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SELF-SIMILAR AUTOMORPHISMS OF A FREE
GROUP OF COUNTABLE RANK

WITOLD TOMASZEWSKI

Abstract

We investigate self-similar automorphisms of a free group F of infinite countable rank, that is
automorphisms for which their actions on F and F’ are similar. We show properties, examples and
counterexamples of self-similar automorphisms and study the subgroup generated by self-similar
automorphisms.

1. Introduction and Main Results

Let F be a free group of countable rank. As usual, F’ denotes the commutator
subgroup of F and we define the terms of the derived series F™ of F as
follows FO = F, F) = F/, FO+D = [F® F®] for n > 0. We denote by
N the set of natural numbers {1, 2, 3, ...}, and by Z the ring of integers.

We investigate self-similar automorphisms of a free group F of infinite
countable rank, that is automorphisms for which their actions on F and F’
are similar. We show properties, examples of self-similar automorphisms and
study the subgroup generated by self-similar automorphisms.

The subgroups and the structure of the automorphism group of a free group
of finite rank have been studied intensively (cf. surveys [8], [10]). However, we
still know little about automorphisms of free groups of infinite rank. The group
Aut(F) of automorphisms of a free group F of countable rank is “vast”. For
example, it contains an isomorphic copy of the group S(N) of all permutations
on natural numbers and an isomorphic copy of the group Z) of the infinite
series with entries 0 and 1. Some subgroups of the group Aut(F’) are described
in [4] and [7]. Many properties of Aut(F’) can be found in [1], [2], [12], [13].

Throughout this paper if & is an automorphism of F then &’ = &| denotes
the restriction of £ on F’. Itis clear that £’ is an automorphism of F’. Generally
£™ will denote the restriction of & on F™.

DErFINITION 1.1. We say that & is self-similar (or that & is similar to &')
if there exists an isomorphism « : F — F’, such that the following diagram
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commutes (Eo = a&’):
& &) P w P

.k

F o F/
We denote by . the set of all self-similar automorphisms of F.

In terms of the language of operator groups (cf. [11]), « is an isomorphism
from the operator group (F, §) to (F', &').

DEFINITION 1.2. Let X be a fixed basis of F. An automorphism t € Aut(F)
is an elementary simultaneous Nielsen automorphism if it satisfies one of the
following conditions:

(1) 7 permutes the set X.

(2) 7 inverts some elements of X and acts trivially on the rest of elements
of X.

(3) There exists the subset U of X such that u* = uv or vu for u € U and
some vin X \ U and v* = v foreveryv € X \ U.

The notion of elementary simultaneous Nielsen automorphisms was intro-
duced by Cohen in [4]. Bogopolski and Singhof in [1] call automorphisms
of type (1) and (2) monomial automorphisms. The set of monomial auto-
morphisms is a subgroup of Aut(F'). We use the notation &y for the subgroup
generated by elementary simultaneous Nielsen automorphisms, and & for the
subgroup generated by all &, where X is a basis of F. The conjecture of D.
Solitar states that & coincides with the subgroup of bounded automorphisms
(see [4)).

We fix a basis (i.e. a free generator set) X of F' and introduce the class
Px of automorphisms of F. An automorphism & belongs to Py if there exist
three pairwise disjoint, countable subsets A = {a;, az, ...}, B = {by, by, ...},
C = {c,cp,...},suchthat X = AU B U C and for every n € N a,f = b,,
b, = a, and ci =c, L Clearly, all automorphisms in Py have order two
and any two of them are conjugate. Shortly, we write that £ acts on the basis
X = AUBUC as follows: A < B, C — C~!. Let 2 be the subgroup
generated by the union of all Py, where X is a basis of the group F.

Let x consist of automorphisms permuting the basis X. Clearly, ¥ is a
subgroup of & and S is isomorphic to the group S(N) of all permutations
of natural numbers. We use the symbol . for the subgroup generated by all
S, where X is a basis of F.

