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A DEFORMATION OF THE ORLIK-SOLOMON
ALGEBRA

ISTVAN HECKENBERGER and VOLKMAR WELKER

Abstract

A deformation of the Orlik-Solomon algebra of a matroid It is defined as a quotient of the free
associative algebra over a commutative ring R with 1. It is shown that the given generators form
a Grobner basis and that after suitable homogenization the deformation and the Orlik-Solomon
have the same Hilbert series as R-algebras. For supersolvable matroids, equivalently fiber type
arrangements, there is a quadratic Grobner basis and hence the algebra is Koszul.

1. Introduction and statement of results

In this paper we introduce and study a deformation of the Orlik-Solomon al-
gebra of a matroid J¢. We refer the reader to [6] and [12] for general facts
about the classical Orlik-Solomon algebra. Our deformation, which is differ-
ent from the one in [10], is presented as a quotient of the free associative
algebra over some commutative ring R with 1 by an ideal 7, () whose gen-
erators are deformations of the classical generators of the defining ideal of the
Orlik-Solomon algebra by a parameter ¢ € R in terms of the combinatorics
of circuits of the matroid. Choosing ¢ = 0 yields the Orlik-Solomon algebra
over R. Our main result, Theorem 1.1, states that the given generators of 1, ()
are a Grobner basis of the ideal. As a consequence it is shown in Corollary 1.3
that the deformation with g regarded as a degree 2 element is a standard graded
R-algebra which has the same Hilbert series as the Orlik-Solomon algebra. It
can be shown that under weak assumptions our deformation is the only deform-
ation of the Orlik-Solomon algebra with this property in general. Moreover,
the fact that the parameter ¢ must be chosen of degree 2 reveals interesting
combinatorics. For supersolvable matroids, equivalently fiber type arrange-
ments, the existence of a quadratic Grébner basis is shown which implies that
the algebra is Koszul generalizing known facts for the classical Orlik-Solomon
algebra. As further consequences we obtain in Corollary 1.5 a known Grobner
basis for the Orlik-Solomon algebra as a quotient of the free and the exterior
algebra. The remaining part of the introduction is devoted to the basic defini-
tions and statement of results. In Section 2 basic facts about non-commutative
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Grobner basis theory are given. Section 3 provides technical lemmas needed
for the proof of the main result. Finally in Section 4 the missing proofs are
given and an independence statement is presented.

Let S be a finite set and fix a total order < on S. Let R be a commutative
ring with unit 1 and let ¢ € R. For an arbitrary set system )¢ C 25 we define
a two-sided ideal 7, () in the ring

A:=R{t; | s € 5)
of non-commutative polynomials in the variables t;, s € S, with coefficients

in R.
Let 4, () denote the subset of A consisting of the elements

(1.1) t2—q, seS,

(1.2) tty + tt, — 2q, rseS,s<r,

13) = Y (DY O(=g)* VP, forall e k.
I1CJ24#1

Here, forasubset I = {j,, < -+ < jo,,} S J ={j1 < -+ < jas} we set

#1
(D) =) (o, = ).
v=1

The two-sided ideal of A generated by ., (¢) will be denoted by 7, (0t). We
write OS, (9¢) for the quotient A/, (3)¢). Our main motivation comes from the
situation when ¢ = 0 and 9 is indeed the set of circuits of a loopless matroid
without parallel elements. We refer the reader to the books [11] and [8] as
a general reference for matroid theory and recall that for loopless matroids
without parallel elements the set of circuits ¢ is characterized by the following
three axioms:

CH Jel=4#J>2.
(C2) J,KeM,JCK=J=K.

(C3) For any J, K € I such that J # K and for any x € J N K there
exists L € M suchthat L € (J UK) \ {x}.

We will refer to (C3) also by the name circuit axiom.

Now if D is the set of circuits of a loopless matroid without parallel elements
then for ¢ = 0 the algebra OS, (%) is the Orlik-Solomon algebra of ). In
case I is realizable as the set of circuits of a finite set of hyperplanes in C?
then the Orlik-Solomon algebra of 2t is known to be the cohomology algebra
of the set-theoretic complement of the union of the hyperplanes [7, (5.2)].
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In general, for g # O the algebra OS,(2N) is not isomorphic to the Orlik-
Solomon algebra of Ik, take for example S with #S = 1. On the other hand,
if g is a square and a unit in R, then OS, () is easily seen to be isomorphic
to OS; ().

Before we can proceed to the statement of our main results we need some
more definitions. Throughout this paper we will use the degree lexicographic
order <gx (see Section 2) on the monomials in A induced by the total order
< on § as a term order for the monomials in A. We enumerate the elements of
any subset J/ € Sby ji, ..., jsy suchthat j; < --- < jsy. Forany J C § we
write ¢; for the monomial #;, - --t;,, € A. The degree lexicographic order on
the monomials ¢; induces the degree lexicographic order on subsets of S; that
is for subsets J, K C Sweset J <qex K ifandonly if #J < #K or#J = #K
and the minimum of the symmetric difference of J and K is contained in J.
In addition, for two subsets K, J C § we say that K is a convex subset of J if
K € Jandif j € K forall j € J withk < j < k' for some k, k' € K. We
write K T J in this situation. Recall that a subset J C S is called dependent
in ¢ if it contains a circuit from 9. Let M be the set of dependent subsets of
S defined recursively as follows:

(GC) A dependent set J C S belongs to I if and only if K € I with
K <qiex J implies that K \ {k;} Z J \ {ji}.

