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COACTIONS ON CUNTZ-PIMSNER ALGEBRAS

S. KALISZEWSKI, J. QUIGG and D. ROBERTSON

Abstract

We investigate how a correspondence coaction gives rise to a coaction on the associated Cuntz-
Pimsner algebra. We apply this to recover a recent result of Hao and Ng concerning Cuntz-Pimsner
algebras of crossed products of correspondences by actions of amenable groups.

1. Introduction

The Cuntz-Pimsner algebra Oy associated to a C*-correspondence X is a
C*-algebra whose representations encode the Cuntz-Pimsner covariant rep-
resentations of X. These were introduced by Pimsner in [13], and generalize
both crossed products by Z and graph algebras when the underlying graph
has no sources. Further work by Katsura in [9] has expanded the class of
Cuntz-Pimsner algebras to include graph algebras of arbitrary graphs, crossed
products by partial automorphisms and topological graph algebras.

As in the cases of the above mentioned C*-algebras, it is fruitful to invest-
igate how C*-constructions involving O can be studied in terms of corres-
ponding constructions involving X. For example, it has been understood for
some time how actions of groups on O can be studied in terms of actions
on X, see [5] for example. In this paper we show how coactions of a locally
compact group G on Oy can be studied in terms of suitable coactions of G on
X.

In order to say what “suitable” should mean, we appeal to [7], where we
showed that the passage from X to Oy is functorial for certain categories. Spe-
cifically, the target category is C*-algebras and nondegenerate homomorph-
isms into multiplier algebras, and the domain category is correspondence and
Cuntz-Pimsner covariant homomorphisms (defined in [7]). To see how this
should be applied, note that a coaction of G on Oy is a nondegenerate ho-
momorphism ¢ : Ox — M(Ox @ C*(G)) satisfying appropriate conditions,
and similarly a coaction of G on X (as defined in [4]) is a homomorphism
o : X —> M(X ® C*(G)). In order to apply the techniques from [7], we
want ¢ to be determined by o. If we knew that Oy ® C*(G) were equal to
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Oxgc+G), the Cuntz-Pimsner algebra of the external-tensor-product corres-
pondence, then the main result of [7] would tell us that we should require the
correspondence homomorphism o to be Cuntz-Pimsner covariant in the sense
defined there. As it happens, due to the nonexactness of minimal C*-tensor
products, we need a slightly stronger version of Cuntz-Pimsner covariance,
specifically suited for correspondence coactions. We work this out in an ab-
stract setting toward the end of Section 2, then we use this to prove our main
result concerning coactions on Cuntz-Pimsner algebras at the start of Section 3,
after which we go on to develop a few tools dealing with inner coactions on
correspondences.

In Section 4 we show how to recognize covariant representations of the
coaction ¢ on O using the coaction ¢ on X. In Theorem 4.4 we show that
under a mild technical condition the crossed product Ox x, G is isomorphic
to the Cuntz-Pimsner algebra Oy ¢ of the crossed-product correspondence.
We list in Lemma 4.6 a couple of situations in which the technical condition is
guaranteed to hold. We also show that, as in the C*-case, the crossed product
of X by an inner coaction is isomorphic to the tensor product X ® Co(G),
and that if G is amenable and acts on X then the dual coaction on the crossed
product X x G satisfies our stronger version of Cuntz-Pimsner covariance. For
all we know the amenability hypothesis in the latter result is unnecessary, but
anyway we will apply this in Section 5 to recover a recent result of Hao and
Ng [5]; they show that if G acts on X then Ox x G = Ox g, and we give a
substantially different proof using the techniques of the present paper.

2. Preliminaries

We are mainly interested in correspondences over a single coefficient C*-
algebra, but occasionally we will find it convenient to allow the left and right
coefficient C*-algebras to be different. We denote an A — B correspondence
X by (A, X, B) and write ¢4 : A — Z(X) for the left action of A on X. If
A = B we denote the A-correspondence X by (X, A). All correspondences
will be assumed nondegenerate in the sense that A - X = X.

We record here the notation and results that we will need.

The multiplier correspondence of a correspondence (A, X, B) is M(X) :=
Zp(B, X), which is an M(A) — M(B) correspondence in a natural way.
If (A, X, B) and (C, Y, D) are correspondences, a correspondence homo-
morphism (w, ¥, p) : (A, X,B) — (M(C), M(Y), M(D)) comprises ho-
momorphisms 7 : A — M(C) and p : B — M(D) and a linear map
¥ : X — M(Y) preserving the correspondence operations. The homomorph-
ism (7w, ¥, p) is nondegenerate if span{y/(X) - D} = Y and both 7 and
p are nondegenerate, and then there is a unique strictly continuous exten-
sion (77, ¥, p) : (M(A), M(X), M(B)) — (M(C), M(Y), M(D)), and also
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a unique nondegenerate homomorphism ¥V : 7 (X) — #(Y) such that
WD ¥, p) 1 (H(X), X,B) — (L), M(Y), M(D)) is a nondegenerate
correspondence homomorphism. The diagram

A—T" 5 M(B)

2.1 “’Al l‘TB

commutes, and (! is determined by

v (., = v EWm*.

IfA=B,C=D,andw = p,wewrite (¢, 1) : (X, A)—> (M), M(C)).

We refer to [7, Section 2] for an exposition of the properties of the “relative
multipliers” from [3, Appendix A]. Very briefly, if (X, A) is a nondegenerate
correspondence and k : C — M (A) is a nondegenerate homomorphism, the
C-multipliers of X are

Mc(X):={meM(X) :xk(C) - mUm-k(C) C X}.