We need one more set of automorphisms, #x. An automorphism « belongs
to Ly if it inverts some elements from X, and does not change remaining
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elements. It is clear that F is isomorphic to the group Z} of all infinite series
with coordinates 0 or 1. As previously .# is the subgroup generated by the
union of all £, where X is a basis of the group F.

The intersection £y N Sy is trivial. The product £x ¥ is the subgroup of
Aut(F) and in fact it is the subgroup of monomial automorphisms on the set
X. In the group £xFx the subgroup £y is normal, while & is not normal.
So, the product Fx Fx is a semidirect product Fy x Fx of Lx by Fx. If we
look closely we will see that this subgroup is isomorphic to the wreath product
Z5S(N) (cf. [5]). Elements of this wreath product have a form (o, (g1, &2, .. .)),
where o € S(N) and ((e1, &, ...) € ZS'. Multiplication is given by

(0, (g1, &2,...) - (8, (€1,€2,...)) = (06, (g1, €25, ...) + (€1, €2, .. .)),

and (o, (&1, €2, ...)) is associated with automorphism « € FxFx acting on
X = {x1, x2, ...} as follows: x{ = xi(n_l)' .

The aim of this paper is to prove the following theorem.

THEOREM 1.3.
(1) Every automorphism & from Py is self-similar, so P C {M).

(1) (Px) = LxFx, Lx N Fx = 1, so (Px) consists of all monomial
automorphisms on the set X and is isomorphic to the wreath product
Z> 2 S(N).

(iii)) & =P < (M) < Aut(F).

REMARK 1.4. Itcanbededuced from ([3], Theorem C) and Theorem 1.3 (iii)
that if (/) # Aut(F) then the index of (/) in Aut(F) equals 2™.

This work is inspired by research on automorphisms permuting generators
in free groups of finite rank (cf. [9], [15]). The following example shows the re-
lationship between self-similar automorphisms and automorphisms permuting
generators in the free group of rank two.

ExamPLE 1.5. Let F, be a free group of rank 2, freely generated by x
and y and let o be the automorphism of F, permuting x and y. Then the
commutator subgroup F = F, of F, = (x, y) is a free group of infinite rank.
It can be deduced from [10] (4.3) that F' = F) is freely generated by the set
X=AUBUC,where A = {[x°,y/]: ¢ >d, ¢c,d €2}, B={[y",x%]:
c>d, c,d €Z},C ={[x° y°]: ¢ € Z}. The automorphism £ = o |, which
is the restriction of o to F = F}, acts on this basis according to the schema
A< B,C — C~ . So, & belongs to Px. Then by Theorem 1.3 (i), & belongs
to ./, that is £ is similar to £’ € Aut(F') = Aut(F}).
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2. Properties of the set ./

PROPOSITION 2.1. Let o be an isomorphism from F to F'. Then

(1) For every w € F we have w* € F" if and only if w € F’. Generally
w* € F™ forn > 1ifand only ifw € F"~V,

(i1) o has no nontrivial fixed points.
(iii) The restriction o' = | is an isomorphism between F' and F”.

(iv) The mapping B : F/F' — F'/F", given by (WF")? = w*F", is the
isomorphism of free abelian groups.

PrOOF. (i) is clear.

(i) Let g # 1be afixed point of o and let n be such a number that g € F*~D
but g ¢ F™. Then by (i) we have g = g% € F™, which is a contradiction.

(iii) It follows from (i) that o’ is a bijection from F’ onto F”, so it is an
isomorphism.

(iv) First, we show that wF’ = uF’ if and only if w* F” = u®F". Indeed
wF’ = uF’if and only if wu~' € F’, then by (i) it is equivalent to (wu~")* €
F”,and so to w*F” = u®F”. Thus, B is correctly defined and is an injection.

Since « is a surjection, S is also a surjection. So § is an isomorphism.

