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SHARP LIPSCHITZ CONSTANTS FOR THE
DISTANCE RATIO METRIC

SLAVKO SIMIC, MATTI VUORINEN and GENDI WANG

Abstract

‘We study expansion/contraction properties of some common classes of mappings of the Euclidean
space R", n > 2, with respect to the distance ratio metric. The first main case is the behavior of
Mobius transformations of the unit ball in R" onto itself. In the second main case we study the
polynomials of the unit disk onto a subdomain of the complex plane. In both cases sharp Lipschitz
constants are obtained.

1. Introduction

Conformal invariants and conformally invariant metrics have been some of
the key notions of geometric function theory and of quasiconformal mapping
theory for several decades. One of the modern trends is to extend this theory
to Euclidean spaces of higher dimension or to more general metric spaces
and new methods have been invented. It has turned out that we cannot any
more expect the same invariance properties as in the classical cases, but still
some type of “nearinvariance” or “quasi-invariance” is a desirable feature.
The quasihyperbolic metric of a domain G C R", n > 2 is one of these new
notions and it is known to be quasi-invariant in the sense described below
and there are many reasons why one may regard it as a spatial version of
the hyperbolic metric. This notion is also applicable in the wider context of
metric spaces. For example, J. Viisild’s theory of quasiconformal maps in
infinite dimensional Banach spaces is entirely based on the quasihyperbolic
metric [12]. Another crucial notion, which is the object of the present study, is
the distance ratio metric. It is often applied to study quasihyperbolic geometry.
Very little is known about the geometric properties of balls in these two spaces:
only recently it was proved for instance that in some special cases for small
radii the balls are convex [7], [8], [10], [13], [11] no matter where the center
is. This convexity property is expected to hold in general, but it has not been
proved yet.
We next define these two metrics.
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Distance ratio metric. For a proper subset G of R” and for all x, y € G, the
distance-ratio metric jg or j-metric is defined as

. B lx — I
Jo(x,y) = log(l T min(d(x, 96), dO, BG)})’

where d(x, dG) denotes the Euclidean distance from the point x to the bound-
ary 0G of the domain G. The distance ratio metric was introduced by F. W.
Gehring and B. P. Palka [5] and in the above simplified form by M. Vuorinen
[14]. Itis frequently used in the study of hyperbolic type metrics [6], geometric
theory of functions [15], and quasiconformality in Banach spaces [12].

Let p € G,thenforall x,y € G\ {p}

i lx — i
Jj (x,y)=1o <1 + — .
G\l U T min{d(x, 96). (v, 8G), Ix — pl. [y — pl)

This formula shows that the j-metric highly depends on the boundary of the
domain.

Quasihyperbolic metric. Let G be a proper subdomain of R". Forall x, y €

G, the quasihyperbolic metric k¢ is defined as

1
kg(x,y) =inf | ————
c(x,y) n /yd(z,aG)

where the infimum is taken over all rectifiable arcs y joining x to y in G.

ldz|,

It should be noted that these metrics can be estimated one in terms of the
other and the hyperbolic metrics, pg: and pys, of the unit ball B” and the
half space H", resp. For instance, below we shall apply the following basic
inequalities [15, Lemma 2.41] and [1, Lemma 7.56]:

1 . ”
(1.1 Epsn(x, ) < jen(x,y) <kg(x,y) < pg(x,y),Vx,y €B",

1 . n
(1.2) EPH"(XJ) S Jjw(x,y) <kw(x,y) = pwe(x,y),Vx,y € H.

The hyperbolic metric in the unit ball or half space is Mobius invariant.
However, neither the quasihyperbolic metric nor the distance ratio metric is
invariant under Mobius transformations. Therefore, it is natural to ask what
the Lipschitz constants are for these metrics under conformal mappings or
Mobius transformations in higher dimension. F. W. Gehring, B. G. Osgood,
and B. P. Palka proved that these metrics are not changed by more than a
factor 2 under Mobius transformations, see [4, proof of Theorem 4] and [5,
Corollary 2.5]:
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THEOREM 1.3. If D and D’ are proper subdomains of R" and if f is a
Mobius transformation of D onto D', then for all x,y € D

1
Smp(x, ) =mp (f(x), f(3)) = 2mp(x,y),

where m € {j, k}.

