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SPECTRA OF SUB-DIRAC OPERATORS ON
CERTAIN NILMANIFOLDS

INES KATH and OLIVER UNGERMANN*

Abstract

We study sub-Dirac operators associated to left-invariant bracket-generating sub-Riemannian
structures on compact quotients of nilpotent semi-direct products G = R" X4 R. We prove
that these operators admit an L2-basis of eigenfunctions. Explicit examples of this type show
that the spectrum of these operators can be non-discrete and that eigenvalues may have infinite
multiplicity. In this case the sub-Dirac operator is neither Fredholm nor hypoelliptic.

1. Introduction

Spectra of sub-Laplace operators on sub-Riemannian manifolds are intensely
studied. Especially interesting is the case where the distribution defining the
sub-Riemannian structure is bracket generating, what we shall assume in the
following. In this case the sub-Laplacian is known to be hypoelliptic [13].

Many explicit calculations of the spectrum have been done in the situation
where the underlying manifold is a compact Lie group or a quotient of a Lie
group by a discrete cocompact subgroup, see, for example, [3], [4], [5], [19]. In
[3], [4], [19] the authors study spectral properties of sub-Laplace operators on
nilpotent groups of step two and on compact quotients by discrete subgroups.
They determine the heat kernels of these operators. This allows an explicit
determination of the spectrum of the sub-Laplacian, which is discrete in this
situation.

Less is known about differential operators on functions that contain partial
derivatives of arbitrary order. However, some special cases are studied. For
instance, if the geometry is locally close to sub-Riemannian Heisenberg groups,
there are results of van Erp [8] including an index theorem for differential
operators that have a Rockland model operator.

Here we will consider a geometric partial differential operator that acts
on sections of a vector bundle rather than on functions. More exactly, we will
study spectra of sub-Riemannian analogs of the classical Dirac operator. These
operators are defined as follows. Let (M, ', g) be a sub-Riemannian manifold,
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dim # = d. Suppose that V is a metric connection on 7. Moreover, assume
that 7 is oriented and that the bundle of oriented orthonormal frames of #
admits a reduction to Spin(d). Such areduction will be called a spin structure of
. Then we can associate a spinor bundle S with this spin structure. Moreover,
using the connection V we can define a sub-Riemannian Dirac operator, which
acts on sections in S.

In the definition of the sub-Dirac operator the following difficulty occurs:
In contrast to the Riemannian case where we have the Levi-Civita connection
as a preferred connection, in general, there is no connection canonically asso-
ciated with a sub-Riemannian structure. Only in special geometric situations
a canonical connection exists. Hence the definition of the sub-Dirac operator
depends on the choice of the connection on # .

In general, i.e., for arbitrary metric connections in ¢, the sub-Dirac is not
symmetric. We will characterize the symmetry of this operator by a simple
condition on the connection.

Several variants of sub-Dirac operators can be found in the literature. On
sub-Riemannian manifolds of contact type Petit defined an operator of this
kind using the generalized Tanaka-Webster connection and Spin®-structures,
see [18]. This operator is called Kohn-Dirac operator.

On manifolds with foliations Dirac operators are studied by Briining, Kam-
ber, Prokhorenkov and Richardson, see e.g. [6], [20]. If & is a Riemannian
foliation and if 7" denotes the tangent distribution to &, then the transversal
Dirac operator defined in [6], Section 2.4, coincides with our sub-Dirac op-
erator on the spinor bundle associated with # := ¥"*. However, while the
transversal Dirac operator in [6] is considered as an operator on so-called ba-
sic sections only, we want to let the sub-Riemannian Dirac operator act on
arbitrary sections of the spinor bundle S.

Finally, we want to mention the paper [2] by Ammann and Bir although it
does not consider sub-Riemannian structures explicitly. However, in a certain
sense, one can consider the limit case of collapsing circle bundles as a sub-
Riemannian structure.

Studying the sub-Riemannian Dirac operator the following natural ques-
tions arise: Is this operator hypoelliptic? Which structure does its spectrum
have? How does the spectrum depend on the sub-Riemannian geometry of the
manifold and on the spin structure of # ? How do the sub-Dirac operator and
its spectrum depend on the chosen connection?

Here we will answer some of these questions for sub-Dirac operators on
certain nilmanifolds. More precisely, we study manifolds of the form M =
'\ G where G = R" x4 Ris a semi-direct product defined by a one-parameter
subgroup A(¢) of unipotent matrices in GL(n, R) and I is the subgroup Z" x 4 Z.
These manifolds M can be interpreted as a suspension of the diffeomorphism
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of the torus R"/Z" induced by A(1). This is also the starting point of [14]
where the spectrum of the Laplacian on left-invariant differential forms on M
is considered. Our sub-Dirac operators will be associated with sub-Riemannian
structures (#, g) on I'\ G coming from a left-invariant and bracket-generating
distribution (#, g) on G. We choose a metric connection in H such that D is
symmetric.

Our approach is to give an explicit decomposition of the regular repres-
entation of G. Roughly speaking, it turns out that the sub-Dirac operator is
unitarily equivalent to an orthogonal sum of elliptic operators on the real line,
each having a discrete spectrum. This shows that D on I' \ G has pure point
spectrum.

We apply our results to compute the spectrum of D explicitly for two classes
of two-step nilmanifolds of the above form. First we consider three-dimen-
sional Heisenberg manifolds. Secondly, we study a class of five-dimensional
two-step nilpotent nilmanifolds with a three-dimensional distribution. Finally,
we discuss a three-step nilpotent example of dimension four with a two-dimen-
sional distribution. In this case the spectrum can be expressed in terms of the
spectra of the family of operators P, = 92 + (1> +¢)? £ 2¢, ¢ € R. In all three
examples, the multiplicities of the eigenvalues of D can be read off from the
coadjoint orbit picture.

The examples will show that

o the spectrum of the sub-Dirac operator on a compact 2-step nilmanifold
is not necessarily a discrete subset of R; its eigenvalues may have infinite
multiplicity, contrary to the results for the spectrum of the sub-Laplacian
on compact 2-step nilmanifolds;

o the kernel of the sub-Dirac operator on such manifolds can be infinite-
dimensional;

e in general, sub-Dirac operators are not Rockland operators in the fol-
lowing sense.

Let be given a left-invariant sub-Riemannian structure on a Lie group G. The
sub-Dirac operator acting on C*°(G, A) corresponds to an element Dgy, €
9 (q)QEnd(A). As anatural generalization of the Rockland condition for oper-
ators acting on functions introduced in [21], one might take that (dp ®1d) (Dgyp)
is injective for every irreducible representation p of G. However, our explicit
examples show that this condition does not hold true in general. For example,
itis not satisfied for the sub-Dirac operator associated to any left-invariant sub-
Riemannian structure (7, g, Pspin.s» V, 1) on the three-dimensional Heisen-
berg group, see Section 4.2.

The results on the spectrum mentioned above imply that there exists a
uniform discrete subgroup I' and a left-invariant sub-Riemannian structure
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(, g, Pspin, V, 1) on a simply connected two-step nilpotent Lie group G
with a distribution of codimension two in the tangent bundle of G such that the
associated sub-Dirac operator D on I' \ G is symmetric but neither hypoelliptic
nor Fredholm (see Section 4.5).

It follows that in this situation D2, = A + P, P a differential operator
of first order, is not hypoelliptic. In particular, we observe that hypoellipticity
is not preserved by adding operators of lower order.

ACKNOWLEDGEMENTS. We would like to thank Paul-Andi Nagy for several
useful discussions.

2. Sub-Riemannian Dirac operators

2.1. Definition of sub-Dirac operators

Let M be a smooth manifold and let # C TM be a smooth distribution, where
dim 7, = d for all x € M. Let I'() denote the space of smooth sections of
H . We assume that # is bracket-generating. That means, that for each x € M
there is a J € N such that the sequence

FO = F(%), F]'J,_] = F} + [F()s 1—‘]]

satisfies {X(x) | X € I'y} = Ty M. If g is a Riemannian metric on 7, then
the pair (#, g) is called a sub-Riemannian structure on M and (M, 7, g) is
called a sub-Riemannian manifold.

A sub-Riemannian manifold is said to be regular if foreach j = 1,...,J
the dimension of {X(x) | X € I';} does not depend on the point x € M.
Examples are contact structures and left-invariant sub-Riemannian structures
on Lie groups. In case of a regular sub-Riemannian structure one has the
notion of an intrinsic volume form, i.e., of a nowhere vanishing section of
AYmM(TM) naturally defined by the sub-Riemannian structure so that one
can define an intrinsic Laplacian, see [1].

LetV :T'(%)  T'(%) — T'(F) be a metric connection on 7. Note that
here we consider only derivations by vector fields in 7. Suppose that 7 is ori-
ented and that it admits a spin structure, i.e., that there is a Spin(d)-reduction
Pspin () of the principal SO(d)-bundle Pso(#) of oriented orthonormal
frames of (#, g). We consider the complex representation of Spin(d) which is
obtained by restriction of (one of) the complex irreducible representation(s) of
the Clifford algebra €1(d) := €I(R?). We will call it spinor representation and
denote it by A,. The associated bundle Pspin (%) Xspin) Aqg is called spinor
bundle S of (#, g). The space of smooth sections in S is denoted by I'(S).
The connection V defines a connection V5 : T'(%#) x T'(S) — I'(S) in the
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following way. Let sy, . .., 54 be a local orthonormal frame of # and consider
the local connection forms w;; = g(Vs;, s;). Then we define

1
Vig = X@) +5 ) 0i(X)si s ¢,

i<j

where ‘-’ denotes the Clifford multiplication.
Now we can define a sub-Riemannian Dirac operator, or sub-Dirac operator
for short, by

4] D= 5-V5:T(S) — I'(S),

where again sy, ..., ss is a local orthonormal frame of 7. Note, that the
definition of D depends on the choice of the connection V on # and that, in
general, this choice is far from being canonical in contrast to the Riemannian
case, where we have the Levi-Civita connection as a preferred connection.

A large class of metric connections in 7 can be obtained in the following
way. Suppose we are given a further distribution %" C TM such that TM =
J @ 7. Then this decomposition of TM gives us a projection pr : TM —
and we can define a connection V by the Koszul formula

() 28(VxY,Z) =X, Z)) +Y (X, Z)) - Z(g(X,Y))
+g(pr[X, Y], Z) — g(pr[X, Z],Y) — g(pr[Y, Z], X),

where X, Y, Z € I'(J). Inthis case V is uniquely determined by the vanishing
of VxY — Vy X — pr[X, Y]. The latter condition is equivalent to saying that
the torsion T (X, Y) := VxY — Vy X —[X, Y]is vertical forall X, Y € I"'(7).