An automorphism £ induces the automorphism é_ of the free abelian group
F/F’" and similarly £" induces the automorphism &’ of F’/F”. Moreover, it
follows from Proposition 2.1 (iv) that the following diagram:

F/FF—2  F//F"
i b
F/F —L s F/F"
commutes, that is £ = B£’ or equivalently:
.1 plEp=¢
Now we show examples of automorphisms not belonging to ..

ExAaMPLE 2.2. Let & be the automorphism of F' which inverts every element
of basis {xy, xp, x3,...}, thatis fori = 1,2,3,..., xf = x;l. Then groups
with operators (F, £) and (F’, &’) are not isomorphic. So, & does not belong
to M.

PRrOOF. It is clear that & induces the automorphism £ of the free abelian
group F/F', which sends every element into its inverse. But £’ does not, since
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for example [xf1 , x;l] # [x1, x2]7" mod F” and the equation (2.1) does not
hold.

EXAMPLE 2.3. An inner automorphism iy (w) = g~

forg =1.

wg belongs to . only

PrOOF. Leta : F — F’ be an isomorphism, for which i;a = aiy. Thus
for every w € F we have (g7'wg)* = g~'w®g. From this we get gg % w* =
w*gg™“. Since « is an isomorphism, gg~* lies in the center of F’, so g* = g.
By Proposition 2.1 (ii) g = 1.

PROPOSITION 2.4. Let & be a self-similar automorphism of F. Then

() £~ also belongs to M.

(ii) If ¢ is an automorphism of F, conjugate to & then ¢ belongs to M.

(iii) A is not a subgroup.

(iv) For every natural number n the automorphism £ is similar to €™, where
£MW = E|pw is the restriction of € to F™. Ifa : F — F' is an iso-

morphism such that Ea = a&’ then " : F — F™ is an isomorphism
such that £ = o™,

Proof. (i) If @« : F — F’ is an isomorphism such that £ = «&’ then
o 6o = & and o 'E ' = £'71. Since £7! is the restriction of £7! to F’,
the statement follows.

(i) If ¢ = B~1EB then ¢’ = B'~1E/B/. If & = a&'a~! then
{ — ﬁ_laé’a_lﬁ — ﬂ_laﬂ/ﬂ/_lg/ﬂ/ﬂ/_la_lﬂ
— (ﬂ/ilailﬂ)ilf/ﬂ/ilailﬂ,

and since B/~ 'a~! B is an isomorphism mapping F onto F’, ¢ is self-similar.

(ii1) We shall show in Section 3 that the automorphism inverting all elements
of the basis X is the product of automorphisms from £y and we shall show
in Section 5 that the subgroup generated by Py is contained in the subgroup
generated by /. But as it is shown in Example 2.2 the automorphism inverting
all elements of a fixed basis does not belong to .#. So ./ is not a subgroup.

(iv) It follows from Proposition 2.1 (i) that «” is an isomorphism that maps
F onto F™ . The equality £a” = o"£™ can be proved by induction on 7.

3. Proof of Theorem 1.3 (ii)

We recall that o belongs to P if there are three countable, pairwise disjoint
subsets A = {a;,a»,...}, B = {b1,by,...}, C = {c1, ¢, ...}, such that
X = AU B U C and for every natural n we have a% = b,, b® = a,, c® = c, .

We use the short notation @ : A <> B, C — C~ 1.
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PrOOF OF THEOREM 1.3 (ii). Our aim is to prove that (Px) = FxFx.
Every automorphism from the set (?x) belongs to £x S x. So it remains to
prove that £y ¥ is contained in (Py).

First we show that £y C (Px).

We split X into three infinite, pairwise disjoint subsets X = AU BUC. Let
o, B, v be automorphisms acting on these sets as follows: « : A < B, C —
C'B:A< C,B— B7!',y:B < C,A— A~!' The automorphisms
a, B, y belong to Px and aBay is the automorphism acting identically on A
and inverting elements in B U C.

So we have proved that every automorphism é for which there is a partition
of the set X = X; U X, into two infinite, disjoint subsets such that § acts
trivially on X and inverts all elements in X,, belongs to (P ). We define such
automorphisms by giving these two sets and show now that the set of these
automorphisms generates Fy.

