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NONSEPARABLE UHF ALGEBRAS II:
CLASSIFICATION

ILIJAS FARAH and TAKESHI KATSURA

Abstract

For every uncountable cardinal « there are 2“ nonisomorphic simple AF algebras of density
character « and 2“ nonisomorphic hyperfinite II; factors of density character «. These estimates
are maximal possible. All C*-algebras that we construct have the same Elliott invariant and Cuntz
semigroup as the CAR algebra.

1. Introduction

The classification program of nuclear separable C*-algebras can be traced
back to classification of UHF algebras of Glimm and Dixmier. However, it
was Elliott’s classification of AF algebras and real rank zero AT algebras that
started the classification program in earnest (see e.g., [24] and [8]).

While it was generally agreed that the classification of nonseparable C*-
algebras is a nontractable problem, there were no concrete results to this effect.
Methods from logic were recently successfully applied to analyze the classific-
ation problem for separable C*-algebras ([15]) and II; factors with separable
predual ([25]) and it comes as no surprise that they are also instrumental in
analyzing classification of nonseparable operator algebras. We construct large
families of nonseparable AF algebras with identical K-theory and Cuntz semig-
roup as the CAR algebra. Since the CAR algebra is a prototypical example
of a classifiable algebra, this gives a strong endorsement to the above view-
point. We also construct a large family of hyperfinite II; factors with predual
of density character « for every uncountable cardinal «. Recall that a density
character of a metric space is the least cardinality of a dense subset. While the
CAR algebra is unique and there is a unique hyperfinite II; factor with separ-
able predual, our results show that uniqueness badly fails in every uncountable
density character «.

For each n € N, we denote by M,,(C) the unital C*-algebra of all n x n
matrices with complex entries. A C*-algebra which is isomorphic to M,,(C)
for some n € N is called a full matrix algebra.
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DerINITION 1.1. A C*-algebra A is said to be

e uniformly hyperfinite (or UHF) if A is isomorphic to a tensor product of
full matrix algebras.

o approximately matricial (or AM) if it has a directed family of full matrix
subalgebras with dense union.

o locally matricial (or LM) if for any finite subset F of A and any ¢ > 0,
there exists a full matrix subalgebra M of A such that dist(a, M) < ¢ for
alla € F.

In [7] Dixmier remarked that in the unital case these three classes coin-
cide under the additional assumption that A is separable and asked whether
this result extends to nonseparable algebras. In [19] a pair of nonseparable
AF algebras not isomorphic to each other but with the same Bratteli diagram
was constructed. Dixmier’s question was answered in the negative in [13].
Soon after, AM algebras with counterintuitive properties were constructed. A
simple nuclear algebra that has irreducible representations on both separable
and nonseparable Hilbert space was constructed in [9] and an algebra with
nuclear dimension zero which does not absorb the Jiang-Su algebra tensori-
ally was constructed in [12]. Curiously, all of these results (with the possible
exception of [12]) were proved in ZFC.

Results of the present paper widen the gap between unital UHF and AM
algebras even further by showing that there are many more AM algebras than
UHF algebras of every uncountable density character. In §5 and §6 we prove
the following.

THEOREM 1.2. For every uncountable cardinal k there are 2“ pairwise
nonisomorphic AM algebras with density character k. All these algebras have
the same K, K, and Cuntz semigroup as the CAR algebra.

Every AM algebra is LM and by Theorem 1.2 there are already as many
AM algebras as there are C*-algebras in every uncountable density character.
Therefore no quantitive information along these lines can be obtained about
LM algebras.

THEOREM 1.3. For every uncountable cardinal k there are 2* nonisomorphic
hyperfinite 11| factors with predual of density character k.

While there is a unique hyperfinite II; factor with separable predual, it
was proved by Widom ([29]) that there are at least as many nonisomorphic
hyperfinite II; factors with predual of density character « as there are infinite
cardinals < k.

Note that there are at most 2“ C*-algebras of density character « and at
most 2 von Neumann algebras with predual of density character «. This is
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because each such algebra has a dense subalgebra of cardinality «, and an easy
counting argument shows that there are at most 2 ways to define +, -, * and
|I-]| on a fixed set of size «.

On the positive side, in Proposition 4.2 we show that Glimm’s classification
of UHF algebras by their generalized integers extends to nonseparable algebras.
This shows that the number of isomorphism classes of UHF algebras of density
character < « is equal to 2™, as long as there are only countably many cardinals
< k (Proposition 4.3 and the table in §7). Hence UHF algebras of arbitrary
density character are ‘classifiable’ in the sense of Shelah (e.g., [26]). Note,
however, that they don’t form an elementary class (cf. [5]).

Two C*-algebras are isomorphic if and only if they are isometric, and the
same fact is true for II; factors with £,-metric. However, in some situations
there exist topologically isomorphic but not isometric structures — notably, in
the case of Banach spaces. The more general problem of constructing many
nonisomorphic models in a given density character was considered in [28].
Organization of the paper
In §2 we set up the toolbox used in the paper. In §3 we study K-theory and Cuntz
semigroup of nonseparable LM algebras. UHF algebras are classified in §4.
In §5 we prove a non-classification result for AM algebras and hyperfinite II;
factors in regular density characters. Shelah’s methods from [27], as adapted
to the context of metric structures in [14], are used to extend this to arbitrary
uncountable density characters in §6. In §7 we state some open problems and
provide some limiting examples.

