {X e R?*: X =r.(s/e%) + yN.(s/e%), s € (0, 1), y € (0,d) }.

Note that in the definition of 2, we have s € (0, 1) and the scale s/¢“. We are
interested in the limit, as ¢ — 0, of the Laplacian —Ag, restricted to 2, with
Dirichlet condition at the boundary 9€2,.
Now, consider the one-dimensional self-adjoint operator
d 1

— _ 1 2
Tm——ﬁ—m, dome—%O 0, 1) N 7=(0, 1), 3)

and the closed subspace

K= {w(s)(\/Z/d)sin(ny/d) s w e L%(0, 1)}
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of L2((0, 1) x (0, d)) (here (,/2/d ) sin(ry/d) is the eigenfunction associated
with the first eigenvalue 7% /d? of the Dirichlet Laplacian in (0, d); for details
of this particularity see Section 3). The following is one of the main results of
this work.

THEOREM 1.1. Let T,, be as in (3), 0 < m < 1/2 and a be a positive number
so that am < 1. Put 8 := am? > 0. Then, for all ¢ > 0 small enough, there
exist K > 0, independent of €, and a unitary operator U, such that

2

-1
T _ _
82“'"Us<—AQE - ﬁl) us''-1,'®0 ” < Ké&°,

where 0 is the null operator on the subspace £*.
This result has an important consequence:

THEOREM 1.2. Let T,,, be as in (3). If 0 < m < 1/2 and C; > 1, then T,
has purely discrete spectrum. Furthermore, if one denotes by A;(g) and A; the
eigenvalues of —Aq, and T,,, respectively, then, for each j € N,

. 1 72
2 g2 \ MO~ g ) =4

Theorem 1.1 will be a consequence of a set of results, that is, Proposition 3.1,
Corollary 3.2 and Proposition 3.3 of Section 3, and Theorem 1.3 below. Now
we would like to anticipate an inequality in Corollary 3.2 which basically states
that, for & > 0 small enough,

2 —1
82‘""U8<—A95 — ;71) U - T @0 < K&, @)

where T, . is the one-dimensional self-adjoint operator given by
d? 1
ds®>  4(Cis™ + Cream*)2’

Thpe i= — dom T,, . = 9, (0, 1) N (0, 1).

&)

By taking into account (4) and (5), our problem is reduced to the study of

the sequence of operators (5) as ¢ — 0. This is one of the main steps of the

proof of Theorem 1.1. For this, we make use of the following theorem which

is also one of our main contributions in this work and may be of independent
Interest.

THEOREM 1.3. Let Hy > 0 be a self-adjoint operator in a Hilbert space 7.
Let V be such that

H:=Hy+V, domH = dom H,,
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is self-adjoint and H > B, for some B € R.
Let {V¢}e~o be a family of operators so that, for each ¢ > 0,

H, .= Hy+V,, dom H, =dom H,,

is self-adjoint and H, > B. Denote by by({) the quadratic form associated
with Hy. Suppose that there are 0 < o < 1 and 0 < v, v, a, so that, for all
Y € dom by,

(VY ) < abo() + I 1%, K(Ve = VIY, )] < aebo() + ve Y1,

with lim,_,o ¢, = lim,_,ov, = 0.
Then, there exists K > 0 such that, for ¢ > 0 small enough,

|H ' — H™' < K(ae + ve).

One of the main tools in the proof of this theorem is Theorem 3 in [1], which
relates approximation of quadratic forms with norm resolvent convergence of
the associated operators.

Theorem 1.3 includes the following situation. Let Hy = —d*/ds?
dom Hy = 92(0, 1) N %01 (0, 1). Consider the class of potentials

v
2.2m’
Cis

Y

\% = B —
() (Cis™ + Creh)?

Ve(s) := e >0,

withy e R, b >0,C;,C, > 0,0 <m < 1/2 and 4|V|/C12 < 1, and the
self-adjoint operators

H:=Hy+V(), H,:=Hy+ V.(s), domH =dom H, = dom H,.

By Theorem 1.3, for each fixed m, the sequence H, converges to H in the
norm resolvent sense, as ¢ — 0 (for details see Appendix B). In particular,
this result includes the sequence in (5).

