MATH. SCAND. 120 (2017), 39-58

A BOAS-TYPE THEOREM FOR «-MONOTONE
FUNCTIONS

M. DYACHENKO, A. MUKANOV and E. NURSULTANOV*

Abstract

We define the class of a-monotone functions using fractional integrals. For such functions we
prove a Boas-type result on the summability of the Fourier coefficients.

1. Introduction

In this paper we study summability properties of a sequence {ay};2, and in-
tegrability properties of the corresponding trigonometric series

oo
f(x) =) arcosmkx, x€[0,1].
k=0
1.1. The Hardy-Littlewood and Boas theorems
One of the first results in this area is the well-known theorem of Hardy and

Littlewood ([12], [24, X1L_§6], [3, §6]).

THEOREM A. Let 1 < p < o0 and a = {ax};2, be a non-increasing non-
negative sequence such that ap — 0 as k — o0o. Then

x 1/p
1l ~ (Z(k N 1)P2a,f) .
k=0

Throughout this paper, we denote by C a positive constant that may be
different on different occasions. In addition, T ~ S means that %S <T<CS.
There are several generalizations of Theorem A. In particular, Sagher [18]
replaced the monotonicity by the quasi-monotonicity condition. In [23] and
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[6] Dyachenko and Tikhonov further generalized this result by considering the
general monotonicity condition. Later more general result was stated in [8].
Dyachenko in [9] proved similar result for piecewise monotonic functions of
several variables.

The counterpart result to Theorem A is the following theorem by Hardy and
Littlewood ([24, XII1,§6], [3, §6])

THEOREM B. Let 1 < p < oo, f(x) be a non-negative non-increasing
integrable function on [0, 1], then

1 1/p
||a||e,,~< /0 xpz(f(x))”dx) .

Similar questions were studied in the setting of the Lorentz spaces. We will
use the following notation.

Let u be Lebesgue measure on [0, 1] and let f be a u-measurable function
on [0, 1], then by f* we denote the non-increasing rearrangement of f, i.e.,

ff@) =inf{o : p{x €[0,1]: | f(x)| > o} <t}.

DerFNITION 1.1. Let0 < p < ocoand 0 < g < oo. Then the Lorentz space
L, , is the set of ;-measurable functions for which, the functional

1 1/q
1p pxpya 41
(7 f*®)"'—) , for0<p<ocand0 < g < oo,
I 0 t
I fllz,,
suptl/pf*(t), for0 < p < ooand g = o0,
t

is finite.

We will denote by £, , similarly defined spaces of sequences.

Analogues of Theorem A for the Lorentz spaces were proved by Sagher [18],
Dyachenko and Nursultanov [11] (see also [15]), and Booton [4]. In [11] the
authors considered trigonometric series with o-monotone coefficients. These
series were introduced by Dyachenko in [7] (see also [10]).

The corresponding analogue of Theorem B for the Lorentz spaces was stated
in Boas’s book [3, p. 36] and was proved in [19].

THEOREM C. Let 1 < p < oo and f(x) be as in Theorem B. Then

lalle,, ~ 1 fllz,,.

Similar results in the two-dimensional case were proved in [22]. The corres-
ponding result for the Fourier transform was proved by Sagher in [20]. Later
on, further generalizations of Sagher’s results were obtained in [13]-[14].
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The main goal of this paper is to generalize Theorem C replacing the mono-
tonicity condition by the weaker condition of «-monotonicity.

1.2. a-monotonicity
We will need the following definition of Riemann-Liouville’s fractional integ-
rals and derivatives.

DEeriNITION 1.2, Let f(x) € L1(0,1),0 < o < 1. Then the integral

f@

; )i dt for x < 1.
— X —

1 1
I f@ = U ) = fos f (

is called fractional integral of order o. By & f (x) we denote the fractional
derivative of order ¢ (0 < @ < 1), i.e.,

d
D f(x) = (D} f)x) = —E(Il—“fx)c).

REMARK 1.3. If @ = 1, then the fractional derivative &' is understood as
follows: 2! f(x) := — f’(x). Also, the fractional integral I° is understood as:

I°f (x) := f(x).