R. Klén, M. Vuorinen, and X.-H. Zhang studied the sharpness of the con-
stant 2 in Theorem 1.3. They got the sharp bilipschitz constant 1 + |a| for
the quasihyperbolic metric under Mobius self-mappings of the unit ball [9,
Theorem 1.4], and proposed a conjecture for the distance ratio metric.

CONJECTURE 1.4 ([9, Conjecture 2.3]). Leta € B" and h : B" — B" = hB"
be a Mobius transformation with h(a) = 0. Then

Jor (R(x), h(y))

x,yeB” jB” (X, Y)
Xty

=1+ lal.

The following Theorem 1.5 shows that the solution to Conjecture 1.4 is
in the affirmative and thus the Gehring-Osgood-Palka Theorem 1.3 admits a
refinement for Mobius transformations of the unit ball onto itself.

THEOREM 1.5. Let a € B" and f : B — B" = fB" be a Mobius trans-
Sformation with f(a) = 0. Then forall x,y € B"

1 ) .
g |a|JBn(x» y) < Jer(f(x), f() = L+ laD)je(x, y),
and the constants —'— and 1 + |a| are both the best possible.

1+]al

We also study how the j-metric behaves under polynomials, or more gen-
erally, analytic functions of the unit disk onto a subdomain of the complex
plane. In this direction, our main results are the following two theorems.

THEOREM 1.6. Let p € N and {a;} be a sequence of complex numbers
with le:l la;| < 1. Let f : B> — B? with f(B*>\ {0}) C B?\ {0} and
f@=Y" a7 and f(0) = 0. Then for all x, y € B>\ {0}

Jenoy (f (), f(¥) =< piejoy(x, y),
and the constant p is sharp.

THEOREM 1.7. Let {a;} be a sequence of complex numbers and Z?io la;| <
1. Let f : B> — B? be a non-constant analytic function defined by f(z) =
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> 2oz’ Then forall x, y € B

sz(f(x)’ f(Y)) = sz(xv y),

and this inequality is sharp.

2. Lipschitz Constants under some special mappings
We recall here some basic facts about Mobius transformations from [3], [15].

Mobius transformations. The group of Mobius transformations in R" is
generated by transformations of two types:
(1) reflections in the hyperplane P(a,t) = {x € R* : x - a =t} U {00}
a

i) =x—-2(x-a—-1)—5,
la|?

f1(00) = 00;

(2) inversions (reflections) in the sphere $"~'(a,r) = {x € R" : |x—a| = r}

r2(x —a)

HL&x)=a+ P fa(a) = 00, fr(00) =a.

lx —

If G C R" we denote by GM (G) the group of all Mdbius transformations
which map G onto itself.

We denote a* = # for a € R" \ {0}, and 0* = oo, co* = 0. For fixed
a € B"\ {0}, let

2.1) 0,(z) = a* +r2(z — a*)*, rf=lal™* -1

be an inversion in the sphere $"~!(a*, r) orthogonal to S"~!. Then o, (a) = 0,
o,(a*) = oo and by [3, 3.1.5], [15, (1.5)]

rix =yl
(2.2) log(x) — oW = .
lx —a*[ly — a*|

Lipschitz mappings. Let (X, dy) and (Y, dy) be metric spaces. Let f : X —
Y be continuous and let L > 1. We say that f is L-lipschitz if

dY(f(x)af(y))SLdX(xvy)’ for xa}’EX,

and L-bilipschitz if f is a homeomorphism and

dX(X,Y)/LEdY(f(X)v f()’))ELdX(x’)’)a for xa)’EX,

A 1-bilipschitz mapping is called an isometry.
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The next lemma, so-called monotone form of I’Hopital’s rule, has found
recently numerous applications in proving inequalities. See the extensive bib-
liography of [2].

LEMMmA 2.3. [1, Theorem 1.25] For —oo <a < b < o9, let f, g : [a, b] —
R be continuous on [a, b], and be differentiable on (a, b), and let g’'(x) # 0
on (a,b). If f'(x)/g'(x) is increasing (deceasing) on (a, b), then so are

S = flay o SE) = fO)
gx) —g(a) gx) —gb)

If f'(x)/g'(x) is strictly monotone, then the monotonicity in the conclusion is
also strict.