REMARK 1.4. The “dimensional reduction” in the proofs holds for m <
1, but to apply Theorem 1.3 (for concluding our main results) we need the
restriction m < 1/2. It would be interesting to extend Theorem 1.3 in order to
include larger values of m, but at this point another new idea seems necessary.

REMARK 1.5. For m < 1/2 the end points {0, 1} are both regular for the
Sturm-Liouville operator 7', so its spectrum is known to be discrete in this
case [20]. Here we have a different proof. The case m = 1/2 is not regular at
zero and we are not aware of related spectral studies.
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This work is organized in the following way. In Section 2 we detail the con-
struction of the regions €2., and discuss the necessary renormalization related
to Dirichlet Laplacian restricted to 2. In Section 3 we prove Theorems 1.1
and 1.2. Section 4 is dedicated to proofs of auxiliary results stated in Section 3.
The proof of Theorem 1.3 is presented in Appendix B. In the proofs, different
constants will be indicated by the same symbol K and we simplify 7,, = T
for all valid m.

2. Configuration space and quadratic forms

For each 0 < ¢ < 1, consider the function k.: (0, +00) — R given by (2),
with

Ci>1, C;>0, O0<m<l1, a>0 with am < 1. (6)

There exists a differentiable curve r,: (0, +00) — R?, parametrized by its arc
length s, r.(s) = (r1(5), re2(s)), fully determined (except for its position and
orientation in the plane) by the curvature function &, [18].

We denote by T, (s) := (r/,(s), r,,(s)) the unit tangent vector to r, at the
point 7. (s). The function N,(s) := (—r.,(s),r.,(s)) defines a unit normal
vector field to r, and the pair (7, N.) gives a Frenet frame. Note the Frenet-
Serret formulas

T(s) = ke ()Ne(s),  Ny(s) = —ke(s)To(s),

with |k, (s)| = [|T/(s)]|, for all s € (0, +00).

Letd > 0,1 = (0,d) and 2 := (0, 1) x I be a straight strip of width
d > 0. Foreach 0 < ¢ < 1, consider a bounded curved strip €2., based on the
reference curve r,, via the map &,, where Q. := %#.(2) and

Fei 2 —> Qpy, Foi(s,y) > re(s/™) + eyN(s/e™™). (7

We take d > 0 small enough so that the strip €2; (and consequently €2, for all
0 < ¢ < 1) is not self-intersecting.

We study the Laplacian —Ag, in €2, and with Dirichlet condition at the
boundary 9<2.. We initially consider the corresponding family of quadratic
forms

be() = f VyPdsdy, domb, = H(Q0), ®)
QS

and we are interested in the limit of the sequence b, () as ¢ — 0. Recall
that 72 /d? is the lowest eigenvalue of the negative Laplacian with Dirichlet
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boundary conditions in (0, d), and 1/ (+/2d) sin(rry/d) > Oisthe correspond-
ing eigenfunction of this restricted problem. This function is directly related
to transverse oscillations in €2, i.e., when d is replaced by &d.

The standard renormalization is to remove the diverging energy 72/(de)?
from the quadratic forms (8). Also, for technical reasons, we fix A > 0 so that
4AC3 > 1 and add the constant potential Ag**™!=™) to such quadratic forms,
which ensures that b, becomes positive. Thus, we pass to study the sequence

2
58<w>=/ (WW— z |¢|2+A82“m<‘—m>|w|2) ds dy,
QE

d?e?

dom b, = 9} ().

As usual, we perform a change of variables so that the integration region in
the definition of b,, and consequently the form domains, become independent
of 0 < ¢ < 1. We make this change by using (7) and pass to work in the fixed
region €2, for all 0 < ¢ < 1, and get a non-trivial Riemannian metric G = G,
which is induced by %, i.e.,

G = (Gij), Gij= (e, e;) =Gy, 1<i,j=<2,

with ey = 0%,/0s and e; = 0%, /0y.
Some calculations show that in the Frenet frame

J = (61)_( Ff(syy) Fg(suy) )
T \ea ) —erly(s/e™)  erl (s/e) ’

Té(s, y) := (1/e“)rl (s/e™™) — &' =™ yrl, (s /e™™),
T5(s. ) 1= (1/e™)rp(s/e™") + & =" yrfy (s /™).

with

The inverse matrix of J is given by

I =g (”él(s/ Tl )) ,

erp(s/e™™)  Ti(s, y)

where
Be(s,y) =1 — eyk.(s/e™).