DErFINITION 1.4. Let 0 < o < 1. We say that a non-negative function f
is ai-monotone (or belongs to the class M,), if '™ f(x) is a non-increasing,
absolutely continuous function on [0, 1].

The condition of absolute continuity is related to the following Lemma [21,
p. 44] (see also [5, Lemma 2]).

LeEMMA 1.5. Supposethat0 < a < 1, f(x) € L1(0, 1), and let the fractional
integral 1'=* f(x) be an absolutely continuous function on [0, 1]. Then the
following equality holds

fi—a(D)

_ a—1
o) (I =)™,

I°9% f(x) = f(x) —

where

fima(x) = 1'% f (x).

Note thatif ¢ = 1, then from Lemma 1.5 we obtain the fundamental theorem
of calculus for Lebesgue integration.
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1.3. The main result
As usual, we denote p’ = p/(p — 1). The main result of this paper is the
following.

THEOREM 1.6. Leta € (0, 1], 1/ < p < 00, 1 < g < o0. Let also f be
an integrable function, f € M, and a;, = fol f(x)cosmkx dx, k € Ny. Then

1 /_ d 1/q
|wm~@0wmwf),

_ 1 y
S () =sup— / f(s)ds
Y1Jo

y=t

where

REMARK 1.7. From assertion 1 in [17] it follows that there exists C > 0
such that | 1/q
tVPF))? d <C
0( FO)'—) =ClIfl,,

REMARK 1.8. If p < 1/«, then Theorem 1.6 does not hold in general. A
counterexample is given in Section 5.

REMARK 1.9. If @ = 1, then the results of Theorem 1.6 coincide with the
results of Theorem C for non-increasing, absolutely continuous functions.

Indeed, if f(x) is a non-increasing function, then f*(¢) = f(¢) a.e. on

[0, 1]. Hence,
/  f(s)ds
0

ReEMARK 1.10. The counterpart of Theorem 1.6 for trigonometric series
with e-monotone coefficients was proved in [11].

— 1
S () =sup—
y=t Y

1 t
E;Afmwzf@=fml

The paper is organized as follows. In Section 2 we introduce the net-type
spaces N, 4., and study their properties. Section 3 provides some properties of
the Fourier coefficients of functions from the net-type spaces. These properties
are used in Section 4 to prove Theorem 1.6. Finally, in Section 5 we construct
a counterexample to Theorem 1.6 in the case p < 1/c.
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2. The net-type spaces

DerFINITION 2.1. Let @ € (0,1], 0 < p,g < 400 and u be the Lebesgue
measure on [0, 1]. We will say that a y-measurable function f € N, 4.4, if

1 1/q
Ur 7. o) &
(t f(t,oz))T , for0<p<ooand0<g < oo,
_ 0

11wy = ~
suptl/pf(t,oz), for 0 < p <00, g =00,
t
is finite, where
1 y
~ sup—/ Ls)lds, fort € [0, 1],
ft,o)=1 y= y1Jo (y—58)~¢
0, fort ¢ [0, 1].

Note that if o = 1, then these spaces coincide with the net spaces N, , (M)
in [17] (see also [16]), where M = {[y, 1] : [y, 1] € [0, 1]}. The properties of
the net spaces were studied in detail in [15]. Let us present several important
properties of the N, , , spaces.

LEMMA 2.2. We have
@ Npgia = Np,qz;a»fo” q1 = q2;

(11) sz,nga — Npl,qlgonfor P1 < P2, 0< qi1, 92 < +00.

ProoF. (i) Let us consider two cases.
Case 1: g» = +00. Suppose f € N 4 .«. Then using monotonicity of the
function f (¢, o), we get

~ t 1/111 -
I£lln, . = sup t'77 f(t,0) = sup (3 / sW”—lds) f(t,a)
0

te(0,1] tel0,11\ 91

o 1/q:
= C sup (f (f(t,a))q‘sq‘/”'ds>
1\Jo

tel0,1

o 1/q:
<C sup (/ (f(s,oz))q‘sq‘/P'ds>
1\Jo

1€[0,1

I g ds 1/q1
< c( / (Fis. a)s'/7) ‘?) = Clfl,,..
0
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Case 2: g < +o0o.Let f € N, 4,.«. Then

g2

1 - d
T / (5" Fls,a) "
0

! 1/p F Qa1 1/p T, g ds
:/0 (s"7 f(s, @) (s"7 f(s, ) -

Hence, from the first case we obtain
aq ﬁ
K

1
T /0 (sup "7 F(s, )™ (s/7 Fs, o)

e s€[0,1]

_ ! ~ ds _
e / (517 Fis )™ S = WAIE LN 0Y,
0

p.oCia Ky p.ooia
q2—q1 q1 _ q2
= Clfly,, My, .. = Clflly,, .

