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EXISTENCE OF POSITIVE SOLUTIONS FOR
A CLASS OF VARIABLE EXPONENT
ELLIPTIC SYSTEMS

S. ALA* and G. A. AFROUZI

Abstract
We consider the system of differential equations
—Apyu = APD f(u,v) inQ,
—Aynv = wi®e@,v) inQ,
u=v=_0 on 092,
where @ C R is a bounded domain with C? boundary 92,1 < p(x),q(x) € CH() are

functions. Apyu = div(|Vu|PW=2Vy) is called p(x)-Laplacian. We discuss the existence of a
positive solution via sub-super solutions.

1. Introduction

The study of differential equatons and variational problems with variable ex-
ponent is a new and interesting topic.

It arises from nonlinear elasticity theory, electrorheological fluids, etc. (see
[4], [14], [19]). Many results have been obtained on these kinds of problems,
for example [1], [4], [5], [8], [9], [13]. The basic regularity results have been
established in for the relevant model case, which already requires almost all
the basic new ideas. Then in [9] Fan, by relying on the techniques of [1], [7],
has extended these results, valid for the model case, to more general equations
and up to the boundary. On the existence of solutions for elliptic systems with
variable exponent, we refer to [13], [16]. In this paper, we mainly consider the
existence of positive weak solutions for the system

—Apoyu =AY f(u,v) inQ,
P) —Aymv = piWg(u,v) ing,
u=v=0 on 0%2,

wher_e Q c RY is a bounded domain with C? boundary 32, 1 < p(x), ¢(x) €
C'(Q) are functions. The operator A, yu = div(|Vu|?*~2Vu) is called the
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p(x)-Laplacian and the corresponding equation is called a variable exponent
equation. In particular, if p(x) = p (a constant), A, is the well-known
p-Laplacian and the corresponding equation is called a constant exponent
equation. There are many articles on the existence of solutions for constant
exponent elliptic systems, for example [2], [5], [6]. Because of the nonhomo-
geneity of p(x)-Laplacian problems, the p(x)-Laplacian problems are more
complicated than p-Laplacian problems, and many results and methods for p-
Laplacian are invalid for p(x)-Laplacian; for example, if €2 is bounded, then
the Rayleigh quotient

1 (x)
[ = I Vu|P® dx
. 2 5@
)\.p(x) = inf P

wew PO @00 fo p(lx) lu|P™) dx

is zero in general, but under some special conditions it is not zero (see [12]).
The first eigenvalue and the first eigenfunction of the p(x)-Laplacian do not
exist in general. It is important in the study of p-Laplacian problems to have
the existence of the first eigenfunction and the condition A, > 0. There are
more difficulties in discussing the existence of solutions of variable exponent
problems.

In [3], the authors discussed the existence of positive solutions of the system

—Apyu = MO F(x,u,v) inQ,
D —Apmv =A"YG(x,u,v) inQ,
u—="°v = 0 on 89,
where p(x) € CI(S_Z) is a function, F(x, u,v) = [g(x)a(m) + f(v)], G(x,
u,v) = [g(x)b(v)+h(u)], A is a positive parameter and 2 C R is a bounded
domain.

In [18], the authors consider the existence and asymptotic behavior of pos-
itive weak solutions of the system

—Apeyut = 2@ Ov’™ + hy(x)) in L,
(D {1 —A v = 2P vP® + hy(x))  in L,
u=v=_0 on 02,

without any symmetry conditions.

The system (I) is called (p(x), p(x))-type and the systems (P) and (II)
are called (p(x), g(x))-type, since there exist a p(x)-Laplacian and a g (x)-
Laplacian in (P) and (II). There are some differences between the existence of
positive solutions of (p(x), g(x))-type and (p(x), p(x))-type systems.
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In this article, we consider the existence of positive solutions of the system

—Apyu = APO f(u,v) in R,

—Agwv = pu?gu,v) inQ,

u=v=0 on 89,
where p(x), g(x) € C'(Q) are functions, A, u are positive parameters and
Q c RV is a bounded domain.

