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DECOMPOSABILITY OF BIMODULE MAPS

CHRISTIAN LE MERDY and LINA OLIVEIRA*

Abstract

Consider a unital C*-algebra A, a von Neumann algebra M, a unital sub-C*-algebra C C A
and a unital *-homomorphism 7: C — M. Letu: A — M be a decomposable map (i.e. a linear
combination of completely positive maps) which is a C-bimodule map with respect to 7. We show
that u is a linear combination of C-bimodule completely positive maps if and only if there exists a
projection e € 7(C)’ such that u is valued in eMe and e (-)e has a completely positive extension
A — eMe. We also show that this condition is always fulfilled when C has the weak expectation

property.

1. Introduction and preliminaries

Let A be a unital C*-algebra, let C C A be a sub-C*-algebra containing
the unit, let M be another unital C*-algebra and let 7: C — M be a unital *-
homomorphism. We say that a bounded linear map u: A — M is a C-bimodule
map with respect to 7 if

(1.1) u(cracy) = m(cu(a)m(cs)

for any a € A and any ¢, c; € C. In the sequel we will simply say a ‘C-
bimodule map’ if the homomorphism 7 to which it refers is clear.

It was shown in [11] that if M is injective, then any C-bimodule completely
bounded map u: A — M can be decomposed as a linear combination of four
completely positive C-bimodule maps from A into M. The aim of this note is
to extend that result to the more general context of decomposable operators.
Note that in the sequel, M is no longer assumed to be injective.

We will assume that the reader is familiar with the notions of completely
positive maps and completely bounded maps, see [8] for an introduction. A
linear map u: A — M is called decomposable if there exist four completely
positive maps uy, uy, us, ug: A — M such that u = (uy — uy) + i(us — ug).
Letu,: A — M be defined by u.(a) = u(a*)*. According to [6], u is decom-
posable if and only if there exist two completely positive maps Sy, S»: A — M
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such that the mapping

(611 t ) (51(611) u(r) )

—>
s @ ux(s)  S2(az)
from M5 (A) into M, (M) is completely positive. Furthermore letting || ||gec =
inf { 1St 1182 ||} with infimum taken over all possible pairs (S}, S,) satisfying
the above property defines a norm on the space of decomposable operators.
Moreover |ullcb < |#]lgec for any decomposable operator u: A — M and
lulleo = llu]ldaec When M is injective.

A natural question is whether a C-bimodule decomposable map from A
into M can be decomposed as a linear combination of completely positive
C-bimodule maps A — M. We do not know if this always holds true. In the
case when M is a von Neumann algebra, we will show that this holds when 7
extends to a completely positive map from A into M. This extension property
is automatically satisfied when M is injective (so that our result is formally an
extension of Wittstock’s Theorem) and also when C has the weak expectation
property (see Corollary 2.3). Further we will show in Proposition 2.4 that this
extension property is somehow unavoidable.

We end this section with a C-bimodule version of the 2 x 2 matrix charac-
terization of decomposability reviewed above. Its proof is similar to the one
in the classical case so we omit it. We regard the direct sum C @ C as a unital
sub-C*-algebra of M,(A) by identifying that algebra with the set of diagonal
matrices with entries in C. Then we let 7 @ 7:C & C — M;,(M) be the

x-homomorphism sending (%1 CO ) to (ﬂ(gl) zr((i )> for any cy, ¢; in
2 2

LeEmMA 1.1. Let u: A — M be a C-bimodule map, the following assertions
are equivalent.

(1) There exist C-bimodule completely positivemapsuy, us, us, ug: A — M
such that u = (u; — uy) + i (uz — uy).

(ii) There exist two C-bimodule completely positive maps Sy, S»: A — M

such that (611 t ) (Sl(al) u(t) )
—
s a u.(s) Sy(ap)

is a completely positive map from M, (A) into My(M).
(iii) There exist two bounded maps S|, Sy: A — M such that the map

(al z) (Sl(al) u(t) )
H
s a u(s) Sx(az)
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from M,(A) into My(M) is completely positive and is a (C & C)-
bimodule map with respect to w @ 7.