The paper requires only basic background in operator algebras (e.g., [2])
and in naive set theory. On several occasions we include remarks aimed at
model theorists. Although they provide an additional insight, these remarks
can be safely ignored by readers not interested in model theory.
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2. Preliminaries

A cardinal « is a successor cardinal if it is the least cardinal greater than some
other cardinal. A cardinal that is not a successor is called a limit cardinal. Note
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that every infinite cardinal is a limit ordinal. Cardinal « is regular if for X C «
we have sup X = « if and only if | X| = «. For example, every successor
cardinal is regular. A cardinal that is not regular is singular. The least singular
cardinal is R, and singular cardinal combinatorics is a notoriously difficult
subject. A subset C of an ordinal y is closed and unbounded (or club) if its
supremum is y and whenever § < y is such that sup(C N §) = § we have
8 € C. A subset of an ordinal y is called stationary if it intersects every club
in y non-trivially.

Some of the lemmas in the present paper, (e.g., Lemma 2.1) are well-known
but we provide proofs for the convenience of the readers.

LEMMA 2.1. Ifk is a regular cardinal then there exists a function S: P (k) —
P (k) such that S(X)AS(Y) is stationary whenever X # Y.

ProoF. We first prove that « can be partitioned into « many stationary sets,
Z,,y < k.If k is a successor cardinal then this is a result of Ulam ([20,
Corollary 6.12]). If « is a limit cardinal, then there are x regular cardinals
below «. For each such cardinal the set

Z, ={0 <« :min{|X|: X CJand supX =6} =y}

is stationary.
For X C klet S(X) =
whenever X # Y.

yex Z,. Then clearly S(X)AS(Y) is stationary

Let | X| denote the cardinality of a set X. We shall now recall some basic
set-theoretic notions worked out explicitly in the case of C*-algebras in [13].

DEerINITION 2.2. A directed set A is said to be o -complete if every countable
directed Z C A has the supremum sup Z € A. A directed family {A;},ca of
subalgebras of a C*-algebra A is said to be o-complete if A is o-complete
and for every countable directed Z C A, Ay, 7 is the closure of the union of

{AA}AEZ-

Assume A is a nonseparable C*-algebra. Then A is a direct limit of a o-
complete directed system of its separable subalgebras ([13, Lemma 2.10]).
Also, if A is represented as a direct limit of a o-complete directed system of
separable subalgebras in two different ways, then the intersection of these two
systems is a o -complete directed system of separable subalgebras and A is its
direct limit ([13, Lemma 2.6]).

The following was proved in [13, remark following Lemma 2.13].

LEMMA 2.3. A C*-algebra A is LM if and only if it is equal to a union of a
o -complete directed family of separable AM subalgebras.
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In §6 we shall use the following well-known fact without mentioning. We
give its proof for the reader’s convenience.

LEMMA 2.4. Let o be an action of a group G on a unital C*-algebra A.
Let {ug}gec C A X, G be the implementing unitaries in the reduced crossed
product. Suppose that a unital subalgebra Ay C A and a subgroup Gy C G
satisfy that ag[Ag] = Ag for all g € Gy, and set By := C*(Ag U {ugleec,)-
Then we have

ByNA=A, and By N {Mg}ge(; = {ug}geGo

inAx,G.

Proor. First note that there exists a conditional expectation E onto A C
A x4 G such that E(a) = a and E(aug) = Oforalla € Aand g € G\ {e}
(see [3, Proposition 4.1.9]). Since the linear span of {au, : a € Ao, g € Go}
is dense in By, we have E[By] = Ag. This shows BN A = E[ByN A] = Ay.
For the same reason we have E [Bou;j] = O forall g € G\ Gy. This shows that
ug ¢ By for g € G\ Go. Thus Bo N {ugleec = {tg)eec,-

3. K-theory of LM algebras

For definition of groups Ky(A) and K;(A) see e.g., [2] or [23] and for the
Cuntz semigroup Cu(A) see e.g., [6].

A reader familiar with the logic of metric structures ([1], [11]) will notice
that in Lemma 3.1 we are only using two standard facts: (1) the family of
separable elementary submodels of algebra A is o-complete and has A as its
direct limit and (2) if A, is an elementary submodel of A then Ky(A,) is a
subgroup of Ky(A) and Cu(A,) is a subsemigroup of Cu(A).

LEMMA 3.1. If A is a nonseparable C*-algebra then A is a union of a o -
complete directed family of separable subalgebras A;, » € A, such that for
each A € A we have

(1) Ko(A,) is a subgroup of Ko(A) and Ko(A) = h_r)n Ko(Ay),
(2) Cu(A;) is a sub-semigroup of Cu(A) and Cu(A) = h_rl)lCu(AA).

PrROOF. (1) As usual p ~ ¢ denotes the Murray-von Neumann equivalence
of projections in algebra A, namely p ~ g ifand only if p = vv* andg = v*v
for some v in A.

For a subalgebra B of A we have that Ko(B) < Ko(A) if and only if for
any two projections p and g in B ® # we have p ~ ¢ in B if and only if
p ~ qin A.

We need to show that the family of separable subalgebras B of A such that
Ko(B) < Ko(A) is closed and unbounded. Since ||p —¢|| < 1 implies p ~ g,
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this set is closed. The following condition for all p, g in B implies K (B) is a
subgroup of Ko(A):

inf [[vv* — pll + [v*v — gl = inf [v* — pll + [v*v —q].
veB vEA

We can now apply a standard Lowenheim-Skolem closing-up argument similar
to thatin the proof of [ 13, Lemma 2.13] (its version also appears in [2, I1.8.5.1]).
Let us write ¢ (v, p, g) = |[vv* — p|| + |[v*v — q||. Starting from a separable
subalgebra By of A, build an increasing chain of separable subalgebras B,
of A such that for every n and all p, g in B, we have inf,cp,,, ¢ (v, p,q) =
inf,cq ¢ (v, p, g). Since |p — p’|| < 1 implies p ~ p’ the subalgebra B of A
generated by | J, B, satisfies the above condition for each pair of projections
1n 1it.