(i1) By property (i), it is enough to prove the following embedding
NPZxOOW — NPIJII o

Let f € Np, o0;a» 1.€., SUP, tl/pzf(t,cx) < 00. Then

1 1
~ d ~ d
IF1% =/ (Sl/”‘f(s,oe))q‘?s =/ (sl/l’zf(s,a))qls(l/m—l/m)ql SS
0 0

Pra1ie

1 Y ds
= / ( sup sl/pzf(s’ (x))qls(l/pl_l/.l’z)ql
0 s€[0,1] P

ppoosa :

! ds
1/pi—1
= ||f||‘11\/1p2m:a /0 s/ Pi=1/p2)an . — C”f”?v]

LEMMA 2.3. Let o € (0, 1] and 0 < p,q, h < 4+00. Then

oo

- 1/q
1F NN, e ™ (2(2—"/" f@*, a))">

k=0

3 . h/p=1(F w \4/\ Ve
~ _ , d |
(Z<~/2(k+1)t (f(t O‘)) t) )

k=0

ProoF. We have

1 U g dt 1/q © a2k . g dt 1/q
L R S R O ol I ) e

=0 2—(k+1)
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The first equivalence follows from

2k
Q@M fe* w)27" 2 < /
2—k—1

~ dt
(7 )=
< (2—(k+1)/pj7(2—(k+1)’ a))qzq/p In?2

and the second one from
2—/<

—(k+1)

1/h
(In2) /"o~ ®H0/P Fo7k o) < ( / M (fa, a))hdt)
2

< (In2)/"27 P fo kD g,

Now we will study the interpolation between the N, ;. spaces. Let (Ao, Ay)
be a compatible pair of quasi-normed spaces and

K(t.a) = K(t.a: Ao A = inf (laollag + tlailla). @€ Ao+ A,

be the Peetre K-functional ([2]).
The space (Ao, A1)g,q,0 < 6 < 1, consists of all elements a € Ay + A;
for which the functional

00 dt 1/q
(/ (t_eK(t, a))qT) , for0 <gq < oo,
_ 0

||Cl||(A0,A1)9,q =
sup t_eK(t, a), for g = oo,
O<t<oo

1s finite.

THEOREM 2.4. Let o € (0, 1], 0 < pg < p1 < 00, 0 < qo, g1, 9 < 00, and
0<0 < 1. Then

1-6 6

(Npo.go:as Npi.gra)o.g = Np.giar, where — =
p Po P1

Proor. By the embeddings N, 4.« <> Np, cc:ar | = 0, 1 (see part (ii) of
Lemma 2.2) it is enough to prove

(Npy.ooias Npy.ooia)o.g = Np.gia-
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Lett € (0,00),s € [0, 1], f € (Npy.00:a> Npy ,00:a)6,q SUchthat f = fo+ fi
is any decomposition with f; € N), .o, (i =0, 1). Then

L[ f@ fo(t)+f1(r)

— _ L7 dtl = B
Fs,00 = S;>Is)y /o (y —n)l-« ! s o (=)l a
Ly fo®) 1 /‘y fi@) ‘

T dr L7 4

<ilire)y /o (y -l +ylils)y 0o (y—n'- !