For every automorphism 7 in £ there exist subsets U and V (not neces-
sarily infinite, and even one of them can be empty), such that n acts trivially
on U and inverts elements from V. If U and V are infinite then n is among
generators for X; = U and X, = V.

If U is finite (or empty) then V must be infinite. We partition V into two
infinite, disjoint subsets V = V| U V,. Then 7 is a composition of two gener-
ators. For the firstone X = U U V), X, = V,, and for the other X; = U U V,,
X, = V.

If V is finite then U is infinite. Let V| and V; be infinite, disjoint subsets such
that X = ViUV, and V C V,. Then 7 is the product of two generators. For the
first one X| = V,, X, = V|, and for the second X| = V, \ V, X, = V U V.
Since V is finite, in the second case both sets are also infinite.

Now we prove that #y C (Px).

By [5] (Lemma 8.1A, p. 256) every permutation is a product of two invol-
utions. So, it suffices to prove that every permutation of order two belongs to
(Px).

We have shown above that every automorphism o for which there exist three
infinite, pairwise disjoint subsets A = {aj,az,...}, B = {b1,bs,...},C =
{c1,ca, ...} such thatay = b,, b}, = a,, c;; = c, for every natural n, belongs
to (Px). As previously, we use the notation « : A <> B, C — C. To define «
it is enough to indicate sets A, B and C. Throughout this proof we call such
automorphisms generators.

Further part of the proof is similar to the one above. Let 8 be any involution
in Fx for which there exist three subsets U, V, W (not necessarily infinite),
suchthatn : U < V, W — W.If U, V, W are infinite then 5 is among the
generators.

If U, V are infinite and W is finite then we partition U into two disjoint
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subsets U = U; U U,. Thus, we get the partition of the set V: V = U" =
(U,UU,)" = U] UU, = V;UV,. Then 1 is the composition of two generators.
The first one is defined by A = Uy, B = V|, C = U, UV, U W, and the second
oneisdefinedby A=U,, B=V,,C=U UV UW.

If U, V are finite then W is infinite. We partition W into three infinite,
disjoint subsets W = U; U V; U W;. Then 7 is a product of two generators.
The first is defined by sets A = U, UU, B = VUV, C = W| and the second
isdefinedby A=U;,B=V,C=UUV UW,.

Since #x C (Px) and Fx C (Px) we have that Fx Fx is contained in
(Px).

4. Proof of Theorem 1.3 (iii)
LEMMA 4.1. &x = (Px,, T € &x).

PrROOF. Let 7 belong to &x. We partition X into three pairwise disjoint
subsets X = U U V U W. Subset W is non "active”, that is if w € W then
w® = w. Also for v € V we have v* = v but elements from this set act
on elements from U. Let V = {vy, v, v3, ...}. We partition U into subsets
U=U,UU,U...Ifu € U; then u® = uv;. Let U; consist of elements
U1, Ui, ... fori =1, 2,.... Now we define a new basis Y which is the union
U'UW,where U' = UjUU,U...and U; = {u;1, uj1v;, u,-zufll, 145314;11, o
One can check that Y is a free generator set of F' and that the automorphism o
defined by mapping X — Y is bounded in X (and in Y'), so o belongs to &x.
Now we define an automorphism 7. The automorphism 7 changes u;; and u;v;
fori = 1,2, ... and acts identically on other elements. By Theorem 1.3 (ii) n
belongs to #y. How does 7 act on elements of the basis X? Let us calculate
'Uin = (ul._llu“vi)" = (l/till},')_luil = Ui_l, M?l = U;1v;, and for k > 1 M?k =
[(uikulfll)(uil)]” = uikuiluilvi = u;v;. Thus T = ¥n, where ¢ inverts all v;
and acts trivially on other elements. Since ¢ € £x and by Theorem 1.3 (ii)
Lx S Px we get t € (Px, Py). For other variants of the mapping t the
reasoning is analogous. This completes the proof.

