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ON THE SIMPLICITY OF MULTIGERMS

R. OSET SINHA, M. A. S. RUAS and R. WIK ATIQUE*

Abstract

We prove several results regarding the simplicity of germs and multigerms obtained via the oper-
ations of augmentation, simultaneous augmentation and concatenation and generalised concaten-
ation. We also give some results in the case where one of the branches is a non-stable primitive
germ. Using our results we obtain a list which includes all simple multigerms from C3 to C3.

1. Introduction

In the last few years the study of classifications of singularities of map-germs
[ (K", S) = (K?, 0), where K = Cor R, has given a step forward (specially
when |S| = r > 1) by substituting the classical classification methods with
operations in order to obtain multigerms from germs in lower dimensions and
with fewer branches. In [5], Cooper, Mond and Wik-Atique use the operation
of augmentation and define monic and binary concatenations in order to ob-
tain all .2/,-codimension 1 corank 1 multigerms with n > p — 1 and (n, p)
in Mather’s nice dimensions. In [17], the authors define further operations
such as a simultaneous augmentation and concatenation and the generalised
concatenation (which includes both the monic and binary concatenations as
particular cases) to obtain all 27,-codimension 2 corank 1 multigerms with the
same dimension restrictions. However very little is known about the simplicity
of the multigerms obtained via these operations.

A multigerm f = {fi, ..., fr}: (K", §) - (K?,0) with S = {xy, ..., x;}
is simple if there exists a finite number of .2/-classes (classes under the action
of germs of diffeomorphisms in the source and target) such that for every un-
folding F: (K" x K9, § x {0}) — (K” x K%, 0) with F(x, 1) = (f,.(x), A) and
fo = f, there exists a sufficiently small neighbourhood U of S x {0} such that
for every (y1,A), ..., 3y, &) € U with F(y;, A) = --- = F(y,, A), the multi-
germ fo: (K", {y1,..., »}) — (K?, f5.(y;)) lies in one of those finite classes.
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In [5], Cooper, Mond and Wik-Atique proved that all 7, -codimension 1 mul-
tigerms in Mather’s nice dimensions are simple. Hobbs and Kirk in [7] and
the third author in [25] obtain a list of all simple multigerms from R? to R3.
Kolgushkin and Sadykov in [10] and Zhitomirskii in [26] deal with simple
multigerms of curves. In [15], Nishimura gives an upper bound on the multi-
plicity of a simple multigerm. These are probably the only references related
to the simplicity of multigerms. (For the case of &/-classification of simple
monogerms, many papers can be cited such as [19], [2], [14], [6], [20], [21],
[12], [1], [9], etc.)

In this paper we consider the problem of knowing when a multigerm ob-
tained by one of the operations mentioned above is simple. We also study the
case when the multigerm contains a non-stable branch. Section 2 introduces
the notation and the basic definitions. Section 3 deals with augmentations of
monogerms. We prove that if the augmenting function g is not simple then the
resulting augmentation is not simple. Section 4 deals with how simplicity is
affected when you add an extra branch to a simple germ. The first subsection
deals with simultaneous augmentation and concatenation. We prove that, with
certain hypotheses, a simultaneous augmentation and concatenation is simple
if and only if the augmentation comes from an .2/,-codimension 1 germ. In
the second subsection we study the simplicity of generalised concatenations.
The main result is that a non-monic generalised concatenation of stable germs
F and g where F has zero-dimensional analytic stratum is not simple (Corol-
lary 4.14). The third subsection deals with germs where one of the branches is
non-stable. We classify here all the simple multigerms & = { f, g} where f is
a non-stable germ and g is a prism on a Morse function or an immersion.

We give clues to which may be the remaining simple multigerms that are
not classified in this paper, namely multigerms & = {f, g} with f and g stable
and the dimensions of their analytic strata between 1 and p — 2, and the case
where f is non-stable and g is a stable singularity more degenerate than a
prism on a Morse function or an immersion. We prove some partial results and
show examples of these cases.

In the last section we use our results to obtain a list which includes all simple
multigerms from C3 to C°.

2. Notation

Let OF be the vector space of monogerms with n variables and p compon-
ents. When p = 1, 0! = O, is the local ring of germs of functions in n-
variables and ./, its maximal ideal. The set 0/ is a free 0,,-module of rank p.
A multigerm is a germ of an analytic (complex case) or smooth (real case)
map f = {f1,..., fr}: (K", S) - (KP,0) where S = {x1,...,x} C K",
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fi: (K", x;) — (KP,0) and K = C or R. Let /”n@f,s be the vector space
of such map-germs. Let 0k g and Ok, o be the 0,-module of germs at S of
vector fields on K" and @,-module of germs at O of vector fields on K7 re-
spectively. We denote them by 6, and 6,,. Let 6( f) be the 0,,-module of germs
£: (K", S) — TK? suchthat r, o & = f, where 7,: TK? — K7 denotes the
tangent bundle over K?.

Definetf:6, — 0(f)bytf(x) =dfoxandwf:0, — 0(f)bywf(n) =
n o f. The «f,-tangent space of a germ f is defined as T/, f = tf(6,) +
wf (6,) and its .oZ,-codimension, denoted by .Z,-cod( f), is the K-vector space
dimension of 6(f)

NA) = 7o

When we have the .«/-tangent space T/ f = tf (M, - 0,) + wf (M, - 6,) in
the denominator of the previous quotient and .#,6(f) in the numerator, its
dimension is called the .2/-codimension. We refer to Wall’s survey article [24]
for general background on the theory of singularities.

DEFINITION 2.1. i) A vector field germ n € 0, is called liftable over f if
there exists £ € 6, suchthatdf o & = no f (tf(§) = wf(n)). The set of
vector field germs liftable over f is denoted by Lift(f) and is an 0,-module.

ii) Let T(f) = evg(Lift(f)) be the evaluation at the origin of elements of

Lift(f).

In general Lift( f) € Derlog(V) when V is the discriminant of an analytic
f and Derlog(V) represents the 0,-module of vector fields tangent to V. We
have an equality when K = C and f is complex analytic.

The set T(f) is the tangent space to the well-defined manifold in the target
containing 0 along which the map f is trivial (i.e. the analytic stratum). Fol-
lowing Mather, f is stable if and only if all its branches are stable and their
analytic strata have regular intersection ([13]).

Given f =1{fi, ..., f}: (K",S) — (K,0),letmo(f) = dim O, s/f* (M)
denote the multiplicity of the germ f. Note that

r

@n . @n X
dimg S — ZdlmK —

FrCly) — = R,
From here on we consider only corank 1 germs. We say that f ={f1, ..., f;}
is of type Ay, i if fi € Ay, i =1, ..., r. For these singularities, my(f) =

k4 4k 41
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3. Simplicity of Augmentations

DerINITION 3.1. Leth: (K", S) — (K7, 0) be amap-germ with a 1-parameter
unfolding H: (K" x K, § x {0}) — (K” x K, 0) which is stable as a map-
germ, where H(x, A) = (h,(x), A) with hg = h. Let g: (K%, 0) — (K, 0) be
a function-germ. Then, the augmentation of h by H and g is the map Ay (h)
given by (x, z) > (hg(;)(x), z). A germ that is not an augmentation is called
primitive.