Then we call 9% the set of Grobner circuits of IX.

Observe that the definition of 90t depends crucially on the chosen total order
on S. For example, if § = {1, 2, 3,4} and I = {{1, 2, 3}} then we obtain that
M = {{1, 2, 3}}. However, if M = {{1, 2, 4}} then M = {{1, 2, 4}, {1, 2, 3, 4}}
since {2, 4} Z {2, 3, 4}.

Our requirement that )¢ is a loopless matroid without parallel elements is
of purely technical nature. If 9% contains loops then 9% will contain exactly
one loop. For this loop (1.3) reduces to 1 and I,(0%) = I, (M) is the full
polynomial ring. If )¢ contains parallel elements then (1.3) implies that the
corresponding variables are identified modulo 7, (¢). Note that then OS, (2)¢)
is isomorphic to the algebra corresponding to the matroid obtained from )¢
by deleting all but one from a maximal set of pairwise parallel elements. If
9 contains no loops then (GC) guarantees that I contains sufficient two
element subsets to force that variables corresponding to parallel elements are
also identified modulo I, (M). Thus Grobner bases for I, (M) for matroids with
loops or parallel elements are either trivial or can be found by simple extensions
of Grobner bases for loopless matroid without parallel elements. Since our
proofs will require (C1) at several points we therefore confine ourselves to this
situation.
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THEOREM 1.1. Let I be a set of Grébner circuits of a loopless matroid
W without parallel elements. Then 1,(M) = 1, (M) and the set 4 (M) is a
Grobner basis of the ideal 1,() with respect to the degree lexicographic order
for all choices of q.

The Grobner basis is easily seen to depend on the total order chosen on §
but in Theorem 4.1 we show that 7, (3¢) and hence OS, (%) is independent of
the order on S. Simple inspection shows that the leading monomial of (1.1) is
12, of (1.2) is 1,1, for s < r and of (1.3) is #;,}- Thus all leading coefficients
of .4, (M) are 1. The standard monomials with respect to the Grobner basis
4 () are the monomials m = ¢, for J C S for which there is no factorization
m = mitg:m, for monomials m, m, where K’ is a broken Grobner circuit;
that is there is a Grobner circuit K for which K = K \ {k;}. By the definition
of a Grobner circuit it then follows that the standard monomials with respect
to the Grobner basis %, (M) are the monomials m = ¢, such that J does not
contain a broken circuit of J¢; that is a circuit with its least element removed.
These facts immediately imply:

COROLLARY 1.2. Let I be a loopless matroid without parallel elements.
Then the algebra OS, (M) is a free R-module whose rank is independent of q.

The standard monomials with respect to the Grobner basis %, (M) are the
monomials m = t; for J C S for which J does not contain a broken circuit.

The algebra OS, (M) is Z/2Z-graded for the grading induced by degt, = 1
forall s € S. If R is Z-graded and #y € R is homogeneous of degree one then
the Z-grading of R extends to a Z-grading of OS, () for g = t3. We consider
the case R = Q[fo] for some commutative ring Q with 1 and extend the total
order on the variables by setting 7y to be the least variable. Then we consider
I, (M) as anideal in Q(t, | s € S)[ty]. We deduce from Theorem 1.1, standard
facts about homogenizing Grobner bases (see [4, Thm. 3.7]) and Corollary 1.2
the following corollary.

COROLLARY 1.3. Let I be a loopless matroid without parallel elements,
R = Qlty] for a commutative ring Q with 1 and ty a degree one variable. If
we set q = tg then

(1) the set %, (M) is a Grobner basis of 1,(M) for the degree lexicographic
order with ty being the least variable. The algebra OS,(M) is a free
Q-module and a standard graded Q-algebra.

(2) The Hilbert series of OS, () as a Q-algebra is

l+ciz+---+ Crk(gje)zrk(we)

11—z

1
= Hilby(z) - ——,
l—z
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where tK(IN) is the rank of I, c; is the number of subsets of S of cardin-
ality i not containing a broken circuit and Hilbyy (z) the Hilbert series
of the Orlik-Solomon algebra of I as an algebra over a field k.

Note that the first part together with the second part of Corollary 1.2 implies
that the standard monomials of the Grobner basis are g't; fori > Oand J C S
such that J does not contain a broken circuit. Part (2) of Corollary 1.3 hence
follows by a simple counting argument and standard facts about Orlik-Solomon
algebras.

We note that experiments suggest that the generators (1.1), (1.2) and (1.3)
are the unique deformations of the corresponding polynomials for ¢ = 0 by
variables of degree > 1 satisfying Corollary 1.3(2).