PrOOF OF THEOREM 1.3 (iii). By Theorem 1.3 (i) (which will be proved in
the following section) and Lemma 4.1 we have & = & < (/) so the statement
is true. By Proposition 2.4 (ii), (.#) is normal in Aut(F).

5. Proof of Theorem 1.3 (i)

Now we are ready to prove the point (i) of Theorem 1.3. Let £ belong to
Px. So, X is a union A U B U C of three infinite, pairwise disjoint subsets
A={a,a,a3,...}, B={by,by,bs3,...},C ={c1,cp,c3,...} and £ acts on
this basis as follows: af =bi,b; =a;, cf = ¢; !, foralli € N. To prove that
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& is self-similar we have to show that F’ has a basis of the form a U b U ¢ in
F’, on which £ acts in similar way as £ on X, thatis &' : a <> b, ¢ — ¢~'. We
call such a basis P-basis. It is clear that £ = id.
A similar basis can be constructed by using Dyer-Scott Theorem (see [6],
Theorem 3) but this theorem does not imply that all sets a, b and ¢ are infinite.
We use the following order in the set of nontrivial powers of generators
{af" : ki € Z\{0},i € N}U{bf." : L€ Z\{0},i e NJU{c" : m; €
Z\ {0},i € N}:
(5.1)  a' <bl < <o <dl

: ki 1 m;
;’n! < a'1+1 < b'1+] i+l

li
<b <c i <<,

and if k < [ then af‘ < af, bf < bf- and cl’-‘ < cf- for every i € N. It can be
deduced from [14] that F’ is freely generated by the set of all commutators
of the form [yk, zl]"fl)‘gz""‘:k such that y, z, x;,...,xx € AUBUC, y < z,
y<Xx3 <X = - =< X and z & {x1,x2,...,x¢}, and k,1,dy, ..., d; are
integers. Let us denote this basis of F’ by ¥). This basis is not 2-basis. We
have to reconstruct ?) to get the proper one.

We use the common, possibly trivial, symbols «;, 8;, y; for elements of the
subgroup (a;), (b;), (c;), respectively. We use the symbols w; or u; for elements
of the set {«;, B;, ¥;}. Then the basis ?) consists of commutators of the form
(i, i) Hi, where i < j,iy <ip < -+ < i and ) & {iy, - - oy Wi}

We split the basis ) into three disjoint subsets:

9 =TUQUP

where i
T = {[a;, Bil"},
0 = {[a;, vilP", [y, wj1P", i < j},
P =9\ (TUOQ),

where /£ is an ordered word in the alphabet AU BUC. We say that the word 4 in
dy d>

the alphabet AUBUC is ordered if h = x{'x5° .. .x,‘fk,xl, ..., xy € AUBUC,
dy,...,dy are integers and x; < x; < --- < xi. Let # denote a set of all
ordered words. Ordered words appear in exponents of commutators of the

basis 9.

LEMMA 5.1. For every word w € F there exists a unique ordered word w
and an element t € F', such that w = wt.

PrROOF. We can change the letters modulo F’, so every word can be uniquely
ordered modulo F’.
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We say that the ordered word w is the ordered image of w if there exists
t € F/,suchthat w = wt. If w € F and ¢t € F’ then wt = w. It is clear that if
h is an ordered word then i = h.

Our plan is to change the basis consequently:

P =TUQUP — Y =T'UQUP - 9" =T'UQ'UP - 9" =T'UQ'UP’

where 9,2, 9", )" are bases of F’ and sets T’, Q’, P’ are parts of the new
P-basis. So the last set ¥)” is a P-basis of F’.

In every step we use elementary simultaneous Nielsen transformations (see
Section 1). These transformations are invertible and hence change any basis
of F into a new basis. We call these transformations, for short, Nielsen trans-
formations.

By the length |w| of a word w € F we mean its length in the alphabet
AUBUC.