Note that JJ' = G and detJ = |detG|'/? = e¢!=%"pB,. Since k is a
bounded function, for ¢ small enough S, does not vanish in €2. Thus, 8, > 0
and &, is a local diffeomorphism. By requiring that %, is injective, we get a
global diffeomorphism.
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Introducing the notation

VAP i=/ﬂ|1/f(s,y)|2ﬂs(s,y)dsdy,

and the unitary transformation
Vo L2(Q:) — LR, Be(s, y) ds dy)
w — 8(1_am)/21// o ‘9;6,

we obtain the sequence of quadratic forms
21
Vo) = [TV O g - G 1V g + A T |

domc, = %OI(Q).
However, we still denote 7;v by . Thus,

dom ¢, = %) (Q).

G’

1
e e e

In details, we obtain

2 ﬂg 2
c(¥) = / [ 1P+ (I%I2 7 lez) +A82"’"(1_'")/38|1ﬂ|2} dsdy,

Be
©))
domc, = %OI(Q) as a subspace of L2(Q, B, ds dy). The measure S, ds dy
comes from the above Riemannian metric. Thus, we introduce a new change

ofvariables w1 12() - L2(Q. (s, y) ds dy)
v /B
so that the quadratic form (9) becomes

2am %)
mw=/ W—%%

1 82am )
- | — dsdy + / Ag2am=m 1 12ds dy.
/Q% eyt | v Pds dy

1 , 7w o,
dsdy+ [ (1 =T 1wR) asdy

Now, domd, = %1 () is a subspace of the Hilbert space L2(2).
Ahead it will be convenient to consider the quadratic form

3 am\.y./ 1 772
d: () 2=/Q<92 |1/f|2+8—2(|1/fy|2—ﬁ|11f|2>dsdy

1 82am )
— | = _ dsdy + / Ag2am=m 11245 dy,
,/94(C1s"’—|—C28‘”"“)2|w| y A (] y
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domd, = 9, (2). Denote by D, and D, the self-adjoint operators associated
with d,;(¢) and d. (), respectively. The proof of Theorem 2.1 appears in
Appendix A.

THEOREM 2.1. In addition to conditions (6), take a number a > 0 so that
8§ =14+am( —3m) > 0. There exists K > 0 such that, for ¢ > 0 small

enough, -
ID;" = D'l < K.

Finally, we pass to study the sequence

(W) = 1/e*"d ()
/2 1 2 m? 2
Z/QW + iz | Wl? = W1 ) dsdy

1 1 , A,
—/ " dsdy+/ 1y 2ds dy,
Q

o Z (C]Sm + ngam2)2 82am2

with dom ¢, = %‘(Q). Note that the condition 4AC22 > 1 implies that
L.(¢¥) > 0, for all ¥ € dom£,. Denote by L. the positive self-adjoint op-
erator associated with £, ().

3. Proofs of main results

In this section we prove Theorems 1.1 and 1.2 stated in the introduction. We
use some auxiliary results whose proofs will be postponed to Section 4.

Define uo(y) := (/2/d)sin(wy/d). Recall that uy(y) is the eigenfunc-
tion associated with the first eigenvalue of the negative Dirichlet Laplacian in
%0, d) N Iy (0, d). Now, consider the closed subspace

L ={w)ug(y) : w e L2(0, 1)} c L*(Q),

already mentioned in the introduction, and the sequence of one-dimensional
quadratic forms

1 2
|w] A 2)

t.(w) = w'|> — + w|” ) dsdy,

8( ) /(; <| | 4(Clsm+C28am2)2 gzamz| | y

with dom . = 54 (0, 1). We denote by 7 the self-adjoint operator associated
with 7, (w).