The main purpose of relative multipliers is the following extension theorem [3,
Proposition A.11]: let X and Y be nondegenerate correspondences over A and
B, respectively, letk : C — M(A)ando : D — M (B) be nondegenerate ho-
momorphisms. If there is a nondegenerate homomorphism A : C — M (o (D))

such that
w(k(c)a) = A(c)m(a) for ceC,acA,

then for any correspondence homomorphism (i, 7) : (X, A) — (Mp(Y),
Mp(B)) there is a unique C-strict to D-strictly continuous correspondence
homomorphism (¥, 7) making the diagram

(X, A) — . (Mp(Y), Mp(B))
\-T
{ IR tE o
(Mc(X), Mc(A))

commute.

We will also need to use the method of [7] to construct homomorphisms
of Cuntz-Pimsner algebras from correspondence homomorphisms. Following
Katsura [8], we define an ideal Jx of A by

Jx :={ae A:ps(a) € #(X)and ab = 0 forall b € ker ¢, }.



COACTIONS ON CUNTZ-PIMSNER ALGEBRAS 225

For a C*-correspondence (X, A), we denote the associated Cuntz-Pimsner
algebra by Oy, and universal covariant representation by (ky, k4) : (X, A) —
Ox; see [7] for details.

We say a homomorphism (Y, 7) : (X, A) — (M(Y), M(B)) is Cuntz-
Pimsner covariant if

(i) ¥ (X) C Mp(Y),

(i) m : A —> M (B) is nondegenerate,
(iii) w(Jx) € M(B; Jy), and
(iv) the diagram

Jx — 21— M(B; Jy)
(2.2) A Il l@l
I (X) —> Mp((Y)
commutes,
where, for an ideal / of a C*-algebra A, we follow [1] by defining
MA;I)={me M(A) :mAU Am C I}.

By [7, Corollary 3.6], when (v, ) is Cuntz-Pimsner covariant there is a unique
homomorphism Oy, , making the diagram

X —5 s Mp(Y)
. e
Ox —5—> Mp(Oy)
L% 4

commute.
If G is a locally compact group and (X, A) is a correspondence we will
write % "
Mc+)(A® C7(G)) = Mige) (A ® C(G))
Mc+)(X ® C*(G)) = Migc+G)(X ® C*(G)).

Recall that a coaction of G on a C*-algebra A is a nondegenerate injective
homomorphism § : A — M(A ® C*(G)) satisfying the coaction identity
given by the commutative diagram

A 2 M(A® C*(G))

(2.3) al l&@ﬁ

M(A® C*(G)) ———— M(A® C*(G) & C*(G)).
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and satisfying the coaction-nondegeneracy condition

span{s(A)(1 ® C*(G))} = A ® C*(G).

REMARKS 2.1. (1) Note that, as has become customary in recent years,
we have built coaction-nondegeneracy into the definition of coaction, and of
course it follows that §(A) C Mc+)(A @ C*(G)).

(2) The coaction identity requires 6 to be nondegenerate as a homomorph-
ism, so that it extends uniquely to multipliers. However, if we know that
8(A) C Mc+)(A ® C*(G)), then, even without knowing § is nondegen-
erate, the coaction identity makes sense when the upper right and lower left
corners of the commutative diagram (2.3) are replaced by Mc» ) (A® C*(G)).

(3) Coaction-nondegeneracy implies nondegeneracy as a homomorphism.
However, an under-appreciated result of Katayama [8, Lemma 4], implies that,
assuming we know § satisfies all the other coaction axioms except for coaction-
nondegeneracy, the closed span of the products §(A)(1 ® C*(G)) is actually
a C*-subalgebra of A ® C*(G), and hence to show coaction-nondegeneracy it
suffices to verify the seemingly weaker condition

2.4) 3(A)(1 ® C*(G)) generates A @ C*(G) as a C*-algebra.

A nondegenerate homomorphism p : Co(G) — M(A) implements an
inner coaction 8" on A via

§"(a) = Adp ®id(wg)(a ® 1),

where
wg € M(Co(G) ® C*(G)) = Cp(G, M(C*(G)))

is the (strictly continuous) function given by the canonical embedding of G
into the unitary group of M (C*(G)). The trivial coaction §' = id4 ®1 on A
is implemented by the homomorphism

= felua for f e Co(G).

A coaction (A, §) makes A into a Banach module over the Fourier-Stieltjes
algebra B(G) = C*(G)* via

f-a=S8;0d(a) for f e B(G),aeA,

where Sy : A ® C*(G) — A is the slice map, which we sometimes alternat-
ively denote by id ® f. Frequently we restrict the module action to the Fourier
algebra A(G), which is dense in Cy(G).
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The Kronecker product (see, e.g., [2, Théoreme 1.5], [10, p. 118], [12,
Definition A.2], [14, Definition 6.6]) of two nondegenerate homomorphisms
w and v of Cy(G) in M (A) and M (B), respectively, is defined by

UXVv:i=uQvodw,
where o : Co(G) — Cp(G x G) = M(Cyp(G) ® Cy(G)) is given by

a(f)(s,1) = f(s0).

Letting _
u=puQid(wg) and v=v ®id(wg),

we have
(n xv) ®id(wg) = u3v23.

A covariant homomorphism of a coaction (A, §) is a pair (7w, u) : (A,
Co(G)) — M(B) comprising nondegenerate homomorphisms 7 : A —
M(B) and i : Cyo(G) — M (B) such that

7 ®idod(a) =Adu ® id(wg)(w(a) ® 1).