A natural question arises: given simple germs 4 and g, is Ay ¢(h) simple?
This is not true in general as can be seen in the following

ExamPLE 3.2. Consider the simple germ h(x, x) = (x? + xé‘xl, Xx») and
the unfolding H (x1, X2, A) = (xf +x§x1 +Axy, X2, A). If we augment & by the
simple function g(z) = z*, we obtain the non-simple germ Ay (M) (x1, X2, 2)
= (x? + (xg + z%x1, x2, 2) ([12]). Notice that the germ /£ is not primitive.

For monogerms we show that the simplicity of the augmenting function
g is a necessary condition for the simplicity of the augmentation. In fact,
we prove that if two augmentations fi(x, z) = (hg, (%), 2) and fo(x, z) =
(hg,z)(x), z) are &/-equivalent, then g; and g, are J/-equivalent. The contact
group J7 is the set of germs of diffeomorphisms of (K" x [K”, 0) which can
be written in the form H (x, y) = (h(x), H;(x, y)), with h € Diff (K", 0) and
Hi(x,0) = 0 for x near 0. Two map-germs g; and g, are J/-equivalent if
there exists H € J such that H(x, g;(x)) = (h(x), g2(h(x))). We need a
preparatory lemma.

LEmMMA 3.3. Let Gi(z,€) = gi(z) + ¥(gi(2),€) fori = 1,2 such that
¥ (0, €) = ¢ (€) is homogeneous of degree d. If G| ~3 Go, then g\ ~y g>.

ProOF. Forany G(z, €) = g(z) + ¥ (g(2), €) satisfying the hypotheses we
claim that G(z,€¢) ~o g(z) + ¢(€). In fact, let g(z) = w, then G(z,¢€) =
w+¢(e)+w$(w, €) =w({l+yY(w,e))+¢(e). f wewritee = (€1, ...,€,)
and pute; = (1 + J(w, e))}iei, then we obtain that G ~ w + ¢ (¢').

Since G| ~g G, wehave g;(z)+¢(€) ~u g2(2)+ ¢ (€) and so their Tjur-
ina algebras, T;, are isomorphic. Since ¢ is homogeneous 7; = O, . / ((%, gl-)+

(‘3—?)) ‘We have that

@z ~ Tl T2 ~ @z

(38, )~ MTy T MT> (22 )

and the result follows.

We remark here that by [21], any simple germ with n > p comes from
a simple germ with n = p by just adding quadratic terms in the remaining
variables, so for the case n > p it is enough to study the equidimensional case.
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PropoSITION 3.4. Let h: (K", 0) — (K?”,0) withn > p — 1 be a non-stable
primitive monogerm which admits a 1-parameter stable unfolding H. Let g,
and g, be augmenting functions and f and f, the corresponding augmenta-
tions. Then

fir~a o= & ~a &

PrOOF. First suppose that p = n. If h is primitive, by [8], T(H) = {0} and
so mo(h) = mo(H) > n + 2. Since h admits a 1-parameter stable unfolding
mo(h) < n + 2 (by [13] stable germs have multiplicity < p + 1). Therefore
mo(h) = n + 2. From [22, Lemma 4.10] we know that such a germ is &/-
equivalent to (x, y" ™2 4+ x;y + - - + x,_1y" 1) if it is .&,-codimension 1 or
to (x, V"2 +x1y+---+ x,’f_lyn_1 + x,_1y") if it is 2f,-codimension k with
k> 2.

In the first case, a 1-parameter stable unfolding is (x, A, y”+2 +x1y+---+
XootY" Ay Let fi(x,z,y) = (2 "y 4+ )"+
gi(2)y") i = 1,2 be &/-equivalent augmentations. By [22, Lemma 4.7] we
have that

Gi(x,2) = (X1, ..., X—1, 81(2) ~o G2(x,2) = (X1, ..., X4—1, 82(2))

and so g; and g, are J -equivalent.

In the second case, a 1-parameter stable unfolding is (x, A, y"*> 4+ x;y +
s xk v 4 x, 1" + Ay" ). Considering .o/ -equivalent augmentations
0z Yy 4 YT a1y + i)y, i = 1,2, in the
same way as above we have that

Gi(x,2) = (x1, ..., x5 + &1(2), 1)
~a Ga(x,2) = (X1, ... x5+ g2(2), X))
Since G;(x, 7) is J/-equivalent to (xy, ..., X,_1, g:(2)) we have the desired
result.

Now suppose that p = n + 1. As in the equidimensional case, T(H) = {0}.
Therefore n is odd, say n = 2] + 1, and mo(h) = my(H) = [ 4+ 2. From [23,
Proposition 4.5], if I > 2, h is equivalent to either

(xl, v X Yy 4y gy + o x4 R, y))
or

(X1, ees X2, Y2y + o 2
Xy 4y T ™ Y R, ),
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where in both cases i € 30! Then f;,i = 1, 2, can be either

l
(xl, X LYY Ty xay o xay + i@y 4 A, y))
j=1

or

l
42 j
(xh...,Xzz,z,y +E xjyl,
j=1

X1y 4 x0T F g @y + xy' T 4+ YT 4 hx, y)).

Given a corank 1 germ f; we associate a germ G; whose component func-
tions define the set of [ +2-points appearing in a stable perturbation of f;. If fj is
&/-equivalentto f> then G is # -equivalent to G,. Following [23, Section 3.2],
G;: (K¥+2+4 () — (K2 0) with source coordinates (x, z, v, €2, . .., €42),
and we can show that G; is ¢ -equivalentto (x,y,g; (z) + ¥ (g: (2),€2, . . . ,€142))
in both cases, where 1/ (0, €) is homogeneous. The result can now be obtained
applying Lemma 3.3.

EXAMPLE 3.5. i) The augmentation f(x, z1, 22) = (x> + (Z‘l1 + z‘z‘)x, 21, 22)
of h(x) = x3 is not simple since the augmenting function g(zi, z2) = z} + 23
is not simple.

ii) The converse of the proposition is not true. If we take the primitive germ
(z%, 2°) and augment it by the simple function g(x, y) = x> + y*, we obtain
the non-simple germ (x, y, 22, z° 4+ (x> + y*)z) (see [9]).

REMARK 3.6. We think that Proposition 3.4 also holds for multigerms. How-
ever, we have only been able to extend the arguments in the proof for particular
examples such as a multigerm consisting only of fold singularities.

4. Simplicity of multigerms

The classification techniques for multigerms developed recently consist of
combining monogerms to obtain multigerms. In this sense we are interested in
knowing what combinations of simple germs yield simple multigerms. Subsec-
tions 4.1 and 4.3 deal with the simplest combination of germs, which consists
of adding a prism on a Morse function (when n > p) or an immersion (when
p =n+ 1) to asimple germ. In 4.1 we study the simultaneous augmentation
and concatenation operation and in 4.3 we combine a primitive codimension 1
germ with a prism on a Morse function or an immersion. Subsection 4.2 studies
combinations of 2 stable germs, in particular, those arising from generalised
concatenations.
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In what follows we discuss the codimension of a multigerm where one of
the branches is a prism on a Morse function or an immersion.

