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THE ALGEBRA OF SEMIGROUPS OF SETS

MATS AIGNER, VITALIJ A. CHATYRKO and VENUSTE NYAGAHAKWA

Abstract

We study the algebra of semigroups of sets (i.e. families of sets closed under finite unions) and
its applications. For each n > 1 we produce two finite nested families of pairwise different
semigroups of sets consisting of subsets of R” without the Baire property.

1. Introduction

An interesting extension of the family . of all meager subsets of the real line
R, as well as the family @ of all open subsets of R, in the family £ (R) of all
subsets of R is the family 2, of all sets possessing the Baire property. The
property is a classical notion which is related to the thesis of R. Baire. Recall
that B € %, if there arean O € O andan M € ./ suchthat B =0 A M.

It is well known that the family %, is a o-algebra of sets invariant under
homeomorphisms of the real line R, and the complement .%’If =2R)\ B, of
A, in P(R) is not empty (for example, each Vitali set S of R ([7]) is an element
of %’g). Moreover, there are elements of %’pc with a natural algebraic structure
(see [4] for subgroups of the additive group R, which are elements of %’5 ).

In [2] Chatyrko and Nyagahakwa looked for subfamilies of the family e%’,f
which have some algebraic structures. They proved that the family 7] of all
finite unions of Vitali sets of R and its extension 75 which elements are all sets
of the type A A B, where A € 7] and B € ./, are semigroups of sets (i.e.
families of sets closed under finite unions) invariant under translations of the
real line R and consisting of zero-dimensional subsets of %’g. Furthermore,
Chatyrko and Nyagahakwa extended the result to the Euclidean spaces R”,
where 7 is any positive integer.

In this paper we pay attention to the algebra of semigroups of sets. We look
at the behavior of semigroups of sets under several operations. Then we suggest
some applications. First, we show that the results from [2] can be obtained by
the use of the theory. Moreover, we can suggest many different semigroups of
sets in %’5 . After that for each n > 1 we produce two finite nested families of

Received 30 December 2012, in final form 20 September 2013.



162 M. AIGNER, V. A. CHATYRKO AND V. NYAGAHAKWA

pairwise different semigroups of sets consisting of subsets of R” without the
Baire property.

2. Auxiliary notions

Recall that a non-empty set & is called a semigroup if there is an operation
a: S xS — & suchthat a(a(sy, $2), s3) = a(sy, a(s2, s3)). The semigroup
& is called abelian if o (s, s2) = a(s2, 51).

Let X be a set and (X)) be the family of all subsets of X. In the paper we
will be interested in subsets . of 2 (X) such that for each A, B € % we have
AU B € &. Itis evident that such a family of sets is an abelian semigroup
with respect to the operation of union of sets (in brief, a semigroup of sets).

Let & C (X). Put &y = {Ui,A; : A; € o, n € N}. Note that Sy is
a semigroup of sets. Recall that a set # C P(X) is called an ideal of sets
if 4 is a semigroup of sets and if A € # and B C A then B € 4. Put
Ly ={B € P(X) : thereis A € S such that B C A}. Note that £, is an
ideal of sets.

For x € R denote by T, the translation of R by x, i.e. 7, (y) = y + x for
each y € R. If A is a subset of R and x € R, we denote 7,,(A) by A,.

The equivalence relation E on R is defined as follows. For x,y € R, let
xEy iff x — y € Q, where Q is the set of rational numbers. Let us denote
its equivalence classes by E,, o € [I. It is evident that |/| = ¢ (continuum),
and for each ¢ € [ and each x € E,, E, = Q.. Let us also note that every
equivalence class E, is dense in R. Recall ([7]) that a Vitali set of R is any
subset S of R such that |[SN E,| = 1 foreach o € I, and each Vitali set neither
possess the Baire property in R nor it is measurable in the sense of Lebesgue.

For other notions and notations we refer to [3] and [6].

