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EXTENSIONS OF EUCLIDEAN OPERATOR
RADIUS INEQUALITIES

MOHAMMAD SAL MOSLEHIAN, MOSTAFA SATTARI and KHALID SHEBRAWI

Abstract

To extend the Euclidean operator radius, we define w), for an n-tuple of operators (71, ..., T,)
in B(%) by wy(Ty, ..., T,) := supHxH:l(Zf’:l |(Tix, x)|?)!/? for p > 1. We generalize some
inequalities including the Euclidean operator radius of two operators to those involving w),. Fur-
ther, we obtain some lower and upper bounds for w,. Our main result states that if f and g are
non-negative continuous functions on [0, co) satisfying f(#)g(t) =t for all ¢ € [0, c0), then

r—1

2

WP (ATT\B, ..., ALT,By) <

)

D 1B FAATD B + [Afg* (T DAL
i=1

forall p > 1,r > 1 and operators in B(#).

1. Introduction

Let B() be the C*-algebra of all bounded linear operators on a Hilbert space
(#, (-,-)). The numerical radius of A € B(J) is defined by

w(A) = sup{[(Ax, x)| : x € X, ||x|| = 1}.

It is well known that w(-) defines a norm on B(7), which is equivalent to the
usual operator norm ||-||. Namely, we have

LA < w(A) < [IA],

for each A € B(X). It is also known that if A € B(#) is self-adjoint, then
w(A) = ||A||. Animportant inequality for w(A) is the power inequality stating
that w(A") < w"(A) forn = 1,2, .... There are many inequalities involving
the numerical radius; see [3], [5], [4], [10], [11] and references therein.

The Euclidean operator radius of an n-tuple (T3, ..., T,) € B(#)™ :=
B(H) x --- x B(H) is defined in [9] by

n 1/2
we(Tla"'aTn) = Sup ( |<T‘l'x9x)|2> .
Ixl=1\4—5
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The particular cases n = 1 and n = 2 are the numerical radius and the Euc-
lidean operator radius. Some interesting properties of this radius are presented
in [9]. For example, it is established that

n 1/2

<we(T], T)<

1/2

ZTT*

We also observe that if A = B +iC is the Cartesian decomposition of A, then

(1.1)

i=1

w2(B, C) = sup {|{(Bx, x)|* + [{Cx, x)|*} = sup [{Ax, x)|* = w?(A).
lxll=1 llx]=1

By the above inequality and A*A + AA* = 2(B? + C?), we have
LIA*A + AA*|| < w?(A) < 1A% + AA7.

We define w), for n-tuples of operators (71, ..., T,) € B(#)™, for p > 1, by

1/p
wy(Ty, ..., T,) == sup (ZlTxx ) .

lxl=1

It follows from Minkowski’s inequality for two vectors a = (aj, az) and
b = (b1, by), namely,

(lar + bil” + laz + b2l?) "7 < (jar)? + laal?) " + (16117 + 15217) 7,

for p > 1, that w), is a norm.

Moreover, w, (p > 1) for n-tuples of operators (Ty,...,T,) € B(3)™
satisfies the following properties:
(1) wp(Tl,...,Tn)=0 s h=---=T,=0;

(1) wy(ATy, ..., AT,) = |AMw,(Ty, ..., T,) forall A € C;

Gil) wy(Ty + T{, ..., T, + T)) < wy(Ty,...,T,) + w,(T{,..., T} for
(1{,...,T) € BFH)™;

(V) w,(X*T\ X, ..., XX) < | X|2w,(Ti. ..., T,) for X € B(X).

Dragomir [1] obtained some inequalities for the Euclidean operator radius
w, (B, C) = supy = (|{Bx, x) |24 [{Cx, x)|*)!/? of two bounded linear oper-
ators in a Hilbert space. In section 2 of this paper, we extend some of his results
including inequalities for the Euclidean operator radius of linear operators to
w, (p = 1). In addition, we apply some known inequalities for getting new
inequalities for w), in two operators.
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In section 3, we prove inequalities for w, on n-tuples of operators. Some
of our result in this section, generalize some inequalities in section 2. Further,
we find some lower and upper bounds for w,.