2. Decomposition into C-bimodule completely positive maps

We will use the following classical lemma (see e.g. [1, 1.3.12] or [9, Lem-
ma 14.3]).

LEmMA 2.1. Let f, B be C*-algebras, let & C B be a sub-C*-algebra
and let V: B — & be a contractive completely positive map such that the
restriction V|g is a x-homomorphism. Then

V(bd) =V b)V(d) and V(db) =V(d)V (D), beRB, de .

Our main result is the following theorem. Its proof combines and extends
techniques from [10] and [9, Chapter 14]. We will use the maximal tensor
product of C*-algebras, see e.g. [8, Chapter 12] or [9, Chapter 11] for some
background.

THEOREM 2.2. Let M be a von Neumann algebra, let A be a unital C*-
algebra, let C C A be a sub-C*-algebra containing the unitandletmw:C — M
be a unital x-homomorphism. Let u: A — M be a C-bimodule map (with
respect to 1) and assume that u is decomposable. If T admits a completely
positive extension A — M then there exist C-bimodule completely positive
maps uy, uy, us, ug: A — M such that u = (u; — uy) +i(us — uy).

PrROOF. We may assume that ||u||gec = 1. Consider M C B(H) for some
Hilbert space H and let M’ C B(H) be the corresponding commutant. Let
w:A® M' — B(H) be the linear map taking a ® y to u(a)y foranya € A
and any y € M'. Since u is decomposable, w extends to a completely bounded

map
WA Qmax M — B(H),

with ||lw|ls < 1; see [9, Eq. (11.6) and Thm. 14.1].

Let7: A — M be a completely positive extension of 7 (as given by the as-
sumption). Similarly there exists a completely bounded map o: A Qax M’ —
B(H) such thato(a ® y) = 7(a)y foranya € A and any y € M.

We let a be the C*-norm on C ® M’ induced by A ®max M’, so that

CRyM CAQuux M.
For simplicity we let B = A ®mqax M’ and D = C ®, M’'. Next we let

p:D — B(H)
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be the restriction of o to D. It is clearly a unital x-representation.
Foranya € A,c € C and y,z € M’, we have

w((c®2)(@®y)) =wlca®zy) =u(ca)zy
=m(u(a)zy = w(c)zu(a)y = p(c @ )w(a ® y),

because u is a C-bimodule map and z commutes with u(a) € M. Likewise we

have
w((@®y)(c®z) =w@®yplc®:z).

By linearity and continuity, this implies that w is a D-bimodule map with
respect to p.
We consider the ‘bimodule Paulsen system’ associated to D C B, i.e.

S = {(d‘ " ) x.y€B, di.dy € D} C My(B).
y d

It is well-known that the bimodule property of w and the norm condition

lwlleb < 1 imply that the map W:&% — M,(B(H)) defined by

(dl X> (p(dl) w(X))

W: —>

is aunital completely positive map (seee.g.[1, 3.6.1]). By Arveson’s Extension
Theorem (see e.g. [8, Thm. 7.5]), W admits a completely positive extension

W: My(B) —> M>(B(H)).

Regard D @ D C & as the subspace of 2 x 2 diagonal matrices with entries in
D. By construction, the restriction of W to that unital C*-algebra is the unital

x-representation
p@®p:D@®D — M>(B(H)).