Using results from matroid theory [1] we obtain the following results ex-
tending results from [10] (Koszul property) and [9] (quadratic Grobner basis
and Koszul property) for Orlik-Solomon algebras to our deformation. We refer
the reader to [3] for basic facts about Koszul algebras.

COROLLARY 1.4. Let I be a supersolvable loopless matroid without parallel
elements, R = Qlty] for a commutative ring Q with 1 and ty a degree one
variable. If we set ¢ = 13 then 4 (M) is a quadratic Grobner basis of I, (00
and in particular OS, () is a standard graded Koszul algebra.

We postpone the derivation of this corollary till Section 4 and note that for
the classical Orlik-Solomon algebra of a hyperplane arrangement it is an open
question if Koszulness is equivalent to the arrangement being supersolvable.
We do not see an obstruction to the validity of this equivalence in the setting of
1.4, but at the moment we consider the positive evidence as too weak to make
a corresponding conjecture.

For ¢ = 0, Theorem 1.1 states

COROLLARY 1.5. Let I be the set of Gribner circuits of a loopless matroid
M without parallel elements. Then the polynomials tS2 with s € S, t,t; + t;t,
withr,s € S,s <r and Zﬁil(—l)v_lt‘]\{j”}, where J € @, form a Grobner
basis of the defining ideal Io(N) of the Orlik-Solomon algebra of M with
respect to the degree lexicographic order.

Since for g = 0 the quotient of A by ts2 withs € S, t,.t, + t;t, withr, s € S,
s < r is the exterior algebra E we also get the following corollary from [5,

Prop. 9.3]. For its formulation we identify t; € A for J/ € § with its image in
E.
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COROLLARY 1.6. Let I be the set of Grébner circuits of a loopless matroid
M without parallel elements. Then the polynomials

#J
Y =D g,
v=1

where J € M N M, form a Grobner basis of the defining ideal of the Orlik-
Solomon algebra in E.

Grobner bases of the defining ideal of the Orlik-Solomon algebra inside
the exterior algebra have been described previously (see for example [12,
Thm. 2.8], [2], [9]).

2. Non-commutative Grobner basics

Recall that the degree lexicographic order or deglex order on the monomials in
A is the total order <gjex such that for two monomials #;, - - - #;, and ¢; - - - ¢;, in A
wehavet; ---t;, <dex tj, - - tj ifand onlyif either k < [ or k = [ and for some
0<h<kwehavei; = ji,...,i = jpand ip4; < jpy1. Any & € A\ {0}
can uniquely be written as a polynomial of the form f = cym; +--- + ¢;m;,
for non-commutative monomials m; <qiex - - - M2 <diex M in the variables f,,
s € S,andringelementscy, ..., c¢; € R\{0}. Inthis polynomial, ¢;m, is called
the leading term, c| the leading coefficient and m the leading monomial of f.
We write It( f) for the leading term, Im( f) for the leading monomial and lc( f)
for the leading coefficient of f. The m, ..., my are called the monomials of
f. In other words, the leading monomial is the largest monomial among all
monomials of f with respect to the deglex order. Further, for any monomial
m € A there are only finitely many monomials m’ € A such that m’ <gex m.

Let .# be a set of elements of A with leading coefficient 1. A reduction of a
polynomial f € A modulo £ is an expression obtained from f by replacing
the leading monomial m of an element g € .#, appearing as a subword of one
of the monomials of f, by m — g. By construction, a reduction does not have
monomials larger than the leading monomial of f. For any f, g € A we say
that f reduces to g (modulo #) and write

@1 N g
if there is a sequence of expressions f = fo, fi,..., fr = g, where k € Ny,
such that f;, is a reduction of f; foralli € {0, 1, ...,k —1}.

A subset G of a two-sided ideal I in A is called a Grobner basis of I if
the two-sided ideal generated by {1t(g) | g € G} coincides with the two-sided
ideal generated by {It(f) | f € I}.
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For two polynomials f, g in A with Ic(f) = lc(g) = 1 an S-polynomial
of (f,g) is any non-zero expression m; fm, — nign, € A for monomials
mi, my, ny, ny such that

2.2) my Im(f)ms = ny Im(g)ns.

Let Js, be the submodule of the A-bimodule (A & A) ®r (A & A) gen-
erated by the tensors (m, n|) ® (m,, np) for monomials m;, m,, ny, n, for
which (2.2) holds. Being generated by tensors of pairs of monomials there is
a unique inclusionwise minimal set of generators of J; , consisting of tensors
of pairs of monomials. It is easily seen that any of the generators will be of the
form (m, 1) ® (1,n), (1,n) @ (m, 1), (1,n1) ® (1,n,) or (m, 1) @ (my, 1).
The criterion from the following theorem will be employed in order to derive
Theorem 1.1.

THEOREM 2.1. Let R be a field and I a two-sided ideal of A. A set $ :=
{fi,..., fr} € I is a Grobner basis for I if and only if forall1 <i < j <r
and for any minimal generator (my, ny) ® (ma, n2) of Jy. 5. the corresponding
S-polynomial of (fi, f;) reduces to O modulo 5.