A crossed product of (A, §) isatriple (A x5G, ja, jg) consisting of a covariant
homomorphism (j4, jg) : (A, Co(G)) = M(A x5 G) that is universal in the
sense that for every covariant homomorphism (7, i) : (A, Co(G)) — M(B)
there is a unique nondegenerate homomorphism 7 x u : A X G — M(B)
making the diagram

ALy M(A x5 G) <25 Co(G)

1
1

\‘ !:T[XM/
¥

M(B)

commute. It follows that A xsG = span{j(A)js(Co(G)). The crossed product
is unique up to isomorphism, and one construction is given by the regular
representation

([d®1) 08,1 ®@ M) : (A, Co(G)) > M(A® H(L*(G))),

where A is the left regular representation of G and M : Co(G) — B(L?*(G))
is the multiplication representation.

For correspondence coactions, we follow [4], but again build in coaction-
nondegeneracy:
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DEFINITION 2.2. A coaction of G on a correspondence (A, X, B) is a
nondegenerate correspondence homomorphism

6,0,8): (A, X,B) — (M(A ® C*(G)), M(X ® C*(G)), M(B ® C*(G)))

such that:
(i) 4 and ¢ are coactions on A and B, respectively;
(i) o satisfies the coaction identity given by the commutative diagram

X o M(X ® C*(G))

al l@

M(X ® C*(G)) = M(X ® C*(G) ® C*(G));

(iii) o satisfies the coaction-nondegeneracy condition

span{(1® C*(G)) -0 (X)} =span{o (X) - (1Q® C*(G))} = X ®C*(G).

We also say that o is § — & compatible.

REMARKS 2.3. (1) Remarks similar to those following the definition of
C*-coaction apply to correspondence coactions. For example, coaction-non-
degeneracy implies that o (X) C Mc¢+6)(X ® C*(G)) and o is nondegenerate
as a correspondence homomorphism. In fact, it implies a stronger form of
nondegeneracy, namely that, in addition to span{o(X) - (X ® C*(G))} =
X ® C*(G), we also have the symmetric property on the other side:

span{(X ® C*(G)) -0 (X)} = X ® C*(G).

(2) On the other hand, nondegeneracy of ¢ as a correspondence homo-
morphism implies one half of the coaction-nondegeneracy, namely span{o (X)-
(1® C*(G))} = X ® C*(G), by coaction-nondegeneracy of ¢.

(3) o will be isometric since ¢ is injective.

Frequently we will have A = B and 6§ = ¢, in which case we say that
(0, 8) is a coaction on (X, A); of course thecase X = A =Bando =6 =¢
reduces to a C*-coaction. Being particularly nice correspondence homomorph-
isms, coactions on C*-correspondences are easily shown to be Cuntz-Pimsner
covariant:

LEMMA 2.4. A coaction (o, §) of G on a correspondence (X, A) is Cuntz-
Pimsner covariant as a correspondence homomorphism if and only if

5(Jx) C M(A ® C*(G); Jxec+G))-
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ProOF. By definition of correspondence coaction, the correspondence ho-
momorphism (o, §) : (X, A) > (M(X ® C*(G)), M(A ® C*(G))) is nonde-
generate, and the inclusion o (X) C Mc+)(X ® C*(G)) trivially implies that
0(X) C Magc+6)(X ® C*(G)). Combining with [7, Lemma 3.2] gives the
result.

However, as a consequence of the nonexactness of minimal C*-tensor pro-
ducts, we will need a variation on Lemma 2.4, and we state it in abstract form,
not involving coactions:

LEMMA 2.5. Let (X, A) be a correspondence, let C be a C*-algebra, and
let (Y, m): (X,A) > (Mc(X ® C), Mc(A ® C)) be a nondegenerate cor-
respondence homomorphism. If

n(Jx) CM(AQC; Jx ®C),

then the composition

(kx ®idoy, kg ®idom) : (X, A) > M(Ox ® C)

is Cuntz-Pimsner covariant.

ProOF. By checking on elementary tensors one verifies that, on the ideal
Jx ® C of A® C, we have

(kx @ i) o prec = (kY ®id) o (¢4 ® id)
=k ops®id
=ky ®id,

and so, by strict continuity, on M(A ® C; Jx ® C) we have
(kx ® id)D o Page = ka ®id.
Thus, on Jx we have
(kx ®ido w)(l) opa = (kx ®id)D oy 0 gy

= W 0 QAgC O T,

by [7, Lemma 3.3], since (¥, 7) is nondegenerate,
=ks®idom,

which is Cuntz-Pimsner covariance.

Here is the connection between Lemmas 2.4 and 2.5:
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LEMMA 2.6. Let (X, A) be a correspondence, let C be a C*-algebra, and
let (X ® C, A ® C) be the external-tensor-product correspondence. Then

Jx ® C C Jxgc,

with equality if C is exact.

ProOOF. We use the characterization [9, Paragraph following Definition 2.3]
of Jy as the largest ideal of A that ¢4 maps injectively into 77 (X), and similarly
for Jxgc. By [16, Corollary 3.38], for example, we have

HXQC)=H(X)®C,

SO _
Yagc = ¢4 Qidc .

Since ¢4 maps Jx injectively into J'(X), ¢4 ® id maps Jx ® C injectively
into 7' (X) ® C. Therefore ¢ 4g¢c maps Jx ® C injectively into 77 (X ® C), so
Jx ® C C Jxgc-

Now assume that C is exact, and let x € Jxgc. Since C is exact, it has
the slice map property, so to show that x € Jx ® C it suffices to show that
(id Qw)(x) € Jx for all w € C*. To verify the first property of Jx, we have

@A ((i[d ®w) (x)) = (id ®w) o (pa ® id)(x),
which is in J7 (X) because
(94 ®id)(x¥) = Pagc(x) e X (X R C) =KX (X) R C.