We are considering corank 1 multigerms of type Ay, ., for which it is
known that their corresponding orbits in the multijet space are defined by
submersions in the stable case and by ICIS in the finitely determined case ([6],
[L1D.

We note that there is a close relation between the .2/-codimension and the
&f,-codimension. This is due to Wilson’s formula (for the monogerm case see
[24]; see [7] too), which asserts that if the .Z,-codimension is different from O
and f is &/-simple, then

Ae-cod(f) = A-cod(f) +r(p—n)—p,

where r is the number of branches.

Let f ={f1,..., f+}: (K", S) — (K”, y) be a non-stable multigerm with
&/-codimension s. Let’s assume that f is k-determined and .&/-simple. Sup-
pose there exists a smooth submanifold X C ,J*(K", K?) such that for all
g: K" — K? andforall {z;, ..., z,} C K" wehave that , j¥g(z;,...,2,) € X
if and only if the multigerm of g in {zy, ..., z,} is &/-equivalent to f. We have:

LEMMA 4.1. cod jer xry X =5+ (r — 1) p.

Proor. This is proved by standard multijet and transversality techniques,
for a detailed account see [16].

If the /-codimension of fiisij, j =1,...,r, this means that each f;
defines a smooth submanifold in the appropriate jet space of respective codi-
mension i;. These submanifolds are defined by iy, ..., i, equations respect-
ively.

If we consider the submanifold X C ,J*(K", K”) defined by the equa-
tions which define the multigerm (i.e. the equations which define each of the
branches, which are independent since they involve different variables, plus
the equations arising from all the points having the same image in the target
space), we have that its codimensionisi; +---+i, +# —1)p (the (r — 1)p
extra equations come from f(x;) = --- = f(x,)). From the previous Lemma
the codimension of such a submanifold is s 4+ (r — 1) p, so we deduce that the
&/-codimension of the multigerm is s = iy + - - - +i,. In the case of some type
of contact between the strata of the discriminant of different branches, other
equations describing these contacts should be added to define the correspond-
ing submanifold in the multijet space and so, in that case s > i} + - - - + i,.

When one of the branches of the multigerm is non-stable, it is not easy to
characterize the contact between the strata of the discriminant. We need the
following
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DerNITION 4.2, Let f: (K", S) — (K”,0) be a non-stable germ and
F(x,A) = (fa(x), A) a stable unfolding of f, A € K”. Let g: (K",0) —
(K?,0) be a prism on a Morse function or an immersion such that {f, g} is
simple. We say that g is the best possible with respect to f and F if

a) g is transverse to the limit of the tangent spaces of the strata of the
discriminant of f of dimension greater than O and

b) there exist representatives F: U x A — K’ x K" and g: V — K? of F
and g respectively such that foralmostall0 #= X € A, {f,, g}: U xV —
K? only has stable singularities.

Notice that if {F, g x idgn} is stable then condition b) holds.

EXAMPLE 4.3. i) The fold map g;(x, y) = (x, y?) is the best possible with
respect to f(x,y) = (x° + y*x,y) and F(x,y, 1) = (x> + y?x + Ax, y, A).
However, g>(x, y) = (x2, y) is not, since taking the deformation f; (x, y) =
(x34+y*x+1x, y), for A < Othere are two cusps of f; lying on the discriminant
of g5, and so { f;, g»} has non-stable singularities.

ii) Consider f;(x,y) = (x* + y3x + A1x + Axxy, y). Clearly, g (x, y) =
(x2, y) is not the best possible with respect to f since for any value of A =
(A1, Ap) there are either 1 or 3 cusps of f; lying on the discriminant of g;. If we
take g, (x, y) = (x, y?), there is a cuspidal curve in the bifurcation plane such
that f5 has codimension 1 singularities (namely lips and beaks), and so, for
those values of A, { f;, g»} has non-stable singularities. Even further, if A; = 0,
there is a cusp at (x, y) = (0, 0) which lies on the discriminant of g, and again
{ f., g2} has non-stable singularities. However, for almost all A, { f;, g»} only
has stable singularities and so g is the best possible with respect to f and F.

iii) The fold map g(x, y) = (x, y*> + x) is the best possible with respect to
the primitive germ f and F where £ (x, y) = (x* 4+ yx 4+ Ax?, ). Notice that
{F, g x idk]} is not stable.

So if we have a simple germ & = {f, g} with f non-stable, F a stable
unfolding of f and g a prism on a Morse function or an immersion which
is the best possible with respect to f and F, then, by the above Lemma and
considerations,

H-cod(h) = f-cod(f) + H-cod(g) = L-cod(f)+n— p+ 1.
The fact that this is true for example iii) above is an exceptional case since, as

we will see in Corollary 4.19, a multigerm composed of a non-stable primitive
germ and a fold map is almost always non-simple.
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4.1. Augmentations and concatenations

We define the operation of simultaneous augmentation and monic concatena-
tion and derive a formula for the .2/,-codimension of the resulting multigerm:

THEOREM 4.4 ([17]). Suppose f:(K",S) — (K?”,0) has a 1-parameter
stable unfolding F(x, ) = (fi(x), A). Let g: (KP x K" 7?1 0) — (K? x
K, 0) be the fold map (X, v) — (X, 27:11;+1 v]2) Then,

i) the multigerm {Ar o(f). g}, where ¢: K — K, has

He-cod{AF4(f), 8} = He-cod(f)(T(@) + 1),

with T (¢) the Tjurina number of ¢. Equality is reached when ¢ is quasi-homo-
geneous and {(dZ(i* (Lift(Ar 4(f))))) = (dZ(i*(Lift(F)))), where i: K¥ —
KP*! is the canonical immersion i (X, ..., X,) =X1,...,X,,0)and dZ
represents the last component of the target vector fields.

i) {Ar¢(f), g} has a 1-parameter stable unfolding.

REMARK 4.5. We do not know an example where the condition in the pre-
vious theorem (d Z (i* (Lift(AFr,¢(f))))) = (dZ(i*(Lift(F)))) is not satisfied.
However, we do not have a proof that it is true in general. A similar technical
condition appears in [5, Theorem 3.8] for the .27,-codimension of the binary
concatenation and in the definition of substantial unfolding in [8].

We need the following:

LeEmma 4.6. Suppose [ = {f1,..., fr}: (K", S) = (K?,0) has a 1-para-
meter stable unfolding F, then we have the following adjacency diagram
between augmentations of f:

F«—Ap2(f) <= «— Apza(f) <= Ap(f) <— -

ProoF. First suppose that f can be divided into two non-stable germs 4
and h,. Then F = {H,, H,} where H; is a stable unfolding of h;, i = 1, 2.
Since dim T(h;) = dim T (k) = 0, we have dim7(H;) < 1fori = 1, 2. Now,
T(H)) and T(H,) have to be transversal because F is stable, which can only
happenif p+1 = 2. However, when p = 1, there is no such germ. This means
that if f has a 1-parameter stable unfolding then there is at most one branch
(say f1) which is not stable and the germ { f>, ..., f} is stable.