To study p(x)-Laplacian problems, we need to mention some facts about
the spaces LP™(Q), W™ (Q) and some properties of the p(x)-Laplacian
(see [8], [15]). If 2 C R is an open domain, we write

Ci(QQ={h:heC(Q),h(x)>1forx e Q},

ht =suph(x), h™ = ingfzh(x), forany h € C(Q).
Xe

xeQ
Throughout the article, we will assume that:
(H,) © C R" is an open bounded domain with C? boundary 9.
(H)) p,geC'(@andl <p~ <ptl<q =<q".

(H3) f,g e C'((0,00) x (0,00)) NC([0, 00) x [0, 00)) are monotone func-
tions such that f, f,, gu, & = 0and lim f(u,v) = lim g(u,v) =
u,v—>00 u,v—>00
0.

(H4) For any positive constant M
u, M(g(u,u sy
lim f[ (g(u, w)) ] =0.

u——+00 ubl 1

(HS) hmu—)oo Lun) 0.

i 1

Denote

u is a measurable

LPY(Q) = {u
real-valued function, / lu(x)|P® dx < oo}.
Q

We recall that the norm on L?%) () is defined by

lulpey = inf{k >0: /
Q

u(x) p(x)

A

dx < 1}.
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The Banach space (L?™ (), |.| p(x)) is called generalized Lebesgue space,
and it is a separable, reflexive, and uniform convex Banach space (see [8,
Theorems 1.10 and 1.14]).

The space W!P®(Q) is defined by W'?™(Q) = {u € LPW : |Vu| €
LP®™}, and it is equipped with the norm

lull = ulpe) + [Vulpe), Yue WHrPO(Q).

We denote by W, "™ () the closure of CJ°(R2) in W'»®(Q). Whr®)(Q)
and ch P (X)(Q) are separable, reflexive, and uniformly convex Banach space
(see [8, Theorem 2.1]). We define

(L(u),v):/ IVulPO2VuVudx, Vouv,ue W, (),
Q

then L : WO]”’ Q) — (WO]”’ ®)(Q))* is a continuous, bounded, and strictly
monotone operator, and it is a homeomorphism (see [11, Theorem 3.1]).

Ifu,v e (Wy"(Q), Wy ™ (R)), (u, v) is called a weak solution of (P)
if it satisfies

/|vu|f’<x)Zw-vq)dx=/Ap(x>f(u,v)godx, Ve W, "),
Q Q

/ IVu]?@=2Vy . Vi) dx = / wOgu, v)ydx, Yy e Wy 1YQ).
Q Q
Define A : W'?™(Q) — (W, "™ (Q))* as

(Au, p) = /(|Vu|p(x)2vuv¢ +1(x, u)p)dx,
§ 1,p(x) 1,p(x)
Vue W@, vee WY,

where [(x, u) is continuous on Q x R, and [ (x, .) is increasing. It is easy to
check that A is a continuous bounded mapping. Copying the proof of [17], we
have the following lemma.

LEMMA 1.1 (Comparison Principle). Let u, v € W'?™)(Q) satisfying Au —
Av > 0in (Wy"™ (@))%, p(x) = minfu(x) — v(x), 0}. I[fp(x) € Wy "™ ()
(i.e, u>vond) thenu > v a.e. in Q.

Here and hereafter, we will use the notation d (x, d€2) to denote the distance
of x € € to the boundary of 2.

Denote d(x) = d(x,0R2) and 02, = {x € Q | d(x, 02) < €}. Since 02 is
C? regularly, then there exists aconstant § € (0, 1) suchthatd(x) € C?(993s),
and |Vd(x)| = 1.



EXISTENCE OF POSITIVE SOLUTIONS 87

Denote
yd(x), d(x) <3,
A (25— ¢\
y8+/ y( )’ dt, §<d(x) <28,
vi(x) = 5 $
2 2§ —t\ra
Y4 +/5 )/( 5 ) dt, 26 <d(x).

Obviously, 0 < vi(x) € C Q). Considering
(1.1) —Apw(x) =n inQ, w=0 onodf,

where 7 is a positive parameter.

LeEmMA 1.2 (See [10]). If positive parameter n is large enough and w is the
unique solution of (1.1), then we have

(i) Forany 6 € (0, 1) there exists a positive constant C| such that

1
Cinr=1+ < max w(x);
xeQ

(ii) There exists a positive constant Cy such that

1
max w(x) < Conr 1.
xeR

2. Existence results

In the following, when there is no misunderstanding, we always use C; to
denote positive constants.