PrOPOSITION 3.1. There exists K > 0 so that, for ¢ > 0 small enough,

|7 = (@) @0, 0 < K2,

where 0 is the null operator on the subspace .
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COROLLARY 3.2. In addition to conditions (6), take a > 0 so that § =
2+ 2am(1 —2m) > 0. There exists K > 0 such that, for ¢ > 0 small enough,

(- (e a)n) = [( (G ) o

where 0 is the null operator on the subspace .

< Ké&°,

Now, define the quadratic form

! 1
t(w) = 12— 2 )dsdy,
(w) /O(le 4C12s2m|w|> sdy

dom = 9, (0, 1), and denote by T its associated self-adjoint operator.

ProPOSITION 3.3. Take O < m < 1/2. There exists a number K > 0 so that,
for ¢ > 0 small enough,

A : - g1
“(Tg—(m‘f'l)l) —(T—ll)
&

Proposition 3.3 is a consequence of Theorem 1.3 stated in the introduction
of this work. For more details, see Example B.1 in Appendix B.

2
< K™,

ProoF oF THEOREM 1.1. By combining Corollary 3.2 and Proposition 3.3,
there exists K > 0 so that, for ¢ > 0 small enough,

-1
H (Lg - (ﬁ +i)1> (T =i @0 ” <K& (10)

For simplicity of notation, let ¢ = Ag2m(I=m _ jg2am By employing
Theorem 2.1, it is possible to show that, for ¢ > 0 small enough,

l(D: — ¢ — (D, —¢D7'| < Ké°. (11)

The proof of this inequality it is very similar to proof of Proposition 3.2 (see
Section 4 ahead), and so it will be omitted here.
Now, recall the unitary operators 7; and W, defined in Section 2 and note

that
D. — {1 =W 'Y (=Aq, — ¢V 'W,.

- A
D, — {1 = 82am(L€ - (W +l)1>

We also have
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Defining U, = Ws_1 7 and combining this characterizations with (10) and (11),
Theorem 1.1 follows.

Proor oF THEOREM 1.2. Denote by A;(¢) and A; the eigenvalues of —Agq,
and T, respectively. By Theorem 4.10, page 291 in [9], and Theorem 1.1 we

have s\ =1
e (2(e) — == ) =27
J &2 d? J
2 -1
< 82ang(—AQ€ —ﬁ1> us! —T—l@oH
2

< K g™,

Thus,

. 1 2
g (MO~ g ) =40

REMARK 34. If 0 < m < 1, by Theorem 7.9 in [3], (T, — A£2‘””21)
converges to T in the strong resolvent sense, as ¢ — 0. Thus, as a weaker
version of Theorem 1.1, this implies that

7.[2

-1
-1 -1
ﬁ1> Us — T @0,

82am Ug <_AQF _

where 0 is the null operator on £, in the strong sense, as ¢ — 0.

4. Proofs of auxiliary results

Given the subspace .# defined in previous sections, consider the orthogonal

decomposition
P LX(Q) =% o7 .

Thus, if ¥ € L?(R) we can write ¢ = wuy + n with w € L?*(0, 1) and
n € F+. Note that wuy € 3 (Q) if w € (0, 1). Correspondingly, for
v € ) (), write

Vs, y) = w(s)uo(y) +n(s, y) (12)
with w € 7 (0, 1) and n € 5 (Q) N L.

PrOOF OF ProPOSITION 3.1. We begin with some observations. If n €
H(Q) N L,

d d
/ uo(y)n(s,y)dy =0 and / uo()n'(s, y)dy =0, ae[s]. (13)
0 0
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An integration by parts shows that

d
/ uoy (N, (s, Ay =0, acls]. (14)
0

Note also that )
2 4 2
Inyl"dsdy = — [ [n|"dsdy,
Q d* Jo

where 47%/d? is the second eigenvalue of the negative Dirichlet Laplacian in
(0, d). Thus,

2 2
2 T 3m 2
/Q<|ny| - ) dsdy = 77 /anl ds dy. (15)

Now, denote by £, (11, ¥2) the sesquilinear form associated with the quad-
ratic form £, (). For ¢ € %1 (£2) and the decomposition in (12),

L () = Lo (wug) + £.(n) + 2L (wug, n).