Therefore, we can assume that the unfolding parameter in F appears only
in Fy, i.e.

(f1,(x), 1)

0 ey = | (0.2

(£, (), ).
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Now consider the augmentation Ap «(f)(x,2) = {(fi,(x).2),...,
(fy(x), 2)}. The germ {(fl(zkmk_l)(x), ), ..., (fr(x),2)} is contained in the

versal unfolding of Ag«(f) and is R-equivalent to Ap -1 (f). The result
follows.

THEOREM 4.7. Suppose f: (K", S) — (K7, 0) has a 1-parameter stable un-
folding F(x, ™) = (fi(x), A). Let g: (KP x K'P*1 0) — (K? x K, 0) be the
fold map (X,v) — (X, anl 1V ) Suppose that ¢ is quasi-homogeneous,
Ar ¢ (f) is simple and (dZ(l (Llft(AF,,p(f)))) (dZ(i*(Lift(F)))), then
Ae-cod(f) = 1 implies that {Ar 4(f), g} is simple. Furthermore, if g is
transverse to the limits of the tangent spaces of the strata of Ar 4(f), then the
converse is also true.

Proofr. From Theorem 4.4, o/,-cod({AF ¢(f), g}) = H-cod(f)(t(¢) +
1).

Suppose first that &7,-cod(f) = 1. We know that the stratum codimen-
sion of {Ar4(f), g} is greater than or equal to Z,-cod(Ar4(f)) +1 =
Hp-cod(f)T(P)+ 1 =1(¢) +1 = A-cod({AFr 4 (f), g}). The stratum codi-
mension can never be greater than the .27, -codimension, so they must be equal.
Having this, the only way for {Ar 4(f), g} to be non-simple is that it is an
exceptional value of the parameter of a family with modality. Considering
Lemma 4.6, since Af 4( f) is simple, the modal family would be {Ar 4 (f), g}
with 7(¢") = t(¢) — 1 and clearly this is not the case. Therefore, {Ar 4 (f), g}
is simple.

Now suppose that {Ar 4(f), g} is simple. Its normal form is

(fo(x), 2)
(X Zn+1
j=p+1 /
If we take the 1-parameter stable unfolding of the augmentation F (x,z,A) =
(fo+r(x), z, 1), it turns out by part ii) of Theorem 4.4 that

(o2 (x), 2, A)
(X 27+117+1 U] ’ )‘)

is a 1-parameter stable unfolding of {Ar 4(f), g}. Therefore, if we consider

the deformation {( Fo@+1(X), 2), ( Z;1+;+1 ])} it only has stable singu-

larities. Since g has no contact with the strata of Ar ,(f), g is the best possible
with respect to Ar 4(f) and F and so

2

3

o -cod({Ar(f), g}) = H-cod(Ar 4(f)) + -cod(g)
= A-cod(Ary(f))+n—p+1.
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Wilson’s formula yields

Ae-cod({AF.¢(f), g})
= -cod({Ar(f), gH) +(r+D(p—n)—p
= -cod(Ary(f)+n—p+1+T+D(p—n)—p
= A-cod(Ar¢(f)) + 1
= ,-cod(f)T(¢) + 1.

On the other hand, since .%Z,-cod({Ar (), g}) = He-cod(f)(t(p) + 1), we
have &/,-cod(f) = 1.

ExaMPLE 4.8. i) Let f(y) = (2, ¥®) and consider the augmentations and
concatenations

(yZ’ y3 +xk+1y’ X)
4
@ {(y,x,O)

These bigerms are called AySi (k > 1) in [7] and [25] and are simple.
ii) Let f(y) = (¥%, y°) and consider the augmentation and concatenation

(%, ¥’ +x%y, x)
5
©) {(y,x,O)

The bigerm A B, is not simple since /,-cod(f) = 2 and the immersion is
transverse to the strata of B,. Therefore, the bigerms A By are not simple for
k> 1.

iii) Consider the codimension 1, n-germ from K" ! to K"~!

(x125x29 "'9xn71)
6
( ) (x19~x27"'9x5_1)
(F x4+ X1, X2y ooy Xye)

and augment and concatenate to obtain the n + 1-germ from K" — K"

(X2, X2y ooy X1, 2)
2
(7) (X1, X2, -+ X515 2)
(X2t Xt + O, X2, X, 2)
(xlv x2? LA ] xnfla Zz)

If ¢ is quasihomogeneous, ¢(z) = z* and we obtain a simple multigerm of
codimension k. This means that there are infinitely many simple multigerms
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with n 4 1 fold branches. However, as we will see later, there is no simple
multigerm with n 4 2 branches. We remark here that by [17, Corollary 3.9],
any multigerm with n + 1 fold branches is an augmentation and concatenation.
These examples also hold for the case (n,n + 1) considering immersions
instead of folds.

iv) Consider the codimension 1, 7 — 1-germ from K" 2 to K"~ and augment
and concatenate it twice. We obtain infinitely many non-simple multigerms
from K" to K" with n + 1 fold branches of codimension (7 (¢1)+ 1) (t (¢) +1).
The last fold is transverse to the strata of the previous n-germ.

(xlzs x27 A xn—27 yv Z)

8 (xl’x2’~-"x3_29yaz)

© V@t xt ot xa+010) + 2@ 32 X2y, 2)
(-xl7-x27 e ,xn—2, y27 Z)
(X1, X2, -+, Xn2, ¥, 20

v) The extra hypothesis for the converse of Theorem 4.7 to be true is neces-
sary. If we simultaneously augment and concatenate the codimension 2 bigerm
{(x%,y), (x> + ¥*, y)} we obtain the codimension 4 simple trigerm ([25])

(x%,y,2)
9 @+ y +22 9,2
(x,y,2%

Notice that the double point curve for {(x2, y, z), (x>4+y> 422, y, z)} describes
a cusp which is tangent in the limit to g.

4.2. Generalised concatenations

Now we study the simplicity of multigerms admitting a decomposition 7 =
{f, g} where f and g are stable germs. We prove in Proposition 4.11 that if
T(f) = {0} and dimk T(g) = p — 2, then & is not simple. From this we
deduce in Corollary 4.14 that generalised concatenations where T(f) = {0}
are non-simple. Furthermore, we discuss simplicity of 2 when 1 < dim T(f),
dim7(g) < p — 1, which may or may not be generalised concatenations.

DerNITION 4.9 ([17]). Let f: (K"™*,8) — (K?7%,0), s < p, be a germ
of finite &7, -codimension and let F: (K", § x {0}) — (K?”, 0) be a s-parameter
stable unfolding of f with

Fxy, oo, x0) = (Fi(x1, ..., %), .00, Fp—s(xlv --wxn)vxn—s—O—h ces Xn),



ON THE SIMPLICITY OF MULTIGERMS 209

where F;(x1, ..., %1—5,0,...,0) = fi(x1,..., xp—s). Let g: (K"7PT5 T) —
(K*, 0) be stable. Then the multigerm & = {F, g} is a generalised concatena-
tion of f with g, where g = Idyr— X g.