The assertion that Ko(A) = lim K((A,) is automatic since A = | J, A;.

(2) Recall that the Cuntz ordering on positive elements in algebra A is
definedbya 3 bifforeverye > Othereexistsx € Asuchthat ||[a—xbx*| < e.

We need to show that the family of separable subalgebras B of A such that
for all ¢ and b in B we have a = b in B if and only if @ = b in A is closed
and unbounded. It is clearly closed. Again it suffices to assure that for a dense
set of pairs a, b of positive operators in B we have inf,cp ||a — xbx™|| =
inf,c4 |la — xbx*||, and this is achieved by a Léwenheim-Skolem argument
resembling one sketched in the proof of (1) above.

The assertion that Cu(A) = |, Cu(A,) is again automatic.

It is also true that if A is a nonseparable C*-algebra with the unique trace
then its separable subalgebras with the unique trace form a o -complete directed
system whose direct limit is equal to A. This follows from an argument due to
N. C. Phillips (see [22]) and it can be proved by the argument of Lemma 3.1
(see also [13, Remark 2.14]).

Letus denote the set of all prime numbers by £. Recall that a formal product
n is a generalized integer (or a supernatural number) if n = [ | pep P Where
n, € NU {oo} for all p. For a unital UHF algebra A define the generalized
integer n =[] ,.5 p" of A by

n, :=sup{k € N : there exists a unital homomorphism from M« (C) to A }

for each p € 2.

Glimm ([16]) has shown that the generalized integer provides a complete
invariant for isomorphism of separable unital UHF algebras. For a generalized
integer n define the group

Z[1/nl={k/m:keZ,meZ\ {0}, mn}
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where m|n is defined in the natural way. Then for a separable UHF algebra A
and its generalized integer n we have Ko(A) = Z[1/n].

ProposITION 3.2. An LM algebra A has a unique tracial state t. If A is
unital, then t induces an isomorphism from Ky(A) onto Z[1/n] C R, withn
defined as above, as ordered groups. We have K(A) = 0.

ProofF. Uniqueness of the tracial state immediately follows from the fact
that a nonseparable LM algebra is a o-complete direct limit of separable UHF
algebras, since they have a unique tracial state. If A is unital we fix 7 so that
()=1.

For projections p and g of A we have 7(p) = t(q) if and only if p ~ ¢.
This is true for separable LM algebras and the nonseparable case follows
immediately by Lemma 2.3. Therefore 7 is an isomorphic embedding of Ky(A)
into Z[1/n]. Since K|(B) = 0 for each separable LM algebra A = 1'£1>1AA
implies K (A) = h_n>1 Ki(A;), we have K| (A) = 0 by Lemma 2.3.

The following is an immediate consequence of the main result of [4].

PropoSITION 3.3. If A is an infinite-dimensional LM algebra then its Cuntz
semigroup is isomorphic to Ko(A) U (0, 00).

4. Classification of UHF algebras

LEMMA 4.1. Assume A = @,y Ax, B = ®er By and all A, and all
B, are unital, separable, simple, and not equal to C. Let &: A — B be an
isomorphism. Then there exist partitions X = | |,., X. andY = | |._, Y. of
X and Y into disjoint nonempty countable subsets indexed by the same set Z

such that
CI>|:®)CGXZ Ax] = ®yeyz B)’
forallz € Z.

Proor. Consider the set P of pairs of families ({ X, },cz, {Y,}:cz) of disjoint
nonempty countable subsets of X and Y, respectively, with some common
index set Z such that we have ®[®), .y Ax| = @,y By forevery z € Z.
Order P by letting

({Xz}zEZv {Yz}zeZ) = ({Xé}zeZ” {Yz/}zeZ’)

ifZCZ'and X, =X and Y/ =Y, forallz € Z.

By Zorn’s lemma, P has a maximal element { X}, and {Y,},cz. If we set
X =X\U,z X;and Y := Y\, Y. then @, .y Ax = [ g Za(A;)
and ®er’ By = ﬂz¢w Zg(B,) by [17, Theorem 1]. Therefore <I>i®xex, Ax]
= ®y <y Yz. Thus X" is nonempty if and only if Y’ is nonempty. Suppose, to
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derive a contradiction, both X’ and Y’ are nonempty. By applying the argument
in the proof of [13, Lemma 2.6] (see also [13, Lemma 2.19]), we find non-
empty countable Xy € X’ and Yy C Y’ such that q)[®x€X0 Ax] = ®ero B,.
This contradicts the assumed maximality of {X},cz and {Y,},cz. Hence both
X' and Y’ are empty, and the maximal families {X,},cz and {Y,},cz are what
we want.,

PROPOSITION 4.2. If k)5, Xp, p € P are sequences of cardinals indexed by the
prime numbers then Qe &, My (C) and @), &); M, (C) are isomorphic
if and only if k, = A, for all p.

PrOOF. Only the direct implication requires a proof. The separable case is a
theorem of Glimm ([16]). Assume the algebras are nonseparable, and let X =
Upeop} X 5. Apyy = Mp(Q), Y = U,cp{p} X Ap, and B, ) = M, (O).
By Lemma 4.1 applied to the isomorphism between &),y A, and &),y B,
we can find partitions X = |J.., X; and Y = (J,., Y. into countable sets
suchthat @, .y A,and @), ., B, areisomorphic foreachz € Z. By Glimm’s
theorem and sirhple cardinal arithmetic this implies kp = Ap for all p.

By Proposition 4.2, for each UHF algebra A = ®p P ®;<,, M, (C) we can
define the generalized integer x (A) = [ ] pep P*7 and UHF algebras are com-
pletely classified up to isomorphism by the generalized integers « (A) associ-
ated with them. Note that x (A) being well-defined hinges on Proposition 4.2.
It is unclear whether « (A) coincides with the generalized integer obtained by a
straightforward generalization of definition given for separable UHF algebras
before Proposition 3.2; see Problem 7.1 and Problem 7.2.