= fo(s, @) + fi(s, ).
Denote v(t) = tP1P0/(P1=r0) ¢ € (0, 00). We have

sup sl/pof(s,(x) < sup sl/pof(;(s,a) + sup sl/”(’ﬁ(s,a)

v(t)=>s v(t)=>s v(t)=>s

= sup Sl/Pofo(s,a)+ sup sl/PO_l/PlfAI(s,a)sl/p]

v(t)=s v(t)=s
< sup "7 fo(s, ) + sup () /PP fi (s, a)s '
v(t)=s v(t)=s

= sup sl/pof(;(s,o:) +t sup sl/p‘ﬁ(s,a)

v(t)=s v(t)=s

A

sup sl/l"’ﬁ)(s,a)-i—t sup sl/f"f{(s,a).
s€[0,1] s€[0,1]

Hence, 1
sup s ”"f(s a) < K( 3 Npg,oosas Nm,oo;a)-
v(t)=>s

Thus, for 0 < g < oo we get

q e qgdt
”f”Qq : ”f”(Nz = (t K, f; Npy.orrs Npl,oo;a)) -
0

D(), 00 3 plooa)eq

Z/OO(_ sup s'/7 £ (s, oz)) e d1
0

v(t)>s

= 0(p—p)/(prpo) 1/po 7, gdy
=C (y sup s /70 f(s, oz)) —
0

y=s>0

1
> C/ (y—9(p1—po)/(p1po) sup sl/llo]’cv(s’a))qd_y
0

y=5>0
- [ —0(p1—p0)/(p1 po) 1/po 7, gdy
=C Z (y p1—po)/(p1Po sup s /Pof(s’ O[)) et
=0 2—(r+1) y>s>0
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By the monotonicity of the integrand we get

27" dy
-+ Yy

2*(’+1)2S20

o0
~ q

”f”gq >C E :<2r9(1/170*1/171) sup Sl/l’of(s’ O()) /

r=0 2

00
=C Z<279(1/1’0*1/171) sup sl/Pof(S’ a))q

2-0+D>5>0

Il
=}

r

q
C .

NE

<2"(“1709)+%)2% sup SI/POf(S,a)>

2=+ >5>0

Il
=}

-
Hence, o
”f”Zq >C Z(z—r/l’zr/ﬂoz—(r+l)/po f(z—(H—l), O{))q

r=0

=C i(z—r/Pz—l/Po f(z—(r+l)’ (x))q
r=0

>C Z(Z—r/Pz—l/Pof(z—r’ a))‘f
r=0

o

=Cy (27 fer W) = Clfl

pg.
r=0

This completes the proof of Theorem 2.4.

3. The net-type spaces and Fourier coefficients
We start with two auxiliary results.

LeEmmMA 3.1 (Hardy-Littlewood’s inequality). [ 1, p. 44] Suppose that f and
g are p-measurable functions on [0, 1]. Then

1 1
/ |f(x)g(x)|dx < / fr(g () dr. (3.1
0 0
LEMMA 3.2. Let @ € (0, 1], y € [0, 1] and k € Ny. Then
y em’ks 1
[ o w]=cma(r. )
o (y—95) k

where . k, fork %0,
|1, fork=0.
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ProoF. If k = 0then Lemma 3.2 is obvious. Let us consider a k > 0. Then
by elementary calculations, we get

y em'ks y 1 yoc
—l—oz ds < —Hds = —.
o (v—19) o (y—19) o

On the other hand
y wiks ky it dt 1 ky it
o (y—s) o =Pk k*|Jo (ky —1)'=
1 ky eﬂi(ky—z) 1 ky e—niz
=— dz| = — dz|.
ke /0 Zl—oc 2 ke /0 Zl—a 2

Letus consider the function ¢(t) = 0’ ;—L dz. By the Dirichlet test the integral

fooo j—f:dz converges to some finite A. Hence, there exists N > 0 such that
() — A] < 1forallt > N, and thus [p(¢)| < |A| 4 1 for the same ¢. Note
that the function ¢(¢) is bounded on [0, N1, i.e., there exists M > 0 such that
lo(t)| < M for all t € [0, N]. Hence, |p(t)| < max(M, |A| + 1) = C. Thus,

we have .
ky e iz
/ —dz
o ¢
COROLLARY 3.3. Letx € (0, 1], y € [0, 1], k € Ny. Then
Y cosmks . o 1
—l_ds < C min y,~a )
o (y—9)'¢ k

THEOREM 3.4. Let o € (0,1], p € (1,1/(1 —a)] and 0 < g < oo. Also,
let f be an integrable function on [0, 1] with series expansion ZkeNO age™ ik,
Then, the following inequality

1

kO{

<C

Jl—o ’

I flln,, . <Clale,, (3.2)
holds.