3. Semigroups of sets and ideals of sets

Let o/, B C PX). Pt AURB={AUB:Aec A, BeRB),ALAB=
{AAB tAe &f, B e .%’} and A * B = {(A\B])UBz tAe .Qf; By, B, € .@}
However, &/ N % denotes the intersection of &7, 43, i.e. the family of common
elements of &7, A.

Itisevidentthat Y UB = BU A and S ARB = B A . Since AUB =
(A\B)UB=(B\A)UA,wehave Y UB C A *PBand S UB C B *A.
Moreover, if &/, 9 are both semigroups of sets or both ideals of sets then the
family &/ U & is of the same type.

On the other hand as we will see in the following examples in general for
given semigroups of sets &/, % the families & A B, o * B, B * & do not
need to be semigroups of sets and none of the statements &/ A B C &/ U AB,
ANBIAURB, ANB A*B, ANBDARB, A +«BRBx*A
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needs to hold. Moreover, one of the families &/ x* %, % * &/ can be a semigroup
of sets while the other is not.

ExampLE 3.1. Let |X| > 2 and A be a non-empty proper subset of X. Put
B=X\A, & ={A,X}and B = {B, X}. Note that &/ = Sy, B = L»
and the families o/ UB = {X}, & A B ={0, A, B, X}, oA + B = {B, X},
B x o/ = {A, X} are semigroups of sets. Moreover, none of the following
inclusions &/ AB C A UB, A ANB C A *xB, A +«PB C B x4 and
B+ A C A *x B holds.

ExaMPLE 3.2. Let X = {1,2,3,4}, A; = (1,3}, A, ={2,4}, B = {1, 2},
B, ={3,4},C ={1,4}, D ={2,3}, o = {0, Ay, A»} and B = {0, By, B,}.
Note that %y = {#, A, Ay, X} and 5 = {0, By, B>, X}. Moreover, we have
Sy U S =1{0, A1, Ay, By, By, {1}7,{2}7,{3}7, {4}, X} (here Y~ denotes
the complement of a set Y in the set X), %y A S = {0, Ay, Az, By, By, C,
D, X}and Sy x* Fp = FLp * Sy = P(X) \ {C, D}. It is easy to see that the
inclusions Sy * L C Sy A Py and Sy U Py C Sy A P do not hold.
We note also that none of the families ¥y A Fgp, oy + 5 and FLp * Sy is a
semigroup of sets. In fact, A;, D € ¥y A Fpbut AyUD =4~ ¢ Sy A P,
and {1}, {4} € Sy« S but {1} U {4} =C ¢ Sy x Lp.

ExampLE 3.3. Let X = {1,2,3,4,5,6,7,8,9}, A; = {1,2,4,5,7, 8},
A, ={2,3,5,6,8,9}, B = {1,2,3,4,5,6}, B, = {4,5,6,7,8,9}, & =
{A], Az}, B = {@, Bl, Bz} Note that yﬂf = {A], A2, X} and y@ = {@, Bl,
B, X}. First we will show that the family %, * %3 is not a semigroup of sets. It
is enough to prove that the set C = ((A1\ B)) U U((A2\ Bo)UD) ¢ SyxSp.
Note that C = (A \ B})U(A2\ By) = {2,3,7, 8}. Assume that C € Sy xS ».
Thus C = (8; \ $,) U S3 for some S| € S and S5, S35 € F. Since |C| = 4,
we have S5 = (0. Let S| = Ay. Then | S\ Sy is either 2 (if S is By or B,), 0 (if
S, = X) or 6 (if S, = ¥). We have a contradiction. If §; = A,, we also have a
contradiction by a similar argument as above. Assume now that S; = X. Then
[S1\ Sz is either 3 (if S, is By or By), 0 (if S, = X) or 9 (if S, = ). We have
again a contradiction that proves the statement.

Further note that ¥ x %y = {A1, A2, {1}7, {3}, {7}, {9}, X} = % U
S5. Hence, the family S * %, is a semigroup of sets.