Itis possible to simplify the Grobner basis criterion in Theorem 2.1 by using
the following fact [5, Cor. 5.8].

LEMMA 2.2. Let f, g € £. Then the S-polynomials of ( f, g) corresponding
to the generators (Im(g)m, 1) @ (1, m Im(f)) and (1, Im(f) m) @ (m Im(g),
1) of Jy,,, where m is an arbitrary monomial, reduce to 0 modulo %.

We will apply Theorem 2.1 and Lemma 2.2 in a situation where R is not
necessarily a field. But since all our polynomials have leading coefficient 1
and since all reductions only use coefficients £1 the assertions remain valid.

3. Technical lemmas

3.1. General set systems

In this section we collect some useful formulas which are valid for arbitrary
set systems J¢ over S.
Generalizing the notation in the introduction, for all J C § let

t; = Z (=D D (=) * =Dy 1f
1€J.241

> =D (=g)* Pey.

I1CJ 211

We start with deriving formulas which are valid in A.
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LeEmMA 3.1. Let J, J', J" C S such that J = J' U J" and j' < j” for all
j e J, j” € J". Thenin A the equations

(3.1 t7 =thth + =) gt
(3.2) t; =tpth + (=Dl
hold.

ProoOF. We proceed by induction on #J'. Since tgr = land 7, = 0, the
claim holds for J' = @. Assume now that#J > 1, J' = {j;}and J” = J\ {ji}.

Then
if= Y (=)D ="y
ICJT 241

= ) DYy

I1CJ2|#1,j €l

+ Z (=D D (=)t

ICT21#1,j1¢1

— Z (_I)Zju(L)(_q)(#L+l)/2tJ”\L
LCJ" 24#L

¢ (L)+#L #1/2
D D o S C D el NS
LCJ"2|#L
- + + .+ — =
= —qt,, +tt;, =1t —qt,t;,.

Similarly, . B S e
1y =t} —tyt, =it — iy

The rest follows from the induction hypothesis and the associativity law of A.
LEMmA 3.2. Let K, L C S suchthatk <l forallk € K,l € L. Thenin A

we have

#K

#L
- = #K —i , — i—1,—
(3.3) ety = ) D T = DD -

i=1 i=1

PrROOF. We prove the first equality by induction on #K. If K = ¢ then
both sides of the equality are zero. Assume now that K # (J and let n = #K,
K’ = K\{k,}and L' = {k,}UL. Then Lemma 3.1 applied three times implies
that o _ e _
tet; = (tet, + (=D 'i0t;

=t (—t, +tH) + (D) ety

=~ ty T oK\ (k)
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from which the first equation follows from the induction hypothesis. In par-
ticular, for L = ¢ we obtain that 0 = Z?Zl(—l)“*it;\{m forall J C S. This

implies that the second and the third expression in (3.3) coincide.

LEmMMA 3.3. Let J, L € S suchthatn :=#J > 2, J\ {j1, ju} = L\ {l1}

and j; < ly. Then in A we have

n—1

(3.4) ty =t t, — Z(_l)it(}uu\{j,-} + (=D"t;1; = 0.
i=2

PROOF. Let J' = J \ {ji} and L' = L\ {l;}. Then t; = ¢},
Lemma 3.1 and

n—1

DD G0y = = 5015 = D150
i=2

by Lemma 3.2. Thus Equation (3.4) is equivalent to

+ —_ . — —
1y =t t, =yt + (=D Gy, + D g = 0.

— 1 tj_’ by

By Lemma 3.1, the left hand side of the latter equation can be written as

-2 - —_
(i, + (=D"2q10) = (1 = n1),

— 1, (tty, + (=D)"720) + (=D — ) + (=D, 8,

= (=1)" gt + (=D" 'yt + (=Dt}
=0

which proves the claim.

LEMMA 3.4. Let J, L C S such thatn :=#J > 2, L\ {{;} = J \ {j1, j2}

and j; <1y < jp. Then in A we have

n
— — - = i+1,—
(3.5) 17 — Wty + 11y, — 29000 gy — Gt + D (=D G000 =0

i=3

PrOOF. Let J' = J \ {ji}and L' = L\ {I;}. Then

n

il - - -
Z( D™t GonGy = Wi
=3
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by Lemma 3.2. Applying this and Lemma 3.1 repeatedly, the left hand side of
Equation (3.4) becomes

t; — (tpn, + 1t — 29)t;,
—(t), — )t — i) + Uty — tity, + i, — @ty
=1t; +(q —t;,t,)t;, — (&, — i)t}
=15 —tyt; +(q — )ty — (U, — 1)t
=0

which proves the claim.

Now we turn to reductions. Observe that if 9t € I are sets of subsets of .S
then for # € A we have that if 7 reduces to zero modulo .%, (9t) then ¢ reduces
to zero modulo %, (). In particular, if ¢ reduces to zero modulo .%, () then ¢
reduces to zero modulo %, (). Note that in the reduction modulo .%, (%) only
relations (1.1) and (1.2) are involved.