Observe that with this definition, dim 7(g) > p—s > 1. If g is amonogerm
and dim T(g) = p — s, it is of the form

g(x1, ..., xp)

= (xl’ sy Xp—s, gp—s-l-l(xp—s—s—ls CI) 'xl’l)s CI) gp(xp—s—ﬁ—l» ey xn))

Whens = 1and g,(x,,...,x,) = Z?:p )cl.2 (org, =0whenn =p—1),
h is called a monic concatenation. When # is of the form
(X’ yv Lt) = (fu(y)v l/t, X)

(10) {
(x,Y,u) = (Y,u, g,(x))

where (f,(y), u) and (u, g,(x)) are 1-parameter stable unfoldings of a certain
f and g respectively, 4 is called a binary concatenation.
In [15], Nishimura proved the following Theorem:

THEOREM 4.10. Let f = {f1,..., i} (K", S) — (K?,0) withn < p
be a multigerm with minimal corank. If np # 1 and f is &/ -simple, then the
Jfollowing inequality holds

p2+ (n—Dr

mo(f) < Py r—

From this result we obtain

ProrosITION 4.11. Let h = {f, g} be a multigerm with f, g stable and
n=p#1,20rn = p—1.Suppose thatT(f) = {0} and dimk T(g) = p—2,
then h is not & -simple.

PrROOF. Suppose that & is simple.

1) First take the case n = p. From Nishimura’s result we have that my(h) <
(n* 4+ (n — 1)r)/(n — 1). Since f is stable and T(f) = {0}, it must be an
Ay, ... x,-singularity with ) ":_, k; = n. On the other hand dimy T(g) = n — 2
implies that g is either an A,-singularity or an A?-singularity. We have that

mo(h) = mo(f) +mo(g) = Y (ki + 1) +mo(g) =n+ 5+ mo(g),
i=1

where mo(g) = 3 or 4 depending on whether g is an A, or an A2, respectively.
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For the A, case we have thatn +s +3 < (n> +(n — (s + 1))/(n — 1)
where s + 1 = r. This implies that n — 2 < 0 and therefore n = 1, 2. For
example the bigerms {x?, x>} when n = 1 and {(x> + xy, y), (x, ¥° + xy)}
when n = 2 are simple ([17]).

In the A% casen+s+4 < (n®+ (1 —1)(s +2))/(n — 1) wheres+2 = r.
Again this implies that n = 1, 2. For example the trigerms {x?, x?, x*} when
n=1and {(x? + xy, x), (x, ¥?), (x, y? + x)} when n = 2 are simple ([17]).

2) For the case n = p — 1, Nishimura yields mo(h) < %. Here
dimg T(g) = p — 2 implies that g is a transversal intersection of two immer-
sions. We distinguish between the cases where n is even or odd.

If n is even, T(f) = {0} implies that f is a monogerm with mo(f) =
(n 4+ 2)/2oritis a p-tuple point with mo(f) = p. If f is amonogerm we have
that % +2 = ”TJFS < %, which implies p < 3, however when p = 3a
cross-cap together with two immersions is not simple ([25]) so 4 is not simple.
If f is a p-tuple point we have that p+2 < (p?> + (p — 2)(p +2))/2p — 3)
and so p < 2, which is a contradiction.

If n is odd, T(f) = {0} implies that f is either a bigerm {fi, f»} with
mo(f1) = (n—1+2)/2 and mo(f>) = 1 or it is a p-tuple point. The case
where & is a p + 2-tuple point is the same as in the case that » is even and yields
p < 2, however, the cross-ratio shows that a quadruple point when p = 2 is
not simple. When f is a bigerm we get the inequality ”2i1 +1+2= ’%“6 <

PH4(p=2)

53 which again implies p < 2.

ExAMPLE 4.12. i) In the equidimensional case, the bigerm A, A, from K"
to K" given by
(x{”r1 +xx1 + -+ x,,_zx'l’fz'
(11) +oyxl 2z xa o X2, ¥, 2)

X1y ooy Xpe2, ¥, 22+ ¥2)

is not simple when n > 2. It has %/,-codimension n ([17]) but the stratum
codimension is always 2.
ii) A p + 2-tuple point for any (n, p) withn > p — 1 is not simple.

COROLLARY 4.13. Let h = {f, g} be a multigerm with f, g stable and
T(f) = {0}. If h is simple, then g is a prism on a Morse function or an
immersion.

COROLLARY 4.14. Let h = {f, g} be a non-monic generalised concate-
nation (i.e. g is not a prism on a Morse function or an immersion) and suppose
that T(f) = {0}, then h is not simple.
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The case h = {f, g} with f and g stable and 1 < dim7(f), dimT(g) <
p — 1is not included in the above results. Suppose # is of type Ay, .k, from
K" to K" where ) ._, k; = n + 1. This implies that mo(h) = > ;_, ki +r =
n+r+1 <n+r+1+1/n—=1) = > +r(m—1))/(n — 1), which
means that the multiplicity of such a multigerm is the maximum possible
below Nishimura’s bound. We have the following

PROPOSITION 4.15. There exists a simple h: (K", S) — (K", 0) of type
Aklmkr with Z?=1 ki=n+1.

PrROOF. We can decompose /4 in two stable germs Ak, ki, and Ak, ki,
suchthatk; +---+k; =landkj +---+k;_ = n+1—1[. There exist germs
of type Ak[] .k, and Ak.n .k;,_, which have codimension 1 as germs in K'~! and
K"~ ([5]). With them we can construct a codimension 1 binary concatenation
which is of type Ay, k. in K" and is therefore simple.

A similar study can be done for the case of multigerms A: (K", S) —
(K"*!, 0) where the multiplicity is the maximum possible below Nishimura’s
bound N = ((n + 1)> +r(n — 1))/(2n — 1).

Suppose n = 2/ + 1. Since r < n + 2 = 2/ 4 3 then for (I,r) # (1,2),
N = (2 +2)*>+2lr)/(4l +1) <I+1+r/2whenrisevenor N <[+1+
(r+1)/2whenrisodd. Infact N =1 4+2+ (/2) — 2l —4+7r)/2(4l + 1)
and0 < 2l —4+7r)2(4l+1) < 1/2.1fl =1andr = 2 then N = 4 and
from [4] there is no simple bigerm & = {f, g} with f, g stable of multiplicity
4.

Now suppose n = 2I. Then for/ # 1 and (/,r) # (2, 1), we have N =
(QL+1)24+ @1 —Dr)/@4 —1) <[I+1+r/2]. Infact N = [+ 1+ (r/2) +
(+2)/4l—-1) —r/2(4l+1) and ({ +2)/4 - 1) —r/2(4l +1) < 1/2.
When [ = 2 and r = 1, there is not a stable monogerm of multiplicity 4.
Suppose I = 1. If r = 3 then N = 4 and from [25] the only simple trigerms
are those composed by 3 immersions and therefore have multiplicity 3. If r = 2
then N = 3 and there are simple bigerms whose branches are a cross-cap and
an immersion ([25]). We have the following

PROPOSITION 4.16. There exists a simple multigerm h: (K", S) — (K"*1,0)
with mo(h) =14+ 14+ r/2 whenn = 2l orn = 2l + 1 and r is even, or
moth) =1+ 14+ @ +1)/2whenn =2+ 1 andr is odd.