2.2. Symmetry of the sub-Dirac operator

Let (M, 7, g) be an oriented sub-Riemannian manifold and w an arbitrary
volume form on M. Define the divergence of a vector field X on M by Fxw =
(divX) - w. Let V be a metric connection on 7. Suppose that 7 admits a
spin structure and define D : I'(S) — I'(S) as above. Let (-,-) be a hermitian
inner product on A, for which the Clifford multiplication is antisymmetric.
This inner product is unique up to scale. It induces a hermitian inner product
on S, which together with w gives an L?-inner product (-,-) on the space 'y(S)
of sections in § with compact support.

It is easy to find examples of three-dimensional Heisenberg manifolds with
two-dimensional distribution 7 and metric connection for which D is not
symmetric, see Section 4.2.
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The following lemma states that the sub-Dirac operator is symmetric if and
only if the divergence defined by the sub-Riemannian structure coincides with
the divergence given by the connection, compare also [9] for the Riemannian
case.

LEMMA 2.1. Under the above conditions, D is symmetric if and only if

d
3) divX =) (Vs X.5)

i=1

holds for all X € T'(#) and for one (and therefore every) local orthonormal
basis sy, ...,s8q of K.

If, in addition, V" is a complement of # in TM and V is defined as in
(2), then (3) is equivalent to the following condition. For one (and therefore
for all) sets {&,,...,&}, ]| = dim M — k, of local sections of V" that satisfy
w(S1y...,84, &1, ..., &) =1 the equation

mX, &N+ +nX, &) =0

holds for all X € T'(K), where ny, ..., n; € U'(T*M) are defined to be zero
on ¥ and dual to &, .. ., &.

In particular, if codim # = 1, then D is symmetric if and only if [I'(),
&] C ().

Proor. Consider sections ¢, ¥ € I'o(S) and define f : # — Cby
4 fw) :=({p,w- ).
Moreover, define u € T'y(# ® C) by
(5) 8 (u, w) = f(w)

for all w € I'(9), where g© denotes the the complex bilinear extension of g.
Choose a local orthonormal frame s1, ..., s; of . Then

QU

d
(Dg, ¥) — (¢, DY) =Z F(V50) = si(f () = Y g5 (V. 5),

thus

d
Dy ) = (. 0¥ = | (Z (Vo sl)
B
/ (Zg (Vyu, s»—dw(u))
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In particular, (3) is sufficient for the symmetry of D. On the other hand, any
sectionu; € ['g(H) is the real part of a section u € I'y(# ® C) that satisfies (4)
and (5) for some ¢, ¥ € I'4(S). Indeed, choose 1 such that (¥ (x), ¥ (x)) =1
for all x € suppu; and put ¢ := u; - . Define u by (4) and (5). Then

gup, w) =Refu; - ¥, w- ) =Re(p, w - ¥) =Re f(w)

forallw € I'(J), hence u; = Re u. Consequently, the symmetry of D implies

d
/ (Z g(Vgu,s;) — diV(u))a) =0
M Ni—g

for all u € T'o(7). Since the integrand is C{°(M)-linear in u, Equation (3)
follows.
The second part of the lemma now follows from

div(u) = (%, a))(sl, oS3 EL L&D

:—ZC{)(S],.. MSL]. .,Sd,fl,---aél)

—Za)(sl,...,sd,él,...,[u,éj],...,él)

:—Zg(pru Si] Zm([u &
d

= Zg(Vs[u, S;) — Z nj([ua SJ])
i=1 j=1

where the last equality is a consequence of Equation (2).

2.3. Sub-Dirac operators on Lie groups and compact quotients

Let G be asimply connected Lie groupand I' C G auniform discrete subgroup.
Let w denote the volume form of G defining the Haar measure. Let # C TG be
a left-invariant oriented distribution and g a left-invariant Riemannian metric
on # . Obviously, there exist left-invariant positively oriented orthonormal
vector fields sy, . .., s; which span # . In particular, the frame bundle Pso(#)
is trivial and the unique spin structure of # equals Pspin (#) = G x Spin(d).
Let V be a left-invariant connection on 7.
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The triple (¥, g, V) induces a sub-Riemannian structure on I" \ G, which
we will denote by (% g, V) The frame bundle Pso (% ) can be identified with

Pso(9) = G xr SO(d),

where I' acts by left multiplication on G and trivially on SO(d). There is a
one-to-one correspondence between homomorphisms ¢ : I' — Z, = {0, 1}
and spin structures of # given by

& —> Popin.(9) = G xr Spin(d),

where y € T acts by multiplication by e/™¢() on Spin(d). Spinor fields are
sections of the associated spinor bundle Pspin o (%) Xspin@) Aad = GXrAg or,
equivalently, maps ¥ : G — A, that satisfy ¥ (yg) = ™"y (g) for all
yel,ged.

In the left-invariant situation, the symmetry of the sub-Dirac operator D
associated to (%, g, Pspin(s),e, V) OF (% g Pspin, 8(% ), V) can be character-
ized as follows.

LEMMA 2.2. The sub-Dirac operator is symmetric with respect to the L*-
norm if and only if

d
(6) 0= g(Vysj,s)

i=1
holds for all j.

Proor. If Equation (3) holds true, then (6) follows by choosing X = s;
because the divergence of any left-invariant vector field is zero as G is unim-
odular.

Conversely, (6) implies (3) for all left-invariant X € I'(#). Furthermore,
it holds

div(fX) = X(f) + fdiv(X) =D (s:())g(X, 5) + f8(Vs X, 57))
= " 8(Vs (£ X). ).

This yields the claim.

Condition (6) is not satisfied in general, see Subsection 4.2.
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3. Sub-Riemannian structures on I' \ (R” x4 R)

3.1. The standard model

Let A(t) = exp(¢B) be a one-parameter subgroup of GL(n, R). We consider
the simply-connected solvable Lie group R” x4 R with group law

(x,9)(y, 1) =+ Ay, s +1).

In particular, (0, £)(x, 0)(0, £)~! = (A(t)x, 0). In addition, we assume A(1) €
SL(n, Z) so that the set Z" x Z becomes a uniform discrete subgroup.

A Lie group G is called exponential if the exponential map gives a dif-
feomorphism of its Lie algebra g onto G. Then G is simply connected and
solvable. A simply connected solvable Lie group is exponential if and only if
no operator ad(X) of the adjoint representation of g admits a non-zero purely
imaginary eigenvalues, compare Theorem 1 of [16]. In particular every simply
connected nilpotent Lie group belongs to this class.

The pair (R" x4 R, Z" x4 Z) serves as a standard model in the following
sense.

LEMMA 3.1. Let G be an exponential Lie group admitting a connected
abelian normal subgroup N of codimension one. Let I" be a uniform discrete
subgroup of G such that I' N\ N is uniform in N. Then there exists a one-
parameter subgroup A of GL(n,R), n = dim N, with A(1) € SL(n, Z), and
an isomorphism ® of R" x4 R onto G mapping Z" x4 Z onto I'.

PrOOF. We fix generators vy, ..., v, of the lattice ' N NV of the vector group
N and consider the linear isomorphism M of R" onto N given by M (e;) = v;.
On the other hand, the assumption on I" implies that ' NV is closed in G and
that ' N/N is a discrete subgroup of G/N. Hence there exists b € g with
exp(b) € I' and such that exp(b) N is a generator of ' N/N.

Put A(t)x = M~'(exp(tb) M (x) exp(th)~'). Now it follows that ® (x, 1) =
M (x) exp(th) is an isomorphism of R* x4 R onto G with ®(Z" x Z) =T'. In
particular, Z" x 4 Z is a subgroup of R” x 4 R. This means that 2" is A (/)-invariant
for all [ € Z so that A(l) € SL(n, Z2).

The condition A(1) € SL(n, Z) implies B € 3[(n,R) and A(t) € SL(n, R)
for all ¢+ € R. This reflects the fact that locally compact groups admitting a
uniform discrete subgroup are unimodular, compare Theorem 7.1.7 of [23].

The Lie algebra of G := R" x4 R is isomorphic to ¢ = R"” xp R, and
B = ad(b)|n, where b = (0, 1) and n = R" x {0}. Note that G is exponential
if and only if B has no non-zero purely imaginary eigenvalues.
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It is evident that

X1

w(x,t) = A1)
Xn

0O ... 0 1

defines a representation, which is faithful provided that G is exponential and
not abelian.

ExamPLE 3.2. Fixr € Z, andset B = (8 6) sothat A(t) = exp(tB) =

I +tB. Since A(l) € SL(2,2) forl € Z, T = Z*> x4 Z is a subgroup of
G = R? x4 R. On the other hand,

1 rt xg
ﬂ(xl,xz,f)=(0 1 xz)
0 0 1

gives an isomorphism from G onto the three-dimensional Heisenberg group
H (1) in its standard realisation as a group of matrices mapping I" onto

1 rl kl
F,={<O 1 kz)ll,kl,]QEZ}.
0 0 1

In particular, the above construction yields all uniform discrete subgroups of
H (1) and hence all three-dimensional Heisenberg manifolds, compare Sec-
tion 2 of [11].

Heisenberg manifolds and certain generalisations of them will be discussed
in Section 4.2 and 4.3 in greater detail.

Define I' := Z" x4 Z. The spin structures of distributions of T(I" \ G)
induced by a left-invariant distribution of 7' (G) are determined as follows.

LEMMA 3.3.Amap ¢ : I' — Z; is a homomorphism if and only if e(k, ) =
g'(k) + () for some homomorphism é : Z — Z, and a homomorphism
g 17" — Z, satisfying

(7) Y (e (Al = Dy €22
"

for all v. Here we identify Z, with {0, 1} C R.

PrROOF. Any homomorphism ¢ : I' — Z, defines homomorphisms & : Z —
Z,,6() =¢(0,1),and &’ : 2" — Z,, &'(k) = ¢(k, 0), where &’ satisfies

g (A(Dk) = e(A(Dk, 0) = £((0,1)(k, 0)(0,)™") = e(k, 0) = &' (k)
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foralll € Z and k € Z". The latter condition reduces to &'(A(1)k) = &’ (k) for
all k, and hence to &'(e,) = ¢'(A(1)e,) = Zu A,v(1)€'(ey) in Z; for all v,
which is equivalent to (7). It is easy to check that the converse holds also true.