REMARK 3.5. Note that from the decomposition cos tkx = %(e””‘x +
e~ k) it follows that Theorem 3.4 is true for the cosine-series.

REMARK 3.6. In [16], Nursultanov obtained an inequality similar to (3.2)
for the net spaces, N, ;.
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/y S(s) a’s‘
0o (y—s)t@

ProoF. We have

1
1 flln, ., = sup t'/7 f(z,a) = sup ¢'/7" sup —
t€l0,1] te[0,1] t<y<l y

1 fy f(s) ds‘
o (y—s)'t

—1/p’
y s
/ / f( )1 ds‘
o (y—s)—
y Z;:io akem'ks

0o (=5l

< sup sup
re[0,1]1<y<1 Y

1
= sup
vero.1] y*~L/p

1
= sup :
velo,1] Y2~ 1/P

ds‘
Using Lemma 3.2 we get
mks
fo (=) ‘

1 1
< C sup Sy Z|ak|mln<y ’Za)

yel0,1] Y

=T Zl |

Lety € [0,1]and 1/k < y. From p < 1/(1 — «) it follows that « > 1/p’.
Then

1 (e 1Yy 1 1 |ak] 1
WWHHHIl y »z—a _Wla”k_“_mm

lag k™17 = |ag kP71

IA

Now let 1/k > y and k # 0. We obtain
ﬁmumin(y“, EL) = 11/P jacly® = lagly"?" < laglk™""".
Let k = 0. Then
ﬁlaklmin@“, fkvia) = 11/p lax|y® = laoly"'” < laol.

Now by the Hardy-Littlewood inequality (3.1) we get

11Ny < (|ao| +Z|ak|k“" 1) < Cllalle,,-

k=1
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Finally, using the interpolation theorem for the £, , spaces (see [2], p. 113)
and Theorem 2.4 we obtain inequality (3.2).

THEOREM 3.7. Let 0 <a <1, 1/ < p <00, 1 < g < oo and f be an
integrable function with the trigonometric series Z/fio ay cos wkx such that
feM,lf

00 2k q\ 1/q
(Z[z“‘“VP/ t“|mazhca1D“f(r){dt] ) + fi—o(1) < B < o0,
k=0 2—(k+1)

then the following inequality holds

lalle, < C(p,q,)B.

PROOF. Let N € N, consider the sequence a” = {a;}' }°,,, where
N ay, for O < k < N,
a =
k 0, fork > N.
Using the dual representation of the norm in the space £,

N

la¥|le,, < C sup Za,ﬁ’bk sup /f(x)g(x)dx

181, =1 10 uhm =]

where g(x) = Z,ivzo by cos wkx.
Using Lemma 1.5,

Ji—a(1)

1 1
/0 f(x)g()C)dx=fO [I“Q“f(X)+W

]g(x) dx =1 + I,.

For I, we have
g(x) .
F(a)/ / (t —x)l— (@° )(t)dt dx

I 450 Ny
F(Ol)/ |:/(; (t — )1 —a (@ f)(f)dX] dt
<C/
B 0

00 -k

=C

R

Log) .,
/0 mdx (2* f)(1)| dt
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! (x)
o t—x)~®

1/’ g(x) I
“|Jo (t—x)l—@

oo

Z ,/; (k+1) t“

k=

1*[(2° f) (1) dt

o0

<C E sup —
0 1220+ t

o0 2= k
=C) g *m a)/ °|(2° f)(1)| dt

k=0

2k
[ el@ pola
2

—(k+1)

e¢]

2—1\'
= Oy gt gt [ | an.
2—(k+

k=0

By the Holder inequality, we get

00 1/q'
I < C(Z[z (k+1)/pg(2 (k+1)’a)]q’) 1
k=0
il 2k g\ 1/q
k=0 2—(k+1)
© 27k aq\ /g9
<Clgln,,. (2[2("“)“’/ t“|(9“f)(t)|dt} )
'qT =0 2—(k+1)
00 2k q\ 1/q
< Clibll,,, (2[2“*”/1’ / r“!(@“f><z)|dt] )
=0 2—(k+1)
0wy (2 P 4 a\ /4
<C 27 ¢ YY) dt .
<y [ rlenola])
For I, we have
L] = Ji—a(1) /1 g(x) cos kx
=T b oo T T o (I—x)i=