PROPOSITION 3.4. Let & be a semigroup of sets and ¥ be an ideal of sets.
Then the family & *  is a semigroup of sets.

PrOOF. In fact, let S; € S and I, 1 € #,i = 1, 2. Proceed as follows:
U=(S\IDUINUS\ UL =S\ ) UGS\ ) U UIL). Put
I, = I/UIy and continue: U = ((S;NI;)HU(SNL7) UL = ((SiNI7)™N

($NI)) UL = (ST UIDN(S; UL) UL = ((S;NS;)U(S; NI;)U
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(S; NIHUUINI)) " UL. Put I} = (S; N 1) U(S; N1])U (I N1}) and note
thatU = ((S; NS;)) " NINHUL = (S1USH)NINHUL = (S1USH\ 1)U D,
Itiseasytoseethat S U S, € ¥ and I, I, € £.Hence, U € & % L.

Let (X, 7) be a topological space and #x ;) be a family of meager subsets
of (X, 7). It is easy to see that the family 7 is a semigroup of sets and . x 1)
is an ideal of sets (in fact, o-ideal of sets). The family % x . of sets with
the Baire property is defined as the family v A .#x . It is well known that
T A Mixr) = T * Mxr. In fact, this equality is a particular case of the
following general statement.

PROPOSITION 3.5. Let & be a semigroup of sets and $ be an ideal of sets.
Then

@ FxI=FSANIDFUI=I%F DY,
O (FxHxI=F+I Ix(I*xL)=F%F.

ProoF. (a) Note that for any set § € & and for any set I € # we have
SAIT =@\DUUI\S) e I, SUI =SAUI\S) € FA I,
SUIl=U\SHUSeIxFandS=85SUe UL Thus, ¥ *xF D
SANIDFLUILD S and I xS DS UL Observe also that for any sets
S1,8 € Landany sets I, I, € f wehave (Si\[))UL =8 A1 €S NS,
where I = (I; NS\ L) U (I \ Sy) and (11 \ S1) U S, € & U L. Thereby,
xS ANFand S« CF UL

(b)LetS € Land 1, I, I, I € £. Observe that (S\1})UL)\3)UIl, =
(S\(Il UIg))U((Iz\I3)UI4) € Y x 4. Hence, (y*j)*j C ¥ %4 The
opposite inclusion is evident.

Letl, ,, I € #and Sy, S», S3, S4 € &. Note that (I \(Ip\ S1)US) U
((B\S)US) = (LH\(L\SDUS) UL\ S)USs=1USs € IxS,
where I = (I} \ (L \ S1) U S))U (I3 \ S3). Hence, # x (S« F) C I x&L.
The opposite inclusion is evident.

COROLLARY 3.6. Let & be a semigroup of sets and $ be an ideal of sets.
Then

(a) the families & A F, # % & are semigroups of sets;
b)) (FxNNxI=I%x(LxI)=F %5

Proor. We will show only (b). Note that

1) *I=(F*«IxIDI*«L)*xI DS x5,
Q) P+ I =(FL+PHxI DI (L *F) DS *L.

The following statement is evident.
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COROLLARY 3.7. Let $#,, % be ideals of sets. Then the family $, * %, is an
ideal of sets. Moreover, 1 x %, = S x H = 5 A FH = F U 5.

ExamMpLE3.8. Let X ={1,2},A=X,B={1},C =2}, & ={A}, B =
{B}. Note that %y = {A}, I3 = {0, B}, Sy * I3 = {A,C} and Iy x* Sy =
{A}. Thus, in general, none of the following statements is valid: #*% = F*%,
S x I D S, the family & * £ is an ideal of sets or £ * & is an ideal of sets,
even if & is a semigroup of sets and .# is an ideal of sets.

The next statement is useful in the search of pairs of semigroups without
common elements.