THEOREM 2.1. On the conditions of (Hi)—(Hs), then (P) has a positive
solution when A, | are large enough.

PrOOF. We shall establish Theorem 2.1 by constructing a positive subsolu-
tion (@, ®,) and supersolution (z;, z2) of (P), such that ®; < z; and ®, < z».
That is (@, ;) and (z1, z,) satisfies

/ VO, P92V, - Vo dx < / AP F(1, D) d,
Q Q

/ VD702V d, . Vi dx < / WID g(By, Do) dx,
Q Q
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and

/ |Vzy[P®2Vz, - Vodx > / APD £(z1, 22)@ dx,
Q Q

fIleq(x)_zVZz'Vlﬁdx Z/Mq(")g(m,zz)wdx,
Q Q

for all (¢, ¥) € (W, "™ (), Wy (R)) with ¢ > 0 and ¥ > 0. According
to the sub-supersolution method for p(x)-Laplacian equations (see [10]), then
(P) has a positive solution.

Step 1. We construct a subsolution of (P).
Let o € (0, §) is small enough. Denote

ek _ 1 d(x) < o,

d(x) 28—t \ 7
kd_] / kkd d
p=1¢ T \m

28 2

28—t \ 7

eko —1+f keko " 28 <d(x).
o 26 —o

~

o <d(x) < 26,

k™ 1, d(x) < o,

dx) 26—t \ 7+
Fr—1 +/ ke ! d
$(x) = " 28— 0o

) B (25—t \Fo
e"—1+/ ke"( ) dr, 28 <d(x).

~

, o0 <dx) <28,

26 — o

It is easy to see that ¢y, ¢, € CY(Q). Denote

. { inf p(x) — 1 inf g(x) — 1 }
o = min 3 ) 1 ’
4(sup|Vp(x)[+ 1) 4(sup|Vg(x)|+ 1)

¢ =1/(0,0)] +[g(0,0) + 1.
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By computation
—k(ke )P (px) = 1)

+ (d0) + B5)vpvd + 48], d(x) <o,

{ 1 2(px)-—1 _(25711)

_Ap(x)¢1 — 26—c  p——1 26—0

2
x| (nket (3=2)77)Vpvd + ad|}
25—d 2(p(k>—l)_1
x (kekr)yr=t(2=4) = T o <d(x) <26,

0, 25 <d(x).

From (Hs3), there exists a positive constant M > 2 such that

2.1 f(@1,¢2) = 1 and g(¢1, ¢) = 1, when ¢, ¢ = M — 1.
Leto = %lnM, then

(2.2) ock=InM.

If & is sufficiently large, from (2.2), we have

(2.3) —Apyd1 < —k"Ya,  d(x) <o.

Let A = Z"‘?k, then

kp(x)ot > )\p(X)é-’
from (2.1), (2.3), then we have
(2.4) —Apyd1 < =AMV <MD [, ), d(x) <o

Since d(x) € C*(9K23s), then there exists a positive constant C3 such that

2= _4

20 —d\
— Ay < (ket)r=! (—)

28 — o

{ 2(p(x) — 1)
(26 —o)(p~ =D

2
25 — 28 — r=
(2= (nkete (2= T\ pva + ad
28 —o 26 —o0

< C3ke")PD ' nk, o <d(x) < 26.

If k is sufficiently large, let A = %k, we have

C3 (ke )P~ Ink = C3(kM)? ™' Ink < AP,
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then

(2.5) —Apd1 < AW o < d(x) < 26.
Obviously

(2.6) APE < AP £(hy, ), o <d(x) < 26.

Combining (2.5), (2.5), we have

Q7 =Apwmdr <A <O f(pr ), o <d(x) <26
when A is large enough.

Obviously
2.8) —Appr =0 <A f(pr. o), 26 <d(x).

Combining (2.4), (2.7), and (2.8), we can conclude that

(2.9) —Apydr < AP f(d1, ¢2),  ae.on Q.
Similarly
(2.10) — A2 < (@1, ¢2), ae.onQ.

