MATH. SCAND. 116 (2015), 141-160

ORLICZ REGULARITY FOR NON-DIVERGENCE
PARABOLIC SYSTEMS WITH PARTIALLY
VMO COEFFICIENTS

MAOCHUN ZHU, PENGCHENG NIU and XIAOJING FENG*

Abstract

This work treats the interior Orlicz regularity for strong solutions of a class of non-divergence
parabolic systems with coefficients just measurable in time and VMO in the spatial variables.

1. Introduction

Let us consider the following parabolic systems

N n
(1) i+ agy(x,nul = f*

B=1li,j=1

in some domain Q7 C R"*!, where o, 8 = 1,...,N,i,j = 1,2,...,n.
In this paper, the summation is understood for repeated indices. There were
many works on the W27 regularity for (1), that is, local or global L? estim-
ates for the second order derivatives of strong solutions of (1). Let us mention
some of them. In the scalar case (N = 1), when the coefficients belong to
C%(Q2r), Ladyzhenskaya in [13] showed that a solution of (1) actually belongs
to W,*(Q7) (2 < p < oo) by Fourier multiplier theory; when the coefficients
are discontinuous but belong to VMO, Bramanti and Cerutti in [2] obtained
a similar result by using Coifman-Rochberg-Weiss commutator theorem. The
approach in [2] was further used in the study of Morrey regularity for non-
divergence parabolic problems with discontinuous coefficients, see [14], [15],
[16], [17], [18] and references therein. When the coefficients are just measur-
able in time and VMO in spatial variables, solvability of (1) in Sobolev spaces
was investigated by Krylov in [11] and [12]. Later, the results in [11] and [12]
were extended to parabolic systems (N # 1) in [3].

*This work was supported by the National Natural Science Foundation of China (Grant Nos.
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In this paper, we are interested in the Orlicz regularity problem, more accur-
ately, for any Young function ¢ € ANy, and Q' € Qr, ifu = W', ..., u")
is a strong solution of (1) in L?(Q7; RY) and f* e L?(Q7), whether | D?u|
still belongs to L?, at least locally? The main result of this paper will give an
affirmative answer to this problem and show that the results in [12] and [3] are
still valid in the setting of general Orlicz spaces. Unlike in [2], [12] and [3],
the approach used here is inspired by Wang [19] which is based on the weak
compactness, a version of Vitali’s covering lemma and maximal functions. We
remark that the method in [19] has been widely used to deal with the L? or
Orlicz regularity in Reifenberg flat domains for divergence elliptic or parabolic
systems, see [8], [9], [4], [9], [6] and references therein.

This paper is organized as follows: in Section 2 we introduce the notations
and state precisely the assumptions and the main result of this paper. In Sec-
tion 3 we first prove some approximation results, and then deduce some local
estimates on the Hardy-Littlewood maximal function of | D?u|?. The last Sec-
tion is devoted to proving the regularity in Orlicz spaces for strong solutions
of (1).

1.1. Notations and definitions

Let €2 be an open bounded subset of R" and set
Qr=Qx(0,T]
for some fixed time 7 > 0.
Denote the open ball in R" of radius r centered at x by B,(x), and define
the parabolic cylinder by
Qr(x,1) = B,(x) x (1,1 +7r7], 1€ (0,00)
with its boundary by

00,(x,t)=B,(x) x{t =T}U 4B, (x) x [0, T].

We also use the centered parabolic cylinder

r2 r2
C.(x,t) =B, t— —,t+—
(x, 1) (X)X( 3 +2}

and adopt the convention of writing Q, instead of Q,(x, t), when the “center”
(x, t) is not important or is clear from the context.
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In order to simplify notation, henceforth we will write z for (x, ), | D%u|
for |uyx|® + |us|?, and write

N n
Uy + Z Z agé(x, Dy, =F

p=1i.j=1

for the system (1). Denote the Lebesgue measure of Q7 by |27 | and set
N 172
: 2
laell o ggpmvy = el o) with  [u| = (Z Ju®| ) :
a=1

N 1/2
2 2 . 2 2 2
I D%ull Logrinry = N1Dullloey), with |D?ul = (§ (1D%u] )) ,
a=l1