For the other property of Jx, leta € ker ¢4. Factor ® = ¢ - @' with ¢ € C and
' € C*. Then

((i[d ®w)(x))a = (i[d ®c - w)(x(a ® 1))
= ([d ®w')(x(a ® ¢)),

which is 0 because

a®cekerps ® C =Kkerpagc.

Recall from [4, Proposition 3.9] that if (3, 0, €) is a coaction of G on a
correspondence (A, X, B), then the crossed product correspondence (A X
G, X X5 G, B X, G) is defined by

X %, G = span{jx(X) - jE(Co(G))} C M(X ® H (L*(G))),
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where iy = (id@h) oo

J& = 1yuw ® M.

X Xy Gisan A Xs G — B %, G correspondence in a natural way when we
use the regular representations

(a J&) : (A, Co(G)) = M(A® X (L*(G)))
(js» i) 1 (B, Co(G)) — M(B ® H(L*(G))).
[4, Lemma 3.10] proves that there is a coaction u of G on J (X) such that

e 04 A—> M(H(X))isd — u equivariant;

e there is an isomorphism J/' (X %, G) = J/(X) x, G that carries Q4,6
to g X G.

In fact, the an examination of the construction used in [4] reveals that the
coaction on J7 (X) is none other than

oV X (X) = Mc6)(H (X) ® CH(G)) = Mcr6)(H (X ® C*(G)),
so that the left-module action of A x5 G on X X, G can be regarded as
A X G:AXsG— M(FH(X) xz0 G).
REMARK 2.7. Note that
(Jas jx» JB) : (A, X, B) = (M(A x5 G), M(X x5 G), M(B % G))

is a correspondence homomorphism. In fact, it is a bit more: since j4 and jp
are nondegenerate by the standard theory of C*-coactions, it follows from [4,
Lemma 3.10] that he correspondence homomorphism (j, jx, jg) is nonde-
generate.

LEMMA 2.8. Let (0, 8) be a coaction of G on a correspondence (X, A). Then
the canonical correspondence homomorphism (jx, ja) : (X, A) —> (M(X X,
G), M(A x5 G)) is Cuntz-Pimsner covariant if and only if

Jja(Jx) C M(A x5 G; Jxx,6)-

PrOOF. By Remark 2.7 and [7, Lemma 3.2], it suffices to observe that

Jx(X) C Mpy6(X X G).

Although the following concept does not appear in [4], we will find it useful:
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DEerINITION 2.9. Let (8, 0, €) be a coaction of G on a correspondence
(A, X, B), let (m, ¥, p) : (A, X,B) - (M(D),M(Y), M(E)) be a corres-
pondence homomorphism, and let u : Co(G) — M (D) and v : Cyp(G) —
M (E) be homomorphisms. Then (=, i, p, i, v) is covariant for (8, o, €) if

(i) (m, u) and (p, v) are covariant for (A, &) and (B, &), respectively;

(i) for all £ € X we have

Y ®idoo(§) = pu®id(weg) - W(E)® 1) - v @id(weg)*.

REMARK 2.10. Note that covariance of (7, &) and (p, v) entails that 7, u,
p, v are all nondegenerate.

IfA=B,6§ =¢nm =p,and u = v, we say (¥, m, i) is covariant for
(o, 6).

3. Coactions on Cuntz-Pimsner algebras
ProrosITION 3.1. Let (o, §) be a coaction of G on a correspondence (X, A).

If
5(Jx) C M(A® C*(G); Jx ® C*(G)),

then there is a unique coaction ¢ of G on Ox making the diagram

(X, A) — T — (Mc(6)(X ® C*(G)), Mc+6)(A ® C*(G)))
Ox ——————{! ————— > Mc+6)(Ox ® C*(G))
commute.

ProoF. By definition of correspondence coaction, the correspondence ho-
momorphism (o, §) is nondegenerate, and so, by Lemma 2.5, our hypothesis
guarantees that the composition

(kx ®id o0, ks ®id 0 8)

is Cuntz-Pimsner covariant. Thus there is a unique homomorphism ¢ making
the diagram commute, and moreover ¢ is injective because § is.
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For the coaction identity, we have
{®idogoky = ®ido gy
= Qidoky®idoo
=(okxy®idoo

—ky®idoo ®idoo
—kx®id®idoo ®idoo
=kx ®1d®idoid®¢g o0
=id®{goky ®idoo
=id®{g o ¢ okx.

and similarly - -
{Qidoloky =id®Ls 0 oka,

and it follows that

{®ido¢ =1d®¢g o ¢.
For the coaction-nondegeneracy, routine computations show that
span{sx (X)(1 ® C*(G))} = kx(X) ® C*(G),
and of course
span{sa(A)(1 ® C*(G))} = ka(A) ® C*(G),
and hence the property (2.4) holds.

We now develop a few tools involving inner coactions on correspondences,
for use elsewhere.

PrOPOSITION 3.2. Let X be an A — B correspondence, and let i : Co(G) —
M(A) andv : Co(G) — M(B) be nondegenerate homomorphisms, and let 6"
and 8" be the associated inner coactions on A and B. Then there is a §* — 8"
compatible coaction o on X given by

0(§) =pn®idwg) - ¢ ® 1) -v@idwe)"

PROOF. Write
u=p®id(wg) and v = Qid(wg).
Thenu € M(A ® C*(G)), v € M(B ® C*(G)), and
X®1cCMX®C(G)),
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so certainly o maps into M (X ® C*(G)).
To see that (8, o, ¢) is a correspondence homomorphism, we compute, for
ac€Aand &, n e X:

o(@a-&) =u-(a-£x®1)-v*
=u-(@®1)-(E®D) v
=u@® Duu-(E®1)-v*
=d(a) -0 (§),

and

(0@),omM)=m-E@D - v u-n®1)-v")
=(E®D- v, (1) v (because u is unitary)
=v(f®1,n® 1)
=v((§,n) ® Hv*
=e((& n).