Since I" is uniform and discrete, there exists a unique normalised right G-
invariant Radon measure ¢ on I \ G which can be obtained as follows: Let
I, = [0, 1]" denote the unit cube of R". Then

1
(8) / <pdu:/ (/ w(x,s)dx)ds
r\G 0 \JI,

for all ¢ € C(I" \ G). This can be proved using that the Haar measure of G
equals the Lebesgue measure of R"*! and that F = [0, 1)"*! is a fundamental
setforI"on G.

3.2. Decomposition of the right-regular representation

Let A(?) be a one-parameter subgroup of GL(7n, R) such that G = R" x4 Ris
exponential and I' = Z" x4 Z is a subgroup of G. Let ¢ : ' — Z, be a group
homomorphism. Our aim is to decompose the right regular representation of
G on L*(G, ¢).

Let C(G, ¢) denote the space of all continuous C-valued functions ¢ on G
satisfying ¢(gy) = €"*®¢(y) forall g € I'and y € G, and L?(G, ¢) the
completion of C (G, ¢) with respect to the Hilbert space norm

©) o, = [ toPdu.
G

Now right translation (p(x)¢@)(y) = @(yx) gives rise to a unitary representa-
tion of G on L?(G, ¢). This is precisely the definition of the induced repres-
entation p = indS ¢/™ of the unitary character ¢/ of . By Theorem 7.2.5
of [23], p can be written as a countable orthogonal sum of irreducible sub-
representations with finite multiplicity. We will give such a decomposition
explicitly, generalizing the results of [2] for the three-dimensional Heisenberg
group, which motivated this article.

To this end, we consider partial Fourier transformation with respect to the
first n variables: If ¢ € C(G, €), then

ok, D(x, 1) =k + ADx, 1 +1) = ™ Dg(x, 1)

for all (k,I) € T'. In particular, 2k + x,t) = €™**Dp(x,1) = @(x,1)
which shows that x — ¢(x, t) is 2Z"-invariant. For such functions it is natural
to consider

0.1 = / 0 (2x, e M€ g
I

n
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for &£ € 7". Clearly ¢ is uniquely determined by its Fourier coefficient func-
tions.

It follows from (8) that the restriction of ¢ € L?(G, ¢) to 21, x [0, 1]is L?-
and hence L!-integrable with respect to the Lebesgue measure. In particular,
the integral in the definition of (7% - ¢)(¢) := @(&, t) makes sense for almost
all z.

PROPOSITION 3.4. For ¢ € L*(G, ) there holds the Plancherel formula

1
ol =Y /0 198, 1) d.

ez

PrOOF. By the Plancherel theorem for L2-functions on the torus, we obtain
from (8) and (9) that

1 1
|<o|22=/0 (/1 |¢<x,r>|2dx>dz=/0 > 1@ P,

Eezn
where summation and integration can be interchanged.

Taking into account

/g(Mx)dx:/ g(x)dx

1, I,

for integrable Z"-invariant functions g on R" and M € SL(n, Z), one can prove
that the g-equivariance of ¢ entails the following conditions on its Fourier
transform.

LEMMA 3.5. For ¢ € L*(G, ¢) and (k,1) € T it holds
emekD G 1) = eni(A(—l)TE,k)a(A(_l)TE’ [41),

where A(1)T denotes the transpose of the operator A(l) with respect to the
standard inner product on R".

The one-parameter subgroup A represents the restriction of the adjoint rep-
resentation of the subgroup R = {0} x R of G to the ideal R" x {0} of g.
Identifying the linear dual of this Lie algebra with R" by means of the standard
inner product, we see that t — A(f) ' is the coadjoint representation. The
preceding lemma reveals the importance of this group action in the present
context. Any £ € R" has a Z-orbit & = {A(/)"& : [ € Z} and an R-orbit
w={A@)TE:t €R}.
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Let ¢ € L*(G,¢) and & € Z". The equality p(A(I) T&,1) = ™*O-=Dg (&,
[+1) shows that (&, -) determines ¢(n, -) forall n € 0. Inparticular, supp ¢ :=
{§ € 2" : 9(&, -) # 0} is a Z-invariant subset.

LEMMA 3.6. The set
So={6€Z":§ €2Z+6(ey) forall 1 <v <n}

is Z-invariant and contains supp @ for every ¢ € L*(G, ¢).

PrROOF. Leté € X, and [ € Z. Since ¢'(A(l)"e,) = &'(e,) and (£, k) €
2Z+¢'(k) forallk € Z",itfollows (A(I)T&, e,) = (&, A()e,) € 2Z+¢'(e,) and
A(l)TS € X.. This proves X, tobe Z-invariant. Let ¢ € L*(G,¢) andé ¢ 2.
Then there is 1 < v < n such that &, & 2Z + ¢'(e,) and hence e7/¢©) £
e™&:)  On the other hand, by Lemma 3.5 we have ¢™**0g (£, 1) =
e™ &R G (&, 1) for all k. This implies @(£, ) = 0.

Note that & € X,/ implies e/™**:0 = 7k for all k € 2",

Let Z \ X, denote the set of all Z-orbits in X... For 0 € Z\ X, it follows

that ) .
Uy = ﬂkerré ={p e L*(G,&) : suppg C 0} #0
§¢0

is a closed subspace of L?(G, ¢). It will be shown below that Uy is p(G)-
invariant.

PROPOSITION 3.7. These subspaces form an orthogonal decomposition

L*(G,¢) = @ Us.

962\25/

PrOOF. Let 6), 6, € Z\ X, be distinct orbits. By Proposition 3.4 and the
polarisation identity, we obtain

1
(o1, 2) 12 = Z/o 01, DP(E, 1) dt =0

Eezn

for ¢; € Uy, and ¢, € Uy,. Hence Uy, and Uy, are orthogonal. It remains
to be shown that the direct sum of the Uy is dense. Since C*°(G, ¢) is dense
in L*(G, ¢), it suffices to prove that every smooth e-equivariant function can
be approximated by a finite sum of functions in the Uy. By the decay of the
Fourier transform of ¢ € C*(G, ¢), it follows that

go(x, 1) =Y P(E, 1)e &

Eeo
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is a smooth function in Up and that ¢ = ) _,_, 5, 9o converges uniformly on

R" x [0, 1]. In particular, |¢J — D ey (pg‘Lz — O for J C Z\ I, finite and
increasing. (This also proves that Uy N C*°(G, ¢) is dense in Uy.)

The right regular representation p(x, s)@(y,t) = ¢(y + A(¢)x,t 4+ s) on
L%(G, ¢) is compatible with partial Fourier transform in the sense that

(10) (p(x,5)@) (€,1) = TAOTENG(E 4 ).

In particular, ¢(&,-) = 0 implies (o (x, s)(p)A (&,) = Oforall (x,s) € G
which proves Uy to be p(G)-invariant. We define pg = p|y, .

Let L2(R, €) denote the L2-completion of the vector space C(R, §) of all
continuous functions satisfying f(t + k) = ™ *® £(¢) for all k € Z. Here
§:Z — Zy = {0, 1} is defined as in Lemma 3.3. Put (T - ¢)(t) = @(§,1).
From Lemma 3.5 we get

Tz @)U +1) =&, 1 +1) = (A=) TE, 1+ 1)
=096, 0 = (T - ) (1)

for all ¢ € L?(G, ¢). Furthermore, Proposition 3.4 implies IT: - @l < lolL,
for all ¢. This shows that Tz : L*(G,é) — L*(R, £) is a continuous linear
operator.

Let 6 C X, be a Z-orbit. We claim that the restriction of T¢ gives a unitary
isomorphism of Uy onto L2(R, £). To prove this we must distinguish two cases.

Let w be the unique R-orbit containing 6. The stabilizer H, := {t € R :
A(t)TE = £} does not depend on the choice of the point £ € w. Since t >
A(t)T is the coadjoint representation of an exponential Lie group, we know
that the closed subgroup H,, is connected, see p. 49 of [16]. Thus there are
only two possibilities, either H,, = R or H,, = {0}.

First we consider the case H,, = R. This implies that w = 6 = {£}is a fixed
point. We obtain

1
ITe - ¢l =/ P&, DI dr = lol7
0

by Proposition 3.4. If ¥ € C(R, £), then ¢(x, t) = ¥ (t)e™ &) is in C(G, ¢)
by Lemma 3.6, and T; - ¢ = . Thus T is a unitary isomorphism of U, onto
L?(R, §). From Equation (10) it follows that the representation pe(x,s) =
T: po(x, )T, on L*(R, €) is given by

Pz (x, )Y (1) = e ENY (1 4 5).
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Define °(¢) = ¢™*(V" for t € R. Then & is a unitary character of R extending
I — ™D Any such extension has the form t — &%(¢)e*™ ™! for some m € Z.
By means of the unitary isomorphism (U - ¥)(t) = e*(—t)¥(t) of L*(R, §)
onto L2(Z \ R), we see that p¢ is unitarily equivalent to

(1) P (x, )Y (1) = T EVF ()t + 5)
on L?(Z \ R). For m € Z we consider the unitary character of G given by
Xet,w,m (x,8) = eﬂi(&X)eznimSgu(S).

Finally, using the Fourier transformation and the Plancherel theorem for L2-
functions on the torus, we conclude that py is unitarily equivalent to an ortho-

gonal sum
Lo = @ Xet,o,m

meZ

of 1-dimensional subrepresentations. Note that up to isomorphism this decom-
position does not depend on the choice of the extension &F.

Now we consider the second case where H,, = {0}. Then w is not relatively
compact and the Z-orbit 0 is an infinite set.

LEMMA 3.8. For every n € w there exists a unitary isomorphism T, of Uy
onto L*(R) which intertwines pg and

(12) Py (. )Y (1) = HAOTIN (1 ).