N 1/2
. 2
IFl Locrm) = IFILr @) with |F| = <Z(|f“| ))
a=1
and
N n 172
. 2
litllLr@rmyy = lixlllLr@,).  with |ux|=<ZZ<lu;‘:il>> :
a=1 i=1

DEFINITION 1 (VMO, and weakly (8, R)-vanishing). Denote

t-l—r2
osc(a, Q,(x, 1)) = r_2|B,|_2/ / la(y,s) —a(z,s)|dydzds,
t y,2€B,(x)

ai(x) = sup suposc(a, Q.(t,x)).
(t,x)eQr r<R

We say that a is weakly (8, R)-vanishing, if sup, _p aE(X) < §2; We say that

a € VMO, if
y lim ai = 0.

The function a?e(x) is called the local VMO, modulus of a.

DEFINITION 2 (Sobolev space). Let 1 < p < oo. A function u is said to
belong to the Sobolev space W;’Z(QT), if |ul, |uy|, |D*u| € L?(Qr), and we
set s

lullyi2 @,y = lullLry + 1D ullLr@r) + luxlier@r)-

By V(f/;*z (Q2r), we mean the subspace of W)-*(Qr) consisting of functions u(z)
vanishing near the parabolic boundary d€27.
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DEFINITION 3. If u € W,"' (Q7; RY) and satisfies

/ uﬂpdz—/ a;’g(z)ux,wxjdz:/ Fodz,
Qr Qr Qr

for every ¢ € W21 o1 (Q7; RY), then u is called a weak solution of

u; + (azg (Z)”xi)xj =F.

DEFINITION 4. We say that u € WZI’Z(QT; RY) is a strong solution of (1),
if there are sequences of smooth vector functions {u,}, { f,} such that u,, —
u, f, — fin L*(Q7; RY) and

+ZZ L. () = fe

B=1i,j=1

for each n.

1.2. Orlicz spaces

DEFINITION 5. A nonnegative real-valued function ¢ is said to be a Young
function if ¢ is increasing, convex and satisfies
¢O _ o !
im

PO =0 ¢(c0) = lim (1) =co;  lim == = lim =5 =

DEFINITION 6. For a given Young function ¢ and a bounded domain Q7 C
R**1 | the Orlicz class K (27) is the set of all measurable functions f : Q7 —
R! satisfying

/ ¢(1f () dz < oo.
Qr

The Orlicz space L?(Q27) is defined to be the linear hull of K?(Q7), that is,
the smallest linear space (under pointwise addition and scalar multiplication)
containing K¢ (7).

DEFINITION 7. We say that a Young function ¢ satisfies the A,-condition,
denoted by ¢ € A,, if for some number ¢ > 0 and for all ¢t > 0, ¢p(2¢) <
a¢(t); A Young function ¢ is said to satisfy the v7,-condition, denoted by
¢ € 2, if for some number 8 > 1 and for all ¢ > 0, 28¢ () < ¢ (Bt).

REMARK 8. We will write a Young function ¢ € A, N vy, if ¢ is assumed
to satisfy both A, and v/, conditions. This condition ensures that a Young
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function grows neither too slowly nor too fast. For any p > 1, the Young
function ¢ (t) = t? € A, N V2, thus Lebesgue spaces L7 (Q2r) are special
cases of Orlicz spaces L?(Q7).

DEFINITION 9. Given a Young function ¢ € A, N7, the Luxemburg norm
-1l ¢ (2, is defined by

I fllLer) = inf{ﬂ >0: / o(fl/p)dz < 1}-
Q7

With the norm ||-|| s ;). (L*(Qr), Il #(2,)) 1s a Banach space.

LEMMA 10. Let ¢ be a Young function. Then ¢(t) € Ay N 73 if and only
if there exist constants A, > Ay > 0 and ay > ay > 1 such that for any
0<s <t

S\ @(s) s\ %
? () <5 =n()

Moreover, the condition (2) implies that for 0 < 6; <1 < 6, < 00,

P (011) < A20°¢(t)  and  $(6at) < A0S (1).