We show coaction-nondegeneracy:

span{(1 ® C*(G)) - 0 (X))}
=span{(1 ® C*(G))u - (X ® 1) - v*}
=5pan{(1 ® C*(G))u - (u(Co(G) - X ® 1) - v}
= span{(1 ® C*(G)u(u(Co(G) @ 1) - (X ® 1) - v}

= span{(l ® C*(G))(u(Co(G)) ® Du - (X Q1) - v*}
(because u € M (u(Co(G)) @ C*(G)))

= span{(1(Co(G)) ® C*(G)u - (X ® 1) - v}

= span{(1(Co(G)) ® C*(G)) - (X ® 1) - v}
(because u is a unitary multiplier)

= (X ®CYG)) v
= (X ® C*(G)),

because v is unitary, and similarly
span{o (X) - (1 ® C*(G))} = X ® C*(G).

This also implies that o is nondegenerate as a correspondence homomorphism.



COACTIONS ON CUNTZ-PIMSNER ALGEBRAS 235

For the coaction identity, we have

o®idoo (&) =up-oE);3-v)
=upui-E®1®1)- vy,
=1d @8 u) - id @3 ® 1) - id ®3¢ (v)*
=id®8g 0 o (£),

where the third equality expresses the fact that u and v are “corepresentations”
of Cy(G), and where the first equality follows from linearity, density, strict
continuity, and the following computation with an elementary tensor n ® c €
X O C*(G):
oc®idn®c)=0cn) ®c
=u-MR®-v'®c
—we®h) ®1e0 Vel

=up-Mc)iz- v,

DEFINITION 3.3. In the situation of Proposition 3.2, we call the coaction o
on X inner, and say that it is implemented by the pair (i, v).

COROLLARY 3.4. Let (X, A) be a correspondence, let § be a coaction of
Gon A, and let © : Co(G) — ZL(X) be a nondegenerate representation
such that the pair (¢4, () is a covariant representation of the coaction (A, §).
Define a unitary

u=pnQid(wg) € L(X ® C*(G)).
Then there is an 8 — 8' compatible coaction o on X given by

o) =u-E®I).

ProOF. Temporarily regard X as a 7' (X) — A correspondence. Letting §*
be the inner coaction on J7(X) implemented by w, by Proposition 3.2 the
formula for o defines a §* — §' compatible coaction on X. Since (¢4, ) is
covariant for (A, 8), it follows that o is also § — 8! compatible.

COROLLARY 3.5. Let (X, A) be a correspondence, and let u : Cy(G) —
F(X) be a nondegenerate representation commuting with ¢ o. Then there is a
coaction ¢ of G on Ox such that for & € X and a € A we have

Cokx(§) =ky ®id(n ® I(we) - (6 ® 1))
Cokala) =kala)® 1.
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PrOOF. Since p commutes with ¢4, the hypotheses of Corollary 3.4 are
satisfied when § is taken to be the trivial coaction 8!, and we let o be the
resulting ' — 8! compatible coaction on X. Then Proposition 3.1 gives a
suitable coaction ¢ of G on Oy, because the trivial coaction st maps Jx into

Jx ®1C M(A®C*(G); Jx ® C*(G)).

4. Crossed products

LEMMA 4.1. Let (0, §) be a coaction of G on a correspondence (X, A) such that
3(Jx) CM(ARC*"(G); Jx ® C*(G)), and let (Y, w, 1) : (X, A, Co(G)) —
M(B) be a (o, §)-covariant homomorphism, with (r, w) Cuntz-Pimsner cov-
ariant. Then the pair

(W x 7, 1) : (Ox, Co(G)) - M(B)

is covariant for the associated coaction ¢ of G on Oy.

PRrROOF. 7 and p are nondegenerate, hence sois ¢ xw. Letu = u ® id(wg).
We must show that for x € Ox we have

(W xm)®ido¢(x) = Adu((¥ x 7)(x) ® 1),

and it suffices to show this on generators kx (&) and k4(a) for &€ € X and
a € A. For for the first, we have

(W xam)®idotokx(§) = (¥ xm)®idoky ®ido o (§)
=y ®idoo(§)
=u(y (€)@ Du”
— Adu((f x 1) oky () ® 1),

and for the second,

W xm)Qidotoks(a) = (f x 1) ®@id o ks ® id 0 8(a)
=7 Q®idod(a)
=Adu(r(a)® 1)
=Adu((¥ x ) okala) ®1).

LEMMA 4.2. Let (0, §) be a coaction of G on a correspondence (X, A), let
W, w) (X, A, Co(G)) > (Mp(Y), M(B)) be a (o, §)-covariant corres-
pondence homomorphism, and let (p,7) : (Y,B) — (Mp(Z), M(D)) be a
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correspondence homomorphism with T nondegenerate. Then the composition
(o, Tom, Tou): (X, A, Cy(G)) - (Mp(Z), M(D))

is covariant for (o, 5).

Proor. First of all, since 7, i, and t are nondegenerate, T o 7 is also
nondegenerate, and (T o7, T o i) is covariant for (A, §) by the standard theory
of C*-coactions.

Routine calculations show that

(oY, Tom): (X, A) = (M(Z), M(D))

is a correspondence homomorphism. Also, since ¥ and p map into Mp(Y)
and Mp(Z), respectively, it is easy to see that p o ¢ maps X into Mp(Z).

Lettingu = 7 o u ® id(wg ), the following calculation completes the proof:
for £ € X we have

ToY)®idoo(§) =T ®ido ¥ ®id o o (&)
=t ®id(u®id(we) - (Y (§) @ 1) - u @ id(we)*)
=u-ToyYE)R1) u*.