Using Corollary 3.3 and the Hardy-Littlewood inequality (3.1),

_o(1
|12|sflr(a())2| "

cos mkx —a
—dx

)10{

< Chia() Y Ibilk
k=0

oo
< cfl_a(1)<b3 + Zb;g;“) = Cfi_a(1) Y bpk" /P =1 g r=Vaj—

k=1 k=0

51
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- A& 1/g
= Cfl-a(l)(Z(b,ﬁkl/"’—”q’)q) <Z(k1/11—1/61k—oc)q>

k=0 k=0

0 1/q
= CficalIblle,, (Z k“/"-“M—I) < Cfia(l).
k=0

4. Proof of Theorem 1.6

Leta = 1 and a = {ax} € £,4, then

1 - 1/q
(/ ("7 f, 1))"%) < Clalle,,-
0
1 /_ dr\ 4
(/ (t‘/”f(t))th> =< Cllalle,,-
0

Now we show the reverse inequality. Let 1 /o < p < oo, f € M,, and assume

that the integral fol (tl/ P/?(t))q% converges. Then, Lemma 2.3 implies the
convergence of the series

Hence,

0 ~
> @M e )
k=1
Therefore,

fe*n
2k
> 2k f(s)ds

0
o 2k
/ / (2 f)() dt ds +2kf1—a(1) (1 — 0" dx

@ (=95 F') Jo
2k Lok o
/ (2 @) dt ds
F(a) 5 ([_ )1 o
(2° f)(1) kfl «(D e
F(a)./ ,/zk(l—s)ladd+2 OlF()(l (-2 ))
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Using the non-negativity of the 2% f (x) we have

—k (@“f)(t) kfl a(l)
e 1)_I‘()/ / t—S)l"‘ a(Ot)
/ / (@af)(t) fl 0!(1)2(1 —a)k
" T o (1 —s)— T el @)
_ o fl a(l) (1 )k
= F(a)a/() (D fH(t)dt + ———— oT(@)
_ 2k 2 o o fl—“(l) (I—a)k
~ al() 2—<k+1>t (@ fHo]dr + al (o) 2 ’
Hence,
I1(f)
*© D 1/q
:=(Z(2—W f@*, 1))q)
k=0

00 ~ 2k 0k o "y
2 k/p' ( g di 4+ =D (1 ot)k)) )
><k_0( al(@) Jr-an 1*|(2° f)(0)] dt —

C(i( 27k |(@af)([)|dt) +§:<M2(1/Pa)k)q>l/q
ol () 3 .

k+
k=0 2G4

! l/q = 1/q
|(@af)<z)ldz>) (Z (Dza/p-a)k)q) '

k=0

o0 —k
SO
—0 2—(k+1)

Therefore,

1 =e((
2

k:o

Z—k

—(k+1)

q\ /g
[(@* £)@)| dt) )

1/q
+C (Z(fla(l)z“/Pa)k)q)

k=0
—k

- 2 g\ 1/q
> C((Z[z(kJrl)/p /2%” [(2° )| dti| ) + floz(l))-
k=0

Now Theorem 3.7 implies the reverse inequality.
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5. A counterexample in the case p < 1/«

LEMMA 5.1. Let B € (0, 1), y € (0, 1), and

Y cosmnx Y sinmnx
a, = dx, b, = dx
0 xP 0 xP

forn € N. Then

_Gi(8)

nl-8

_G(B)
nl-#

a, , b, as n — +o0o,

where C1(B), C2(B) # 0.

PrOOF. We prove the statement of the lemma for the sequence a,,. The proof
for the sequence b,, is similar. Substituting nx for ¢ we have,

" cosmt
a, = nﬂ_I/ dt
0 th

Using the well-known formula

*® cosmt b
gt = 7B
0 t 2I'(B) cos >~

we take Cy(B) := ?/(2I'(B) cos(B/2)).