PROOF. Let £ € 6 and r € R such that n = A(r)"&. We claim that
(T,@)(t) = @(&, t +r) is a unitary isomorphism satisfying our needs: First of
all, Proposition 3.4 implies

+oo

+o00
|Tﬂso|%z=/ |a(s,t+r)|2dt=/ |, 1)) dt

- 1 - 1
= f0|a<s,l+r)|2dr=2fo BAD €, DI dt = o]}

lez lez

which shows that T,¢ € L?*(R) is well-defined and that T, is isometric. If
Y € Cy(R), then the sum

p(x, 1) = Ze_i”é(l)Iﬂ(l Ft— ) HAOTED

lez
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is locally finite in # and ¢ € C(G, &) by Lemma 3.6. Using A(l) & # & for
I # 0, we conclude T,¢ = . This proves 7, to be surjective. Finally, we
observe that (12) is a consequence of (10).

Let X_° denote the set of all R-orbits which intersect the subset X,/ of 2"
and which are not relatively compact. Let X be the set of all orbits of the
form w = {& } for a fixed point § € ¥y. If o € X3, n € w is arbitrary, and
01, 6, are Z-orbits contained in w N X/, then pg, = p, = py, by Lemma 3.8.

This implies
@ Lo = Mg wPw
0€Z\(wNZ,1)

where m, ., is the number of Z-orbits contained in w N X/, which is apriori
known to be finite, and p,, is the common unitary equivalence class of the
representations py for 6 € Z \ (w N X).

Summing up the preceding conclusions, we obtain

THEOREM 3.9. Let A(t) be a one-parameter group of GL(n, R) with A(1) €
SL(n, Z) and such that G = R" x4 R is exponential. Let ¢ : I' — Z, be a
homomorphism. Then the right regular representation p of G in L*(G, €)
decomposes as follows:

0= @ 0= (B Dreon) o (D mwn)

0eZ\X, weXg, mez weXy

where the multiplicities m , = #Z \ (v N X¢') are finite, the

Xéwm(X,8) = e i(E.X) i 2mAE(D)s

are characters of G, and the p,, are irreducible on L*>(R). For every n € w,

Py, )Y (1) = HAOTIN g (1 4 )

is a representative for the unitary equivalence class of p,. Moreover, the rep-
resentations {Xs om : @ € Xg,,m € Z} U {p, : w € X'} are mutually
inequivalent.

PrOOF. It remains to verify the last assertion and the irreducibility of p,,.
Clearly characters are unitarily equivalent if and only if they are equal, and not
unitarily equivalent to a representation on L2(R). Let C*(N) be the enveloping
C*-algebra of the group algebra L' (N) of N = R" x {0}. Recall that C*(N)
is isomorphic to C(N) via Fourier transformation. The above formula for
on shows that the C*-kernel of the integrated form of p,|N consists of all
g € C*(N) whose Fourier transform vanishes on w. Since the R-orbits are
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locally closed, it follows that p,, and p,, are inequivalent whenever w; #*
w. If U is a closed p,(G)-invariant subspace of L?*(R), then U is invariant
under translations and multiplication by bounded continuous functions. Thus
it follows U = {0} or U = L*(R).

Lemma 3.10. Suppose that G = R" x4 R is a nilpotent Lie group. Let
w e XX and6 € Z\(wNZ,). Forn € wlet T, denote the unitary isomorphism
of Uy onto L*(R) defined in the proof of Lemma 3.8. Then for every Schwartz
Sfunction ¥ € S (R) there exists a (unique) ¢ € Uy N C*(G, ¢) such that
T =Y.

ProoOF. Given ¢ € & (R) we consider

px, 1) = Ze_i”é(l)W(l F 1= ) HAOTED

lez

whose formal derivatives are

@ p)(x, 1) =Y e ™ O@PIAWD e 08y +1 — r)e™AD 6,

lez

Since B is nilpotent, the expression A(l)"& = exp(IB) £ is polynomial in /.
Hence for each multi-index S there exist constants N € N and Cy > 0 such

that
(A TE)P| < Co(1 + 13N,

for all [ € Z. On the other hand, since ¥ € % (R), for each « there are
Cy, C, > 0 such that

1@ Y)YL+1t—r) < Cill+ (41— )2~V < Cy|1 + 2|~NV+D

for all /, and for ¢ ranging over a compact subset K of R. This implies that
the above series converge absolutely and uniformly on R* x K so that ¢ €
C*>(G, ¢) is well-defined. Clearly ¢ € Ug and T, = .

3.3. Operators with discrete spectrum

Let (H, {-,-)) be areal vector space with inner product and (A, (-,-)) acomplex
vector space with a hermitian inner product. Suppose that A carries a €1(H)-
module structure such that (x -v, w) = —(v, x-w) forallx € H C ¥I(H) and
v,w € A.Letsy,...,s; bean orthonormal basis of H and a € H a non-zero
multiple of s;. Furthermore, let 2 : R — span{sy, ..., s;_1} be a non-constant
polynomial function. We consider the operator

P =ad +iQ()
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on the domain & (R, A). Here a, Q2(t) € ¥I1(H) are understood as operators
acting by pointwise multiplication. Clearly P is symmetric with respect to the
L?-inner product and densely defined in the Hilbert space L?(R, A). Thus P
is closable. The closure P of P is again a symmetric operator. Let P* denote
the adjoint of P. On its domain

dom(P*) = {y € L*(R, A) :
¢ +— (P@,¥)2 is continuous w.r.t. to the Lz—norm}

we consider the norm |- |p given by |¥|3 = |W|iz + |P*¢|iz- Our aim is to
prove the following result.

PROPOSITION 3.11. The closure P of P is self-adjoint and has discrete
spectrum.

PrROOF. We can assume |a| = 1 what will simplify the estimates below.

To prove the first assertion, we imitate the proof of the essential selfadjoint-
ness of the Dirac operator, compare Theorem 5.7 of [15] and Proposition 1.3.5
of [10]. As a basic fact we know that it suffices to verify ker(P* +i7) = {0}.
Moreover, since P is symmetric, it is enough to show that ker(P* £ il) C
dom(P). To begin with, we note that, if f € ¥ (R) and ¢y € dom(P*), then
fv € dom(P*) and

PH(fy) = f(P™Y) + (3 fla- .

Let v € ker(P* +il).If P denotes the extension of P to tempered distribu-
tions, then we get, as P is symmetric, (13 +il)y = P*y iy = 0. Since the
principal symbol p(§) = £ a of P +il is invertible for £ # 0, the regularity
theorem for elliptic differential operators implies that ¥ is a smooth function.
Choose h € C{°(R) satisfying 0 < h < 1 and h(0) = 1, and put A () =
h(t/k) for k > 1. By definition iy — 1 and iy € C3°(R, A) C dom(P).

Since )
|(Bhi)a - WLZ < |0hiloolal|¥lre < 100l ¥lL2,

it follows that
[V — i p = 1Y — |7, + |P*Y — P*(y)7s
<1 — 2 + (IP*Y — (P 2 + | @rhi)a - ¥l12)

converges to 0 for k — oo by dominated convergence. Hence ¢ € dom(P).
This establishes the essential selfadjointness of P.

To prove that the spectrum of P is discrete, we need the following two
lemmata.
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LEMMA 3.12. Let (A, {-,-)) be a €1(H)-module as above and Q2 : R — H
a continuous function satisfying |2(t)| — oo for |t| — oo. Then

X:={peL’R,A):d¢cL*R,A) and Q-¢ € L*(R, A)}

becomes a Hilbert space when endowed with the norm || ¢||> = |<p|i2 ~+|0: ¢ |iz +
|€2 - <p|%2, and the inclusion X — L*(R, A) is a compact operator.

Proor. The first assertion is obvious. Let (¢,,) be a bounded sequence in
X. We prove that (¢,,) has a subsequence which is Cauchy in L*(R, A). For
every n € N\ {0} there exists 7, > 0 such that |2(¢)| > n for |¢t| > r,.
We can assume 7, < ry4+1 and r, — oo for n — oo. Using |Q2(t) - ¢(t)| =
[2()]l@(#)| = n|p(t)], we obtain

2 1 2 1 2
lp()I°dt = — 120) - )" dt = =2 ¢l12
ES n= Ji|zr, n

for ¢ € X. For the moment, we fix the parameter n. Let x € C§°(R) be such
that 0 < x < 1 and x(¢) = 1 for |[t| < r,. By Rellich’s theorem, applied
to the bounded sequence x¢,, in H'(R, A), we conclude that there exists a
subsequence (¢, ,) such that

/ (O () — @y, (OP di = 0

I'n

for k,I — oo. Proceeding by induction, we establish {m,;;; : k € N} C
{my « : k € N} for all n. We define m; = my ;. Now it is easy to see that (¢, )
is Cauchy w.r.t. the L?-norm.

LEMMA 3.13. The domain of P is contained in X and the inclusion
dom(P) — X is continuous.

PrOOF. Since dom(P) = F(R, A) is contained in X and dense in dom(P)
w.r.t. the norm |—|p, it suffices to prove that there exists K > 0 such that
lell < K|p|p forallp € (R, A). Usinga-(d;¢) = 0;(a-¢) and Qa = —a2
in €1(H), we compute

(a-(09),iQ-¢)2 = —(a-9,i0,(2-9))p2

and
(i-@,a- (@) =(a ¢, i (0,¢))r.

As 0,(2- @) = (0;2) - ¢ + 2 - (0;¢), it follows

|Pol7. = la- (39) +i-@l7. = 18,917, — (a9, i(0Q) - ¢)r2 + 12 - [}
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for all Schwartz functions. Since €2 is a polynomial function, there exists
r > 0 such that [(9,)(¢)] < |Q2(¢)| for all |¢t| > r. Fix C > 1 such that
[(0;2)(t)| < C for |t] < r.From

r

a-0.i(3,9) - 9)12] 5/

—r

10, Q2)D)lp()* dr + / @)Dl )]* dt

[t|=r

sCf |<ﬂ(t)|2dt+f|| lpOI12() - @(0)] dt
—r t|=>r

< Clolt: + lpl212 - @12

it then follows

lol3 = ll7. +1Pol7. = —(Clol;. + tll7. + |1 Pol7.)

2l

> 2C( @l7: + 180172 + 19 - @17 — 19l21R - ¢l12)

v

%wmiz
for ¢ € (R, A). Moreover, iQ2 - ¢ = Py — a - (3;¢) gives
Q- @l2 < [Pl + 18,0l2 < (1++v2C)|plp.

Altogether, we obtain

loll® = lol + 10,02 + 192 pl2: < (14+2C + (1 ++2C))lol3

proving the lemma.