LEMMA 3.5. Let J € S and lets € S.

(1) Assume that s € J. Then
07 NG g, oty NGO o
(2) Assumethats ¢ J. Let J' ={j € J | j < s}. Then

g #J' - — #J'—1,—
Lt N DM g Fary sty NP DY g o

REMARK 3.6. If s < j; then in the last expression of Lemma 3.5(2) the
leading term of f¢; is #¢, - - - t;,,. On the other hand, the leading term of
both #;,,, and t} is t; which is larger than #;, - - - t;,, with respect to the
deglex order. The reduction formula means that these two leading terms cancel
and #,¢; reduces modulo %, (9) to the remaining expression. In fact, due to

Equation (3.2) for 7}, no reduction is needed to obtain the result.

PrROOF. We proceed by induction on #J. Assume first that s < j for all
J € J. (This holds in particular if J = ¢.) Then tfu{s} = t,t7 —qt; and
L) = t7 —tst; in A by Lemma 3.1 and hence (2) holds in this case.

Assume now thats € J ands < jforall j € J.Let K = J \ {s}. Then

1] =tf —qty, t; =t —titg
in A by Lemma 3.1. Since tS2 —q € J,(9), it follows that

2 — L@ - —
titf =218 — qutg N gt} — quty = qt;,

- 2,— I, -
tt) =t — 2t NG 11t — gty =1
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by Lemma 3.1. Hence (1) holds in this case.

Finally, assume that J # # and that s > j;. Let K = J \ {j;}. We assume
first that s € J and prove (1). Since ,t;, + t;,t, — 2g € %,(¥), by Lemma 3.1
and by induction hypothesis we obtain that

tt} =ttt — qt) D (=11, + 29018 — gty
NED 1 (qty) + gt = qt].

Similarly,

1ty = t(tg — ;1) P gte — (—tj, 1, +29)1
Nt — gt =17
A similar argument proves (2).
The following lemma is a right-handed analogue of the previous result.

LEMMA 3.7. Let J C S and lets € S.
(1) Assume thats € J. Then

e NG (=0 gy, 1 NP (D
(2) Assume thats ¢ J. Let J" ={j € J | s < j}. Then
tj—ts \Z](@) (_1)#J//tju{x} 4 (_1)#J+lqt.]—’

151 NP (=D 1+ (=D

ProoOF. See the proof of Lemma 3.5.

LeEMMA 3.8. Let J € S with J # (. If t; reduces to zero modulo %,(),
then t}L reduces to zero modulo %, (00).

PrOOF. Let K = J \ {j;}. Lemma 3.1 gives that
t;_:tjltlt_qtlz’ tj_:[;(’__tjltlz

in A and the leading term of 7 is the leading term of t. Thus, since t; g0
0, it follows that 17 \J«™ ¢; ;.. Hence

+ _ + — ) 2 — -
1y =ity —qty Ut —qty

which reduces to zero modulo .%, () since t/.zl —q € S,(M).
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LEMMA 3.9. Let J C S and let s € S. Assume that t; reduces to zero
modulo Jy(M). If J # W, r < s forallr € Jor#J > 2,5 < jo then tj,,
reduces to zero modulo %, (00).

PrOOF. If r < sforallr € J thent; ,, =1, — t7 by Lemma 3.1. Thus
the first half of the claim holds by Lemma 3.8.

If#J > 2,5 < j then o) = t;’ — t,¢; by Lemma 3.1 and again the
claim holds. If s = j; then there is nothing to prove. Finally, if j; < s < j»
then let J' = J \ {j;}. Lemma 3.1 gives that

Loy = t{;,,s}tﬁ + t{J;,,s}t; = (t, — )t} + (G, ts — @ty
= (ZS - tj])(tj_ + tjl tj_/) + (tj] ts - CI)I;
= (t; — 1) + (51, + 1,1, = 29)t5, — (17 — @)1,

This expression reduces to zero modulo %, (M) which proves the remaining
claim.

3.2. Matroids

From now on let I be the set of circuits of a loopless matroid without parallel
elements on ground set S and let 2t be a set of Grobner circuits of .

ExampLE 3.10. A typical example where the set of circuits )¢ of a matroid
is not sufficient to define a Grobner basis of OS, () is the following.
Let S = {1, 2,3, 4} with the usual order and let ¥t be the set system
consisting of {1, 2, 4}. Then
tiosy = b3ty — 11314 + Loty — itz — gty + g3 — gl + g4
is zero in OS, (M) since

L _ L ~ B
Lip3q = —B3lpy 115y = —B3l 15y + 11ty

by Lemma 3.5 and ¢,, = 0 in OS, (). However, the leading term of 7,53,
cannot be reduced using the generators of 7, ().

Before we prove that .4, (M) is a Grobner basis of OS, (M), we show that
t; reduces to zero modulo %, (M) for all J € M.

LEmMA 3.11. Let J, K < S be two dependent sets such that J N K is
independent. Then for alll € J U K the set (J U K) \ {l} is dependent.