Let us partition the set # of all ordered words into three disjoint subsets
H., H. and H_, where:

H.=f{h: h<hi, I ={h: h>hé), % ={h: h=hE)

where < is the lexicographical order in # induced by the order (5.1) and ht
is the order image of h%.

LEMMA 5.2. .
(i) Ifw € F then w* = wé.
(i) h € F_ if and only lfh_s e H-.
(iii) Ifh € - then h® = ht, wheret € F' and t* =t~.
(iv) Forevery h' € 9 there existt € F' and h € I such that h't = h®.

(v) Leth € # and u € AU B U C then uh = h'v, where h' is an ordered
word and v is a product of elements from ?) or their inverses, for which
words in exponents are shorter than h.

Proor. ) If w € F _then there exists ¢+ € F’, such that w = wt, hence
wé = (wr)f = wt = Es,iince £ e F.
(ii) If h € . then h < h%, and by (i):

hE > h = (hé)E

so hé € ... The converse is clear. L
(iii) Let h € - then h = hé. There exists t € F’, such that h¥ = hét = ht

and
h = (h*)* = (ht)* = ht®,
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sortf =1.
(iv) There exist ¢’ € F' and h € , such that (h')* = ht’, so i’ = hé(t)¢

and
he =n't, fort = (t')~°.

(v) If wh is ordered then #" = ph and v = 1. If uh is not ordered then
h = hyu?h,, where h| contains all symbols less then w, h; all symbols greater
then p and d is an integer (possible that d = 0). Then

ph = phyphy = hypl, bl hy = hop® holw, k14"

and i’ := hy 9+ hy is ordered, v = [, by 4 = [pd*, Ry {ud, bR O
hy = ... uy then for every integer n:

v= [ )" =t e ™

= (", ][, gl T gt
and all words in exponents are shorter than A.

5.1. The subset T

Let us remind that
T = {[a;, ,Bi]h : h € J and h begins with a symbol greater then 8;,7 > 1}

We denote by T the subgroup generated by 7.

LEMMA 5.3. Let h € 9. Then there exists t € T such that h¥ = hét and if
t = []le, Bi1" then every h; is shorter than h.

Proor. If & is ordered, then

h = (a1B1y1)(@2B2y2) ... (@i Bryi),

hence
K = (@ BB Ys) - (@ By
= (Biayy DBy ) By
= BB aily s ByLB. 4y o Bl Br el !
= o\ B1B} o vy BB vy e By 1B g1
= “11317/1_1“;:3;7/2_1

P ol =1lrpr v By v v ! AT
T R 1 I L LR O 1 IO LIRS G | A L
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wher/e (f{l/ = B € A, B = o € B.Thus we have hf = o| By, a}Bly; "
o By, and

-1 7 ,—1 —1 —1 r,—1 -1 —1
I A L O O A L RN /- 78 LR S

and the longest word which can appear in the exponent is y, a5 8}y, ' ... ¥,
and it is shorter than 4.

It may happen that «; or 8; is equal to 1. But then [B;, ;] = 1 and the
longest word in the exponent is equal to yz_lagﬂgyz_l ... yk_l which also is
shorter then A.

It follows from Lemma 5.3 that the subgroup & = (T') is £-invariant, so we
change the basis T inside the subgroup <.

LEMMA 5.4. The subgroup T possesses a P-basis.

Proor. We split T into disjoint subsets, with respect to the length of the
words in the exponent:

T=Ty,UT,UTLUT;U...

where Ty, = {[a;, Bi]" : h has the length equal to k,i > 1}. We show, by
induction on n, that every subgroup (T, U...UT,) has a #-basis A, U B, UC,,.
It is clear that (T) has a &P-basis (this construction is similar to the one in
Example 1.5). Let us assume that (To U. ..U T,) has a P-basis. Let w € T4
then w = [o;, Bi1", |h| =n + 1. We split 7,,.1 into three disjoint subsets:

Tpo1=T-UT- UT.