PROPOSITION 4.3. For every ordinal y there are (|y | + R¢)™ isomorphism
classes of unital UHF algebras of density character < R,,.

Proor. Let K be the set of cardinals less than or equal to RX,,. Then |K| =
|| + Ro. By Proposition 4.2, the number of isomorphism classes of UHF
algebras of density character < R, isequalto [{f : f:? — K}| = |K|Mo.

Note that for any ordinal y with0 < |y| < 2%, we have (|y|+R¢)™ = 2%,
Thus for such y, there are only as many UHF algebras of density character
< R, as there are separable UHF algebras (see the table in §7).

5. Non-classification of AM algebras in regular uncountable density
characters

The main result of this section shows that for a regular uncountable cardinal «

there are as many AM algebras of density character « as there are C*-algebras

of density character « and as many hyperfinite II; factors of density character

k as there are II; factors whose predual has density character «. The latter fact
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is in stark contrast with the separable case, when the hyperfinite II; factor is
unique. While there are continuum many separable UHF algebras, one should
note that all AM algebras constructed here have the same K-theory as the
(unique) CAR algebra.

We first concentrate on case when k = R;. Let A be the set of all limit
ordinals in ®R;. As an ordered set, A is isomorphic to 8. For each & € Ny,
let A¢ be the C*-algebra generated by two self-adjoint unitaries vg, we with
vew; = —wgVg. By [13, Lemma 4.1], A; is isomorphic to M,(C). We define
a UHF algebra A by A := Q) oy, As = @y, M2(C). For a subset ¥ of Ry, we
set Ay = ®E6Y Ag C A.For & € 8, we use the notations [0, &) and [0, £]
to denote the subsets {§ € R; : § < £} and {§ € N; : § < &} of Ry. For each
8 € A, we define o5 € Aut(A) by

s = ® Advg.

§€[0,8)

Then we have ot§ = id and {o;}sea commute with each other. Let G 5 be the
discrete abelian group of all finite subsets of A asin [13, Definition 6.5]. Define
an action @ of G, on A by ay 1= ]_[56Fa5 for F € Gy andlet B := A X, G.
For each § € A, the unitary implementing s will be denoted by us; € B. For
a subset S of A, we define By := C*(A U {us}ses) C B. We note that Bg is
naturally isomorphic to A x, G where G is considered as a subgroup of G 5.

DEFINITION 5.1. Let S be a subset of A, and A be an element of A. We
define a subalgebra Dy ; of Bg by

Ds,;. := C*(Ajo,5) U {us}sesnio.n) C Bs.

LEMMA 5.2. For each S C A the algebra By is AM. Also, {Dg ;}yen is a
o -complete directed family subalgebras of Bs isomorphic to the CAR algebra
with dense union.

Proor. Consideratriple (F,G,H)suchthat F C A, G ={81,682,...,8,} C
Sand H = {&,&,...,&,} C A are finite sets, F N H =, and

El<bi<b<bh<b<-o<bp1 <&, <bpy.
For such (F,G,H) define Dy, g, zy C Bs by
Dr,6.1) = C*(Ar U {us}sec U {welgen) C Bs.

We have A = My (C) where n is the cardinality of F. For each k =
1,2,...,m, there exists a unitary vy € Ap with vua = og, (a)v for all
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ae€Ap.Fork=1,2,...,m, we set v, := vgus which is a self-adjoint unit-
ary in D(r, g ) commuting with A z. We define self-adjoint unitaries {w; }}._,
in D g 1y by wy, := wgwg,,, fork =1,2,...,m —1and w,, := wg,. Since
F N H = {, the unitaries {w;};", commute with Ap. It is routine to check
vw, = wyv, for k,l € {1,2,...,m} with k # [, and vyw, = —w,v, for
k =1,2,...,m. Thus by [13, Lemma 4.1] the subalgebra A} of D g m)
generated by v; and w, is isomorphic to M,(C) for every k. The family
{Ar} U {A}}]L, of unital subalgebras of D g ) mutually commutes, and
generate Dr ¢, ). Hence D(r g, ) is isomorphic to Mown (C).

Fortwo suchtriples (F, G, H), (F', G', H"), wehave D¢ ¢.n)C D¢ ¢’ .1
if FUH C F'and G C G'. Since there exist infinitely many elements of
A between two elements of S, for arbitrary finite subsets ¥ C A and G C S
there exists a finite subset H C A such that the triple (F, G, H) satisfies
the conditions above. Therefore the family {Dr ¢ )} (r.¢.m) of full matrix
subalgebras of Dy , is directed. It is clear that the union of this family is dense
in Dg ;. Since Dy, is separable and a unital direct limit of algebras My (C),
k € N, it is isomorphic to the CAR algebra.

Since the family {Ds ;},¢a 1s clearly o-complete and covers By, this com-
pletes the proof.

PROPOSITION 5.3. For every S C A, By is a unital AM algebra of density
character R, with the same Ky, K, and the Cuntz semigroup as the CAR
algebra.

ProOOF. Since x(A) = 8 and |Gp| = ¥y, x(Bs) = R;. By Lemma 5.2
the algebra By is the direct limit of the o-complete system Dy ;, A € A, of
its separable subalgebras each of which is isomorphic to the CAR algebra. By
Lemma 3.1 and [13, Lemma 2.6], Bg has the same K, K;, and the Cuntz
semigroup as the CAR algebra.

Following [13] we write Zg[D] = {b € B | bd = bd for all d € D}.