Proor. Let! € J U K. If there is a circuit contained in J \ {/} or K \ {/}
then it is contained in (J U K) \ {/}. On the other hand, if C € J, D C K are
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circuits containing / then C # D since J N K is independent. Hence by the
circuit axiom there is a circuit contained in (C U D) \ {/}.

PrOPOSITION 3.12. For any dependent set J, t; reduces to zero modulo
S, (00).

ProoF. We proceed by induction with respect to deglex order.

Let J be a dependent set. Recall that #J > 3. If J € I then t; reduces to
zero. In particular, this holds if J is the smallest dependent set with respect to
deglex order.

Assume now that J ¢ IN. Then there exists K € M such that K <dlex J
and K \ {k;} © J \ {j1}. In particular, K is dependent. We now distinguish
several cases according to the relations between k; and the elements of J.

Ifk; < jithenlet L = {k;} U (J\ {j1}). Inthis case L <qex J, K C L
and K \ {k;} E L\ {/1}. Hence ¢, reduces to zero modulo ., (%) by induction
hypothesis. If L N J is dependent then ¢, ,, reduces to zero by induction
hypothesis and hence 7, reduces to zero by Lemma 3.9. Assume now that
L N J is independent. Then, by Lemma 3.11, (J U L) \ {j;} is dependent for
alli € {2,3,...,#J} and is smaller than J with respect to <giex. We conclude
from Lemma 3.2 that

#J

0=t =t + > (=Dtgu)
=2

in A and hence ¢; reduces to zero by induction hypothesis.

If k; = j; then ¢} reduces to zero by using that 7, reduces to zero and by
repeatedly applying Lemma 3.9.

If ji <k < jothen#K < #J since K <qex J. Since ¢ reduces to zero,
by repeatedly applying Lemma 3.9 we obtain a dependent set L < S such that
#L =#J — 1,11 =k, L\ {[;} © J\ {1}, and ¢; reduces to zero. There
are two cases: jyy ¢ L or jp ¢ L.If J N L is dependent then ¢, reduces to
zero by induction hypothesis and by Lemma 3.9. If J N L is independent then
(JUL)\ {s}is dependent for all s € J N L by Lemma 3.11. Now if j4,; ¢ L
then ¢} reduces to zero by induction hypothesis and by Lemma 3.3. Observe
that in Lemma 3.3 ¢, and ¢, ¢;,, are the summands with the largest leading
term. Similarly, if j, ¢ L then ¢, reduces to zero by induction hypothesis and
by Lemma 3.4.

Finally, assume that j, = k; or j, < k;. By repeatedly applying Lemma 3.9
we obtain that the set L = {s € J | k; = s or k; < s} is dependent and
L <gex J.1f I} € J then ¢} reduces to zero by Lemma 3.9. If [; ¢ J and
J N L is dependent then again J reduces to zero by induction hypothesis and
Lemma 3.9. In the last case, if J N L is independent then (J U L) \ {s} is
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dependent for all s € L, [; < s. In this case Lemma 3.2 applied to J \ L and

L implies that
#L

- _ i—1.,—
i =1+ ) =D G000
=2

and the leading term on both sides of the equation is the leading term of 7.
Thus ¢ reduces to zero by induction hypothesis.

4. Independence statement and proofs
We first show that 7, (I?) is independent of the chosen total order of S.

THEOREM 4.1. For any set system M over S, the ideal 1,() and hence the
algebra OS, () are independent of the total order on S.

PrOOF. We have to show that for any two total orders on S the defining ideals
of OS, (M) coincide. Relations (1.1), (1.2) are obviously independent of the
chosen total order. Relations (1.2) can be used to reformulate a defining relation
in (1.3) in terms of another order. We may simplify the problem by looking at
orders <, < which differ by exchanging two neighboring elements a, b € S
with a < b, thatis, r < s for r, s € § if and only if either (r, s) = (b, a) or
r<s,(r,s) # (a,b). We write £ (/) and tf\ ; and similarly for < to indicate
the dependency on the order.

LetJ e, I C Jwith2t#[.Ifa ¢ J orb ¢ J then

< < _ _ <
(=DTD = (DI IR = (M,

and hence (1.3) takes the same form with respect to < and <. It remains

to consider the case when a, b € J. We prove that in this case the defining

relations differ by a sign. Then the proof of the proposition is completed.
Assumethata e I,be J\Ilorae J\I,b € I.Then

[0 s
(DY D = —(=5D S =15,

and therefore (—1)% D (—g) #2158 = —(—1)5 D (—g)#=D/2t5  As-
sume now thata,b € J\ I andlet I’ = I U {a, b}. Then

) =5, A=), N =15,

tJ<<\I =1 (tpla) - - gy =Ly~ (—tatp + 26]) oLy = _tl<\1 + 2th<\1”
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and (=5 D = (=)%Y Hence

(_1)z;<(1)(_q)(#1—1)/2tj<<\1 n (—l)Zf(’/)(—q)(#ll_l)/ztﬁp
= (=D DR (= + 2915 )
+ (DY P (=),
_ _(_1)27(1)(_q)(#1—1)/2tj<\1 + q(_1)67(1)(_q)(#1—1)/2tj<\1/
= — (=T D (=) ¥ V25— (—D)T D (=g HIR
This is what we wanted to show.