2. Inequalities for w, for two operators

To prove our generalized numerical radius inequalities, we need several known
lemmas. The first lemma is a simple result of the classical Jensen inequality
and a generalized mixed Cauchy-Schwarz inequality [7], [2], [6].
LEMMA 2.1. Fora,b > 0,0 <a < landr #0:
@) a*b'* <aa+ (1 —a)b <[aa” + (1 —a)b"1V" forr > 1;
(b) if A € B(K), then |(Ax,y)|> < (JAP“x,x)(|A*?""0y, y) for all
x,y €, where |A| = (A*A)'/?;
(c) let A € B(H), and f and g be non-negative continuous functions on
[0, o0) satisfying f(t)g(t) =t forallt € [0, 00). Then

[(Ax, y)| < I1LFAADxIHIgAATD Y,

forallx,y e .
LEMMA 2.2 (McCarthy inequality [8]). Let A € B(¥), A > 0, and let
x € I be any unit vector. Then
(a) (Ax,x)" < (A"x,x), forr > 1;
b)) (A7x,x) < (Ax,x)", forO <r < 1.

The inequalities of the following lemma were obtained for the first time by
Clarkson [7].

LEmMA 2.3. Let X be a normed space and x,y € X. Then for all p > 2
withl/p+1/qg =1,
@ 2(lIxl1” + Iy17)9" < lx + 19 + llx = yl|1%;
®) 2(1x 117 + Iy1I7) < llx + ylI? + lx = yI? < 227 x1” + Iy 117);
© lx + 17+ llx = 17 < 2(llx[17 + Iyl4)7~"
If 1 < p <2, then the converse inequalities hold.
Making the transformations x — (x+y)/2and y — (x —y)/2 we observe
that inequalities (a) and (c) in Lemma 2.3 are equivalent and so are the first

and the second inequalities of (b).
First of all, we obtain a relation between w, and w, for p > 1.

PROPOSITION 2.4. Let B, C € B(H). Then
w,(B, C) < wy(B, C) < 2Y971/7w,(B, C),
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for p > g > 1. In particular,

w,(B, C) < w,(B,C) <227ry, (B, C), (2.1)
for p > 2, and

2127 1Py (B, C) < w.(B, C) < w,(B, C),
forl < p <2

PrOOF. An application of Jensen’s inequality says that for a,b > 0 and
p > q > 0, we have

(@ + bM< (a? + b))

Let x € J be a unit vector. Choosing @ = |(Bx, x)| and b = |{Cx, x)|, we
have

(1(Bx, x)I” + 1(Cx, x)17) " < (1(Bx, x)|” + |{Cx, x)|7) /7.

Now the first inequality follows by taking the supremum over all unit vectors
in # . A simple consequence of the classical Jensen inequality concerning the
convexity or the concavity of certain power functions says that for a, b > 0,
0 <o <1and p > g, we have

(@a? + (1 — )bV < (@a” + (1 — a)b?)"/?.
Fora =1/2, we get
(a? + b1 < 2Va=1/p(gp 4 pPyl/P,

Again, let x € J be a unit vector. Choosing a = |{Bx, x)| and b = [(Cx, x)|
we get

(1{Bx, )| + |(Cx, x)|4) " < 2Y/4=1/7(|(Bx, x)|” + |(Cx, x)|7) """

Now the second inequality follows by taking the supremum over all unit vectors
in .

On making use of inequality (2.1) we find a lower bound for w, (p > 2).

COROLLARY 2.5. If B, C € B(¥), then for p > 2

w,(B, C) = 2"/772|BB* 4 CC*|'/*.
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PROOF. According to inequalities (1.1) and (2.1) we can write
w.(B, C) > 1 |BB* 4+ CC*||'/?
N

and
w,(B, C) > 27712y, (B, C),

respectively. We therefore get the desired inequality.

The nextresultis concerned with some lower bounds for w,. The conclusion
has several inequalities as special cases. Our result will be generalized to n-
tuples of operators in the next section.