COROLLARY 4.3. Let (o0, §) be a coaction of G on a correspondence (X, A)
such that §(Jx) C M(A ® C*(G); Jx ® C*(G)), and let (Yr,m, ) : (X, A,
Co(G)) — (Mp(Y), M(B)) be a (o, §)-covariant homomorphism, with (\r 1)
Cuntz-Pimsner covariant. Then the pair

(Op . kp o) : (Ox, Co(G)) — M(Oy)

is covariant for the associated coaction ¢.

ProOF. Applying Lemma 4.2 to the Toeplitz representation (ky, kg) : (Y,
B) — Oy, we see that

(ky oY, kg o7, kg o p) : (X, A, Co(G)) — M(Oy)

is covariant for (o, §).

By [7, Theorem 3.5] the composition (ky o v, kg o 1) is a Cuntz-Pimsner-
covariant Toeplitz representation of (X, A) in M (Oy). Then, since (¥, ) is
Cuntz-Pimsner covariant, Lemma 4.1 with B = Oy tells us that

((ky 0 ¥) x (kg o7), kg o 1t) : (Ox, Co(G)) — M (Oy)
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is {-covariant. But by construction (see [7, Corollary 3.6]) we have

(ky o ) x (kg o) = Oy 7.

THEOREM 4.4. Let (0, 8) be a coaction of G on a correspondence (X, A)
such that §(Jx) C M(A ® C*(G); Jx ® C*(G)), and let ¢ be the associ-
ated coaction on O, as in Proposition 3.1. If the canonical correspondence
homomorphism

(Jx, ja) : (X, A) > (M(X X, G), M(A x5 G))
is Cuntz-Pimsner covariant, then

@X ><l§ G= @XNUG'

REMARK 4.5. We do not know whether the hypothesis of Cuntz-Pimsner
covariance of (jx, j4) is redundant; in Corollary 4.6 below we will show that
it is satisfied under certain conditions.

PrOOF OF THEOREM 4.4. Our strategy is to construct a covariant homo-
morphism
(o, 1) : (Ox, Co(G)) = M(Oxx,6),

and show that the integrated form p x w is an isomorphism of Oy <, G onto
Oxx, . For the covariant homomorphism we will need a homomorphism of
O, and to get this we will apply functoriality: since (jx, j4) is Cuntz-Pimsner
covariant, by [7, Corollary 3.6] there is a unique nondegenerate homomorph-
ism

@j :@X_)M(GXXIGG)

X»JA
making the diagram
(X, A) —LI s (My6(X X G), M(A x5 G))

(kA,kA)l l(annG’kAng)

Ox

M(Oxy,c)

Jx-Ja

commute.
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We next show that (jx, ja, jg) is covariant for (o, §):

jx®idoo = (ild®roo)®idoo
—ider®idoo ®idoo
=id®AQ®idoid ®dg o0
=Ad(1® M ®id(wg)) 0id@A ®ido (o ® 1)
=AdT® M ®id(wg) o (id@roo ®1)
= Ad jg ® id(wg) o (jx ® 1),

where the fourth equality follows by linearity, density, and strict continuity
from the following computation with elementary tensors: forn € X andt € G
we have

i[d®A®idoid®36(n ® 1) =id®i ®id(n ® 86(1))
=n®Ar®idods(r)
=N®M !
=n®AdM ®id(we)(h ® 1)
=Ad(1® M Qid(we))(n® 4 ® 1)

where in turn the fourth equality follows from the following: for f € B(G)
we have

S ® DM ® id(w)) = 1Sy, (M @ id(w))
=AMy
= Mk,
= 57 (M ®id(we)) A
= S/ (M®id(we) (0 ® 1),

so that _
A )M Qid(wg) = M Q id(wg) (A, ® 1).

It now follows from Corollary 4.3 that the pair
(Ojs.in- kansa © jc)

is a covariant homomorphism of the coaction (Ox, ¢) in M (Ox ), and thus
we get a homomorphism

IM:=0j,;, X (kAmG OjG) :0x X G —> M(Oxx,6)-
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It remains to show the following:
(i) I maps into Ox_g;
(i1) IT is surjective;
(iii) IT is injective.
For (i), for§ € X,a € A, and f € Cy(G) we have
Ojy.jn © kx EVkar,i © j6 () = kxn, 6 (x €)kar,6 (o (/)
= kxe, 6 (x () - jG ()

d - _ _
o Oiy.jn 0 ka(@kaxsc o jo(f) = kaxsc(ja@)kax,c (o (f))

= ka6 (Ja(@)jo(f)).
For (i1), we see from the above that the image of I1 contains
kx,6(jx(X) - jo(Co(G)))  and  kawc(ja(A) - jo(Co(G))),
and hence contains
kxu,6(X x5 G)  and  kax,(A x5 G),

which generate Oy ,_¢.
For (iii) we apply [15, Proposition 3.1]: we must show that [To jg, is faithful
and that there is an action « of G on Oy ¢ such that IT is E — o equivariant.
To see that IT o jp, is faithful, we apply the Gauge-Invariant Uniqueness

Theorem: since _ _
HO]@‘X OkA = ijij OkA = JA

is faithful, it suffices to show that forall z € T, £ € X, and a € A we have

v.ollo jo, o kx(§) =zl o jo, o kx(§)
Y. oIlo jo, oka(a) =Tlo jo, o ka(a).
For the first, we have
y.ollo jo, okx(§) =y. 00} ;, 0okx(§)
=y, 0kxx,c o jx(&)
= zkxx,G © jx(§)
= zll o jo, o kx(§),

where the third equality follows from

V:0kxw,c = 2kxx, G-
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The second is similar, this time using ¥, 0 kaw,¢ = kax,G-
We now turn to the action of G. First note that there is an action 8 of G on
X %, G given by