By Lemma 2.1, this implies that W isa D @ D-bimodule map with respect to

P ®p. R

In particular W is a C @& C-bimodule map, which implies that it is ‘corner
preserving’ in the sense of [1, 2.6.15]. More precisely, there exist two com-
pletely positive maps I'y, I';: B — B(H) such that

W (bl x ) . (Fl(bl) w(x) )
y b wi(y)  Ta2(b2)
for any x, y, by, by in B (see [1, 2.6.17]). Now the fact that WisaD @ D-
bimodule map ensures that I'; and I'; are both D-bimodule maps (with respect

to p).
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For j = 1,2, we define S;: A — B(H) by letting S;(a) =T'j(a ® 1) for
any a € A. Since w(a ® 1) = u(a), the linear map &: M,(A) — M, (B(H))

given by <611 P ) (51(611) u(t) )
- —
s u(s)  S(ap)

is the restriction of W to A ~ A ® 1. Thus ® is completely positive.
Leta € A. For any z € M' we have

@N(1®))=a®z=(1Q02)@@®1).
Since I'; is a D-bimodule map, this implies that
Fia@®@Dp(1®2) =p@)Ti@@®1).

Equivalently, S;(a)z = zSi(a). This shows that S;(a) € M. The same holds
for S, and hence @ is valued in M,(M).

According to Lemma 1.1, it therefore suffices to show that S;, S, are C-
bimodule maps. For that purpose considera € A, ¢y, ¢; € C. Since I'(, I'; are
D-bimodule maps, we have

Si(ciacy) =Tj(crac; ® 1) =T ((c1 ® D@ @ D(c2 ® 1))
=pc1 @ DI@®1)p(c2® 1)
=m(c1)Sj(a)m(c2),

which proves the result.

If M is injective, then m has a completely positive extension A — M.
Hence Theorem 2.2 reduces to Wittstock’s Theorem in this case.

Let kc: C < C** be the canonical embedding. A C*-algebra C has the
weak expectation property (WEP in short) provided that for one (equivalently
for any) C*-algebra embedding C C B(K), there exists a contractive and
completely positive map P: B(K) — C** whose restriction to C equals «¢.
This definition is equivalent to the original one going back to Lance [7] and
Effros-Lance [4]. See [5] and [1, 7.1.3] for more on this definition. The class
of C*-algebras with the WEP includes nuclear ones and injective ones.

COROLLARY 2.3. Let A, C, M, as in Theorem 2.2. Assume that C has
the WEP. Let u: A — M be a C-bimodule decomposable map. Then there
exist C-bimodule completely positive maps uy, uy, us, ug: A — M such that
u=(uy —up) +i(uz — uy).

ProoF. By Theorem 2.2 it suffices to show that 7 has a completely positive
extension 7: A — M. Let J: A — B(K) be a C*-algebra embedding for a
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suitable K. By assumption there exists a completely positive P: B(K) — C**
such that PJjc = kc.

Since M is a dual algebra, 7 admits a (necessarily unique) w*-continuous
extension 7: C* — M, which is a x-homomorphism (see e.g. [1, 2.5.5]).

Then
J/T\Z%OP‘A

is a completely positive extension of 7.

We note that the above proof cannot be applied beyond the WEP case.

‘We now turn to an observation which will imply that the extension property
assumption in Theorem 2.2 is actually necessary for the conclusion to hold,
up to changing M into a smaller von Neumann algebra containing the range
of u.

In the rest of this section we consider A, C, M, 7 as in Theorem 2.2 and
we let 7(C) C M be the commutant of the range of 7. If ¢ € 7(C) is a
projection, we let 7.: C — eMe be defined by 7. (c) = em(c)e; this is a unital
*-homomorphism.

PrOPOSITION 2.4. Let ¢p: A — M be a C-bimodule completely positive
map. Then there exists a projection e € 7w(C)' such that $(A) C eMe and
7.: C — eMe admits a completely positive extension A — eMe.

ProOF. Letb = ¢ (1), then b belongs to M. . Let e be the support projection
of b. Since ¢ is a C-bimodule map, we have

n(c)¢p(1) = ¢(c) = ¢(1)m(c)

for any ¢ € C. Hence b € m(C)’, which implies that b: € 7(C) and e €
7 (C)’. Thus we have

(2.1) #(c) = b (c)b'/?, ceC.