PRrOPOSITION 3.9 (See [2, Proposition 3.1]). Let & be an ideal of sets and
A, B C P(X) such that

(a) NI =0

(b) for each element U € %y and each non-empty element B € R there is
an element A € & suchthat A C B\ U.

Then

(1) for each element 1 € ¥, each element U € Sy and each non-empty
element B € B we have (UU )" N B £ §;

(2) foreachelements I, I, € %, each element U € %y and each non-empty
element B € B we have (UVU 1)) N(B\ L) # ¥;

(3) for each elements I, I, I3, I, € ¥, each element U € %y and each
element V.e Sgwehave U\L)UL # (V\L)UIl. ie (% *F)N
(ygg * f) = 0.

PrOOF. Our proof is very close to the proof of [2, Proposition 3.1].

(1) Assume that U U I D B for some non-empty element B € %. By (b)
there is A € & suchthat A C B\ U.Notethat A C (UUI)\ U C I.But
this contradicts (a).

(2) Assume that U U I; D (B\ I;) for some non-empty element B € & and
some element I, € #. Notethat UU([;UL) = (UUI)UL, D (B\L)UL, D
B. But this contradicts (1).

(3) Assume that (U \ I}) U I, = (V \ I3) U I4 for some elements U € ¥,
VePpand Iz, I, € L. IfV = (J, then (U\NIDUL =1yandsoU C [} U ly.
But this contradicts (a). Hence V # ). Note that there is a non-empty element
B € 9% such that B C V. Further observe that U U I, D (U\ ) UL, =
(V\ I3) U Iy D B\ I5. But this contradicts (2).

ExamPLE 3.10 ([2]).
(a) The family 7" of all Vitali sets of R as ./, the family @ of all open sets
of R as A and the family .4 of all meager sets of R as .# satisfy the
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conditions of Proposition 3.3. Note that 9 = 71, $o = O, V| * M =
75 and O * M = 3B, (the notations are from the Introduction). Hence,
7N B, =0.

(b) Consider the Euclidean space R” for some n > 1. A Vitali set of R”
is any set § = ]_[7:1 S(j), where S(j) is a Vitali set of R for each
Jj = 1,...,n. The family 7 of all Vitali sets of R" as .o/, the family
O™ of all open sets of R" as % and the family .#" of all meager sets of
R" as . satisfy the conditions of Proposition 3.3. Let 7" be the family
of all finite unions of Vitali sets of R", 7" = 7" % " and %’1’,' be the
family of all sets of R" with the Baire property. Note that %y = 7{",
Fon=0" B, =0"xM"and V' N B, = V.

There is even a generalization of the result for the products R" x R,
where Ry is the Sorgenfrey line (see [3] for the definition).

4. Applications
In [2, Theorem 3.2] one can find the following statements about the families
yrLve, vy, wheren > 1.
(i) 7" c Iy C VP C(B)E.
(ii) Foreach U € 7]",dimU = 0, and foreach W € 7', dim W <n — 1.
(iii) The families 7™, 77", 77" are invariant under translations of R".

(iv) The families 7", 7" are semigroups of sets.

4.1. Two nested families of semigroups of sets

It follows easily from Corollary 3.1 and Proposition 3.2 that the family /" 77"
is another semigroup of sets invariant under translations of R” such that 7" C
M" VT C V3. The following statement extends the variety of semigroups
of sets without the Baire property based on the family 7}".

THEOREM 4.1. Let n > 1. Then there are two finite families {3””‘}’;;(1),
(K }Z;é of pairwise distinct semigroups of sets invariant under translations
of the Euclidean space R" such that

(@) foreach 0 < k <n — 2 we have L"™* C L 1 and ™k c Frr+,

(b) foreachL € £"* and R € %#"* we havedim L < k anddim R < k and
there are Ly € £™* and Ry € #™* such that dim Ly = dim Ry = k,
where0 <k <n—1,