Bi(ix(©) - jo(f) = jx (&) - jgorti(f)  for & e X, f e Co(G),

where 1t is the action of G on Cy(G) given by right translation. This in turn
gives an action « of G on Ox, ¢ such that

a; 0kxx,6 =kxx,6 0B

o O kA><15G = kA><5G o /31-

Finally, we check the  — & covariance:

ottol'[ojgxzcxto@jx,”

=0a; 0kxya,G o jx

=kxx,g0pBojx

=kxx, 6o Jjx
=TIlo jo,
= Hogtojgx,

and . —_— .
a;ollo jog=0a;0kawc o jo

=kaxs,g 0B o jc
= kA><15G o jG o I't,
=1Ilo jgort
=To% o jg.

COROLLARY 4.6. Let (0, 8) be a coaction of G on a correspondence (X, A).

If either
(1) G is amenable, or
(i) @ : A = L(X) is faithful,

then the canonical correspondence homomorphism
(Ux, ja) 1 (X, A) > (M(X %, G), M(A %5 G))
is Cuntz-Pimsner covariant.
ProOF. By Lemma 2.8, it suffices to show that

JaUx)(A x5 G) C Jxx,G-
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The ideal of A x5 G generated by js(Jx)(A x5 G) is
I :=span{(A X5 G)ja(Jx)(A x5 G)},

so it suffices to show that ¢4, maps I injectively into (X X, G). As
we observed immediately before Remark 2.7, we can work with ¢4 % G and
J(X) Xy G rather than @4,,¢ and J (X X, G). To see that ¢4 x G maps
I into J7(X) x,m G, it suffices to observe that

(pa % G)(jE(Co(G))ja(A)ja(Ix)ja(A)j& (Co(G)))
= (pa x G)(jE(Co(G)) ja(AJxA) j&(Co(G)))

C (pa % G)(jE(Co(G)) ja(Jx)jE(Co(G)))

= jIOCH(G) Ty (0a(Tx)) j ¥ (Co(G))

C jIONCH(G)) jior ) (K (X)) jZ X (Co(G))
C H(X) xz0 G.

On the other hand, to see that ¢4 % G is injective on I, we now consider each
hypothesis (i) and (ii) separately. First, if ¢4 is injective, then so is g4 X G,
because @4 gives a G-equivariant isomorphism between (A, §) and the image
(pa(A), n), where 7 is the corresponding coaction on ¢4 (A), and we have a
commuting diagram

A x5 G —=— ga(A) %, G

M(yf(X) H () G),

where the horizontal arrow is an isomorphism and the vertical arrow is an
inclusion.

Thus it remains to show that ¢4 X G is injective on I under the assumption
that G is amenable. We will show that in this case Jy is a §-invariant ideal of
A in the sense that § restricts to a coaction on Jy. It will follow that

I = Jx X5 G,
and since the restriction p4| : Jx — J#(X) is injective we will be able to
conclude that

OaAl X G :Jx X5 G —> H(X) ¥y00 G

is injective as well.
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To see that Jy is invariant, by [15, Proposition 2.6] it suffices to show that
Jx is an A(G)-submodule of A. Let f € A(G) and a € Jx. We must show
both of the following:

@) @a(f-a) € H(X);
(1) (f-a)b =0forall b € ker 4.

For (i), we have

@a(f -a) =40 Spodla)
= Srops ®idod(a)
=S;r00Moga(a)
C Sp ooV (I (X))
C Sp(Mc+6) (9 (X) @ C*(G)))
C H(X),
by [11, Lemma 1.5].

In preparation for (ii), we first show that ker ¢4 is §-invariant: if f € A(G)
and b € ker ¢4, then

9a(f-b)=S;09sQido8(b) = Sf 00D ogpa(b) = 0.
Thus § restricts to a coaction on ker ¢4, so
4.1 span{d(ker p4)(1 ® C*(G))} = ker g4 ® C*(G).

We now verify (ii): for f € A(G), a € Jx, and b € ker ¢4 we first factor
f = c¢- f’ for some ¢ € C*(G) and f' € A(G) (using amenability of G
again), and then
(f-a)b=S;08(a)b
=S.p (@b @)
=Sy (8(a)(b®0))

~ 3754 (3@8 b (1 ® 7))

! (for some b; € ker ¢4 and ¢; € C, by (4.1))

~ > Sp(8ab)(1®c;)) =0,
1

because Jy C (ker g4)*.
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Then [14, Theorem 6.9] (see also [11, Theorem 2.9]) shows that the crossed
product of a C*-algebra A by an inner coaction of G is isomorphic to A ®
Cy(G); the following result is a version for correspondences:

PropoOSITION 4.7. Let (A, X, B) be a correspondence, and let (A, §) and
(B, ¢) be inner coactions implemented by nondegenerate homomorphisms [
and v, respectively, and let o be the associated coaction on X, as in Proposi-
tion 3.2. Then there is an isomorphism

D: X X, G—> X®Cy(G)

given by
Q) =pn®A(wg)* -y - v&Awe).

The left and right module actions are transformed by ® as follows:

D(ja@ji(f) -y jsB)iE(®)
=@® 1) x M)(f) - D) - b 1)(v x M)(g),

where ;1 X M denotes the Kronecker product of u and M, respectively, and
similarly for v x M.

PrOOF. Note that we are identifying Co(G) with its image under the repres-
entation M on L?(G) by pointwise multiplication, i.e., (MfE)(t) = f(H)E(D)
for f € Co(G) and £ € L*(G). Routine calculations show

Do j,=ids ®1
do jp=idp®1
b o jX = ldx ®1
doje=pxM
do jg =v x M,

for the last two it helps to note that
Adid @A (we)* (1 @ My) = (id x M) (f).