Now we can prove the second assertion of Proposition 3.11. As o (P) CR,
we know that P — i[ is bijective. Put R := (P — iI)~!. Since P —ilis
continuous w.r.t. the complete norm | - |p on dom(P) and the L2-norm, the
open-mapping theorem implies that R : L*(R, A) — dom(P) is continu-
ous. Moreover, since the inclusion dom(P) — X — L*(R, A) is compact
by Lemma 3.12 and 3.13, it follows that R is a compact normal operator on
L?(R, A) with ker R = {0}. By the spectral theorem there exists an orthonor-
mal basis {¢, : n € N} osz(R A) with Rg, = u,¢, for suitable 0 # u, € C.
This implies Py, = (k + )(pn for all n. If {i,, : n € N} happens to be an

infinite set, then u,, — 0 and hence |A + o | — oo for n — o0. This proves
the spectrum of P to be discrete.

Now we resume the assumptions of Section 3.1: Let A(¢) = exp(¢B) be a
one-parameter group of GL(n, R) with A(1) € SL(n, Z). Suppose that B does
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not possess any purely imaginary eigenvalues. Let g denote the Lie algebra
of G, and 1 the Lie algebra of N = R" x {0}. As before we identify g with
the tangent space at the identity element e = (0, 0) of G and denote by b the
(n + 1)th basis vector of g = R"” x5 R.

Let 7 be a left-invariant oriented distribution on G such that b € J,.
Suppose that # carries a left-invariant Riemannian metric g such that b is
orthogonal to 7, N1 w.r.t. the inner product (-,-) := g, on 7,. We assume that
I is bracket-generating. With C°(%,) = %, and CX(,) = [9,, C*"1(%,)]
for k > 1, this means # = ZZZO C*(9,). In particular, it follows

(13) [g.a] =Y _ C*(K).
k=1

The latter condition is crucial for the proof of Theorem 3.14 but we do not claim
that (13) has significance for left-invariant distributions 7 on Lie groups G
which do not have the form G = R" x4 R.

Let V be a left-invariant metric connection on # satisfying condition (3) of
Lemma 2.1, which guarantees the symmetry of the sub-Dirac operator. Here the
divergence in (3) is defined w.r.t. the left-invariant volume form corresponding
to the Haar measure of G. If # is the distribution on I' \ G defined by #, then
the Riemannian metric on 9¢ induced by g is denoted by g, and the connection
on by V.Lete : T — Z, be a homomorphism defining a spin structure
Pspins (') = G xr Spin(d) of (#, g), where d = dim 7 .

We fix a positively oriented orthonormal basis si,...,s; of #, with
51, ...,84—1 € #,Nnand such that s, is a positive multiple of b. Denoting the
corresponding left-invariant vector fields again by sy, ..., s4, the sub-Dirac

operator, as acting on smooth sections of the spinor bundle S(J, ¢), is given
byD=ZiSi Vf

Let A be the representation space of the complex spinor representation of
Spin(7,). Identifying ' (S(#, €)) with C*°(G, ) ® A, we see that D is given
by

1
(14) D:de(si)®si+ZZFfjl®s,~sjsk — P+ W
i i,j.k

where the s;’s in the second factor of the tensor products are understood as
operators on A. Furthermore, the constants Ff‘j = g(Vy,s;, s) are the Chris-
toffel symbols of V w.r.t. the orthonormal frame sy, .. ., s; of #, and dp is the
derivative of the right regular representation p of G on L?*(G, ¢). By (3) the
second sum in (14) reduces to a sum over all pairwise distinct indices i, j, k.
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THEOREM 3.14. [If, in addition to the above assumptions, G = R" x4 R
is nilpotent, then the closure of the operator D on I' \ G has a pure point
spectrum.

PrROOF. By Proposition 3.7 we know that L?(G, ¢) ® A is a direct sum of
the orthogonal subspaces {Uy ® A : 6 € Z\ X} which are invariant under
the action of p(G) ® €1(J.). Let US® := Uy N C*(G, €). Then Uy® ® A is
D-invariant. To prove that D has a pure point spectrum, it suffices to prove
that the closure of Dy := D|Ug° ® A has a pure point spectrum for all 6. If
6 = {&} is a fixed point, then, according to Equation (11), the subspace Uy is
an orthogonal sum of one-dimensional p (G)-invariant subspaces of U;°. Thus
Uy ® A is an orthogonal sum of two-dimensional Dg-invariant subspaces of
dom(Dy) which shows that Dy has a pure point spectrum. Thus we are left with
the case where @ is an infinite set and Uj is isomorphic to L>(R). Fix £ € 6.
Lemma 3.8 implies that there exists a unitary isomorphism 7; : Uy — L*(R)
such that pg := Tz ppT;" is given by

(15) pe(x, )Y (1) = eTAOTEN Y 4 gy

By Lemma 3.10 we may define D = (T ® I)DQ(T; ® )| L (R, A). Since
dpe(sj) = mi(A(t)"E, sjyfor1 < j <d —1anddpz(sq) = |b|0;, it follows
that the operator P := Zle dpg (s;) ® sj on (R, A) has the form

(16) P =a8t+ng(t)

with a = |b|7s; and Qs (1) = 7 Zf;ll(A(t)Té, sj)sj € H, C €l(I,). Note
that (A(¢)T&, sj) = (&, exp(tB)s;) is a polynomial in t because B is nilpotent.
Since

n n d—1
la.al=) B'@hnm=) ) R-(B)
k=1 k=1 j=1

by (13) and (£, [g, g]) # O for non-fixed points, it follows that at least one of
the components of € is not constant. Thus Proposition 3.11 implies that P:
has discrete spectrum. In other words, the essential spectrum of [_’5 is empty.

The operator We := AITZLj,k Ff‘j s;s;s¢ is bounded on L*(R, A). In par-
ticular, W; is relatively Pg—compact in the sense that dom(lsg) C dom(We)
and W (P: — i)~ is compact. By the Kato-Rellich theorem we know that
Ds = P: + W; is selfadjoint. Moreover, Weyl’s theorem which asserts the
stability of the essential spectrum under relatively compact perturbations, and
for which we refer to Theorem 14.6 of [12], implies that the essential spectrum
of D = P; + W; is empty. This shows that D; and hence D, have discrete
spectrum. The proof of the theorem is complete.
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REMARK 3.15. In general, the eigenvalues of the sub-Dirac operator D do
not have finite multiplicity and the spectrum of D is not a discrete subset of R.
A relevant example is given in Section 4.3.

3.4. Two- and three-dimensional distributions

In this subsection we will compute the spectra of the operators Dy arising in
the proof of Theorem 3.14 provided that G = R" x4 R is 2-step nilpotent
and dim # = 2 or 3. The explicit formulas that will be given below in the
non-fixed point case are a consequence of the following result.

ProrosITION 3.16. Let o, B € R and w(t) = awit + wy where a > 0,
wg, w1 € Cand |wy| = 1. Then the spectrum of the operator

w

i, @
(17) D=a1—|—,8< —ia,>

on ¥ (R, C?) is discrete. More precisely, o (D) = {Ag} U {k,f :k e N\ {0}},
where

Mo =a+BImwd) and  Af = a+ B(2ak + Im(wed)?)"’.

If Ao and the )\,:—L are pairwise distinct, then all eigenvalues are simple.

PrOOF. We can assume « = 0 and § = 1. Instead of D, we consider the
operator S := Q*DQ, where Q is the unitary matrix

] 1 —idy
Q‘ﬁ(—iwl 1)’

which diagonalizes D? and does not depend on ¢. Obviously the spectra of D
and S coincide. We have

g ( Im(w;w) w1 (0; + Re(wlc?)))>
~ \ (=9 + Re(w®)) — Im(w;®)
_ ( — Im(wywy) w1(0; +at 4+ Re(wywy)) )
" \w (=8, + at + Re(wo@)) Im(wod)) '

To detect S-invariant subspaces, we start with the orthonormal basis {/; : k €
N} of L?(R) given by the (normalized) Hermite functions

hi(x) = Q57 2RV (x)e /2.
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Here H,(x) = (—1)’<exzaj; [e_xg] is the kth Hermite polynomial. Put b =
2a Re(wowy ). Using the unitary isomorphism

b
U -w)@) = al/4w<al/2(t + ﬁ))

of L?(R), we then define uy = U - h;. Recall that the creation operator
A4 = —0, + x and the annihilation operator A_ = 9, + x satisfy A (hy) =
V2(k + 1) hyyy and A_(hy) = ~/2khy_;. Since

b
UALU* = a‘/2<¢a, +at+ —),
2a

we thus obtain

b
(—Bl + at + Z—)Mk =2ak + Duyyy for k>0,
a

b
(8, +at + 2—)uk =~ 2akui_; for k>1,
a
b
(8, + at + —)uo =0.
2a
This shows

( 0 ) (C?)l (0; +at + Re(wod)l))uo) _ ( 0 )
S . = _ = Im(wow1) ,
U Im(a)oa)l)uo uo

S. (“k—l) _ ( — Im(wow1)ur—1 ) _ (-Im(wﬂc_l)l)uk—l)
0 ) \w(=8 +at+Re(wyd)ur_1/) V2ak wyuy ’
S ( 0 ) B (@1(8, + at —I—Re(a)oa_)l))uk) B («/2akc?)1uk_1>

U Im(wow1)ug Im(wow1)ug

In particular, the subspaces
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are S-invariant, and the restriction of S to V, k > 1, is given by the matrix

— Im(a)oc?)l) LY, 2ak 67)1
( kY] 2ak w1 Im(a)oc?)l) )

with respect to the basis ¢y, V. Since L?(R, C?) is the direct sum of the V,
k > 0, the assertion follows.

Assume that G = R" x4 R is 2-step nilpotent. Let (#, g, V) be as in
the preceding subsection with 2 < dim # < 3. First we will determine the
spectrum of Dy := D|Ug° ® A when 6 does not consist of a single point.