LEMMA 5.4. For S C A and A € A, we have

Zps(Ds,;) = C*(Axpj0.0) U {usus }s.es00.0))
Zp,(Zy(Ds.,1)) = C*(Ago,2) U {us}sesnion)-
In particular, D, = Zp,(Zp,(Ds ;) if and only if & & S.

ProoOF. Let us set D' := C*(Ax]\[()')h) U {u(gu(g/}(gy(g/es\[o’)h)). It is clear that
Anpio,) C Zpg(Ds ) and u, € Zp (Ds ;) for g € G such that |g]| is even
and g C [A, R;). Hence we get D' C Zg,(Ds.;). Take a € Zp (Ds.;). For
any ¢ > 0, there exist a finite set F' C Ry, finite families by, by, ..., b, € Ap
and g1, g2,...,8, € Ggsuchthath = ZZZI bruy,, satisfies |la — b|| < . Let
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81,62, ..., 06, be the list of [0, A) N (UZ:l gk) ordered increasingly. Choose
H ={§,6,...,86} C RNy \ F such that

E1 <1 <& <bh <& < o<1 <<y <A

For each H' C H, we define a self-adjoint unitary wgy by wgy = ]_[‘SeH, We
Let us define a linear map E: By — Bg by E(x) = 27" ZH,CH WHXWy.
Then E is a contraction. Since a € Zp (Ds,;), we have E(a) = a. Hence
la — E(b)|| < &.For g € Gy with §; € g for some k, we have E(uy) = 0.
For g € Gg such that g C [A, R}) and |g| is odd, we also have E(u,) = 0.
For g € G with g C [A,¥)) and |g] is even, we get E(u,) = u,. Therefore
E(b) = ), byug where k runs over elements such that g, € Gy satisfies
that |g¢| is even and g; C [A,NR;). Next let F/ = F N[0, A). We define a
contractive linear map E’: Bs — Bg by E'(x) = fU uxu* du where U is the
unitary group of the finite dimensional subalgebra Ay of Dg ;, and du is its
normalized Haar measure. Since a € Zg,(Ds,;), we have E’(a) = a. Hence
la — E'(E())| < e.For g, € Gy such that |g,| is even and g, C [A, 8y),
we have ug u* = u*ugy forallu € U. Hence for such k, we have E’(byu,,) =
E'(bi)ug,. Since E'(by) € Ap.n,), we get E'(E(b)) € D'. Since ¢ > 0 was
arbitrary, a € D'. Thus we have shown Zg (Dg ;) = D'.

The équali.ty .ZBS(D’) = C*(A[O,A) u {“g}g.e Gs, g C [0, A]) can also be
proved in a similar way as above. The only difference is that §;, 82, ..., du
is now the list of (A, R{) N (UZ:l gk) ordered increasingly, and choose H =
{£1,&,...,&,} C 81\ F such that

A< <81 <& <h <& < <1 <&m <bn

We leave the details to the readers.

LEMMA 5.5. For S C A and A € A, By is generated by Dg ) and Zp,(Ds )
if and only if S C [0, ).

ProoF. Lemma 5.4 implies that Bs is generated by Ds ;, and Zp,(Ds )
if § C [0, A). If there exists § € S \ [0, A), then u; is not in the C*-algebra
generated by Dy ) and Zp,(Ds ;).

Compare the following proposition to Proposition 6.6.

PROPOSITION 5.6. For S C A, the C*-algebra By is UHF if and only if S is
bounded. In this case, Bs is isomorphic to A = (X)N] M, (C).

PrOOF. When S is unbounded, the o -complete system {Ds ; }5ca in Lem-
ma 5.2 satisfies that Bg is not generated by Dy ; and Zp,(Ds ;) for all A by
Lemma5.5. Hence By is nota UHF algebra. When S C [0, 1) for some A € 8y,
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then we have Bs = Ds ; ® A, x,) by Lemma 5.5. By Lemma 5.2, Dg , is the
CAR algebra. Hence By = ®N1 M5 (CQ).

PROPOSITION 5.7. Let S and S’ be two subsets of A. If Bs and By are
isomorphic, then there exists a club Ay in A such that Ag N (SAS") = @.

PrOOF. Assume ®: Bg — By isanisomorphism. By [13, Proposition 2.12],
there exists a club A9 C A such that ®[Ds ;] = Dy, for all A € A,.
For . € Ag, A € S if and only if . € § by Lemma 5.4. Thus we have
Ao N(SAS) = 0.

PrOOF OF THEOREM 1.2. By Lemma 2.1 we can fix a family Sy(X), X €
R, of subsets of R such that So(X)ASy(Y) is stationary whenever X # Y.
Since A is a club in ¥y, the sets S(X) = A N Sp(X) retain this property.

Therefore the algebras Bgx), X C ¥, are nonisomorphic by Proposi-
tion 5.7. By Proposition 5.3 these algebras have the same K -theory and Cuntz
semigroup as the CAR algebra.

For any uncountable regular cardinal ¥ one can define < «-complete direc-
ted systems of algebras of density character < « and prove results analogous
to those for o -complete directed systems so that the latter coincide with < 8-
complete systems. Given this and Lemma 2.1, a straightforward extension of
the proof of Theorem 1.2 gives the following.

THEOREM 5.8. If « is a regular cardinal then there are 2“ nonisomorphic
AM algebras of density character k.

However, this method does not work for singular cardinals and we shall
treat this case in the following section.

6. Non-classification of AM algebras in all density characters

The proof of the present section relies on two components. The first is the non-
structure theory as developed by Shelah in [27] and adapted to metric structures
in [14], and the second is the order property of theories of C*-algebras and II;
factors proved in [11]. We shall define a functor from the category of linear
orders to the category of AM algebras and argue that if in cardinality « there are
many sufficiently different linear orders then in density character « there are
many nonisomorphic AM algebras (see Lemma 6.4). Readers with background
in model theory will notice that the algebras that we construct are EM-models
generated by an ordered set of indiscernibles.