h
where _ {[Ol,',ﬂi]h clhl=n4+1,h e},

={loy, B1": |hl=n+1,he I},
={[ey, Bil": |hl=n+1,h e ).

v

If h € ., then by Lemma 5.3 we have hé = h't,wheret € (TyU...UT,),
and by Lemma 5.2 (ii) we have i’ = hé € .. So for [a;, B;]" € T- we have:

(lor, Bi1ME = [B], )]

Hence we put [o;, 5;]" € T- into A,,; and we transform every element
[af, /31./]}" byt € (To U...UT,), inverse and put the element obtained in
that way into B, ;. Hence we get:

& 3 _n
Apsr 3 [af, bl —>[bf,al]" = [a}, b17"" € Byt
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Let us note that above transformations are Nielsen transformations because we
act on elements from 7,4 by elements from (T, U ... U T;).

If [al , ,]h € T- then h € F_, and by Lemma 5 2 (iii) h®* = ht where
t € Tis such that 5 = r~!. We have two possibilities: k = lork # [.Ifk # 1
then for k < [ we put [a bl 1" into A,y and for k > [ we transform [al , l]h
by ¢, inverse and we put the element obtained in that way into B, .

If k = [ then we change all elements [af, bl’.‘]h into [af , bl’?]ht and we put
this element into C,, ;. Hence:
]htts — [bk

1 l

Coir 3 [ab, 7't S5 [bF et = (af, b51'n e C L.

l’l i°Yi

All transformations are Nielsen transformations, so we change 7,4 into a
P-basis.

We have proved that every subgroup (7o U ... U T,) has the #-basis A, U
B, U C, and it is clear that:

Ay UByUCy C Ay UBUC; C A,UB,UC, C ...

Sothe subgroup T = (T') = |, (ToU. ..UT,) hasa P-basis | J,(A,UB,UC,).

We have shown in Lemma 5.4 that the basis §) = T'U Q U P can be changed
into the basis ) = T’ U Q U P, where T’ is a &-basis. The next step is to
change Q into a #-basis Q’.

5.2. The subset Q

We have to change the set Q into Q' = 2 U B U €, which is a P-basis.
We split Q into two subsets:

Q=0,UQ-

where S J .
Oy = {lai, u;17" © w; =aj Vv ;= cj, forl > 0},

0- —{[a,,uj]ﬂ' : j—a \//LJ—C for [ > 0}.
There exists a bijection between Q. and Q_:
[, ,Uv/]ﬂl <~ [o, M ]'B'

where h¥ = h't.
We put every element from Q. into ? and we replace every element
[oi, 15157 (such that h¥ = h't) from Q_ with [B;, ;1" then we trans-

form [B;, pvf.]"‘fh/ by ¢, then invert and put the element obtained in that way into
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8. So, now it is enough to prove that using Nielsen transformations we can
change every element [«;, uf]ﬁ"h € Q_ into [B;, uf]“"h.

LEMMA 5.5. Every element [, uf]ﬁ"h € Q_ canbereplaced by | B;, ,uf-]""'h,
using Nielsen transformations.

PrOOF. We use an induction on the length of the word h. Let i = 1. We
use the commutator identity:

[a, c]’ = [b, al[b, c]%la, clla, b][c, b]

and get:

o, u518 = (B, i1l 1451 [ats, i1 ets, B [, Bl
J e e J J J

Underlined elements belong to )\ O, so using Nielsen transformation we can
remove them getting [f;, ,uf.]”"' .Let now |k| > 1 then:

[, 1519 = By ol By, 151 i, ST e, BT TuiS i1

Since [B;, ;1" € T and [Mf, Bi1" € P (so they are not in Q) we can remove
them, obtaining the new element:

(5.2) B, 151 [y, 151" [, i1

The word ufh may be not ordered, but by Lemma 5.2 (v) we have /,th = hv,
where h is ordered and v is a product of commutators from ) or their inverses,

for which words in exponents are shorter than 2. So we can remove [¢;, ﬂi]“fé' h
by multiplying (5.2) by elements from 2)’ \ Q and by elements from Q_ but
with shorter exponents than 4. Finally we can remove [o;, /Lf]h because it
belongs to P.