LeEmMMA 11 ([9]). Given a Young function ¢ € A, N vy, suppose f €
L?(Q27). Then er ¢ (| f(2)|) dz can be rewritten as an integral of the distri-
bution puy(A) = |{z € Qr : | f| > A}|. That is, forany N > 1,

o0 Nk+l
/Q¢(|f(z)l)dz= Z/ 1r (1) dA.
r k=—o00

Nk

1.3. Assumptions and main results

AssumMmpPTION (H). The coefficients af;f/'s (z) in (1) are real valued, bounded
measurable functions defined in 27 and satisfy the strong Legendre-Hadamard
condition, that is, there exists a constant ;& > 0 such that

3) wlgP1g? < als (&P < u g PIg

for any £ € R", ¢ € RY and a.e. z € Q. Furthermore, we assume that the
coefficients belong to VMO, N L.

Let us state the main result of this paper.
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THEOREM 12. Under the assumption (H), suppose ¢ € ANy Ny, and F €
LP(Qr; RY). Ifu € Wy 2 (Qr; RV) N L?(Qr) is a strong solution of (1), then
|D?u| € L?(Q’); moreover,

¢<|D2u|2>dzsc< o(ul®) dz + ¢(|F|2>dz),
Qr

or Qr

where the constant ¢ depends on i, ¢, Q', Qr and the local VMO, moduli of
the coefficients in Q'.

Throughout this paper, denote by the letter ¢ some positive constant which
may vary from line to line.

2. Approximation and preliminary results

2.1. Approximation

LeEmMA 13 (Poincaré’s inequality, [19]). There exist positive constants ry and
¢, such that for any u € W;’Z(Qr), R < ry,

2 2
4) lu —uo, — (Vu)g, -x||L2(QR) < cR*|D*ull 120 -

THEOREM 14. For any € > 0, there is a small constant § = 5(¢) > 0 such
that ifu € W21’2(QT; RY) is a weak solution of (1) in Q4 € Qr with

1
|D*uldz < 1,

1Q4l Jo,
(%)

- 2 ij ii 2 5

1041 Jo (IFP + [0} — (al)y), O ) dz < 8%

4

where (a;(/k;)&‘ () = “;—4| fB4 aéfé (x, t) dx, then there exists a solution v of the
system
(6) v+ (a(ij/'S)BA(t)vxij (x)=0 in Qa4
such that
(7) / |u_v|2dZ§82_

4

PRrOOF. Just to simplify notations, assume that the center of Q, is the origin.
We prove this conclusion by the contradiction. If not, there exist a constant
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&0 > 0, and sequences {a;’;(z)}z:l, {uk},fil, and {F}?2, such that uk is a
strong solution of the system
(8) b +alf@ul, =F in Q4

with

|D>u*?dz < 1,

[ Q4]

9) 1
— [ (IFP+|agy — (ay),,0]) dz < 5,
|Q4| 04 ( | ( ) | ) k2

but

(10) / lu* —v* P dz > ¢,

4
where v is any strong solution of the system
(11) v+ (a) p, DV, =0 in Q.
By Lemma 13,
1 k_ ok k 2, k|2
— u* —uy, —(Vut)g, - x| dz < — |Du|dz§c,
041 o1 e ol |Q4|

then by using the 1nterp01at10n theorem, we know that {u* — u* 04 — (Vuby, -

x}72, is bounded in W2 2(Q4). Without loss of generality, we may assume
qu4 + (Vuk)Q4 -x = 0, and then there exists a subsequence of {uk},fil which

still be denoted by {uk},fil, such that for some u( € WZI’Z(Q4),

uk — U in L2

(12) .

uXX’

uf — (10)xx, (Ug), weakly in L.

Since {(a ”k) (t)}k | is bounded in L*(Q4), and so is in L*(Qy), there
exist a subsequence which still be denoted by {( i k) (t)} 4—» and some
function gy (1) € L*(Q4), such that

(13) (azy) () = @y(t)  weakly in L2, as k — oo
Now we claim that uy itself is a solution of the system

(14) o)y + ags()(Uo)sys; =0 in Qu.
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For this, fix a ¢ € C§° (Q4), then

(15) / (ut+a;’§(z)u’;,.x,)<pdz
4

=/ < (”k(z) (Uk) (t)) Uy x, T (”k) (t)u”)@dz.
(on

By Holder’s inequality and (9), we know

(16) (/QA( l]k( )_( z/k) ([)> ik (pdz)z
< (/Q ( uk(z) (a uk) (;)) )/Q (uiixjw)z de 0.