Suppose that dim# = 2. Let s; € #, N n and s, € J, be a positive
multiple of b such that sy, s, is a positively oriented orthonormal basis of 7.
In particular, s, = |b|~'b. By (3) we have I'}, + '3, =0and '}, + '3, = 0
which implies that all Christoffel symbols of V vanish. Up to isomorphism,
there exists only one simple €1(%,)-module. Let A = C? be the one such that
s1 and sy, represented as operators on A, are given by

(0 -1 nd (i O
=0 : 2= o —i )
Letf € Z\ X, and & € 0 be anon-fixed point. If T : Uy — L?(R) is a unitary

isomorphim as in the proof of Theorem 3.14 and Dy = (T ® )DQ(TE* ®
D (R, A), then we know by (16) that D; has the form

_ —1 iat C?)S

with wg (f) = mi|b|(A(t)TE, s1). Since B = 0, we have A(t) = I + 1B so
that
wg (1) = 7i|b|((BT&, s1)t + (5, 51))

is a non-constant affine-linear function. Thus Proposition 3.16 implies that Dg
has discrete spectrum. Moreover, the eigenvalues of D; can be computed as
follows: Puta =0, 8 = |b|~!,a = 7 |b||(BTE, 51)|, w; = isgn(B"E,s;)and
wo = wi(€, s1). Note that Im(wow;) = 0. Hence it follows that

(18)  x(E)=0 and  AF(E) = +(2x bl (BTE, s1)k)

withk € N\ {0} are the eigenvalues of D;. This completes the case dim # = 2.
Suppose that dim # = 3. Choose s, s, € #, N1 and s3 = |b|~'b such
that sy, s, 53 becomes a positively oriented orthonormal basis of 7,. Up to
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isomorphism, there exist two simple €/(J,)-modules. Let A = C? be the one
given by the representation

0 i 0 —1 i 0
) A ) B )

Note that 515, = s3 and s;5; + 5;5; = —2§;; forall 1 < i, j < 3, as operators
on A. Using this and that V is metric, we conclude that the second sum in (14)
simplifies to W = —3(I'}, + T, + T3 ® .

Let9 € Z\ X, and £ € 6 be anon-fixed point. If 7 is a unitary isomorphism
of Uy onto L*(R) such that pe = T:pg TE* is given by Equation (10), then the
restriction Dg of (T @ I) Dy (TE* ®I), when realized in L?(R, A), to Schwartz
functions has the form

1 L (id @
D§=—E(Ffz+l“§3+r‘§l)1+|b| ‘(w; —fa,>

where wg, as G is 2-step nilpotent, is a non-constant affine linear function
given by

w; (1) = milb|(i(A(D) &, 51) + (A1) &, 52))
= —7|b|((BT&, 51) —i(B'&, 52))1 4 (E.51) — i (E. 52.)).
Hence Proposition 3.16 implies that the eigenvalues of D¢ are

(BT§7 Sl)(s» S2> - (és s1><BT§’ s2>
((BTE, 51)2 + (BTE, 5,)2)'"?

1
(19) 2o(§) = =5 (T}, + Ty +T35) =7

and
(20) Af(E)

1 _ 1/2
= _E(rﬁ2 + Ty +13) £ (2nk|b| "((BT&,51)* + (BTE, 52)%) /

+7

o ((BT6. 1) (6. 52) — (§.51)(BT&, ””2)1/2
(BTE,51)2 + (BT, 52)2 '

In (18)—(20) we rediscover the fact that the eigenvalues A (§) do not depend
on the choice of the point £ on the orbit. More precisely, since B> = 0 and
A(t)B = B, it follows, in accordance with Lemma 3.8, that )»,jf (A()Tg) =
)»,f(f) forall t € Rand & € R" \ [g, g]*. This completes the case dim # = 3.

Finally we compute the spectrum of Dy when 6 = {£} is a fixed point. For
this purpose, we can drop the assumption that G is nilpotent.
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By (11) we know that Uy is an orthogonal sum of 1-dimensional subspaces
{Ug : k € Z} of Ug N C*(G, ¢) on which (x, s) € G acts by multiplication
with . . .

Xstﬁ,k(xs S) — em(é,x)em(Zk—&-s(l))s'
Suppose that dim # = 2. Let 51, s, and A be as above. In this case the sub-
Dirac operator reads D = dp(s1) ® s1 + dp(s2) ® s2. Since d gz g 4 (s1) =
wi(§,s1) and dxg g x(s2) = wi|b|™' 2k + £(1)), it follows that Dy =
Dy|Uy . ® C? is unitarily equivalent to

2k +£(1) o) )
21 Dt =ol +
D o ﬂ( we =2k —&(1)
on C2, where « = 0, B = —n|b|~! and ws = —I|b|(§, s1) are constants.

Obviously, D¢  admits the eigenvalues
22)  ufE) =27 (b2 + ) + (E.5)) 7. kez

Suppose thatdim 7 = 3. Letsy, s», s3 and A be as above. Inthiscase D = P+
W where W = o I ® I anda = —3(T'}, + '}y +I'3}). Hence Dy is unitarily
equivalentto D¢ ; asin(21) with B = —|b|™! andwe = |b|((§, s1)—i(§, 52)).
Thus Dg ; has the eigenvalues

1
(23) 1@ = —5 (], + Ty +T3)

+ ﬂ(|b|_2(2k + 8(1))2 + (é" s1>2 + (g’ S2>2)1/2_

This shows that Dy has discrete spectrum in the fixed point case.

4. Examples of spectra of sub-Dirac operators
4.1. A preliminary remark
To compute the spectrum of the sub-Dirac operator D, it remains, by the
results in the preceding section for the spectra of the Dy, to determine a set of
representatives for the set of all Z-orbits contained in X,... More precisely, in
view of Theorem 3.9, we carry out the following steps:

(1) Describe all homomorphisms ¢ : ' — Z.

(2) Find a set of representatives %, for all R-orbits w intersecting ..

(3) Compute the number of Z-orbits contained in w N X.

(4) Determine the spectrum of D¢ for some & € .
This requires a detailed knowledge of the orbit picture of the coadjoint repres-

entation. In the following examples, the eigenvalues of the sub-Dirac operator
including their multiplicities will be determined completely.
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4.2. Three-dimensional Heisenberg manifolds

As we will see next, the results of this section comprise Theorem 3.1 of [2] con-
cerning the spectrum of the Dirac operator on three-dimensional Heisenberg
manifolds.

Let G = R? x4 R be the Heisenberg group as discussed in Example 3.2 and
I' = Z? x4 Z. Then g = span{e;, e5, b} with [b, e;] = re;. For positive real
numbers d and T we consider the orientation and the Riemannian metric g on
H = TG such that s; = %el, S» = —dep and 53 = %b becomes a positively
oriented orthonormal frame. The constants are chosen in accordance with [2],
where the collapse of Heisenberg manifolds M (r, d, T) for T — 0 is studied.
Let V be the Levi-Civita connection of g. In particular, V satisfies (3) and
-3, =T =T2 = d’TT Let ¢’ : 22 — Z, be a homomorphism. We
abbreviate '(e,,) to €,,. Then (7) is satisfied if and only if &7 is even. It is easy
to see that the disjoint union %, of

R =Ty =0 and RP ={(e€T,: & #0and& = &)

is a set of representatives for the set of all R-orbits intersecting X./. The set
%’5(] ) consists of all fixed points in X.. If w is the R-orbit represented by
(&1, 8) € ?/22,2), then w N X, contains |&7|/2 distinct Z-orbits.
2
We compute |b| = I, (£, 51) = 7 &1, (§,52) = —d&, (BT€,51) = 0and
(BTE, sy) = —dré&,. Inserting this into (23) gives

2 2 1/2
@) up0.8) = —dTT + n((zk + s’(l))zjl—2 + ngg) :

Similarly, for £ € X, with & # 0, Equations (19) and (20) yield

d*’T n
(25) M1, 82) = 7 7|§1|
and
42T 72 1/2
(26) )\1?(51, &) = i =+ (27Td2k|§1| + ﬁflz) .

We will use the following notation for the description of the spectrum of
the Dirac operator D on I" \ G. We define the spectral multiplicity function

m(D):R— NU{N|]},  m(D)() = dimker(D — AI).

Moreover, § = §(A) denotes the function that takes the value 1 in A and that is
zero on R\ {A}.
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Suppose we are given a spin structure corresponding to a homomorphism
e 12> x4 Z — Z, with & = 0. Summation of (24), (25) and (26) over
&, €22+ ¢, gives

m(D) = m} (D) + my (D) + mj (D) + m5(D) + m; (D),
where

+ dzT 1/2
mi (D) = ( -+ 4 (@K + 1) + 2Q + £27?) )
keZ lez

ST 27
md(D) = erla( T_%)’

4722\ 12
mE(D) = erzz (——j:<4nd2kl+ T2> )

Now assume &; = 1, which is only possible if r is even. Then %él ) = @ and
we obtain

m(D) = m} (D) +m(D) + m; (D),

where now

2
md(D) = Z(21+1) 3( a1 ”(ﬂTH)),

my(D) =Y (2l + r ZB(—TT
=0

221+ D2\ 2
+ <2nd2k(21 + )+ ”(T—j)> )

Now let us turn to the sub-Riemannian case and suppose # = span{s,, s3},
where again s, and s3 are orthonormal. Let V be defined by (2) for a leftinvariant
complement 7" :=R - u, u € g, of #. Since we wish to get a symmetric sub-
Dirac operator, the only possible choice is #” := R - s;. Indeed, otherwise
[T(F),u] ¢ T(H), thus D is not symmetric by Lemma 2.1. We proceed as
above, now using Equations (22) and (18).

For a spin structure that corresponds to a homomorphism ¢ : Z> x4 Z — Z,
with £; = 0 we obtain

m(D) = IN| - 8(0) + m{ (D) +m (D) + m3 (D) + m; (D),
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where

m¥ (D) = (i%ﬁ(%+@ﬂ»ﬁ+ﬂaw+@ff”)

keZ lez

m3(D) = ZWZ (£@rd®k)'?).
=1 k=1

If e = 1, then
m(D) = N - $(0)
=0 k=1

4.3. A five-dimensional two-step nilpotent example

We start by considering 2-step nilpotent Lie groups which are isomorphic to
a standard model G = R?” x4 R as described in Lemma 4.1 and therefore
generalise the example from the preceding subsection. We will describe the
orbits of R and Z acting on R>” by AT. Then we will specialise to dim G = 5
for the computation of the spectrum of the sub-Dirac operatoron I" \ G.