PROPOSITION 2.6. Let B, C € B(H). Then for p > 1
w,(B, C) > 2""""max{w(B + C), w(B — C)}. (2.2)
This inequality is sharp.
PrOOF. We use the convexity of function f(t) = t” (p > 1) as follows:

(I(Bx, x)|” + [(Cx, x)|P)"/? = 2P~ (|(Bx, x)| + [{Cx, x)|)
> 2Y/P=1(Bx, x) £ (Cx, x)|
= 2PN (B £ C)x, x)|.

Taking the supremum over x € # with ||x|| = 1 yields that
w,(B,C) > 27" w(B £ C).

For sharpness one can obtain the same quantity 2!/7w(B) on both sides of the
inequality by putting B = C.

COROLLARY 2.7. If A = B +1C is the Cartesian decomposition of A, then
forallp > 1

wy(B, C) = 27" "max{||B + C|, ||B — C||}
and for p > 2

w(A) > 2P 2 max{||(1 = DA+ (1 + DA™, |1 + DA + (1 —D)A*||}.

PrOOF. Obviously by inequality (2.2) we have the first inequality. For the
second, it is enough to use w,(B, C) = w(A) and inequality (2.1).
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COROLLARY 2.8. If B, C € B(H), then for p > 1
w,(B, C) > 2P~ max{w(B), w(C)}. (2.3)
In addition, if A = B+1C is the Cartesian decomposition of A, then for p > 2
w(A) = 272 max (|| A + A%, | A — A%},

ProoF. By inequality (2.2) and properties of the numerical radius, we have
2w, (B, C) > 27" (w(B+C) +w(B—C)) >2""""'w(B+C+B-0).

So e
w,(B, C) > 27" w(B).

By symmetry we conclude that
w,(B, C) > 2P~ max{w(B), w(C)}.

The second inequality follows easily from inequality (2.1).

Now we apply part (b) of Lemma 2.3 to find some lower and upper bounds
forw, (p > 1).

PROPOSITION 2.9. Let B, C € B(HK). Then forall p > 2,
() 2"P"'w,(B+C,B —C) <w,(B,C) <27VYPy,(B+C,B—C);
(i) 27~ (w? (B + C) + w”(B — C))'"" < w,(B,C) < 2717 (wP(B +
C)+wP(B—0C))"".
If1 < p <2, then these inequalities hold in the opposite direction.
PROOF. Let x € # be a unit vector. Part (b) of Lemma 2.3 implies that for
any p > 2

2'"P(ja +b|” +|a — b|”) < lal” + |b|” < L(la +b|” + |a — b|P).

Inserting a = |(Bx, x)| and b = |{Cx, x)| in the above inequalities we obtain
the desired results.

REMARK 2.10. In inequality (2.3), if we take B 4+ C and B — C instead of
B and C, then for p > 1

w,(B+C,B —C) > 2""""max{w(B + C), w(B — C)}.
By employing the first inequality of part (i) of Proposition 2.9, we get
w,(B, C) > 2*? max{w(B + C), w(B — C)}

for p > 2.
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Taking B + C and B — C instead of B and C in the second inequality of
part (ii) of Proposition 2.9, we reach

w,(B+C, B —C) <277 (w(B) + w”(C)"/?,

for all p > 2.
Now by applying the second inequality of part (i) of Proposition 2.9, we
infer for p > 2 that

w,(B, C) <2727 (wP(B) + w”(C))"/7.
Thus for all p > 2
24P~ max{w(B+C), w(B—C)} < w,(B, C) < 2!/ (w? (B)+w’(C))"".
Moreover, if B and C are self-adjoint, then

272 max{||B + C|, | B = Cll} < w,(B, C) = 2' /7 (|B|” + |C|")".

In the following result we find another lower bound for w, (p > 1).

THEOREM 2.11. Let B, C € B(F). Then for p > 1

w,(B, C) > 2"/P~1yw'2(B* + C?).