Fix a total ordering A and let A" denote A x N with the lexicogaphical
ordering. We identify A with A x {0} € A™ and note that between any two
elements & < 5 of A there are infinitely many elements of A* \ A. For each
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& € AT, let A; be the C*-algebra generated by two self-adjoint unitaries vg, we
with veweg = —wgve. By [13, Lemma 4.1], A¢ is isomorphic to M»(C). We
define a UHF algebra Ay by Ap i= @, cp+ As = @)+ Ma(C). For & € A*
we write

[0,8):={ec AT :5 <&)

[0,6]:={8 e AT :8 <&}
For each § € A, we define a5 € Aut(A) by

oy = ®S€[O,8) Ad Vg.

Then we have a§ = id and {as}scp commute with each other. Let G, be

the discrete abelian group of all finite subsets of A as in [13, Definition 6.5].
Define an action o of G, on Ax by ap :=[[;.p s for F € G and let

B, = AA ANy GA.

For each § € A, the unitary implementing «s will be denoted by us € B. For
S C Alet Ag := @5y As and consider it as a subalgebra of A,.

Note that B, is generated by the set {ve, we, ug : &€ € A}. Moreover,
the relation between these generators depends only on the order between their
indices; for example, u; and w, commute if and only if § > #. Itis not difficult
to check that if A is a suborder of A’ then B, is a unital subalgebra of Bj.
We moreover have a functor A — B, from the category of linear orders into
the category of AM algebras (see [18, 11.2] for the general setup).

If S is a subset of A define a subalgebra Dg of B, by

Dg := C*(As U {us}ses).

LEMMA 6.1. For each uncountable total order A the algebra A, is AM.
Also, {Ds : S € [A]™} is a o-complete directed family of subalgebras of A
isomorphic to the CAR algebra with dense union.

Proor. This proof is almost identical to the proof of Lemma 5.2. The as-
sumption that A is a limit ordinal used in the former proof is replaced by the fact
that the generators are indexed by A™ and the interval (&, n) N A™ is infinite
forall £ < nin A.

Our plan is to prove that ‘sufficiently different’ linear orders result in noni-
somorphic algebras.

PROPOSITION 6.2. For every infinite cardinal x and total ordering A of
cardinality k, By is a unital AM algebra of character density equal to k with
the same Ky, K1, and the Cuntz semigroup as the CAR algebra.
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PrOOF. Since x(Ap) = k and |G| = «, x(Bp) = k. By Lemma 6.1
the algebra B, is the direct limit of the o-complete system Dg, S € [A]™,
of its separable subalgebras each of which is isomorphic to the CAR algebra.
By Lemma 3.1 and [13, Lemma 2.6], Bg has the same Ky, K, and the Cuntz
semigroup as the CAR algebra.

It remains to prove there are 2“ nonisomorphic B, in every cardinality «.

Assume P(X,Y) is a *-polynomial in 2n variables. Then for every C*-
algebra A the expression ¢ (X, y) = || P(X, y)|| defines a uniformly continuous
map from A" into the nonnegative reals. Let (A<;) denote the unit ball of A
and on (A<;)" define a binary relation <, by letting a < b if

¢@,by=1 and  ¢(b,a) =0.

Note that < is not required to be an ordering. If A is a total ordering we shall
say that an indexed set ak, for A € A is a ¢-chain if a, <, a, whenever
A< M. Wewrite a <, bifa=bora < b.

Here is an example of a formula ¢ and a ¢-chain. Formula

¢ (x1,x2, y1, ¥2) = 2l[x1, y1ll

defines a uniformly continuous function on A* for any C*-algebra A. With A,
By, ug, and we as above, for all £ and n in A we have

0, ife<np

d’(”s’wé’”"’w”):{l, ifE >,

and therefore (ug, we), for & € A, is a ¢-chain. Moreover, the algebra B is
generated by this ¢-chain, and this is exactly what the following definition is
capturing.

DEFINITION 6.3 ([14, Definition 3.1]). A ¢-chain € is weakly (R, ¢)-
skeleton like inside A if for every a € A" there i is a countable €; < € such
that for all b and & in € for which b <4 cand no d € %; satisfies b =6 d <y €

we have . .. . L
¢(b,a) =¢(c,a) and ¢(a,b) =¢(a,c).

Behind the following lemma is the idea that sufficiently different linear
orders A produce nonisomorphic C*-algebras generated by weakly (R, ¢)-
skeleton like chains.

LEMMA 6.4. Assume 9 is a class of C*-algebras, ¢ (X, y) is as above, and k
is an uncountable cardinal. If for every linear ordering A of cardinality « there
is By € J of density character k such that the n-th power of the unit ball of
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By includes a ¢-chain € isomorphic to A which is weakly (R, ¢)-skeleton
like, then J¢" contains 2* nonisomorphic algebras of density character k.

Proor. This is an immediate consequence of results from [14], but we
sketch a proof for the convenience of the reader. By [14, Lemma 2.5] for every
m € N (actually m = 3 suffices) there are 2“ total orderings of cardinality «
that have disjoint representing sequences of m, k-invariants (in the sense of
[14, §2.2]). For any such ordering A the algebra B, has density character « and
therefore the m, k-invariant of A belongs to INV™*(B,), as defined in [14,
Definition 3.8 and §6.2]. By [14, Lemma 6.4] for each C*-algebra B of density
character « the set INV"“(B) has cardinality at most «. Since 2* cannot be
written as the supremum of « smaller cardinals ([20, Corollary 10.41]), by a
counting argument there are 2* isomorphism classes among algebras B, for a
total ordering A of cardinality «.