Since {( ) (1) } i1 18 uniformly bounded in L>°(Q4), we see that (12) and
(13) 1mp1y

/ (agg ) 5, (DUt @ dz — f ags (1) (o)., 9 dz
Q4 [N
< [ (@) 0, — oz
(on
a7 + [ (@), (t)—aaﬁm)uoga“, dz
(u* — up)? dZ/ (( t/k) (f)ﬁﬂx,x,> dz
(on on

+/ ) () = (1) )o@, dz = 0,
Q4<( ) p ) ° ¢

as k — oo, and
(18) / ukpdz — uepdsz, as k — oo.
04 Q4

Summing up (15), (16), (17) and (18), it yields
(19)  uf +aly@ut = o) +agy (o), weaklyin Q.

This convergence and (9) give

/ ((o): + ay (1) o)y, )’ dz < liminf / (uf +alls uk, ) dz

4 4

= liminf [ |F*?dz =0,
(on
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which means (ug); + Ezzg(t)(uo)xixj = 0 a.e. in Q4, and then ug is a strong
solution of (14).
Noting that

@o)s + (azly) p, (1) (),
= (uo)r + aaﬂ(t)(u())xi)c_,- + ((a ”k) (1) —ay, (t))(uo)x,x,
= ((azs ) 5, (1) = ags () (o),
and by using [3, Thm. 2.4], we know that the problem

o0) hf + (agy) g, (OR% = ((ags) 5, () = Gug(0) (0,
=0, on 00,4

has a unique solution A* satisfying

1) / |D?h? dz < f (@) 5,0 - (t))(uom,)

Q4 04

From [3, Lemma 3.3], it follows

(22) sup [(uo)sx,x | < c(Ilmo)x 20y + lluollL2c0y))-
z€03

Also, since {a;f;};o is bounded and a a (t) € L?, there is a positive constant

C such that
z k i'
Combining (21),(22) and (23), it obtains that {|D2hk |};il is bounded in
L*(Q4), hence
(24) h* — hy, in L?

for some hy € L*(Q4).
Now we show Ay = 0 a.e. in Q4. In fact, since /* is also a weak solution
of the problem

(25) {f + ((ags) 5, ORY,),, = ((azs) 5, (O = gy (D) (0).
k=0, on 90j,

where Q3 = B4(0) x (s, 16], we take h* as a test function in (25), and then

/ iRt = (ally) 5, (ORE RE dx dt = / ((ally) y, (1) — gy (1)) (o), B dx dit,

4 4
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hence

26) — / (h*)*(x, 5) dx — / (agg ) g, ) (ORE L dx dt
B4(0) 0 ©

:f(( Uk) (1) — ag (t))(MO)xlx]h dx dt.

4

By (22), we know ((a ”k) (t) —a (t))(uo)x,x/ — 0 weakly in L. Also since
h* — hgin L2, it follows that

(27) / (( l]k) ([) - aaﬂ (t))(u())xx h dx dt — 0 in L2,
o

4

which and (3) give

u/ \hk |2 dx dt < |hk|2(x,s)dx+/ (a”k) (Oht, hk dxdt — 0,
Q s

4 By o
as k — oo. Thus (hp), = 0 a.e. in Q4, which means that 4 is independent of
x in Q4. Also we have by (26) and (27) that

/ Ihol2(s) dx = / Ihol2(x, 5) dx
By By

<liminf | |A*P(x, s)dx
By

< lim inf / ((asly) p, () = @ (0)) (o), 1" dx dit
o

=0,

then
ho(s) =0 ae.in (0, 16),

which implies #p(z) = 0 a.e. in Q4.
Combining (24) and (12), we have

28) | |u* —(uo—h")Pdz < C(/ |u* — uo)* dz +/ |h"|2dz) — 0.
Q4 4 4
On the other hand, uo — h* is still a solution of (11), it follows from (10) that
/ uk = (g — h*)PPdz = &,
o

which contradicts (28).
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LeEMMA 15 ([7]). Let ¥ (t) be a nonnegative bounded function defined on the
interval [Ty, T1], where Ty > Ty > 0. Suppose that forany Ty <t <s < Ty,

W satisfies

Y(t) <0y (s) + + B,

(s —1)*

where ¥, A, B, a are nonnegative constants, and v < 1. Then for any Ty <

p<R=T, A
o| = + B,
V) < e+ 8]

where c, only depends on «.