Proor. It follows from (2.2) that
2*/P72w*(B + C) < w)(B, O).
Hence
2w’ (B, C) = 2°/"*[w*(B + C) + w*(B — C)]
> 2YP2[w((B + C)*) + w((B — C)%)]
> 2P 2[w((B+C)* + (B — O))] =2"""w(B* + C?).
It follows that

wy(B, C) > 2Y/r~1w!2(B? 4 C?).

COROLLARY 2.12. If A = B +1C is the Cartesian decomposition of A, then

forany p > 2
w,(B, C) = 2771 B> 4 C?||'/?

and
w(A) > 21/P=32) A% A + AA¥||V2.
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Proor. The first inequality is obvious. For the second note that A*A +
AA* = 2(B? 4 C?). Thus by using inequality (2.1) the proof is complete.

CoROLLARY 2.13. If B, C € B(J), then for p > 2
w,(B, C) > 2%/P=3 2! 2 (B> + C?).
PrOOF. By choosing B+ C and B — C instead of B and C in Theorem 2.11

and employing the first inequality of part (i) of Proposition 2.9 we conclude
that the desired inequality.

The following result providing another bound for w, (p > 1) may be stated
as follows:

ProrosiTION 2.14. Let B, C € B(#). Then
wy(B, C) < wy(5(B +C), 5(B - C))

forany p >2withl/p+1/q = 1. If 1 < p <2, then the reverse inequality
holds.

PROOF. Let x € J be a unit vector. Part (a) of Lemma 2.3 implies that
la|? + |b|P < 21/(1—4)(|a + b7+ |a — b|q)1/(q—1)_

So (la|? + |b|p)1/p < 21/(p(1—q>)(|a + bl + |a — b|q)1/(p(q—1))_

Now inserting a = (Bx,x) and b = (Cx, x) in the above inequality we
conclude that

(1{Bx, x)I” 4+ 1(Cx, x)1?)"" < (|(L(B + C)x, x)| + |(1(B — O)x, x)|) /7.
(2.4)
By taking the supremum over x € # with ||x|| = 1 we deduce that

wp(B, C) < w,(3(B+C), 2(B-0)),
forany p > 2with1/p+1/g = 1.
COROLLARY 2.15. Inequality (2.4) implies that
w, (B, C) < (w"(%(B +0) +w(L(B - C)))l/q,
forany p > 2 with1/p + 1/q = 1. Further, if B and C are self-adjoint, then
w,(B,C) < 5(IB+C|* + B - C|")"9.

If 1 < p <2, then the converse inequalities hold.
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COROLLARY 2.16. If B, C € B(J), then
we(3(B+0), 2(B-0) <2"7w,(3(B+C), (B -0)),
foralll < p <2withl/p+1/q = 1. If p > 2, then the above inequality is
valid in the opposite direction.

ProOOF. By Proposition 2.14 we have
wy(3(B+C), 3(B—C)) < w,(B,C)
forall1 < p <2 with1/p + 1/q = 1. Proposition 2.9 implies that
wy(B,C) <27 'w,(B+C,B—C)=2""w,(3(B+C), 1(B-0)).
We therefore get the desired inequality.

3. Inequalities of w, for n-tuples of operators

In this section, we will obtain some numerical radius inequalities for n-tuples
of operators. Some generalizations of inequalities from the previous section
are also established. According to the definition of the numerical radius, we
immediately get the following double inequality for p > 1

n

n 1/p
wy(Ty, ..., T,) < (Zwl’(m) <Y w().
i=1

i=1

An application of Holder’s inequality gives the next result, which is a gener-
alization of inequality (2.2).

THEOREM 3.1. Let (Ty, ..., T,) € BI)™ and fix 0 < o; < 1, i =
1,....n,with)!_,a; = 1. Then

wy(Th, ..., T) = w(e, Ty +a, " T £ £al7VPT,),

forany p > 1.