For any integer n > 1 let ¥,,: A — M be defined by

oo+ N7 xea

According to the proof of [2, Lem. 2.2], (b + %)—1/2])1/2 — e strongly and
(Wn (x))n>1 has a strong limit for any x € A. Let ¥: A — M be the resulting
point-strong limit of ¥,. Then ¥ is completely positive and valued in eMe.
By (2.1), we have

—1/2

Yu(e) = (b+ 1) 2 m(ep (b + 17
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for any ¢ € C. Hence
Y(c) =em(c)e, ceC,

which means that i extends ..
Let x € A with 0 < x < 1. By positivity, 0 < ¢(x) < b, which implies
that ¢ (x) € eMe. We deduce that ¢ (A) C eMe.

COROLLARY 2.5. Let u: A — M be a linear combination of C-bimodules
completely positive maps. Then there exists a projection e € w(C)’ such that
u(A) C eMe and nw,: C — eMe admits a completely positive extension A —
eMe.

ProOOF. By assumption, we may write u = (4| — up) + i (u3 — u4), where
forany j =1,...,4, u; is a C-bimodule completely positive map. Then the

sum
G =ui+ur+uz+uy

is a C-bimodule completely positive map. Applying Proposition 2.4, we obtain
a projection e € w(C)’ such that m,: C — eMe admits a unital completely
positive extension to A and ¢ (A) C eMe.

Letx € Awith0 < x < 1. Forany j, we have 0 < u;(x) < ¢(x), hence
uj(x) € eMe. Thus u;(A) C eMe, and hence u(A) C eMe.

Combining Theorem 2.2 and Corollary 2.5, we obtain the following char-
acterization.

COROLLARY 2.6. Let u: A — M be a C-bimodule map and assume that u
is decomposable. Then the following assertions are equivalent.

(1) There exist C-bimodule completely positivemapsu, uy, uz, us: A — M
such that u = (uy — uyp) +i(uz — uy).

(ii) There exists a projection e € w(C)' such that w,: A — eMe admits a
completely positive extension T,: A — eMe and u(A) C eMe.

REMARK 2.7. It is easy to modify the proof of Theorem 2.2 to obtain the
following extension property: consider A, C, M, m asin Theorem 2.2, let ' C
A be a linear subspace which is an operator C-bimodule in the sense that
ci1fcy € Fforany f € Fandanycy, c; € C.Letu: F — M be a C-bimodule
bounded map. Assume that u admits a decomposable extension u: A — M
and 7 admits a completely positive extension 7: A — M. Then u admits an
extension v: A — M which is a linear combination of C-bimodule completely
positive maps A — M.

Theorem 2.2 corresponds to the case ' = A. Inthe case when M is injective,
the above result corresponds to Wittstock’s extension Theorem [11] (see also
[1, Thm. 3.6.2]).
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3. Additional remarks

In this final section we provide supplementary observations on the decom-
position problem considered in this paper. We first note a uniqueness property
about the x-homomorphism 7 with respect to which a completely positive map
¢: A — M can be considered as a C-bimodule map. In the sequel we write
et =1 — e for a projection e € M.

COROLLARY 3.1. Consider a von Neumann algebra M, a C*-algebra A and
a unital sub-C*-algebra C C A. Let m;: A — M and m: A — M be unital
x-homomorphisms and let ¢: A — M be a completely positive map. Assume
that ¢ is a C-bimodule map with respect to wy. Then the following assertions
are equivalent.

(1) ¢ is a C-bimodule map with respect to mw,;
(ii) There exists a projection e € w(C) Ny (C) such that p(A) C eMe
and (1 — m)(C) C e*Me™t.

PrOOF. Suppose firstly that ¢p: A — M is a C-bimodule map with respect
to . Then as in the proof of Proposition 2.4, the support projection e of ¢ (1)
lies in 711 (C)" N ,(C)’ and the map ¥: A — eMe is a completely positive
extension of the maps (1), and (). Consequently, for all ¢ € C,

m1(c) — ma(c) = em(c)e + et mi(c)et — emr(c)e — etmy(c)et
=" (m1(c) — my(c))e™,
and, therefore, (77; — m2)(C) C et Me™t.