Since
1 A(wg) € M(A® H(L*(G))),

and similarly for v ® A(wg), clearly ® maps X x, G into M(X ® L*(G)).
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We actually have ®(X X, G) = X ® Cy(G), because

span{® (jx (X) - jo(Co(G)))}

span{®(jx (X - B) - jc(Co(G)))}
n{®(jx(X) - jg(B)jc(Co(G)))}

{(X ®1)-Adv ® id(we)*(B % G)}
n{

(X®1)- (B® Co(G))}
(by [14, Theorem 6.9] or [11, Theorem 2.9])

=X ® Co(G).

= Span
= span
= Span
= Span

Let (v, @) be an action of G on a correspondence (X, A). Assume that G
is amenable; in particular, there is no difference between the full and reduced
crossed products X %, G and X x,, , G (and similarly for A), so we can freely
apply the results of [4, Section 3.1].

As in [4, Proposition 3.5], let y be the dual coaction of G on X %, G,
determined on generators § € C.(G, X) by

P =) ®t,

so that 7 is an element of C.(G, M? (X ® C*(G))), which in turn is embedded
in M((X %, G) ® C*(G)) via the isomorphism [4, Lemma 3.4]

(X %, G)® C*(G) = (X ® C*(G)) Xygia G
that extends the canonical embedding

C(G,X) O C*"(G) = C.G, X ® C*(Q)).

PROPOSITION 4.8. Let (v, ) be an action of G on a correspondence (X, A),
and assume that G is amenable. Then the dual coaction (y, &) on (X x,,
G, A x4 G) satisfies

(4.2) &(Jxx,6) C M((A %y G) ® C*(G); Jxx,6 ® C*(G)).

PrOOF. By [5, Proposition 2.7], the ideal Jx of A is «-invariant, and
Jxx,6 = Jx Xo G.
The isomorphism

(A X G) ® C*(G) => (A® C*(G)) Xaaia G,
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of [4, Lemma A.20] clearly takes (Jx X, G)QC*(G) to (Jx ®C*(G)) Xazid G-
Recall that @ takes a function f € C.(G, A) to the function in C.(G,
MP(A ® C*(G))) defined by

a(fHt)=f) 1.

It follows that for g € C.(G, A ® C*(G)) we have
@(NHg)) = /G&(f)(S)ots ®id(g(s~'1)) ds

- / (f(5) ® )y ®1d(g(s™"1) ds.
G

Now let f € C.(G, Jx). Forall s € G, it is easy to check, by first computing
with elementary tensors a ® ¢ € A © C*(G), that

(f(5) ®5)(A®C*(G)) C Jx ® C*(G),
and it follows that
a(f)g € Cc(G, Jx ® C*(G)) C (Jx ® C*(G)) Xugia G-
By density, this implies that
a(Jx g G) C M((A® C*(G)) Xagia G; (Jx ® C*(G)) Nqgid G),

which in turn implies (4.2).

5. Application

As an application of our techniques, we will give an alternative approach to
a recent result of Hao and Ng [5, Theorem 2.10]. Given an action (y, «) of
an amenable locally compact group G on a nondegenerate correspondence
(X, A), Hao and Ng construct an isomorphism

@XNVG = Ox X g G,

where X x, G is the crossed-product correspondence over A X, G and B
is the associated action of G on Oy. In our earlier paper [7, Proposition 4.3]
we suggested an alternative approach to this result, removing the amenability
hypothesis on G. Namely, we construct a surjection that goes in the opposite

direction:
@X Xg G — @XNVG-
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We suspect, but were unable to prove, that this is an isomorphism in gen-
eral; however, at least in the amenable case, we can give a new proof of [5,
Theorem 2.10] with the help of Propositions 4.8 and 3.1.

THEOREM 5.1. Let (y, o) be an action of G on a nondegenerate correspond-
ence (X, A), let B be the associated action of G on Ox, and let

IT:= @ix,iA Xu: @X Xg G — @XNVG

be the surjection from [7, Proposition 4.3]. If G is amenable, then Il is an
isomorphism.

PrOOF. By Propositions 4.8 and 3.1 we geta coaction ¢ of G on Ox . Our

strategy is to show that IT is B — ¢ equivariant and that 0;, ;, is injective, and
then [6, Corollary 4.4] will imply that IT is injective, because by amenability
of G the coaction ¢ is automatically maximal.

We check the equivariance condition

(oll=1I®ido B
separately on generators from X, A, and G: for X we have

(olloip, okx =Zoﬁoigxokx

= EO @ix,kA OkX

= Tokxngoiy
=m0;°ix

= kx,6 ®ido (ix ® 1)
= (kxx,6 0ix) @1
=0, 0ky®1

= (Oiy,i, ® 1) 0 ky

= (Moig, ®1) 0k
=T ®ido (ig, ® 1) 0 kx
—T®idofoig, oky
:moi@ okyx.

The verification for generators from A is parallel, using k4, i4, @ instead of
kx,ix,y.



248 S. KALISZEWSKI, J. QUIGG AND D. ROBERTSON

For generators from G we have

Oy _+ = .0
(olloi* =¢olloig"

=Eou

_ A
=§OkA><1aGOlG

cA
= { o kA>4,xG o lG

ZWOMO(SG
= KinyG 01 ®id 085
=u®idodg

=Toil ®idods
—T®idoi] ®idods
=mogoigx
=mo/§oi2".

Finally, by [7, Corollary 3.6], 0;, ;, is injective because i is.

Xsia
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