PRrROOF. Firstsuppose thatn = 2/+1 and r is even. We can write h = {f, g}
such that mo(f) = [ + 1 and is stable. Notice that 1 < dim7(f) < [ + 1.
Consider g the multigerm of r /2 immersions with m(g) = r/2 and take f with
r/2 branches. Then /4 has the desired multiplicity and number of branches and
is stable since the analytic strata have regular intersection. In fact, cod T(f) =
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2[4+2—dim T(f) = 2[+2—r/2andcod T(g) = cod ?(A(r)/2) =r/2,sowecan
always choose them in a way that they have regular intersection. Obviously,
any stable germ in the nice dimensions is simple.

If n = 21 and r is even then there exists a codimension 1 germ whose versal
unfolding is the germ 4 constructed above and therefore is simple.

Now suppose n = 21 4+ 2 and r is odd. Then [(/ + 1) + 1 + r/2] =
[+1+( + 1)/2. Wecanwrite h = {f, g} suchthatmy(f) = [41 and s stable.
This means that2 < dim T(f) < [+2. Similarly to the previous case, consider
g the multigerm of (r + 1)/2 immersions with mo(g) = (r + 1)/2 and take
f with (r — 1)/2 branches, then % has the desired multiplicity and number of
branches and is stable since the analytic strata have regular intersection and
therefore simple.

If n = 2/ 4+ 1 and r is odd then there exists a codimension 1 germ whose
versal unfolding is the germ 4 constructed above and is therefore simple.

However, there are examples of multigerms with the highest possible mul-
tiplicity below Nishimura’s bound that are not simple:

ExaMPpLE 4.17. i) Consider the codimension 2 trigerm of folds given by
{(x%, y), (x, ¥%), (x, y*> + x?)}. If we augment and concatenate it we obtain
the codimension 4 quadrigerm

% y,2)
(x,y%2)

12

(12) (,y?+x*+27%2)
(x,y,72%)

If we take the first two branches as f and the last two as g we have that
1 = dim7(f) = dim T(g) but this multigerm is not simple by Theorem 4.7.
The same example is valid for (n, p) = (2, 3) considering immersions instead
of folds.

i1) Suppose we have a germ of type Ay, i from K" to K" such that
Yi_iki=n+1landk_; =k = 1. Since er;lz k; = n — 1, there exists a
germ of type Ay, ,_, which has codimension 1 in K"~2. We can augment and
concatenate it with an augmenting function ¢ such that 7 (¢) = ¢ > 1 to obtain
a germ in K"~! of codimension ¢ + 1 > 2. If we augment and concatenate this
germ again we obtain a non-simple germ of type Ay, i , provided the last fold
Ay, = A is transverse to the strata of the germ of type Ay, x,._,-

iii) By Theorem 4.10, two A,_ singularities in K" are simple only when
n < 3 (two cuspidal edges, for example).

It follows by [15] that if f:(K",S) — (K”,0) (n < p) is simple, then
the number of branches r is bounded by p?/n(p — n). In the equidimensional
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case this is not an upper bound. However, if we consider only non-submersive
branches we can prove the following.

ProrosiTioN 4.18. Let f = {f1,..., f-}: (K", S) — (K", 0) be a germ of
type Ak, With|S| =r > landn > k; > ki1 Yi=1,...,r =L If fis
simple, thenr <n —ky +2=n—mo(f1) + 1.

PrROOF. If k| = 1, then all the other branches are also fold singularities.
From Example 4.12, a simple multigerm with only fold singularities can have
at most n 4 1 branches.

If k; = 2, from Proposition 4.11 since f is simple then dim7(f’) > 0
where ' = {f>,..., f,}. Therefore f’ has at most n — 1 branches, and so
r < n. In fact the best multigerm that has analytic stratum zero is the n-tuple
transversal point.

Ifk; = k < n,thendim T(f;) = n—k. Inthe best of the cases, the remaining
branches are folds. Suppose we take n — k transversal folds whose intersection
has dimension k. Then T({ f1, A’l‘fk}) = {0}, and so, by Corollary 4.13, there
is just one more branch which is a prism on a Morse function. Therefore
r<n—k+1+1=n—-k+2.

4.3. Multigerms with a non-stable branch

We study here germs h = {f, g} where f is a non-stable primitive germ.
We classify all simple germs where g is a prism on a Morse function or an
immersion and give some results for the general case.

COROLLARY 4.19. Let f ={f1,..., fr}: (K", S) — (K", 0) be a primitive
A, -codimension 1 germ, n > 2. Then the multigerm h = { f, A1} is not simple.

PrOOF. If f is a multigerm, from [5] f; is stable foralli = 1,...,r, so
h = A k1andmo(h) =n+1+r+2.1f fisamonogerm, mo(f) =n+2
([21]) and mo(h) =n+2+4+2 =n+ 1+ r + 2. Suppose that /4 is simple. By
Nishimura’s resultn +7r +3 < (n> 4+ (n — 1)(r + 1))/(n — 1) and son < 2.

COROLLARY 4.20. Let f: (K", 0) — (K", 0) be a primitive of,-codimen-
sion 1 germ, n > 3. Then the multigerm h = { f, Ao} is not simple.

ProOOF. From [5] we know that my(f) = (n 4+ 3)/2 and that n is odd, since
there are no primitive 7,-codimension 1 when n is even. Suppose that 4 is

2
simple. By Nishimura’s result 1 + % < % andson < 3.

These results can be deduced from the proof of [17, Propostion 5.9] which
states that if & = {f, g} is a multigerm with f a primitive monogerm of .27,-
codimension 1 and g a prism on a Morse function or an immersion, then 4 has
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codimension greater than or equal to p when n > p and greater than or equal
to 5 whenn = p — 1.

ExAMPLE 4.21. i) When p = 1, the bigerm of a Morse function and an
A,-singularity and the trigerm of 3 Morse functions have codimension 2 and
are simple.

ii)Ifn =1, p =2, thereis the simple codimension 2 bigerm {(x%x3), (0,x)},
and if n = p = 2 there are the simple codimension 2 bigerm

(x*+ yx,y)
13
(13) { (232 1)
and the trigerm
(x* +xy, x)
(14) (x, %)
(x,y* +x)

iii) In the equidimensional case, given the bigerm

as) {(x;’+2+x2x1 o xx T X x)

(XI, cees Xp—1, x;% + Xn—l)

the codimension is exactly n (except when n = 1, see case 1) above) and is
non-simple when n > 2.
iv) When (n, p) = (3, 4), the bigerm

(16) { (u, v, x3 + ux, x* + vx)

(u,u,v,x)

has codimension 2 and is simple ([4]). There are no primitive codimension 1
multigerms in these dimensions.

v) When (n, p) = (2, 3), a cross-cap and two immersions or a quintuple
point are not simple ([7], [25]).