PrOOF OoF THEOREM 1.2. As noted earlier, formula ¢ (x, x2, y1, y2) =
% I[x1, y2]|l defines a uniformly continuous function on A* for any C*-algebra
A. For a linear ordering A with the notation from the second paragraph of §6
we have that (ug, we), for§ € A, is a ¢-chain in By

Consider S € A. A\ S define an equivalence relation by & ~g n if and
only if no element of S is between & and n. Then for £ ~g n the algebras
C*(BsU{ug, we}) and C*(Bg U {u,, w,}) are isomorphic via an isomorphism
that is an identity on By and sends ug to u, and wg to w,.

We claim that A is weakly (R, ¢)-skeleton like in Bs. Every finite F C By
is included in Dy for some countable S = S(F) C A. For a; and a; in B, fix
a countable S such that {a;, a,} € Bs. Let €4, 4,) = S and note that & ~g n
implies that ¢ (ai, a2, ug, we) = ¢(ar, ar, uy, wy) and ¢ (ug, we, ar, az) =
¢ (uyy, wy, ar, az).

Therefore our distinguished A-chain (ug, we), for & € A, is (¥y, ¢)-
skeleton like. Since A was arbitrary, Lemma 6.4 applies to show that there
are 2° isomorphism classes among algebras B, for |A| = k. By Proposi-
tion 6.2 these algebras have the same K-theory and Cuntz semigroup as the
CAR algebra.

The assumption that we were dealing with C*-algebras in Lemma 6.4 was
not crucial. This lemma applies to any class of models of logic of metric
structures ([1], [10]), and in particular to II; factors. We shall now state the
general form of Lemma 6.4. The definition of ‘metric structure’ and ‘formula’is
given in [1] (see also [10] for the case of C*-algebras and tracial von Neumann
algebras). Although this lemma uses logic for metric structures, class € is not
required to be axiomatizable. Indeed, neither AM algebras nor hyperfinite II;
factors are axiomatizable (cf. the proof of [10, Proposition 6.1], but see also
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[5]). We state this lemma in the case of bounded metric structures, and the
version for II; factors necessitates requiring that the chain be included in the
n-power of the unit ball. The proof of Lemma 6.5 is identical to the proof of
Lemma 6.4.

LEMMA 6.5. Assume € is a class of bounded metric structures and ¢ (X, y) is
a 2n-ary formula. Assume that for every linear ordering A there is Ay € € of
density character | A| suchthat A’y includes a ¢-chain € isomorphic to A which
is weakly (N1, ¢)-skeleton like. Then € contains 2* nonisomorphic structures
in every uncountable density character k.

Proor oF THEOREM 1.3. For each of the algebras B, constructed in the
proof of Theorem 1.2 consider the GNS representation corresponding to its
unique trace and let R, be the weak closure of the image of B,. Then each
R, is a hyperfinite II; factor whose predual has density character k = |A].

The formula
Y(x1, x2, y1, y2) = lI[x1, y21ll2

defines a uniformly continuous with respect to the 2-norm function on R, . Let
A, denote the operator norm unit ball of B,. Then each A4, equipped with
the ¢,-norm and function that evaluates i is a bounded metric structure and it
suffices to check that Lemma 6.5 applies to this family.

By the proof of Theorem 1.2 (ug, we), for§ € A, is a ¢-chain that is weakly
(X1, ¢)-skeleton like. By Lemma 6.5 there are 2 nonisomorphic unit balls of
II; -factors of the form B, with the predual of density character «. Therefore
there are 2“ nonisomorphic hyperfinite II; factors with the density character «
for every uncountable cardinal «.

Note that the assumption that « is uncountable is necessary in Lemma 6.4,
since the hyperfinite II; factor with separable predual is unique.

The remainder of this section is aimed at logicians. A class of models is
non-classifiable in a strong sense if it does not allow sequences of cardinal
numbers as complete invariants (see [26]). The following proposition shows
that AM algebras and hyperfinite II; factors are non-classifiable even in this
weak sense.

PROPOSITION 6.6. There are AM algebras A and B of density character ¥,
and a forcing notion P that does not collapse cardinals or add countable
sequences of cardinals such that A and B are not isomorphic, but P forces that
A and B are isomorphic.

There are also hyperfinite 11 factors of density character ¥ with the same

property.
ProoF. Let § € R a stationary set whose complement is also stationary.
Let 1 denote the ordering of the rational numbers. Let A(1) be the linear
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ordering obtained from R, by replacing all points with a copy of n (i.e., A(1)
is the lexicographical ordering of &; x 7). Let A(2) be the linear ordering
obtained from R by replacing points in S with a copy of n and leaving points
in 8] \ S unchanged.

Since K] \ S is stationary, the argument from the proof of Proposition 5.7
shows that the algebras A := A, () and B := A,(2) are not isomorphic. Let
P be Jensen’s forcing for adding a club subset of S. Then P is o-distributive
(see e.g., [20, VIL.LH18]) and therefore it does not collapse R and does not add
new sequences of cardinals. Since P has cardinality R, it does not collapse
cardinals larger than ;.

We claim that P nevertheless forces A and B to be isomorphic. It clearly
suffices to show that it forces A(1) and A (2) are isomorphic linear orderings.
If C C S is the club added by P, then points in C separate A(1) and A(2) into
R, sequence of countable linear orderings without endpoints. Any two such
orderings are isomorphic by Cantor’s classical back-and-forth argument, and
these isomorphisms together define an isomorphism between A(1) and A(2).

Construction of the required II; factors is analogous.