THEOREM 2.4. Let f : H> — B? with f(z) = %
(1) Forall x,y € H?

Je(f(x), f() = 2jwe(x, y),

and the constant 2 is the best possible.
(2) Forallx,y € H*\ {i}

Jernoy (f (), f(V) < 2jueviy(x, ),
and the constant 2 is the best possible.

Proor. It suffices to show the sharpness of the inequalities by Theorem 1.3.
(1) Letx =t 4+ ai and y = ai, where a > O and ¢ > 0. Then

Je(f (1 + ai), f(ai))

t—00 Je(t + ai, ai)
o log(1+ 57, (V2 + (@ + D2 + 12 + (a — 1)?))
T log(1 + 1)

log( 5255

i~oo log(3)

Hence the constant 2 is the best possible.
(2)Letx =t +4ai and y = ai, where 0 < a < %andt > 1. Then

Jeno (f (), f() _ Jee(f(x), f()
T (x, ) g, y)

By (1) we obtain that the constant 2 is the best possible.
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THEOREM 2.5. Let f : B> — H? with f(z) = i 1£.
(1) Forallx,y € B?
Jre(f(x), f(¥) =2/ (x, y),
and the constant 2 is the best possible.
(2) Forall x,y € B>\ {0}
Jniy (), fF(O) < 220y (x, ),
and the constant 2 is the best possible.

Proor. By Theorem 1.3, we only need to show that 2 is the best possible.
(HDFort=x=—y,t €(0,1), we get

4 2
e (f 0. f()) = log<1 + 3 _[m) = 21°g(1 + l—_tt) = 2j(x, y).

Therefore, the constant 2 is the best possible.
(2) Since fort =x = —y and % <t < 1, we have

Jiniy (f (), fO)) = jre (F (), F() = 2je2(x, ¥) = 2jer\(oy (%, ¥),
the constant 2 is the best possible.

THEOREM 2.6. Let a € H?> and f : H> — B?> = fH? be a Mobius trans-
formation with f(a) = 0.

(1) Forallx,y € H?

1
EJHZ(% y) < je(f(x), () < 2jue(x, ),

and the constants % and 2 are both the best possible.
(2) Forall x,y € H*\ {a}

1

Esz\{u}(xv y) = jenoy (S (), F () = 2jme\jay (x5 ),

and the constants % and 2 are both the best possible.

PROOF. A Mobius transformation satisfying the condition in Theorem 2.6

is of the form .

fz) ="
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and hence - _ia
a—ae 'z

-1 _
o=

—lOlZ

where « is a real constant. Since j-metric is invariant under translations,
stretchings of H? onto itself and rotations of B? onto itself, we may assume
that a = i and @ = 0. Then we have

71 1 d+z
d = .
Z+1i . @ ll

By Theorem 2.4 and Theorem 2.5, we get the results immediately.

f@)=

LEMMA 2.7. Letm € (1,00), 0 € (0, £), and r € (0, 1). Then

1) f16) = 1”‘211':109 — lii:i—rrfze is decreasing from (O, 27;1) onto (—00, 0);
2) foalr) = % is decreasing from (0, 1) onto (2 1);

I+ rsomg ) . . i
Q) f3(r) = M is decreasing from (0, 1) onto (—’S"l;lr‘:lg , m)

g<1+ rlsinrH )

Proor. (1) By differentiation,
f16) = m(g(1) — g(m)),
where g(m) = %. Since

0(1 — sinmb + cos> mb)

07
(1 — sinmd)? =

g'(m) =

we have f{(0) < 0 and hence f; is decreasing on (0, /2m). The limiting

values are clear.
(2) By differentiation,

(1= (1 =sinm)r™)’ f3(r) = —(m — 1)(1 — sin6) (1 — sinmO)r"
+m(1 —sinmf)r™ ' — (1 — sin6)
= h(r).
Since
W' (r) = m(m — 1)(1 — sinm®)r"™2(1 — r(1 — sin)) > 0,
we have £ is increasing on (0, 1) and hence h(r) < h(1). By (1),
h(1) = (1 —sin@)(1 — sinm@) f1(9) < 0.