We are going to check that there are Cy > 0 and functions 0 < Q(¢),0 <
P(e) and C(¢g) so that £.(wug), £.(n) and €. (wug, n) satisfy the following
conditions:

(16) €. (wug) = C(&)|lwugllfzq), Yw € I (0,1), C(e) = Co > 0;

(17) L) = Pl Yne€ (@ NLH
(18) e (g, N> < Q&) e (wup)le(n), VY € %y (Q);
and with

P(e) > 00, C(e) =0(P(e)), Q(e)—>0 as ¢ — 0. (19)
Thus, Proposition 3.1 in [6] guarantees that, for ¢ > 0 small enough,

|2 =@ @0

e <= PETHKQECE T,

for some K > 0.
Now we check that (16), (17) and (18) are satisfied. Due to the conditions
on A, we have

1 2
|w| A 2
0, (witg) = P dsd
(wMO) /(; ('w | 4(C1Sm + Czsam)Z + 82am2 |w| say

1
> Co/ (w[2ds dy,
0




156 C. R. DE OLIVEIRA AND A. A. VERRI

for some Cy > 0. Thus, (16) holds true. The condition (17) follows by (15);

in fact, )

o= ! / In*dsd
—_— sdy,

el = d2 82+2am Q n y

and just take P(g) = 372 /d>e> 2™,
Finally, due to (13) and (14), we have

2
B ;o WHyTy TT wuon
be(wuy, n)_/sz(w uon + o2+ 2am _ﬁgznam) dy

/ WHoh dsdy + / 4 dsdy =0
— \) —wu S = U.
o 4(C1Sm + ngamz)Z y Q 82am2 wion y

We take Q(¢) = 0 and so (18) and (19) are satisfied. This completes the proof
of the proposition.

PrOOF OF COROLLARY 3.2. If § and T are linear operators and z, zo are
common elements of the resolvent sets of both S and T, then

R(T) — R.(S) = (14 (2= 20) R:(T)[R(T) — R, ($)](A + (2 — 20) R.(S5)).

(20)
This identity was dubbed the third resolvent identity in [14]. For simplicity,
we write £ = (A/esz‘””2 +i). By (20),

(Le =617 = [(T. —€1)"' @ 0]
=[1+&L. —eD)7'[L;' - T, @ 0][1+&6((T. — D' @ 0)].

Thus, since
(L. —&D7'| <1 and |(T. —ED'®0| <1,
taking into account Proposition 3.1, it is found that

|Le =)™ —(T. - @0

= (1 + 4/ A2/gham® 4 | )K82+2“m<] + |/ A2 Jgham® 4 1)

< K 82+2am(1—2m) ,

for some K > 0. This completes the proof of the corollary.
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Appendix A

ProoF oF THEOREM 2.1. By replacing the global multiplicative factor
Be(s,y) = 1 — eyk.(s/e“™) by 1 in the first and third integrals in the ex-
pression for d. () (see Section 2), we get the quadratic form

4 o 2am ‘/’:3/ 2_77_2 2
4. () .—/Qs v -2 sy +/ (sl = T P) dsay
8211m |¢|2 2 2am(1—m) 2
~ | T Vs + [ Ae v Pds dy,
Q Q

domd, = 7, (2). Denote by D, the self-adjoint operator associated with it.
We claim that there exists K > 0 so that, for ¢ > 0 small enough,

”bgl _ D;l “ S K81+am73am2‘ (21)

The main point of this approximation is that B, (s, y) — 1 uniformly ase — O.
Its proof is quite similar to proof of Theorem 3.1 in [15] and will not be
presented here.

Now, recall the quadratic form cig(w). Note that

I\ 2
o (v) — d ()] = ‘ / gwm[(w - f@) - <W] ds dy‘
Q 2 IBE

2am |W|2</3 ) ds dy
=° /Q 4 \ B,
o 5 ,3/)2 )1/2< )1/2
+e& (/QWl (,36 dsdy /|1//|dsdy .

Some calculations show that there exists K > 0 so that
IBL/Belloo < Ke'Tem=20m (1/51=m) Vs € (0, 1).