Proor. Inthe Euclidean space R" with the standard inner product, Holder’s

inequality ; ; Up s 1/a
>obot = (L) (Swr)
i=1 i=1 i=1

holds, where p and ¢ are in the open interval (1, co) w1th 11/p + I/C{ = 1and
(10w Xn)s V1o ) € R For (1, ya) = (077, 7y we

have n n Up "
Z |O[i1—1/pxi| < (Z |xi|p) (Z|ail—1/p|q) ‘
i=1 i=1 i=1
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Thus

" 1/p " 1-1/p
(O balr) " = Y.
i=1 i=1

Choosing x; = [(T;x, x)|,i =1,...,n, we get

n 1/p
(Z |<T,-x,x>|P)
=
> T,
i=1
> |<a11_1/pT1x,x) ﬂ:(otzl_l/PTgx,x) +...+ <a}l_1/p7}1x,x)|
= (s ™" Ti £, P £ TVPT ), ).

Now the result follows by taking the supremum over all unit vectors in 7.

Now we give another upper bound for the powers of w),. This result has
several inequalities as special cases, which considerably generalize the second
inequality of (1.1).

THEOREM 3.2. Let (Ti,...,T,), (A1, ..., A,), (By,...,B,) € B)™
and let f and g be non-negative continuous functions on [0, 00) satisfying
f()g(t) =tforallt € [0, 00). Then

w;p(ATTlBl, ey AzTan)

r—1

n
2

n

DB FAATIDBA™ + (AL (T DA™
i=1

=

’

forp>landr > 1.

Proor. Let x € 7 be a unit vector. Then

> AT Bix, x)|?
i=1 n
= T Bix, Aix)|”
i=1

<Y IFATDBxIP (T DAx]I”  (by Lemma 2.1(c)

i=1

=Y (FUTDBix. FAT:DBix) (g (T D Ax, g (T D Awx)"?

i=1
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=Y (B} f2(Ti)) Bix, x)P* (A7 (T ) Aix, x)P/?
i=1

< S (B AT B %, x) P((AF g2 TF D AN x, x)
i=l (by Lemma 2.2(a))

< D ((Br T BY x. 2 + (A7 (T DAY . x])) !
i=1 (by Lemma 2.1(a))

< S (Y[B; FATDBY™ + (AL(Ty DAY, x))
i=1 (by Lemma 2.2(a))

) 1/r
< nl-w(%<(§<B;*f2(m|w»”] RAGEAT )

(by the concavity of the function f(¢) = ¢'/").

172

Thus

(Z |<AfTiBix,x>|P)
i=1

nrfl
=
2

<(Z<B;"f2<m|>3i>”’ + (A;Fg2<|T,-*|>A,->”’)x, x>.
i=1
Now the result follows by taking the supremum over all unit vectors in 7.
Choosing A = B = I, we get:
COROLLARY 3.3. Let (Ty, ..., T,) € B()™ and let f and g be non-

negative continuous functions on [0, 00) satisfying f(t)g(t) =t forallt €
[0, 00). Then

r

w1
2

9

wP(Th, ..., T <

> FAPAT + 8P (T)
i=1
forp>=1landr > 1.

Letting (1) = g(t) = t'/2, we get:

CoRrOLLARY 34. Let (Ty,...,T,), (Ay,...,A,), (By,...,B,) be in
B()™. Then

nrfl

n
5 (BI|Ti|B)" + (AFIT|AD™

i=1

w;p(ATTlBlv s A:Tan) =<

’
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forp>landr > 1.

COROLLARY 3.5. Let (Ay, ..., A,), (Bi, ..., B,) € B(#)™. Then

nr—l

2

WP (ATB, ..., ALB,) <

k)

n
D BT AT
i=1

for p>1landr > 1.

COROLLARY 3.6. Let (T, ..., T,) € B(F)™. Then

’

» 1
wp(Tla"-aTn) S E

n

2 2(1—
> AT 4 | TP
i=1

for0 <« < 1and p > 1. In particular,

» 1
wp(T],-'-,Tn) E E

n
ST + 1T
i=1

COROLLARY 3.7. Let B, C € B(H). Then
w?(B, C) < %H|B|2ap 4 BI04 CPer 4 |C*|2(l—oc)pH
forO0 <« < 1and p > 1. In particular,
wl(B,C) < 5| |IBI” +|B*|” +|C|” + |C*|”|.