SHARP LIPSCHITZ CONSTANTS 93

Therefore, f,(r) < 0and hence f; is decreasing on (0, 1). The limiting values
are clear.

(3) Let f3(r) = g;g;, here g (r) = log(1 + %) and g>(r) = log(1 +

). Then g,(17) = g2(17) = 0, by differentiation, we have

1—r
rsin@

g1 (r) _
g, (r)

mfr(r).
Therefore, f3 is decreasing on (0, 1) by Lemma 2.3. By I’Hopital’s rule and
(2) we easily get the limiting values.
The planar angular domain is defined as
S¢={rei96C:O<9<<p,r>O}.

LEMMA 2.8. Let f : Sy/m — H? with f(z) = 2" (m > 1). Let X,y € Sa/m
with arg(x) = arg(y) = 0. Then forall x, y € Sy

in@
PR Js (60 3) < je (F(), FO)) < mis,,, (X, ¥).

sin m6

PROOF. Since j—metric is invariant under stretchings, we may assume that
x=reandy = ¢, 0 <r < 1. By symmetry, we also assume 0 < 6 < ..
Then .

je(f@), f()) _ log(l + mars

Jsum@Goy)  log(l 4 A==

rsin6

By Lemma 2.7(3), we get the result.

LEMMA 2.9. Letn € N,0 < 6 < 7-. Then for x, y € C\ {0},

4 X" =y 14 x —yl\"
|x|? sinn® — |x|sin® )

ProoF. The equality holds if n = 1.
Next, suppose that the inequality holds when n = m. Namely,

(2.10) 1+M<<1+u> ,

|x|™sinm6 — |x|sin @

where 0 < 0 < zl
m
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Then, ifn =m + 1, wehave 0 < 6 < < 3 and by (2.10),

T
2(m+1)

=y " " =y x =yl
1+ - > 14+ — |1+ p
( |x|sin & - |x|™ sin moO |x|sin &

x—yl " —=y" |x — yl
>1 1
=1+ |x|sin & + |x|™ sin m6O + |x]

m+1|

lxmtl—xmylxmy —y

|x|m+1sin @ |x|m+! sin m@

|xm+l _ ym+1|

>1+ - .
- |x|m+ sin(m + 1)0
This completes the proof by induction.

THEOREM 2.11. Let f : Sy/m — H? with f(z) = 2™ (m € N). Then for all

X,y € Sy/ms
! Je (F@). FO)) < mijs,, (x. y),

and the constant m is the best possible.

PROOF. By symmetry, we may assume that d(f(x), dH?) < d(f(y), dH?).
Hence by Lemma 2.9, we obtain

(£, FO) = log(l 4 M)

|x|™ sin m@

<mlog(1+ |x—.y|
|x|sin &

< mjs,, (x, ¥).

where 0 < 6 = min{arg(x), T — arg(x)} < 5.

Let x = re'” and y = ¢'“ where 0 < a < 5 and 0 < r < 1. Letting
r — 0, and by Lemma 2.7(3) and Lemma 2.8, we know that the constant m is
the best possible.

LEMMA 2.12. For z € Cand p € N we have

log(1 + |z7 — 1) < plog(1 + |z — 1|).

PrOOF. Putting z = u + 1, we obtain

(1)

=1

14z —1] = 1+

P
<14y (,;)W = (I+u))” = (1+]z—1])",
=1
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and the claim follows.

LEMMA 2.13. Let Q}; denote the class of all polynomials with exact degree
d (d = 1) which have no zeros inside the disk B2,
IfQ € Q% and u, v € B, then

d
Ou) _1‘ 3 <1+ |u—v|) .
Q(v) 1 — vl
PrROOF. A polynomial Q(z) with zeros {—a;} (I = 1,2,...,d) has a rep-
resentation in the form

d
0(z) =Cl_[(z+a1), C #0.