LEMMA 5.2. Let o € (0, 1) and the function g(t) € L(0, 1) be such that
supp g < [1/2, 1]. Also, let

R 10) !
fx) = / dt and a,(f)= / f(x)cosmnxdx.
X (t - x)a 0

Then
an(f) = an()Vn + bu(8)0, + &, + &,

where y, ~ Cl(a)/nl_"‘, S, ~ Cz(a)/nl_“ asn — oo, and |§, + ¢, <
C(g,a)/n.
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ProoF. We have,

1 1
an(f)zf cosnnx/ 8() dtdx
X ( _x)()l
COS TNX ! "cosmn(t —y)
:/ g(t)/ dxdtz/ g(t)/ ————dydt
(t—x 0 0 y*

cos Tny
:/ g(t)cosnnt/ dydt
0 0

ye

1
smn
+/ g(1) sinnnt/ " dydr
0 0 e

1 1
cos T
=/ g(t)cosnnt/ nyd dt
0 0 e

! U cos wny
- g(t) cosmnt dydt
0 t e
1 1
sin 7w
+/ g sinnnt/ e dydt
0 0 e

1 1
Sln]Tl’l
—/ 2(1) sinnnt/ Y dydt
0 t y

=a,(8)Vn + &1 + b,(8), + &

From Lemma 5.1 we get y, ~ Ci(a)/n'=?, 8, ~ Cr(a)/n'"% as n — oo.
Now since supp g < [1/2, 1], we obtain

1 1
1€, = ‘/ g(t)cos nnt/ coSTNY dydt
1/2 t e

1 1
S/ cosmny
1/2
C(a) (' C(g, @)
< f g dr = =22,
n 1/2 n

The same inequality holds for ¢,. This completes the proof of Lemma 5.2.

dy‘dt

THEOREM 5.3. Leta € (0, 1) and 1 < p < 1/a. Then there exists a function

f € M, such that
1 1/q
(f b f(f)) 7 < 09,
0
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and a = {a,};>, ¢ £, 4, where
1
a,(f) = / f(x)cosmnxdx.
0

ProoF. By g(x) we denote the following 1-periodic function
0 for x € [0, 1/2],
— 1
8=~ forxe(1/2,1),

="

where § € (0,1/p — ). Let us define f(x) = [ —£9—_ dt for x € [0, 1].

x (t—x)l-@

Then, using the non-negativity of g(¢) and the following equality

1 1 t
fx) . dx
fu Gwe = / g“)/u G- !

dv

1 1 1
:/ g([) —_ad[:C(a)/ g([)dty

o v¥(1—v)!

we get that /1% f(x) is a non-increasing function. Also from [21, p. 43, T. 2.3.]

we obtain that '~ f(x) is an absolutely continuous function. Hence, f (x) €

M,,. From Lemma 5.2 it follows that a,(f) = a,(g)y, + b,(g)8, + &, + &n,

where y, ~ Ci(a)/n*,8, ~ Cy(a)/n* asn — oo, and |§,+¢,| < C(g,a)/n.
Now using Lemma 5.1, we get

©) /1 . dt /1/2 ( N 1) du
a,(g) = cosmTnt————— = costnl\u+ - |—
12 (t—%)l 8 0 2 ) yl-s

an V% cosnu 4 1]
= CcOS — ———du — sin —
2 Jo ul=s 0 ul=s nd

172 sin wnu C(a)

asn — o0o.
Hence, if « + § < 1, then |a,(f)| > na% for sufficiently large n. Now we
choose § € (0, 1) such that p < 1/(a 4+ §). Then

e e]

1 o0
1/p q_ q(1/p—a=8)—1
>l (N = Cpoge) Y n

n=1 n=n

o0
>C(p,q,a) Zn_l = 00,

n=n

ie, {a.(f)} ¢ £y
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On the other hand, f(x) is a bounded function. Indeed, let 0 < x < 1/4

and then
1 1
B 2(1) 2(1)
0z s = [ GEgmas /1/2 =

1
< 4‘“/ g(t)dt = C(a, g).
1/2

Hence, the following inequality

— 1
S () =sup—
y=t Yy

=C(g, ),

y
/ fx)dx
0

holds for all t € [0, 1]. Therefore,

1 /_ de\ 4 1 ) 1/q
(/ (e'/P f(t))qT) < C(g,a)(/ zq/f’-ldz) < 0.
0 0
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