LeEmMA 4.1. Let G be a simply connected Lie group satisfying [G, G] =
Z(G) and admitting a connected abelian normal subgroup N of codimension
1. Let T be a uniform discrete subgroup of G such that I’ N\ N is uniformin N.
Then there exist p > 1, a one-parameter subgroup of GL(2p, R) of the form

(371

with R = diag(ri, ..., r,) and positive integers r, such that r,|r, for v =
1,..., p— 1, and an isomorphism ® of G onto R%” x4 R such that ®(T")
7P x4 Z

PrOOF. Put p = dim Z(G) = %dim N. Since I' N Z(G) is uniform in
Z(G), we find generators vy, ..., vy, of ' N N such that I' N Z(G) = Zv; +
-+ =+ Zv,. As in the proof of Lemma 3.1, we consider the linear isomorphism
M : R* — N given by M(e,) = v,, choose b € g such that exp(b) €
I' and exp(b)N generates ' N/N, and define Ay(t) € GL(2p, R) such that
®o(x,t) = M(x)exp(th) becomes an isomorphism of G onto R*” X4, R.
Since ®(Z(G)) = R? x {0} x {0}, we have

mm:<é’?)
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with Ry € GL(p, Z). Recall that Ry can be brought into Smith normal form,

i.e., there exist Q;, Q> € GL(p,Z) such that R := Q1R0Q2_l =
diag(ry, ..., rp) is diagonal with positive integers r,, such thatr,,|r,. Clearly
W(x',x", 1) = (Q1x, Qx”, t) gives an isomorphism of R*” x4, R onto

R?” x4 R with A(t)(x’, x") = (x’ + tRx", x”). Finally, it follows that the
assertion of the lemma holds for ® := ¥V ®,,.

Let G = R?” x4 R be as in Lemma 4.1 with uniform discrete subgroup
I' = 2?7 x4 Z. In particular, A(t)e, = e, and A(t)e,t = epyy + 1yt e, for
alll <v < p.

Leté : Z — Zy and ¢ : Z>» — Z, be homomorphisms. As before, we
pute, = €'(e,) forv =1,...,2p. By Lemma 3.3 it follows that e(k, ) :=
¢'(k) + £(1) is a homomorphism of T if and only if r,&, € 2Zfor 1 <v < p.
Note that the latter condition implies &, = O whenever r, is odd.

Next we will describe the coadjoint orbits. First of all,

Q7 (A TE,e) =&  and  (AQ®)'E, epr) = Epry + bt

for 1 < v < p. To formulate the subsequent result, a little more notation is
needed. If £ € Z%7, then £ € Z” denotes the projection of £ onto the first p
variables. For ) € Z”, the subset {§ € 2?7 : & = n} is Z-invariant. In particular,
{€ : £ = 0} is the set of all points remaining fixed under the coadjoint action.
Put J, = {v : n, # 0}. For n # 0, let d, > 0 be the greatest common
divisor of the integers |ry n1l, ..., [r,n,|. We choose j, = minJ, and set
qn = |rj,,77j,7 |/dr/-

Let X, be the image of ¥, under projection. If € £, \ {0}, then d, is
even because 7, is even whenever r, is odd. Furthermore, we define %,y =
ey E=0tand R, ={§ € Ty : E =nand0 <&, <2¢q,— 1} for
n e ¥, non-zero. Note that Rer is empty if e, = 1 forsome 1 < v < p.

LEMMA 4.2. In this situation, the following holds true:

(1) The disjoint union Ry = Unei/ Ry is a set of representatives for the

set of all R-orbits intersecting .
(ii) Let w be an R-orbit which intersects .. Then n = & does not depend

on the choice of £ € w N Xg. If w is not a fixed point, then w N Xy
consists of d, /2 distinct Z-orbits.

ProOF. Let & € X, such thaté # 0. By (27) we know that ATE ez,
if and only if r,&,7 € 2Z for all v € J;. This proves

2 2
Z=—17
lrvéy| d§

(28) {teR:AQ) € e X)) = ﬂ

vel;
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To prove (i), let @ be an R-orbit and & € w N X,.. Clearly n := £ does not
depend on the choice of £. We can assume & # 0. Define dy and j = j, as
above. Since (A(¢) &, ep+j) = epyj + r;&t, it follows from (28) that there
exists t € %Z such that A(1)Té€ € T, and 0 < (A(¢) &, eptj) < 2qy, — 1.

This proves A(1) '€ € N Ry, because A(1) T = £. We claim that w N Rer
consists of a single point: If £, £* € w N %, ,,, then, again by (28), there exists
at e % Z such that £* = A(t) €. In particular ;‘H = &,4; +r;§;t. Since
0 <&, S;‘Jrj < 2g, — 1, it follows ¢ = 0 and hence £* = £&. This proves
R to be a set of representatives.

Let £ € w N X, be an arbitary non-fixed point. Then f : R — w, f(t) =
A(1)TE, is bijective and R-equivariant. By (28) it holds f~!(w N Xy) = % Z.
Since d, /2 is an integer, it follows ]

HZ\wNXy =#2Z\ 2z dy
w g = —_— = —.
d, 2

More precisely, the points {A(Z—k)TE :0<k< %”} are representatives for the
n
set of all Z-orbits in w N X,.

We point out that the choice of the set %2, is in no way canonical. For
example, any choice of indices j, € J, leads to a set of representatives.

Now let us restrict ourselves to p = 2. Then canonical basis ey, ..., e4, b
of the Lie algebra g = R* x 3 R of G satisfies the relations [b, e3] = rie; and
(D, e4] = nyes.

Puts; = e3, 50 = e4 and s3 = b. As before, the corresponding left-invariant
vector fields are denoted by the same symbol. The left-invariant distribution
H .= span{sy, 52, 53} is given the orientation and Riemannian metric g such
that sy, 57, 53 becomes a positively oriented, orthonormal frame. In particular,
|b| = 1. Note that # is bracket-generating.

REMARK 4.3. In general, when # is a left-invariant 3-dimensional distribu-
tion on a Lie group G, the affine space of all left-invariant metric connections
in J satisfying (3) has dimension 6. However, in the present example, the
left-invariant connections which are defined by a left-invariant projection pr
onto # and the Koszul formula (2) and which satisfy (3) form a 3-dimensional
space.

Let V be a left-invariant metric connection in # satisfying (3). For ex-
ample, we could take the connection given by projection onto # along 7" :=
span{ey, e>}, which, according to (2), satisfies Ffj = 0 for all i, j, k because
[g.q] C 7. Lete : I' — Z, be a homomorphism giving a spin structure
of . By Lemma 2.1 the sub-Dirac operator D defined by (#, g, V, ¢) is
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symmetric. We compute its spectrum. To this end, we note that the coadjoint
representation is given by

0 &

7. _| O Te &
B¢ = ri&1 and A@) &= & +riéit
& &4 + bt

In particular, we get (£,s,) = (£, e21,) = &4, and (BTE,s,) = 1€, for
v=1,2.Pute = —1(I'},+T3;+T3). By (23), (19) and (20), the eigenvalues
of D are of the form
. 12
pEE) = o £ (Qk + (1) + 82 + &)

for fixed points, and

r1&1&4 — 1683

RO =T e

or

+ _ 242 222172 2 (116164 —r2§2§3)2)1/2
A (8) Oli<27Tk(7151 +ré) " +m 262 122
else. We want to decompose the set %, of representatives into a disjoint union
of sets that we can describe explicitly. To this end, consider n = £ € X,
and assume n # 0. If n; # 0 and , = O, then j, = 1, d, = |rin| and
g, = 1. Similarly, if n; = 0 and 5, # O, then j, = 2, d,;, = |r2n2| and
qn, = 1. For niny # 0 we get j, = 1, and obtain d,, = ged(| rin1l, [r2m2])
and g, = |rim |/ dy. This leads to a decomposition of %, into the following
subsets:

R = Ry,

R = {6 € Bo &1 #£0.6 =08 =&},

R = €T 5 =08 #0,&=e),

AP ={EeTo b1 #£0.6 #£0,0 <& <266 — 1}

We have %él) =Pifeg =1lore =1, 9252) =@ ife =1, and .%’23) =@if

€1 = 1. Recall that for v = 1, 2 the case ¢, = 1 can occur only if r, is even.
The spectrum of D depends on the spin structure given by . It holds

m(D) = Y{_ m; where m; = ¥, 00 m(D¢). Note that m; = 0if 2., = 0.
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Otherwise, m; is given as follows, where the sums are meant to be taken over
&, €22+ ¢,and & € 2Z 4 £(1).

mi= Y Sla+mE+E+ED) +o(a—nE+E +ED)
&3,64,85

m=3 'rfl' Z(S(a — 7 sgn(ri£n)é)

§17#0 &4
+ ) (8 + Qrking | + 7)) +8(a — Qrkiné | + nzsb‘”)))
k=1

2

=3 S (st sntagoren
5#0 &3

+ (8 + Qrkingl + w76 ) +8(a — Qukirg| + n25§>‘/2>))
k=1

d )
= Z Z gc (|"1§;| [r282])

§17#0 £7#0

> Z(mo(s)) +Y (6L E) + a(k;(&))))
k=1

0<83<2q¢, 65— 1 &

In particular, if ¢, = 0 for v = 1 or 2, then the numbers {« + (2k + &24,)7 :
k € Z} are eigenvalues of D and each of them has infinite multiplicity.

In this example, the spectrum of D is a non-discrete subset of R, no matter
which homomorphism ¢ : I' — Z, defining the underlying spin structure is
chosen. Indeed, o* := « + 7 sgn(ry)e; is an accumulation point of o (D).
To see this, we consider the sequence &, € %éf‘) given by §,1 = 2 + ¢,
En2 = 2n + &2, §,3 = &3 and &4 = sgn(r1r2)(2 + &4). Then A¢(§,) # o™ and
ro(&y) — a* forn — +oo.

4.4. A three-step nilpotent example

Letry, r, € Z\ {0} be such that r;r, is even. Define a Lie algebra structure on
g := span{ey, e3, e3, b} such that n := span{ey, e, e3} is an abelian ideal and
[b, X] = B(X) for X € n, where B : n — nis given by
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with respect to the basis ey, €3, e3 of n. Let G be the simply-connected Lie
group with Lie algebra g. Then G = R® x4 R with

1 tny t2r1r2/2
A(t) =exptB=]|0 1 try
0 O 1

Since A(1)isin SL(2, Z), the subset I" := Z* x 4 Z a uniform discrete subgroup
of G. Let (J, g) be the oriented sub-Riemannian structure having s; := es,
s> := b as a positively oriented orthonormal frame. Then # is bracket gener-
ating.