THEOREM 4.22. Let h = { f, g} is a multigerm with f a non-stable germ and
g aprismon a Morse function or an immersion and suppose that g is transverse
to the limits of the tangent spaces of f. Then h is simple if and only if either f
is an augmentation of an sf,-codimension 1 germ (i.e. h = {Ap 4(p), g} with
HAp-cod(p) = 1) or h is one of examples 1), ii) or iv) above.

Proor. Follows directly from Theorem 4.7 and Corollaries 4.19 and 4.20.

Example 4.21 shows that simple multigerms & = {f, g} where f is a
primitive monogerm and g is a prism on a Morse function or an immersion are
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exceptional. We expect that if g is a more degenerate stable singularity, # will
not be simple. In what follows we discuss the case where f is an augmentation
and g is more degenerate than prism on a Morse function or an immersion.

CoroLLARY 4.23. Let Ap 4(f): (K", 0) — (K”, 0) be an augmentation and
g be a cuspidal edge or two transversal folds (wWhenn > p) or two transversal
immersions (Whenn = p—1). If mo(Ar 4(f)) > n>—=n+1)/(n—1)(when
n > p)ormo(Are(f)) > (n*>+n)/2n —1) (when n = p — 1) then the
multigerm {Ar ¢ (f), g} is not simple.

PRrOOF. Suppose i = {AFr4(f), g} is simple. First, if n = p, by Nishi-
mura’s result mo(h) < > +r(n —1))/(n—1). If gis a cuspidal edge we
have
n?>+2n—1)

mo(Ar,e(f)) +mo(g) = mo(Are(f)) +3 =mo(h) < PRSI

which implies mo(Ar4(f)) < (n> 4+ r(n — 1))/(n — 1). The case where g is
two transversal folds follows similarly by using mo(g) = 4 and r = 3.
Ifn =p —1,thenr = 3 and mo(g) = 2, and the result follows similarly.

ExAMPLE 4.24. i) The bigerms

3 2 1
(17) {(x + "+ 2Hx, v, 2)

(x,y,2° +y2)
have codimension / + 1 and are simple. The versal unfolding can be obtained

similarly to the proof of Theorem 4.12 in [17].
ii) The trigerms

(x,y,2%)
(18) (x,y, 22+ y*+x)
3+ yx,v,2)
have codimension / + 1 and are simple, by the same argument as above.
iii) The trigerms
o+ O +2Dx,y,2)
(19) (x, ¥, 2)
(x,y,2%)

are augmentation and concatenation of the codimension 2 bigerm {(x* +
y2x,y), (x, %)} and so have codimension 2/ and are non-simple.
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iv) The bigerms

4 I
20) {(x +yx+27'x,y,2)

(x,v,2° + y2)

are not simple.

5. Simple multigerms from C3 to C3

In this section we obtain a list which includes all simple multigerms from C3
to C* using our results and some simple calculations.

5.1. Monogerms

Table 1, obtained by W. L. Marar and F. Tari in [12] and earlier by V. Goryunov
in [6], contains a list of normal forms for simple corank 1 monogerms of maps
from R? to R3.

TABLE 1.
Name Normal form 2f,-codimension
Ay (x,y,2%) 0
3up) (x, 5,2+ P(x,y)2) n(P)
4’1‘ (x,y,z“—l—xz:l:ykzz),kzl k—1
4 (x,y, 2+ (P £ Xz +x2), k=2 k
54 (x,v,2° +xz+ yz%) 1
5 (x, 3,2 +xz+y*22 +y7%) 2

Here P(x,y) are simple functions in two variables and w(P) denotes the
Milnor number of P. We use the standard notation A, for the cuspidal edge
3y and Aj for the swallowtail 4%.

5.2. Bigerms

We consider bigerms & = { f, g}.

We study first the case where f is non-stable. Suppose f is an augmentation
and g is a fold singularity A;. When £ is an augmentation and concatenation
and from Theorem 4.7 we know that if f is an augmentation of a codimension 1
germ then £ is simple. So augmenting the codimension 1 germs (x* + y%x, y)
and (x* + yx, y) we obtain the families of simple germs 3, A; with P an A,
singularity and 4X A;:

3+ O+ hHx, v, 2) and { @t +yx + 72542y, 2)

21
@b {(x, ¥, 2%) (x,y,2%
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If we augment and concatenate the codimension p germ (x3 + 21y, 2),
since (x, y2, z) is not transversal to the limits of the strata of the augmentations,
we must consider {(x? + (y* + z*tDx, v, 2), (x, ¥2, 2)}.

The 3, cases where P is a Dy or E; singularity withk > 4 andi =6,7, 8
can be seen as augmentations of the codimension 2 germ (x* 4+ y*x, y) and
the 4’5 cases can be seen as augmentations of the codimension 2 germ (x* +
y2x + yx?, y). In all these cases, (x, y, z°) is transverse to the corresponding
strata, so the corresponding bigerm is not simple.

There are no simple germs in this case when /% is not an augmentation and
concatenation.

Suppose g is not a fold singularity. Since my(f) > 3, from Nishimura’s
bound we have that m((g) < 3 so the only possibilities are 3, A, singularities.
Following the calculations in Example 4.24 i) and the fact that 3, A, is not
simple if P is not an A, singularity, these bigerms are only simple when the
function P in 3, has an A, singularity.

If f is primitive, from Corollary 4.19, there are no simple bigerms.

Now suppose that f and g are stable. First suppose that both are A; singular-
ities. From [17, Proposition 3.7 and Corollary 3.8], 4 must be an augmentation.
It is well known that a bigerm with two fold singularities is simple if and only
if they are transversal (A?) or they have a simple contact (the contact function
is simple). The only possibilities are

{ (x,y,2%)

o)
22 (x,y, 2>+ h(x, y))

where i (x, y) is a simple function singularity.
We need the following Lemma to proceed which is an equidimensional
version of a Theorem in [25].

LEMMA 5.1. Leth = {f, g} and h' = {f’, g} be finitely determined germs.
Consider y J the subgroup of the group 7 whose diffeomorphism in the source
preserves V, where V is the discriminant of g. If h and h' are of-equivalent
then A is y H -equivalent to ', where A, ) € O3 are reduced defining equations
for the discriminants of f and f’ respectively.

ProOF. Since & and &’ are &/ -equivalent there exist germs of diffeomorph-
isms such that ¥ o f o = f'and ¥ o g o ¢ = g. Let D(f) denote the
discriminant of f. Then ¥ preserves D(g) and takes D(f) into D(f’). So
(M o ¥)71(0) = A71(0) as they are reduced equations. Therefore A’ o ¥ is
€-equivalent to A and as Y preserves V = D(g), they are y J/-equivalent.

From this lemma we deduce that if the function A defining the discriminant
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of a fold singularity f is non-simple, then A will be non-simple. We continue
our discussion.

If fisan A; singularity and g is an A, singularity, again all such bigerms
are augmentations. Using the classification of simple submersions preserving
a cuspidal edge carried out in [18] we obtain a list of all possible simple
bigerms with a fold and a cuspidal edge. In fact, these are all obtained by
augmenting the codimension 1 and two bigerms {(x* + yx, y), (x, y?)} and
{(x? + yx, y), (x2, y)}. This gives the families

3+ yx,y,2) and {(x3+yx,y,z)

23
23) {(x,y2+zk,z) x>+ y,2)

The case k = 1 in both families is the stable germ A A,.