Next we provide the proof of the main result.
PROOF OF THEOREM 1.1.

Cram. If M is a loopless matroid without parallel elements then I, (%) =
I, (00).

PrOOF OF CLAIM. From Proposition 3.12 we deduce that 1, € 1,(2)
for all circuits J. Hence I,(I) C I, (M). To show equality it suffices to
show that ¢, € 1,(M?) for all dependent J C S. We prove the assertion by
induction on the cardinality of the difference set of J and the circuit of largest
cardinality contained in it. If the cardinality is O then J itself is a circuit and
hence t; € 1,(N) by definition. If the cardinality is positive then there is an
s € J such that J \ {s} is dependent and by induction Ingsy € I, (0. By
Lemma 3.5(2) we can write ¢, as an A linear combination of t;’\ isp BT ) and
elements of 1,(¥) < I,(M). By Lemma 3.1 and since Insy € 1 (M) it follows
that t;r\ is) € 1 (M) and the claim follows.

We complete the proof of the theorem by showing that ., (%) is a Grobner
basis of /1, M) = I, (M0). For this we verify that the conditions of Theorem 2.1
under the simplification provided by Lemma 2.2 are fulfilled.

First we have to find minimal generators of the modules J; ., where f, g
are polynomials (1.1), (1.2) or z; with J € In. According to Lemma 2.2
we can ignore generators (Im(g)m, 1) ® (1, m Im(f)) and (1, Im(f)m) ®
(m Im(g), 1) of Jys,, where m is an arbitrary monomial. Further, since we do
not fix an order on the Grobner basis, we may restrict ourselves to generators
of Jy,, of the form (1, m) ® (n, 1) and (1, m) ® (1, n). Therefore the following
cases have to be considered.

Casel. f=1t>—q,g=1>—q,s€S.
The remaining generator of Jy,, is (1, £,)®(%s, 1). Then f#,—t;g is obviously
Zero.
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Case 2. f =t3—q,g=tst,+t,ts —2q,r,s €S,r <s.
The remaining generator of Jr, is (1,1) ® (¢, 1). The corresponding S-
polynomial is

ftr — ;8= tsztr —qt — (tsztr + Lt ts — 2@&)
\%(@) —qir — (_trts + 26])% + 2qts

Case 3. f = t,t, + 1,1, —2q,g=tr2—q,r,s eS, r<s.
The remaining generator of Jyr, is (1,1,) ® (¢, 1). The corresponding S-
polynomial is

fto —t,g = (t5t, + toty — 290, — (£ — q)
\f"(w) tr(_trts + 2‘]) - zqtr +qts
\‘%(ﬂ) —qts + qt; = 0.

Case 4. f:tsz—q,g:tj_,J eM,s = ).
Let K = J \ {Ji, j»}. The remaining generator of J, is (1, ;) ® (tg, 1).
The corresponding S-polynomial is

ftx —t,g = (2 — @)tx — t;t] .

By Lemma 3.5 the expression #, reduces to t;r modulo %, (#). In this re-
duction the leading term tftK of #,¢; has to be reduced at one moment to
qtk. Therefore 1, — (12 — q)tx also reduces to 77 modulo %, (¥). Thus
Lty — (ts2 — q)tg reduces to zero modulo .%, (M) by Lemma 3.8.

Case 5. f =tJ_,g=tsz—q, J eﬁ,s = Juy.
Let K = J \ {ji, jus}. The remaining generator of Jy, is (1, tg) ® (t,, 1).
The corresponding S-polynomial is

fty—txg =171, — 15 (12 — q).

By Lemma 3.7 the expression 7} t, reduces to (—1)*/*!¢} modulo .%, (). In
this reduction the leading term #x 2 of ¢ #; has to be reduced at one moment to
qtk. Therefore 17 t; — tx (t2 — q) also reduces to (—1)*/*1¢; modulo %, (9).
Thus 1, t; — tx (tf — gq) reduces to zero modulo .%, (M) by Lemma 3.8.
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Case 6. [ =t +t,t,—2q,8 =t.1, +tpt, —2q,p,r,s €S, p <r <s.
The remaining generator of Jy, is (1, #,) ® (7,, 1). The corresponding S-
polynomial is
fty — t,8 = (4,1, + tty — 2q)t, — t5(t,1, + 1pt, — 2q)
=t 151, — 2qt, — titpt, + 2qt,
N Dt (—tpts + 2q) — (—tpty + 29)1, — 2qt, + 2qt,
NI (=t 4 2g)t 4 1, (=115 + 2q) — 2qt, + 2qt; = 0.

Case7. f =t +1t,t, —2q,8=1t;,r,s€S,r<s,J eM,r = .
Let K = J \ {ji, j2}. The remaining generator of Jy, is (1, ;) ® (1, 1).
The corresponding S-polynomial is

ftx —t,8 = (t5t, + 1,1, — 2q)tx — 1525 .