LEMMA 16. There exists a constant Ny > 0, such that

(29) sup |D*v| < Ny,

€0,
where v is the function in Theorem 14.

ProofF. From [3, Lemma 3.3], we know

(30) sup |D2v| = C(||vx||L2(Q3) + ||U||L2(Q3))-

2€0>

Now, we try to remove the term ||v, || 12(g,). Since v is a strong solution of (6)
and the coefficients are independent of x, one sees that v is a weak solution of

(31) v+ ((a) ,, (Ovy), =0 in Q.
For 2 <1 < s < 3, we choose a cutoff function ¢(x) satisfying

0<ep(x)<1 in By, px)=1 in B,
c

px)=0 in  B3\B;, lox| < = in By,
s —

and n with the form

s —t
n(t) = s> =1

1,t €[0,0%).

e [1%,5%),

Taking vn(t)e?(x) as a test function in (31), we have

fQ (vtvngoz - (aéfé)& (t)vxj(vngoz)xi) dz = 0.
4
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1 1
/ vzvnfpzdz=/ (—v2n> wzdz—/ —vine’dz
[on [on 2 t [on 2

155 f Ly 5
= - v dx — v dz
/;342 Q42

Since

and

/ (alfy) 5, (v, (n?), dz

4
= fQ ((azg)& (1) vy, vy, ng* + 2(aéf/.3)34(t)vn(pvx/_(px,,) dz,
4

it follows

ij 1
/ (ad]ﬂ)&t (t)vxi Ux; n(pz dz + / §v2(p2 dx
[on 5

; !
= —Z/Q (@gs) 5, OVNQU, @, dz —/ zvzntsoz dz.
4

4

Because of f B, %vzgozdx > 0, then Young’s inequality, (3) and the properties
of n and ¢ imply

M/ v, |? dz 5/ (agg) 5, (D0 v 19* dz
0 o

1 i
</ Elvzm<p2|dz+2/ |(ags) g, OvNQVy 0y, | dz
0

s N

¢ 2 1 2
< d - | dz.
_(s_l)zstv z+4/slv| Z

It follows by Lemma 15 that

/lvxlzdzfc/ v?dz,
0> 03

hence

(32) sup |[D*v| < cllvlz2(0-
z€0>
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From (4), we know

sup |D%v| < sup|D2(v —ug, — Vuy,) ~x)’

z€Qn z2€Qs

< 110 =g, = (Vg - 10,
< el — ull s + 0~ w0, ~ (Vg ) )
< c([lv =il gy + 15201110,

By (7) and (5), we have

sup |D*v| < c(e + 1) < Ny

€0,
for some positive constant Ny.

THEOREM 17. For any ¢ > 0, there is a small 5 = §(¢) > 0 such that if
u e W21’2(Q4; RN) is a strong solution of (1) in Q4 C Qr with (5) holds, then
there exists a strong solution v of (6) such that

1
—/ |D2(u—v)|2dz§ez.
1021 Jo,

PrOOF. From Theorem 14, it shows that for any n > 0, there exist a small
8 = §(n) > 0 and a solution v of (6) in Qy4, such that

(33) / lu — v|2dz < 172.
[on
Let us first note that u — v is a strong solution of the system
(34) (u— )+ (agy (D) =)y, (2) = (F(2) = (ayfy (2) — (az) , (1)) vxsx,)
in Q4. Using a priori L? estimates in [3, Thm. 2.4], we have
|10 — v)|”L2(Q2)
=l =l g, + 11F = (ags @) = (@) , D) Vs [ 20,
= |||” - vIH 1209 T ” |F| HL2(Q3) + H (agé(z) - (ag,;,)&(t))vxixj ” L2(03)

= |||u - vIH LZ(Q4)+”|F| ” L2(Q4) + Slle |D2v| ’ Ha;j/.g(z) - (a;j}é)&(l‘)”m(&)'
3
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By (33), (5) and Lemma 16, we have
[1D*@ =)l 12, < 1+8+ Nod =,

for suitable choice of n and §. This ends the proof.