In [3], the authors obtain a classification of submersions under y %2-equival-
ence, where V is the discriminant of the swallowtail. Similarly we can obtain
the classification of submersions under y J/-equivalence. The possible simple
bigerms with an A| and an A3 singularity:

(ot yx +2x2,y,2)
(x, y*+ 2%, 2)

(x* 4+ yx +2x2,y,2)

24
@9 {(x,y,zz)

and for k > 2 {

The first one is a codimension 1 monic concatenation of (x* + yx, y), and the
family is .«/-equivalent to codimension k monic concatenations of (x*+ y*x +
a2, y).

If both f and g are A, singularities we have a codimension 1 binary con-
catenation
25) { (@ +yx, y,2)

(x,y,2° +yz)

We should consider two cuspidal edges with some type of contact. First we
study the contact between one of the cuspidal edges and the limiting tangent
plane to the other. From [17, Example 4.15 ii)], there is only one 2/-class for
any type of contact and it has codimension 2, a normal form is

3 i
26) {(x +y'x+2zx,y,2)

x, y,2° +y2)
The next type of contact is between the two limiting tangent planes. Using the
complete transversal method we obtain the simple bigerms of codimensions 3
and 4 respectively
3 3
!(x +yx,¥,2) and {(x +yx,y,2)

(27)
3 +zx +x%y,y,2) (x* 4+ 2zx,y,2)
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Based on the previous example, different types of contact between the limiting
tangent planes yield the same germ.

The multiplicity of a bigerm of type A, 3 overpasses Nishimura’s bound for
simplicity.

5.3. Trigerms

Due to Nishimura’s bound we can only have either 3 folds or 2 folds and a
germ of multiplicity 3.

With 3 folds either the trigerm is a stable triple point (k = 1 in any of
the families below) or it is an augmentation (again by [17, Corollary 3.8]).
The germ /& must be an augmentation of one of the germs {(x?, y), (x> +
y', y), (x, y?)} since they are the only trigerms of 3 fold singularities from C?
to C? which admit a 1-parameter stable unfolding. Comparing with the simple
trigerms of 3 immersions in [25] a trigerm with 3 fold singularities is simple
if it is equivalent to one of the following

(x%, v, 2) (x%,y.2)
(28) x>+y+75y.2) @2+ y' +72,9,2)
(x, % 2) (x, % 2)
(x%, ¥, 2) (x%, ¥, 2)
(29) (x> +yz+z7Ky,z) and 2+ +2%,9,2)
(x, %, 2) (x, ¥ 2)

The last case corresponds to Example 4.8 v). Notice that the second family is
also a simultaneous augmentation and concatenation of a codimension 1 germ.

If we have two fold singularities and a cuspidal edge we must consider two
cases. Firstly, the two A singularities must be an augmentation so we study
what kind of augmentations together with a cuspidal edge give simple germs.
We use [17, Theorem 4.12] about the codimension of a cuspidal concatenation.
The only simple germs here are those in Example 4.24 ii) of codimension / + 1

(x,y,7%)
(30) (x,y, 22+ y*+x)
3+ yx,y,2)

with [ > 1. For/ = 1 we get a codimension 2 germ which can be seen as a
monic concatenation.

Secondly, a fold and a cuspidal edge are also an augmentation, so together
with another fold, & might be a simultaneous augmentation and concatenation.
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TABLE 2.

J{ -orbit Normal form A,-cod
AA, {(x, y,2%); (x, y, 22 + h(x, y)} u(h)
Al A, (P +yx, y,2); (x, 2 + 24, 2)) k—1

{3+ yx,y,2; 2+ 25y, 2)} 2k — 1)
AlA; {4+ yx + 222, y, 2); (x, ¥2 + 25, 2)} k
ArA, {3 +2x, v, 2); (x, v, 2 + y2)} 1
{3+ y2x +2x,y,2); (x, 9,20 + y2)} 2
{(* +yx, 3,2 (& + z2x +x%y, y,2)} 3
{7 +yx,y,2); (& +2x, 9, 2)} 4
3.4 {3+ O +2Dx, y, 25 (x, v, 29) w1
{7+ O+ 2"TDx, v, 2): (x, y%, 2)) 2u
4KA, {(c* + yx + 25x2, v, 2); (x, v, 29)} k
3,4, {0+ (P42 Dx,y,2)s (6, y, 27 + y2)) pn+2
AlAA {62, 9,2 2 +y+2 9,25 (x, ¥, 2)} k=1
{2y, 2 2+ ¥+ 22,9, 2); (x, ¥%, 2)) k
{6y, 20 (P +yz 42y, 20 (e, ¥y DL k=2 k
{3y, 2 2+ ¥+ 23,9, 2); (x,¥%,2)) 4
AjA A, (. y, 29 (0, y, 22+ 2+ x5 (o + yx, y, 2)) k+1
{(x, 9,22 (x, y2 4+ 25,2 (3 + yx, v, 2)} k
3.A1A, {3+ O+ 2x, y, 2 (x,y, 29 (x, y, 22 + )} n+2
AjA A A, {2y, (x5, ¥4 20 (2 +y+ 25y, 25 (x, y, 29} k

In this case, if the augmentation comes from a codimension 1 germ, then £ is
simple so we get the simple trigerms of the family

(x,y,2%)
(31) (x, >+ 75, 2)
3+ yx, y,2)

fork > 1, which come from the only codimension 1 germ from C? to C* with a
fold and a cusp. For k = 1 we get a codimension 1 monic concatenation. If we
consider the codimension 2 germ f = {(x* + yx, y), (x2, )}, since the germ
(x,y, z?) is transverse to the strata of any augmentation of f, the simultaneous
augmentation and concatenation of f will yield non-simple germs.

If 4 were not a simultaneous augmentation and concatenation, the cuspidal



ON THE SIMPLICITY OF MULTIGERMS 221

edge with the other fold would be an augmentation too. So we would have
normal forms

(x,y>+7,2)
(32) x2+z5y,2)
(x* + yx, y,2)

However, the germ {(x, v, z%), (x> + z£, v, 2), (x® + yx, y, z)} which is not
simple due to the previous example, is in the adjacency of these germs. So, in
this case, & is not simple.

Example 4.24 iii) shows a 3MAf case which is not simple, however, the
first fold is not the best possible with respect to the first branch, so we must
consider {(x* + (y* 4+ 2)x, y, 2), (x, y, 2%, (x, y, 2% + y)}.

5.4. Quadrigerms

Here all branches must be fold singularities. From Example 4.8 iii) and iv),
the only simple quadrigerms are

(x%, y,2)
(x, % 2)
@+y+7,y,2
(x,y,2%)

(33)

From Example 4.12 ii) we know that there are no simple pentagerms.

Table 2 includes all simple multigerms from C* to C3. Here h(x, y) is a
simple function in two variables, (k) stands for the Milnor number of 4 and
k > 1 unless stated otherwise.
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