Proposition 6.6 shows that the classification problem of AM algebras of
density character ¥, is at least as complicated as the classification of subsets
of X modulo the nonstationary ideal. The latter problem is largely considered
to be intractable. One reason for this is that, as demonstrated in the proof of
Proposition 6.6, a function that associates a sequence of cardinals to a subset
of R| in an absolute way cannot be a complete invariant for the relation of
equality modulo the nonstationary ideal.

7. Concluding remarks

The number of AM algebras and UHF algebras in some density characters
as well as the number of hyperfinite II;-factors whose predual has the same
density character is given in the table below. We identify each cardinal with
the least ordinal having it as a cardinality, write ¢ := 2™, and ¢* denotes the
least cardinal greater than c.

Density character | 8y 8, Ry ... R, ... R, N+
The number of ] ] ] ] ] o
UHF algebras o o o

The number of | = o om v N e

AM algebras

The number of
hyperfinite ¢ 2% 2™ 0 2%e 0 QRer o DR
II; factors
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While the cardinals in this table resemble those predicted by Shelah’s Main
Gap Theorem for the number of models of classifiable and non-classifiable
theories in uncountable cardinalities ([26]), it should be noted that all algebras
appearing in our proofs are elementarily equivalent to the CAR algebra and
that the class of UHF algebras does not seem to have a natural model-theoretic
characterization. On the other hand, all AM (and even all LM) algebras are by
[5], atomic models. It is not difficult to see that the methods of [5] also show
that hyperfinite II; factors (of arbitrary density character) are atomic models.

For a unital C*-algebra A, we define two generalized integers, x (A) and
k'(A), associated to A as follows. Recall that & denotes the set of all primes.
IfA= ®p€@ ®K,, M, (C), then let k (A), =k, for p € 2.

k' (A), == sup{ | X| : there exists a unital
homomorphism from ), M,(C) to A }

for each p € 2. Clearly these two definitions coincide when A is separable
and k (A) < «'(A), pointwise.

ProBLEM 7.1. If A is a UHF algebra, is k (A) = «'(A)?
Here is a version of Problem 7.1.

PrROBLEM 7.2. Assume A is UHF, « < «’ are cardinals and ), M>(C)
unitally embeds into ), M>(C) ® A. Can we conclude that there is a unital
embedding of ), M,(C) into A?

We cannot even prove that in the above situation M;(C) unitally embeds
into A. The most embarrassing version of Problem 7.2 is whether ®N1 M>(O)
unitally embeds into @), M2(C) ® @)y, M3(C). Since any two unital copies of
M, (C), for n € N, in a UHF algebra are conjugate, Problem 7.2 has a positive
answer when « is finite.

Standard results on classification of unital, separable, nuclear, simple C*-
algebras imply that if A is not UHF then the answer to Problem 7.2 is negative.
We shall need the following well-known fact.

LEMMA 7.3. There are an abelian group G and a nonzero gy € G such that
(1) no infinite nonzero sequence (f,) in G satisfies f, = 2 f,+1 for all n,
(2) for every n there is h, satisfying 2"h,, = go, and
(3) hy #2f forall f € G.

PrOOF. Let m be the generalized integer defined by m, = 8, m,, = 0 for

p # 2 and let G be the subgroup of (recall that Z[1/m] was defined before
Proposition 3.2) ]_[ff:l (2/2"Z) x Z[1/m] consisting of all (x,),<co such that

X, =2"xs modl1
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for all but finitely many n. Since xo, € Z[1/m], for a large enough n we
will have that x, is equal to an element of Z/2"Z for all large enough n. Let
go = (x,) where x, = 0 for all finite n and xo, = 1. Then &, = (x;) where
x; =0forj <n,x; = 2/7" for j > n finite and x,, = 27" satisfy 2"h, = g
for each n. If f = (y,) is such that 2 f = h, then necessarily 2y; = 1, but
there is no such element in Z/2Z. This proves (3) and the proof of (1) is similar.

The following two propositions rely on the Kirchberg-Phillips classification
of Kirchberg algebras A by its K -theoretic invariants

1(A) = (Ko(A), [1]o, K1(A))

and the fact that every pair of countable abelian groups with a distinguished
element is an invariant of some Kirchberg algebra (see e.g., [21] or [24]).

PROPOSITION 7.4. There is a C*-algebra A such that Q) M>(C) unitally
embeds into A if and only if X is finite. Moreover, A = M»(C) ® B for some
B such that M»(C) does not unitally embed into B.

Proor. Let G and gp be as in Lemma 7.3 and let A be the Kirchberg
algebra with Ko(A) = G such that g, is equal to the class of the identity and
with trivial K (A). For n € N, M,.(C) embeds unitally into A by K -theoretic
consideration. Pick a projection g in A such that [¢g] = g, and let C be a
unital copy of M,(C) in A with ¢ as its matrix unit. Then A = M,(C) ® B,
with B = Z4(C). By (3) and K -theoretic considerations B has no unital copy
of M;(C) and the proof is complete.

PROPOSITION 7.5. There is no unital *-homomorphism from M,(C) into the
Cuntz algebra O3, but there is a unital *-homomorphism from the CAR algebra
into M, (03).

PrOOF. Let A denote the CAR algebra. The algebras 03 and M,(03) are
Kirchberg algebras. Since I(03) = (Z/2Z,1,0) (see [24]), the identity in
Ko(03) is not divisible by 2 and therefore M, (C) is not a unital subalgebra of
0s. Since My (03) ® 7 = 03 ® J7 we have Ko(M»(03) = Z/2Z but the class
of the identity element is 0 and we have I (M,(03)) = (Z/2Z, 0, 0).

Since 2 x 0 = 0 and M,(03) is purely infinite, it contains a unital copy
of 0, and therefore a unital copy of any other simple nuclear C*-algebra —
including the CAR algebra.
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