2.2. Local estimates of M(D?*u) ()

In this subsection, we will use the parabolic maximal function defined by

1
Mf(z) = sup ———— f(y,s)dyds.
€750 |G (2) N Q7| Je nay

The following lemma gives a characterization of those functions ¢ € A, Ny».

LemMA 18 ([101). If f € L} (Q27), then for every a > 0,

loc

eeQr: U@ > al] < 2/9 F@ldz;
ifé € ANy and f € L), then (M F)(z) € L*(Q) and
[ ocuiyazzc | s
where the bound ¢ depends only on .

THEOREM 19. Forany ¢ > 0 and C,(z') C Q¢ C R, there exist a positive
constant N1 and a small § = &(¢) > 0, such that if u is a strong solution of
(1) in Qr with
(35)

Ci@)N{z € Q¢ : M(D*u*)(z) <1} N{z € Q¢ : MFP)(2) < 8%} # 0

and the coefficients a;jé (z) being weakly (8, 6)-vanishing, then

(36) |C1(Z) N {z € Qs : M(ID*ul’)(2) > NP }| < lCi(2)].

ProofF. From (35), there exists a point zg € C;(z’) such that for any p > 0,

1
1Cp o)l Je, (o)
1
1Cp(zo)| Je, o)

(37) |D*u|?dz < 1,

(38) IF|*dz < 8.
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Since C4(z’) C Cs(z0), we derive by (38) that

1 C 1
/ // F2dyds < | S(Z?)l // IF dy ds
1) [Ca(ZD] S Sy [Q4(Z) 1Cs(zo)| J J sz

n+2
<<§) 82
—\4

Similarly, one finds by (37) that

1 5 n+2
(40) , // |D*ul>dyds < (—) .
|Ca(2)| J Sy 4

By (39), (40) and the assumption on aZg (z) (weakly (8, 6)-vanishing), we

apply Theorem 17 (with u replaced by u’ = (%)”“u and F replaced by F' =

(%)nHF) and obtain that for any n > 0, there exist a small §() > 0 and a
strong solution v’ of the system

v; + (atij/-ff)Bz;(x’)(t)v;in =0 in Q4(Z/)

such that
(41) — |D*(w’ —v)|*dz < 0.
[C2(2)| Jeyy
Recall that
2.2 2
(42) ID v/”LOO(Cz(Z,)) <Ny,
we claim

43) {z€ Q¢: M(ID*W'|*)(z) > N{} N Ci(2)
C{ze Q¢: M(D*' —V))(2) > Ng} N Ci(2),

where N7 = sup{4"*2, 4NZ}.
In fact, to see this, suppose

(44) z1€{z€ Qe M(ID*W —V)) () < N5} NC1(D).
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When p < 1, it follows C,,(z;) C C2(z’), and then (42) and (44) imply

1
|D*u'|* dz
1CpzDl Je, @
(45) < |D*(u’' —v)|*dz + D% dz
- |Cp(Zl)| Cp(z1) |Cp(Z1)| ol
< 4N(;
when p > 1, we conclude C,(z1) C C4,(z0), and then by (38),
1 ¢ !
D2 dz < ) D2/ dz
IC, ] . [Cp(z1)] [Cap(z0)l Cap(20)
1
(46) Py — |D*/|* dz
1Cap(z0)| Jeu, (20
< 42,

Summing up (45) and (46), it shows
(47) z1€{z€ Q¢ M(ID*W'1P)(2) < NT}NC1(@).

Thus (43) follows from (44) and (47).
By (43), Lemma 18 and (41), we have

{z € Q¢ : M(ID*W'|) > NT} N C1(2)]

< [{z € Qo s M(ID* = )P) = N} N C(2)|
< S (P =) dz < en? < el
Ny Jey@

for suitable choice of 1. This completes the proof.
With a scaling argument, we obtain the following

COROLLARY 20. For any ¢ > 0, there exist a positive constant N| and a
small § = 8(¢) > 0 such that if u is a strong solution of (1) in Qr with

{z € Q1 : M(1D*uP?) (@) > NP} N C. ()] = elC (I,
and the coefficients being weakly (8, 6)-vanishing. Then

C/(Z)NQ1 C {z € Q1 : M(ID*ul?)(2) > 1}U{z € Q1 : (I f1?)(2) > 67}
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3. Regularity in Orlicz spaces
In this section, we prove the main result of this paper.