Conversely, let e € 1 (C) N, (C) be a projection such that ¢ (A) C eMe
and (] — m,)(C) C etMe* . Then given any ¢ € C there exists 7 € e Me*
such that 7y (c) = m>(c) + z. Hence for alla € A,

¢(ca) = mi(c)p(a) = (m(c) + )¢ (a)
= m(c)p (@) + 2 (a) = () (a) + e ze P (a).

Since ¢ is valued in eMe, this implies

¢(ca) = my(c)p(a).

Similarly we have

¢ (ac) = ¢(a)mr(c).

Our second observation is about the non unital case. Let A be a non unital
C*-algebra. Let M (A) denote its multiplier algebra, that we may regard as a
unital sub-C*-algebra of A** (see e.g. [1, 2.6.7]). Let C C M(A) be a unital
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C*-algebra, let M be a von Neumann algebra and let w: C — M be a unital -
homomorphism. The definition of a C-bimodule map u: A — M with respect
to w as given by (1.1) extends to that setting. Then Theorem 2.2 extends as
follows.

COROLLARY 3.2. Let u: A — M be a C-bimodule map (with respect to
) and assume that u is decomposable. If T admits a completely positive
extension A** — M then there exist C-bimodule completely positive maps
Ui, U, uz, us: A — M such that u = (uy — un) +i(uz — ug).

PROOF. Let u: A** — M be the unique w*-continuous extension of u
(see e.g. [1, Lem. A.2.2]. It is easy to check that & is decomposable, with
1@ llgec = |lu|lgec- Since the product is separately w*-continuous on von Neu-
mann algebras, # is a C-bimodule map with respect to . Indeed let ¢y, ¢> € C,
let n € A* and let (a;); be a net in A such that a; — n in the w*-topology of
A**.Then cja;c; — cincy in the w*-topology of A**, hence

u(cinez) = w* —limu(cia;cs).
1

Further u(ca;c;) = m(cy)u(a;)m(cy) and u(a;) — u(n) in the w*-topology
of M. Hence

w* — lilm w(culai)m(cr) = w(en)u(n)m(cy).

This yields u(cincy) = m(c))u(n)m(cy).

Applying Theorem 2.2 to ¥ we obtain a decomposition of that map into
completely positive C-bimodule maps A** — M. Restricting to A, we find
the desired decomposition of u.

Our final observation is that the decomposability problem considered in this
paper always has a positive solution if 7 is a x-isomorphism. This is a direct
consequence of a remarkable projection result of Christensen-Sinclair [3]. We
thank Eric Ricard for pointing out this result to us.

ProrosITION 3.3. Let A, C, M as in Theorem 2.2 and let m:C — M is a
x-isomorphism. Then for any decomposable and C-bimodule map u: A — M,
there exist C-bimodule completely positive maps uy, us, us, us: A — M such
that u = (uy — up) + i(u3z — uy).

ProoF. Let CB(A, M) be the space of completely bounded maps from
A into M, equipped with ||-||c,. Let BIMOD(A, M) C CB(A, M) be the
subspace of C-bimodule completely bounded maps. According to [3, Thm. 4.1]
(to be applied with & = '), there exists a contractive idempotent map
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Q0:CB(A, M) — CB(A, M) with range equal to BIMOD(A, M), such that
0 (v) is completely positive for any completely positive v: A — M.

Letu: A — M be decomposable and write itas u = (v; — vy) +i(v3 — v4)
for some completely positive maps v;: A — M. Then Qu) = (Q(vy) —
0 (v2)) +i(Q(v3) — O(vs)) and each Q(v;) is a completely positive and C-
bimodule map. If u is assumed to be C-bimodule, then Q(u) = u and the
above decomposition proves the result.
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