The next results are related to some different upper bounds for w,, for n-
tuples of operators, which give several inequalities as special cases.

PrOPOSITION 3.8. Let (T}, ..., T,) € B(¥#)™. Then

1 1/p
wy(Ty, ..., Ty) < 3

n
DT+ TPy
i=l

forO<a <landp > 1.

ProoF. By using the arithmetic-geometric mean, for any unit vector x € #
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we have

n
> K Tox, x)|P
i=1 n

=

IA
.}
~

=

(<|]vi|20lx, x>1/2<|7}*|2(]7(¥)x’ x>1/2)ﬂ

—_

n

(T 1%, x) + (TP %, x))”
1

|-

i

(TP 4+ TP x, x)P

S
ngh

I
-

(TP + | THPU)Px, x)

Q[ -
ngh

1

(by Lemma 2.1(b))

(by Lemma 2.2(a)).

Now the result follows by taking the supremum over all unit vectors in # .

ProrosiTION 3.9. Let (T, . .

wy(Th, ..., Ty) <

i=1

forO<a<landp > 2.

ProOOF. For every unit vector x € #, we have

> UTix, x)|P
i=1 n
= (I(Tix, 1))
i=1

=

=

=

=

n

> (TP, ) (TP, x))

i=

n

1

D TP x, x) (|17 x, x)

i=

n

1

D AT P, x) (T 1P, x) 7

i=

n

1

D (@TiPx, x) + (= ) (TP x, x))

i=1

D AT + (1= )| TP

. T,) € B(FH)™. Then

1/p

’

(by Lemma 2.1(b))

(by Lemma 2.2(a))

(by Lemma 2.2(b))

(by Lemma 2.1(a))



142 M. S. MOSLEHIAN, M. SATTARI AND K. SHEBRAWI

Z (@I TP + (1 = )| T71)x, x)

<(Z(a|T|" + —a>|T*|">>x x>

Now the result follows by taking the supremum over all unit vectors in # .

REMARK 3.10. As special cases,
(1) For « = 1/2, we have

1
wp(T.. . T) < 5 +1T717|).

(2)For B,C € B(#),0 <a < 1and p > 1 we have
wl(B,C) < |a|B|” + (1 — )| B*|” + a|C|” + (1 —a)|C*||.
In particular,

w?l(B,C) < 5| IBI” +|B*|” +|C|” + |C*”|.

The next result reads as follows.

ProposITION 3.11. Let (T}, ..., T,) € BFH)™, 0 <a <1, r > 1 and
p > 1.Then

- 1/p
wy(Ty, ..., Ty) < (ZH“'TiW +(1— ot)ITi*|2’Hp/(2r))

i=1

PrOOF. Let x € J¢ be a unit vector. Then

< Z(<|T,~|2“x, (TP, x)) " (by Lemma 2.1(b))
i=1

< Z (T 2x, x) (1T P, x) =) P2 (by Lemma 2.2(b))
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<Z (T Px, x) + (1 — ) (1T Px, x)) " (by Lemma 2.1(a))
i=1

< > (@T P xx) + (= ) (TP x, 1)) (by Lemma 2.2(2))

i=1
n
<Y (@ + (1 = o) TP x, ).
i=1
Now the result follows by taking the supremum over all unit vectors in 7.

REMARK 3.12. Some special cases can be stated as follows:
(1) For « = 1/2, we have

1 " 1/p
wP(Tl, Ty < (W Z”u’;lz’ + |7’}*|2f”1’/(2r)>

i=1

2)For B,C € B(#),0 <a <1and p > 1 we have

wp(B, ) < (||a|B|2r +A _a)lB*|2r H[’/(ZT)
+ [lelCP + (1 = a)|C** ||1’/(2r)>1/1"

In particular,

1 - Y
w, (B, C) < 21/(2r)(|||B|2r+|B*|2rHP/(2)+ ”|C|2r+|c*|2r”1’/(2)> p'
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