(c) for each 0 < k < n — 1 we have £™* C Rk but #"*~! does not
contain L,

(d) %n,n—l C %n but%n,n—l ;é %‘n’ Dg/pn,n—l C '/%n*%in butgn,n—l ;é "
V" and M" x V" does not contain B"°, V" < L0 but V" # LO.
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Proor. For each 0 < k < n let us consider the family % of all closed k-
dimensional subsets of R". Note that every family &, is a semigroup of sets, and
the inclusion $%, C F7,,, holds for each 0 < k < n — 2. Since every element
of Sz, , is nowhere dense in the Euclidean space R" we have Sz, , C M".
Foreach0 < k < nput #"* = 9" x Iz, and ¥ = Jz x¥;". The point (a)
is evident. It follows from Proposition 3.1 and Corollary 3.1 that the families
Rk Lk are semigroups of sets for each 0 < k < n. It is also clear that
the families "%, #"* consist of sets which are invariant under translations
of R" and which have dimension dim < k. Since for each Vitali set S of R"”
the union S U I* = (I¥\ S)U S = (S \ I¥) U I¥, where I¥ is any subset of
R" homeomorphic to the k-dimensional cube [0, 11%, belongs to both families
Lk @k and dim(SUTY) = k, we have (b). Note that Proposition 3.2 implies
the inclusion of (c), and (b) implies that £"k~1 £ Fmk gpnk=1 L gpn-k and
that the family %"-*~! cannot contain the family .#"*¥. On the other hand for
each Vitali set S of R” the difference S \ {p}, where p € S, cannot belong to
the family 4" 7" but it belongs to the family %". Hence, £"* £ B!
for each 0 < k,I < n — 1. Note that #""~1 c ¥, #""=1 C M" % V" and
7" C ™0, In order to finish the proof of (d) let us recall (see [2, Lemma 3.4])
that for each element U € 77" there are elements V;,...,V, € 7] such
that U C []’_, Vi. This easily implies that no element of %}" can contain a
countable subset of R" consisting of points with rational coordinates. Thus
theset " US = (C"\ S)U S € ¥"0, where C is the standard Cantor set
of [0, 1] and S is any Vitali set of R”, is not an element of 77", and the set
Q"US=(Q"\S)US e M" + 7], where Q is the set of all rational numbers
of R and S is any Vitali set of R, is no element of 2""~!. This completes the
proof of (d).

4.2. Supersemigroups based on the Vitali sets

Let Q be a countable dense subgroup of the additive group of the real numbers.
One can consider the Vitali construction ([7]) with the group Q instead of the
group Q of rational numbers (cf. [4]). The analogue of a Vitali set with respect to
the group Q we will call a Vitali Q-selector of R. One can introduce in the same
way as above a Vitali O-selector of R”, n > 1 and the corresponding families
Q) VINQ), M TT(Q), V3H(Q), LHQ), BH(Q), where 0 < k < n.
Note that similar statements as in part 4.1 are valid for the families.

Let & be the family of all countable dense subgroups of the additive group
of the real numbers.

Set V% = {V : V € ¥'(Q),0 € F}, 7" = Py and 7,7 =
VP M
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It is easy to see that
(i) foreach Q € # we have 7,'(Q) C 75".
(ii) %SUP, V;UP are semigroups of sets invariant under translations of R.

(One can even show that for each Q € % we have ¥"1(Q) C 7" but
71(Q) # 7, resp. ¥11(Q) € 77 but 7,1(Q) # ¥;*". We do not know if
7,1(0) # 7, foreach Q € F.)

We will call the family VISUP the supersemigroup of sets based on the Vitali
sets.

LEMMA 4.2. For any set U € %SUP and any non-empty open set O of R there
isasetV € V" suchthatV C O\ U.

PROOF. Let U = U!_,V;, where V; € 7"1(Q;) and Q; € #. Note that the
statement is valid when Q; = --- = Q,, (see [2, Lemma 3.1]). Now we will
consider the general case. Put Q = Y"/_, Q; = {>"1_, ¢; : ¢; € O;} and note
that Q € &.