The spin structures of V4 correspond to homomorphisms ¢ : I' — Z,.
As above we write (k,1) = &'(k) - £(I), where € : Z — Z; is an arbitrary
homomorphism and ¢’ : Z> — Z, is a homomorphism satisfying (7), which,
in this example, means that r;&; and r\r,&1/2 + rp&, are both even. More
precisely, this shows: If r| and r; are both even, then ¢, and ¢, are arbitrary. If
r1 is odd and r; is even, then €, = 0 and ¢; is arbitrary. Now suppose that r; is
odd. If, in addition, r; is odd, then &; = &, = 0. If r; is even but not divisble
by 4, then either ¢; = ¢, = 0 or &y = ¢, = 1. Finally, if r; is divisible by 4,
then g, = 0.

Clearly 7" := span{ey, e} is a complement of # in the tangent bundle 7G.
Using the projection onto # along 7", we define a left-invariant connection V
in # by the Koszul formula (3). Since pr[s, s2] = 0, all Christoffel symbols
Ffj vanish. In particular, the sub-Dirac operator is symmetric and equals

D=S1'851+S2'852,

where we use the simple €1(J,)-module structure on C? defined by

(0 -1 (i 0
51 1 o) 27V\o i)

On the other hand, we have
&1
(29) AT(E = & +1in&
& + tra&y + 12111281 /2

In particular, the sets
RV :={s eR | § =& =0},
R® :={6eR & =0, & # 0},
RY = {£ eR’| & #0)
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are invariant under A ' (¢) for all 7 € R.
Let us first consider Dy for the orbit @ = {£} of an element £ € RV, Then,
according to (22), the spectrum of Dy consists of the eigenvalues

WEE) = 2 (2k + 600> +82)"° kez

Now consider & € R®. Then D¢ has the form

i), o
(30) ( w —i8,>

with w(t) = awt + wy, where
a = m|rél, w = sgn(né) - i, wy = Ti&;.
According to (18) the spectrum of D; consists of the eigenvalues Ao = 0 and
AE=2Qrin&l"2, ke N\ {0}

Finally, take § € R®. Then D; is of the form (30) where w(r) =
im(&1r1mt? )2 4 Erat + £3). Hence
(—af —w(t)? —ia/ (1) )

D? =
—iw' (1) -2 —w(t)?

3

Obviously, Dg is time-independent diagonalisable. More exactly, D§ is con-
jugate to

(—33 —w(t)? —iw'(t) 0
0 —3? — w(1)? +iw’(t))'

The operators —83 — o(t)? Fiw'(t) are of the form

Pﬂ:

a,b,c

:= 37 + (at* + bt +¢)* £ 2at + b)

for
a=rm&rr #0, b=m&r, c=mé&;.

We consider the bijection
2 2 - - 1
L“(R) — L“(R), o @, o) = ;ga(xt +y),

where x = a3, y = ba=%3/2.
We define PE := Pfo,c-
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CramM. The equation Pf)b,ci) = A is equivalent to Pcfgo = Lo, where
c| = —bza_4/3/2 +ca™ '3, A =a*a.

Indeed, assume that Pfgo = A@. Then ¢”(t) = ((t2 +c)> 2t — A)go(t)
holds. Hence

(P, . 9)(1)

—@}@) (1) + ((at®> + bt + ¢)* £ (2at + b))@(1)
= (—xz(((xt + y)2 +c)? £ 2(xt + y) — A)
+ (at® + bt +¢)* + 2at + b))@(1)
= x*A@(t) = a**r.
The converse can be proven similarly using ¢(¢) = x>@(t/x — y/x).
It is well known that the Schrodinger operator P= having a polynomial
potential of degree 4 has the following properties [7], [22]. The spectrum of

P* is discrete. All eigenvalues are real and simple. They can be arranged into
an increasing sequence Ag < A; < --- — 00 and satisfy

e JIL(1/4) - k\*?
¢ ( (/4 ) '

Obviously, P." and P have the same eigenvalues. We will denote these ei-
genvalues by A (c), k € N.

Since dim # is even the spectrum of D; is symmetric. We conclude that
spec(D¢) consists of the eigenvalues

+ (0P (—4b%a™ 4 ca” )2 ke,
where a = & riry /2, b = wry, ¢ = wé;.
Next we determine a set of representatives of the R-orbits in R? that intersect
Y. and the number of Z-orbits that are contained in them. Obviously,
RV =RV N3z,
is the set of fixed points in ¥, and
R =6 €T |5 =0,5#0,& =e)

is a set of representatives of the R-orbits in R® that interset X,.. For & €
R the R-orbit through £ contains |r,&,|/2 Z-orbits. Now we turn to orbits
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contained in R®. For a given number k € Z\ {0} let p, g € Z, g > 0 be such

that
2] p

= (7):1
ikl g b4

and put g (k) := g. Moreover, for /, g € N, g > 0 we define
M(l, q) == {(m1,ma) | my,my € N\ {0}, mi +ma =1, glmimy}.

We will show:

(1) The set

R =€ To |0 <& < In&il, M&, q(&)) =0}

is a set of representatives of R-orbits in R®® that intersect .

(2) For & € #© the number of Z-orbits contained in the R-orbit of & equals

m(&, &) =#{k e N| & + 2k < |ri& ], gEDIkk + &)}

Take £ € R® N X, and denote by @ the R-orbit of £. Using (29) we see that
AT(t)€ isin X, if and only if t7|&; and 12r1rmE /2 +try&; are in 2Z. The latter
condition is equivalent to

2k
(31 t=—o, qEDlk(k + &)
rié1

for some k € Z. Obviously, we may choose é = (&1, 52, 53) € 6 such that
0< 52 < |r1&1]. Now we want to chooseé is such a way that 52 > (is minimal,
which ensures the uniqueness of the representative. By (31), & is minimal if
and only if there does not exist an integer k, —[éz /2] < k < —1, such that
q (&) |k(k+§2) The latter condition is equivalent to g (§;)|(—k) (k—i—éz) Hence
552 is minimal if and only if 52 does not decompose as a sum 52 =m; +my
with m, my € N\ {0} and g (&;)|m m;. This proves the first assertion. The
second one follows from (31).

Now we can give an expression for m (D). In the following sums are taken
over & € g +2Z,i = 1,2,3. Moreover, we will take another index of
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summation, namely &, € (1) + 2Z. Furthermore, x € {1, —1}. Then

m(D)
=33 s(em (e + 97
&.64 K
+ ) Irkl (8(0) +y > 5(K(27Tk|r2§2|)1/2)>
£>0 k=1 «
+ Y méL&)
§17#0,62,63

1/3 riF ~1/3 Sézzrz 172
L Eo(e(r ) n((rep) (e 57)) )

4.5. Non-hypoellipticity of sub-Dirac operators

The aim of this subsection is to combine the results of the preceding two
subsections. In particular, we discuss the consequences for the hypoellipticity
of the sub-Dirac operator D acting on sections of the spinor bundle S () over
r\aG.

Let S (% )* denote the dual vector bundle of S (% ). Elements of the locally
convex space F(S(% )*) of all continuous linear functionals on F(S(% )*)
are called distributions with values in S (% ). Smooth sections of § (% ) can be
considered as elements of ['(S (% )*)" in a natural way.

We say that D is hypoelliptic if the following condition is satisfied for every
open subset W of I' \ G: If u € T'(S(#)*)’ such that (Du)|w is given by a
smooth section of S (% )|w, then u|y is smooth.

Identifying T'(S(F)) with C*°(G, ¢, A) as before, the above property trans-
lates to the following: If W is an e-invariant open subset of G and u €
C®(G, &, A*) such that (Du)|w € C®°(W, g, A), then u|y € C*°(W, g, A).

A sub-Riemannian structure (7, g, Pspin, V, 1) endowed with a spin struc-
ture Pspin, a connection V and volume form o on Lie group G is called left-
invariant if 7, g, V are left-invariant in the obvious sense and u is the volume
form defining the Haar measure of G.

Now we can formulate the following theorem, which comprises the results
of the preceding sections.

THEOREM 4.4. There exists a uniform discrete subgroup T' and a left-
invariant sub-Riemannian structure (I , g, Pspin, V, 1) on a simply connected
two-step nilpotent Lie group G with a distribution of codimension two in the
tangent bundle of G such that the associated sub-Dirac operator D on T" \ G
is symmetric but neither hypoelliptic nor Fredholm.
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PROOF. As in the end of Section 4.3, we choose G = R* x4 R, g = R* xzR
where A(t) = exp(tB) and B € End(R*) is given by Be; = B, = 0, Bes =
e; and Bey = e;. Put s; = e3, 5o = e4 and s3 = b. The corresponding
left-invariant vector fields span the distribution ' := span{sy, 2, s3} of TG
which is endowed with the orientation and the Riemannian metric g such
that 51, 52, s3 is a positively oriented, orthonormal frame. We choose the left-
invariant connection V such that I';, = T'); = I'7, = 0 and a spin structure
given by a homomorphism ¢ : 2P X, 72— 2, satisfying €3 = ¢4 = 0.

We consider the sequence 1,, € R, givenby n,,1 = 2m+¢&y, Ny =2+ &
and 71,3 = Nue = 0 for m > 1. Note that n,, and 7, lie on different R-orbits
provided that m # n. Clearly A¢(n,,) = O for all m. This means that the kernel
of D is of infinite dimension. In particular, D is not a Fredholm operator.

Suppose that the operator D acting on sections of § (9F) is hypoelliptic.
As before, the extension of D to distributions is again denoted by D. By the
hypoellipticity of D, it follows that X := ker D is contained in the subspace
C>®(G, &, A) of L*(G, &, A).

The C*°-topology tc~ of C*(G, €, A) is given by the sequence of norms
pv@) =3 <y |EY" .. ESulo where Ej = 370 | A;j(1)d,, and Es = 9,
are the left-invariant vector fields corresponding to ey, . .., es. By the Arzela-
Ascoli theorem and a diagonal sequence argument it follows that (C*°(G,¢e,A),
T~ ) has the Heine-Borel property. Since X is complete in both topologies 7,2
and t¢~, the open mapping theorem implies (X, t;2) = (X, te~). Thus X
is locally compact and hence finite-dimensional. This contradiction proves
the theorem. Note that this argument can be applied to arbitrary hypoelliptic
operators on compact manifolds.

Since hypoellipticity is a local property, Theorem 4.4 yields:

COROLLARY 4.5. In the situation of the preceding theorem, the sub-Dirac
operator Dy acting on sections of the spinor bundle S(#) over G is not
hypoelliptic either.
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