Thus, by the one-dimensional Hardy inequality,

N\ 2
/le (ﬁ ) dey < K82+2(1m —4am? /|w| dey,
Q &

and so

| () — d. (V)] < Ke'Tm=24m 4, (yr).
Theorem 3 in [1] implies
||b£—l _ Ds—l” < K81+am_2am2. (22)

The theorem follows by combining (21) with (22).
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Appendix B

Proor oF THEOREM 1.3. First, we consider the case v = v, = 0, foralle > 0,
and, without loss of generality, we suppose that 8 > 0. Thus, 0 € p(H) and
0€ p(H,),foralle > 0.

We denote by &, () and k() the quadratic forms associated with H, and
H, respectively. For ¢ € dom Hy,

|he() —h(¥)| = (Ve = VIV, ¥)| < ae ho(¥) = e [(Hor, ¥)].

In what follows, we use the relation Hy(Hy+ V) ' =1— V(Hy+ V).
For € dom Hy, write ¥ = (Hy + V) '¢ and B(¢) := |(¢, (Hy + V)" '¢)|.
Thus,

[(Hoyr, ¥)|
= |(Ho(Ho + V)™ '¢. (Ho+ V) ')
(¢ — V(Ho+ V)'¢. (Ho+ V) ')
< (Ko, (Ho+ V)'@) |+ (V(Ho + V)~ '¢, (Hy + V) '$)|)
< (Ko, (Ho+ V)'¢)| + el (Ho(Ho + V) ', (Ho + V) ')))
< (¢, (Ho+ V)™'¢)|
+a(|(¢. (Ho+V)'d)| + (V(Ho+ V)~ '¢, (Ho+ V) '9)])
= B(¢) + a(B(¢) + (V(Ho+ V)~ '¢, (Hy + V) "'p)|)
< B(¢) + a(B(®) + a|(Hy(Ho + V)~'¢, (Hy + V) "')|)
= B(@)(1 + o + (&*/B@)[(Ho(Ho + V)~'¢, (Ho + V)~'9)|).

Write A(¢) := [(Hy(Hy + V)~ '¢, (Hy + V)~ 1¢)|. Following these steps
inductively, we have, for j € N,

(Hoy, ¥)| < B(@)(1 +a+a® +...+a/ " + (a//B(¢))A(9))
<B@)) o =B@)(1-a)",
j=0
for all ¢ € dom H, and then
lhe(¥) —h(¥)| < ae(1 — @) "¢, (Ho + V) ' ¢)| = e (1 — @) 'h(¥),

for all ¥» € dom Hy. By Theorem 3 in [1], this case is proven.
The proof of the general case is similar to the above one combined with the
proof of Theorem 3 in [1]. So, it will be omitted here.
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ExampPLE B.1. Lety e R,b > 0,C,C, > 0and 0 < m < 1/2. Suppose
that 4|y |/C? < 1 and set

4 14
V(s)i= —5——, Vi(s) = —"—, s €(0,1).
) Cism «(5) (C15™ 4 Cr6")? ©.D
Consider the positive self-adjoint operator How = —w”, domH, =

%0, 1) N 9, (0, 1). The quadratic form associated with Hj is

1
ho(w):/ lw'|*ds, dom ho = 9, (0, 1).
0

Now, for each ¢ > 0, consider the sequence of self-adjoint operators
H,=Hy+ V.,(s), H=Hy+V(s), domH =dom H, = dom H,.

Since 4|y|/C? < 1, Hardy’s inequality guarantees that H > 0 and H, > 0,
for all ¢ > 0. Note that

1,12 1,12 1

4

{V($Hw, w)| = _|y2| _|u2)| ds < —|V2| _|w2| ds < —h;' f lw’|*ds,
Ci Jo s CiJo s Ci Jo

for all w € dom hg. Now, if C3 := max{2C,/C3, C%/Cf}, we have

2C Caebs™ + C3e%
C;‘s4m

lw|?ds

1
(Ve = V)(®)w, w)| < I)/I/0

1
< 4|y|c3eb/ w'2ds.
0

By Theorem 1.3, there exists anumber K > 0 so that, for ¢ > 0 small enough,

|H " — H™'| < Keb.
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