From (2.9) and (2.10), we can see that (¢, ¢,) is a subsolution of (P).

Step 2. We construct a supersolution of (P).
We consider

—Apn21 = AP in Q,
—Apwza = pud [g(BOP ), BAP wi))pa] in Q,
u=2=0 on 9%,

where B = B(AP 1)) = max, g 21(x). We shall prove that (z;, z2) is a super-

solution for (P).
From Lemma 1.2, we have

i
max z;(x) < C2[)\.p+,ul] Pl
xeQ

and .

max 2(x) < Co[u? g((BG 1), B ) 2]

xeQ



EXISTENCE OF POSITIVE SOLUTIONS 91
For ¥ € Wol'qm(SZ) with ¢ > 0, it is easy to see that
(2.11) / V2,972V 2, - Vi dx
Q

= fguq+[g(/3(k”+m), BOP 1)) o] dx

Since lim,,_, o % = 0, when w1, u, are sufficiently large, from Lemma 1.2
we have

@12 [ Tg(BO ) O )]y d
=" [ (PO 0. [2(BG ). PG )] )

ZM(ﬁ/ g(z1, 22) ¥ dx.

Q

Hence

(2.13) / V2|72V 2, - Vipdx > pd” / g(z1, 22)¥ dx.
Q Q

Also X
f |Vzi [P 72Vz, - Vodx = / AP g dx
Q Q

By (H4), when 1, u, are sufficiently large, combining Lemma 1.2 and (Hy),
we have

-1

> ! 1 N g
= Vs C_213( “’1)

=/ (’3 O ), Co[u g (BOP ), ﬁw*w)m]‘”ll).
Then

/ V2P 72Vz, - Vo dx
Q
1

2.14) > f A (BOL 1), Col 1 g(BOS 1), BOT iz ) dx
Q

> /Af’*f(z],zz)q)dx.
Q

According to (2.13) and (2.14), we can conclude that (z1, z) is a supersolution
for (P).



92 S. ALA AND G. A. AFROUZI

It only remains to prove that ¢; < z; and ¢, < z5.
In the definition of v;(x), let y = %(maxxd-z ¢1(x) + max, g |V¢1(x)|).
We claim that

(2.15) dr1(x) <vi(x), VxeQ.
From the definition of vy, it is easy to see that

¢1(x) <2max ¢(x) < vi(x), when d(x) =3,
xeR

and
¢1(x) <2max ¢(x) < vi(x), when d(x)>34.
xeQ

It only remains to prove that
¢1(x) <vi(x), when d(x) <.
Since v; — ¢; € C'(3Ks), then there exists a point xy € Qs such that

v1(x0) — ¢1(x0) = min [v;(x) — P (x)].

X68§25

If vi(x0) — P1(x0) < O, itis easy to see that 0 < d(xg) < §, and then
Vui(x9) — Véi(xo) = 0.

From the definition of v{, we have
2
Vo)l = y = 5 (max ¢ (1) + max V1 (¥)]) > V@1 (o)l
xeR xeR

It is a contradiction to Vv (xg) — V¢ (x9) = 0. Thus (2.15) is valid.
Obviously, there exists a positive constant C3 such that

y < Csh.

Since d(x) € C*(3Qss), according to the proof of Lemma 1.2, then there exists
a positive constant C4 such that

— Ay V1 (x) < CoyPO7H < PO qe in Q, where 6 € (0, 1).
When 1 > A”" is large enough, we have

—Apvi(x) <.
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According to the comparison principle, we have
(2.16) vi(x) <w(x), VxeqQ.
From (2.15) and (2.16), when n > AP and A > 1is sufficiently large, we have
(2.17) d1(x) <vi(x) <w(x), VxeQ.
According to the comparison principle, when 1, p, are large enough, we have
vx) <wkx) <zi(x), VxeqQ.
Combining the definition of v;(x) and (2.17), it is easy to see that
H1(x) <vix) <w(x) <z1(x), VxeQ.

When p; > 1(i = 1, 2) and X, p are large enough, from Lemma 1.2, we can

see that B(A7" 1) is large enough, then u? [g(B(A" w1, BGL 1)) la is
large enough. Similarly, we have ¢, < z5.
This completes the proof.
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