LEMMA 21 ([19]). LetO < & < 1, C and D be two measurable sets satisfying
C C D C Q.,|C| < €|Qy]| and the following property: for every z € Q1 with
|C N Cr(2)| = €|C,(2)], it follows C.(z) N Q1 C D. Then

|C| < 20" %¢|D].

THEOREM 22. Suppose that u is a strong solution of (1) in Qr satisfying
{z € 01 : M(ID*ul*)(2) > N}}| < &l Qil.
Then for any positive integer m,
(48) {z € Q1 : M1D*u(z) > N{" Y|

< 81{|{Z € 01 : MF(2) > 8*N{"}|

+ |{z € Q1 : M|D*ul*(2) > N}™}

where ¢, = 20" 2¢.

PrOOF. We only prove for the case m = 0, otherwise replace u by 7 and
1

Fby%.Let
N C={ze€ Q:M(|Dul’)z) > N7}

and
D={ze Qi : M(F*) () > 8} U{ze Qi :M(D*ul*)(x) > 1}.
Since Ny > 1,C C D C Q; and |C| < €01, let z € Q; such that
ICNCr(2)| = €lCr(2)].

Then by Corollary 20,
C(x)NQCD,

and by Lemma 21, )
IC| < 20""¢|D|,

which is the conclusion for m = 0.

PRrOOF OF THEOREM 12. For any ¢ > 0 to be chosen later, let us pick § as in
Theorem 22. Since the a;/ﬁ’s belong to VM O, (S27), there exists R depending
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on Q', Q7 and 8 such that the a” ’s are weakly (8, 4R)-vanishing. Without

loss of generality, we may assume that the aéig’s are weakly (8, 4)-vanishing.
By using Lemma 11 with f = (|D*u|*)(z) and N = N?, a computation
gives

/¢(|D2u|2)dz§cfg o(|-4(1D*ul?)|) dz

[e%e} N]Z(k-H)
=2 / z € Qi : (1D ul?) > 1}|dop ()
k=—00 lek
= > sWH|{z e 01 M(DuP) = N,
k=—o00
hence
/ ¢(I1D*ul?) dz
0,
M
< Z ¢(N12(k+1))|{z €0, :/%(|D2u|2)(z) - le(k+1)}|
k=—00
00 M-1

< (Z+ Z )¢(N12(k+1))|{z c Ql :%(|D2M|2)(Z) - le(k+l)}|

k=M  k=—o00

=1+1l

We take M such that N;MD = cfQT(Iul2 + |F|*)dz > 1, and have by
Jensen’s inequality that

(49) II§c¢(/ (|u|2+|F|2)dz>sc/ (¢(ul) + $(FP)) dz
Qr Qr

Now, we estimate /. By Theorem 22,

<Y oV ) fz € Q1 (1D uP)(2) > NPEHVY]

k=M

= Y o) ez e 01 U (FP) @ = 2N
k=M

+e1l{z € Q1 : M(I1D*ul?)(2) > lek}|}
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Since ¢ € Ay Ny, Ni > 1, we see by Lemma 10 that
$(NP2) = g(NP* - N7) < AT N 9 (N,

and by Lemma 11 and Lemma 18,
oo
1=eN Y (V) el fz € 0 H(FP) @) > NP
k=M

+lfz e Qs (1D%uP) @) = N

o0

2a 82N 2 2 Ar2k
< &N, lqu( 52 ){sletez/ﬂﬂFl )(z)>8 N; }’}
k=M

+81N12°“/ ¢((|1D*u))?) dz.
[

Using Lemma 10 and selecting ¢ > 0 small enough such that N 120”81 < 1/2,
it follows

(50) I< % / o((1D2ul)?) dz + 572 / o (IF?) dz.

Combining (49) and (50), we have

/l¢(|D2u|2) dz < C(/Qrd)(lu|2) dz+/QT¢(|F|2) dz).
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