Cram 4.3. For each x € Rwe have |Q, N (O \ U)| > 1.
(In fact, |Q: N (O\U)| = Ro.)

ProOF. For n = 1 the statement evidently holds ([2, Lemma 3.1]).

Letn > 2. Let O;, i < n, be non-empty open sets of R such that x + O; +
o+ O, ={x+x14+--+x,:x € O;,i <n} C O.Foreachi < n choose
n + 1 different points ¢; (j), j <n+1,0f O; N Q;.

Letnow Q; ={¢/ : j > 1},i =1 Sn,ang\qi’ =qi(j),i<n;j<n+1.
Observe that for eachi < n and each ji, ..., ji, ..., j. (the notation @ means
that a is not there) the set {x + g{' + - - -ql.k 4+ ---+¢gy" : k > 1} consists of
countably many different points (a coset of Q;) and only one of them belongs
to V;.

Consider now an n-dimensional digital box B = {(ji, ..., Jn) : Ji <
n+1,i < n}. Note that |[B| = (n + 1)" and call the elements of B by cells.
Put in each cell (ji, ..., j,) of B the sum x +¢q{' + - + gi".

Fix i < n and observe that each interval I (ji, ..., }';, e ) =1{U1, e
k,...,Ju) 1 k < n+ 1} of cells contains at most one element of V;. So the
whole box B contains at most (n+1)"~! elements of V;. Summarizing we have
at most n(n + 1)*~! elements of U in the box B. Since (n+1)" > n(n+1)""!
for n > 2, there are points p in B which are not elements of U. But such p
must be elements of the set O, N O by our choice. The claim is proved.

Let us finish the proof of the lemma. For each equivalence class Q. choose
a point from the set O, N (O \ U). The set of such points is a Vitali Q-selector
VofRsuchthat V. C O\ U.
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THEOREM 4.4.
(@) 7;" C By

(b) foreach A € ‘V;up we have dim A = 0.
(c) for each Q € F we have V5'(Q) C 5",

(d) 75" is a semigroup of sets invariant under translations of R.

PrOOF. (a) and (b) follow Lemma 4.1 and Proposition 3.3. (¢) and (d) were
observed in (i) and (ii) of this section.

REMARK 4.5.

(a) Considering different ideals of sets in the real line R (the ideal of finite
sets, the ideal of countable sets, the ideal of closed discrete sets, the ideal
of nowhere dense sets, etc) we can produce many different semigroups of
sets in ;%’pc by the use of the operation * and the semigroups 7' (Q), O €
F, and %SUP.

(b) Let us note that one can define supersemigroups of sets based on the
Vitali sets in R*, n > 2, by a similar argument as above.

4.3. A nonmeasurable case

In [5] Kharazishvili proved that each element U of the family 7] is nonmeas-
urable in the Lebesgue sense. Let A" be the family of all measurable sets in the
Lebesgue sense on the real line R and Ay C A" be the family of all sets of the
Lebesgue measure zero. Recall that the family . is an ideal of sets (in fact, a
o -ideal). It follows from Propositions 3.1 and 3.2 that the families 77, Ap * 7]
and 77 x M are three different semigroups of sets invariant under translations
of Rand 71 C My * 71 C 71 * M. We have the following generalization of
Kharazishvili’s result.

PROPOSITION 4.6. Each element of the family 77 * N is nonmeasurable in
the Lebesgue sense.

Proor. Infact,let A € 7] %/, and assume that A € A", By Proposition 3.2
there are an U € 7] and an N € A{ such that A = U A N. It is known that
if Ay, A, are sets such that A; € A" and the set A; A A, is of the Lebesgue
measure zero then the set A, must belong to the family A" (see [1]). But
AAU =((UAN)AU = N,hence U € . This is a contradiction with [5].
SoA ¢ N

QUESTION 4.7. Is each element U of the family #;"*” nonmeasurable in the
Lebesgue sense?
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