By Lemma 3.5 the expression #;¢; reduces to :ttJ_U{X} + t;r modulo %, (9).
In this reduction the leading term ft.tg of t;¢; has to be reduced at one
moment to (—t; + 2q)tx. Therefore t;¢; — (£;t, + t,t; — 2q)tg also reduces
to =1 + 7, modulo % (#). Since 7] reduces to zero modulo %, (M) by
Lemma 3.8, it suffices to prove that 7}, reduces to zero modulo .%, (M). The
latter holds for s < j, and for ju; < s by Lemma 3.9 and for j;, < s < jas by
(GO).

Case8. f=t;,g=tt+1tt,—-2q,r,s€S,r<s,J eM, s = JjaJ.

Let K = J \ {ji, s}. The remaining generator of J;, is (1, tx) ® (¢, 1).
The corresponding S-polynomial is

ftr —txg = t;t, — tg (st + 1,15 — 2q).

The proof is similar to the one in Case 7 and uses Lemma 3.7.

Case9. f=1t;,g=1tg, J\{ji) T K\{k},J,K €W, J # K. This
case does not appear by Condition (GC) on the elements of IX.

Case 10. f =1t,,8 = tg, J, K € M, there exists i € {3,...,#J} such
that j; = ka, jiz1 = ks, ..., jug = kgy—ip2, #J — 1 +2 < #K.

Letn =#J —i + 2,

J'=J\{j} K'= K\ {ki},
L={jel |j<hk}, M={jeJ \K |k < j}

Thus the sets L, M and J' N K’ are pairwise disjoint and their union is J' (if
ki ¢ J)orJ \ {k} (if k; € J'). We have to show that

4.1 I;IK/\]/ — tJ’\K’tI; \{/,,(})R) 0.
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We will proceed in several steps, and at some moment we will have to distin-
guish the cases ky € J and ky ¢ J'.
Using Lemma 3.1 and Lemma 3.8 we observe first that

4.2) t,tgng =1, g + terms which reduce to zero modulo .%, (%).
Further, by applying Lemma 3.5(2) and Lemma 3.8 we obtain that
tuty =ty x + terms which reduce to zero modulo .%, ().

In particular, if j; = k; then M UK = J'U K = J U K’ and hence (4.1)
holds.
Assume now that k; € J'. Then t;n g = tt,ty. Lemma 3.5(1) gives that

ik = hiux —+ terms which reduce to zero modulo .%, (%)
and Equation (3.1) implies that
tLt;;U g = IZ’U wug + terms which reduce to zero modulo .%, (ﬁ).

Now, LUM UK = (JUK)\ {j;}and

— _ — _ + p—
4.3) Lok = Lok = tgurngn — bilaukong)

by Equation (3.2). Since K € (J U K) \ {ji}, Proposition 3.12 yields that
LUK\ i) reduces to zero modulo %, (M). Thus we conclude from (4.2) and
(4.3) that (4.1) holds.

Finally, assume that k; ¢ J. Then t;\ g, = t; ty. Further,

ttyox = t{;] urtyuk + terms which reduce to zero modulo .%, (ﬁ)

by definition of 7 ,,, , and hence

#(MUK) . hich
- m—1.— erms whic
@4 fLlyuk = Z D™ Gunmunm T reduce to zero
m=1
by Lemma 3.2, where (M U K),, is the mth element of M U K. The summand
containing the leading term of the last expressionis 7 ; x\ 4, since (MUK); =
ki. Since J N K is independent by the assumptions J N K = J N K' C K’
and K € I, Lemma 3.11 and Proposition 3.12 imply that all other summands
in (4.4) reduce to zero modulo %, (). Thus (4.1) holds in this case.

It remains to provide the proof of Corollary 1.4.
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PrROOF OF COROLLARY 1.4.

CrLAaM. There is a total order on S for which all Grobner circuits are of
size 3.

ProoF oF CLAIM. We recall the characterization of supersolvable matroids
given in [1, Thm. 2.8 (5)]. There it is shown that for a supersolvable matroid
¢ on ground set S the set S can be partitioned into subsets S = §; U ---U Sy
such thatforany 1 < & < f andtwoelements x, y € §; thereisanl < g < h
and z € S, such that {x, y, z} € M is a circuit. Now we choose a total order on
S such that for 1 < g < h < f all elements from S, come before §,. Assume
that J is a Grobner circuit in this order. If J N S, > 2 forsome | < h < f
then by [1, Thm. 2.8 (5)] for any two elements x, y € J N S, there is a circuit
K of size 3 such that K \ {k;} = {x, y}. By choosing two elements {x, y}
from J N S, for which {x, y} C J we can choose K such that K <g.x J and
K\{ki} T J\{j1}. From this it follows by (GC) that J = K, giving the claim.

Now if all Grobner circuits are of size 3 then the Grobner basis from Co-
rollary 1.3 is quadratic. Hence by well known facts (see [3, Sec. 4]) it follows
that OS, () is Koszul.
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