So we can change the basis ) into )" = T’ U Q' U P, such that T’, Q' are
P-bases. Finally we change the subset P.

5.3. The subset P

Let us remind that:
P=9\(TUQ)
= {[ai, y;1", [a;, ;1" b does not contain B;,i < j}

Uy, 1" 18, vid" 1B i1t i < )
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LEMMA 5.6. The subset P can be changed into P’ which is a P-basis.

PrOOF. We split P into two subsets:

P=PUP

where Py = {[i, 1" : =i v =cl forl > 0}, P, = {[uf, 1" : =
a; V = cl, forl > 0}. We have to change P into P’ = 9 U B U €. We put
elements from P; into U and transform the elements from P, by ¢, such that
h® = h't, inverse them and put the element obtained in that way into B.

The Lemma 5.6 finishes transformations of the basis ) and we get a P-basis

Y for & in F'.

ACKNOWLEDGEMENTS. The author wishes to thank Olga Macedoriska for

her help and Czestaw Baginiski for his critical and useful remarks.

REFERENCES

Bogopolski, O., and Singhof, W., Generalized presentations of infinite groups, in particular
of Aut(F,), Internat. J. Algebra Comput. 22 (2012), no. 8, 39 pp.

Bryant, R. M., and Evans, D. M., The small index property for free groups and relatively free
groups, J. London Math. Soc. (2) 55 (1997), 363-369.

Bryant, R. M., and Roman’kov, V. A.,The automorphism groups of relatively free algebras,
J. Algebra 209 (1998), 713-723.

Cohen, R., Classes of automorphisms of free groups of infinite rank, Trans. Amer. Math. Soc.
177 (1973), 99-120.

Dixon, J. D., and Mortimer, B., Permutation groups, Graduate Texts in Mathematics 163,
Springer-Verlag, Berlin 1996.

Dyer, J. L., and Scott, G. P., Periodic automorphisms of free groups, Comm. Algebra 3 (1975),
195-201.

Gupta, C. K., and Hotubowski, W., Automorphisms of a free group of infinite rank, St. Peters-
burg Math. J. 19 (2008), 215-223.

Lyndon, R. C., and Schupp, P. E., Combinatorial group theory, Ergeb. Math. Grenzgeb. 89,
Springer-Verlag, Berlin-New York 1977.

Macedoriska, O., and Solitar, D., On binary o-invariant words in a group, pp. 431-449 in:
The mathematical legacy of Wilhelm Magnus, Contemp. Math. 169, Amer. Math. Soc,
Providence 1994..

. Magnus, W., Karrass, A., and Solitar, D., Combinatorial group theory, Interscience Publ.,

London 1966.

. Robinson, D. J. S., A course in the theory of groups, Second edition. Graduate Texts in

Mathematics, 80, Springer-Verlag, Berlin 1996.

. Tolstykh, V., The automorphism tower of a free group, J. London Math. Soc. (2) 61 (2000),

423-440.

. Tolstykh V., On the Bergman property for the automorphism groups of relatively free groups,

J. London Math. Soc. (2) 73 (2006), 669-680.



140 WITOLD TOMASZEWSKI

14. Tomaszewski W., A Basis of Bachmuth Type in the Commutator Subgroup of a Free Group,
Canad. Math. Bull. 46 (2003), 299-303.

15. Tomaszewski W., Fixed points of automorphisms preserving the length of words in free solv-
able groups, Arch. Math. (Basel), 99 (2012), 425-432.

INSTITUTE OF MATHEMATICS
SILESIAN UNIVERSITY OF TECHNOLOGY
KASZUBSKA 23,

44-100 GLIWICE

POLAND

E-mail: Witold. Tomaszewski@polsl.pl