=1

Since Q(z) # 0 for z € B?, we have |a;| > 1.
Therefore,

0w | _|fquta I_
0(v) 1‘_Hv+az =

d

u-—v
[+ 555) -
-1 a;+v

=1

<> TTione!
ﬁ( |az+v|) ISE(HH)_I

< 1+|M_v| —1
- 1 — |v]

REMARK 2.14. Note that, since gg”; 1| > |%| — 1, we also obtain

u —v\?
< |1 — ) .
—(+1—|v|)

Q(u)
Q(v)

2.15. Proof of Theorem 1.6
For x, y € B>\ {0}, we have

) lx — vl
Jg2 (x,y):log(l—l— -
N0 vl}

min{|x|, [y, T —|x|, T —
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and

Jevo (f (). f () = log(l + w)

where 7' = min{| f ()|, [f D, T =[SO, T = 1f I}
Case 1. T =1 —|f(x)]. Since

p

Za;( > x”y“)

=1 v+pu=Il—1

oo -1
<l =y lalQ1x)
=1 v=0

lf ) = fO =[x =yl

and
14 I4 14 -1
=11 =) lal = lallxl' = (1 = |x)) Y |611|<Z |x|”),
=1 =1 =1 v=0

we obtain

lx — yl
1 — |x]

Jeavioy (f (), f(¥) < 10g<1 + ) < Je\joy (X, ¥).

Case 2. T = 1 — |f(y)]. This case can be treated in the same way as
Case 1.

Case 3. T = |f(y)|. Now we assume that O is m-th order zero of f.
Since f has no other zeros in B> by the assumption of this theorem, we get
f(@) =7"0(), Q € Q)),m +d = p,here Q) is as in Lemma 2.13.

By Lemma 2.13 and Remark 2.14, it follows

LfC) = DI _|x"Qx) 1‘ _ (ﬂ B 1) Q(x) + o(x) 1‘
| f I y"QO(y) " o) 0@
< )ﬁ_l‘ O(x) O(x) _1‘
" oy o)

m _ d
5<1+ x——1'><1+|x y') _ 1.
" I —1yl
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Therefore, by Lemma 2.12, we have

_ Lf ) — fFI
2 ’ =1 1 T
Jervo) (f (), £ () Og( o) )

< dlog(l + le_—|§||> —i—log(l + );—m - ID

§d10g<1—|— |x—y|> —l—mlog(l—i— |x—y|>
1 =1yl |1

< pig2\ioy(x, ¥),

and the proof for Case 3 is done.
Case 4. T = | f(x)|. This case can be treated in the same way as Case 3.
For the sharpness of the inequality, let f(z) = z” (p € N). Fors, t € (0, %)
and s < t, we have

) tP —sP t .
Jevo) (F (@), f(5)) = 10g<1 t—0 ) = plog(;) = Pje\o) (7. )

Therefore the constant p is sharp.

2.16. Proof of Theorem 1.7
Let r = max{|x|, |y|} and suppose that | f (x)| > | f(y)|. Then

, lx — ¥l
JBZ(X,)’)=10g<1+1 y)

—r

and

o (F @), () = 10g<1 + M)

1= [f@)l

The next two inequalities follow by the proof of Theorem 1.6 Case 1 (replace

p with 00): - o
HOENIOIEEERDY |az|<2 |x|”)
=1 v=0
and ~ -1
L= |f)] = (1- M)Zlazl(Z |x|”).
=1 v=0
Therefore,
: lx — yl .
Jer(f (). () < og{ 14 T ) < e (2. 3).
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Obviously, the equality holds for the identity map and hence the sharpness
is clear.

REMARKS 2.17. 1. Let f : B> — B? be an analytic function. According to
the Schwarz lemma, for all x, y € B2 we have

o2 (f(X), fF(¥)) = pg2(x, y),
and further, by the inequality (1.1),

(2.18) Je(f (), f(V) = 2je(x, y).

Note that Theorem 1.7 gives a sufficient condition for the mapping to be a
contraction, i.e., to have the Lipschitz constant at most 1.
2. Following [14, Example 3.10] consider the exponential function f :

B> — B2\ {0} = fB with f(2) = exp(Z}). Let z; = 97! (I € N). Then

[+1

el +1

Je2(z1, z141) = log — 1 (I = 00)

and ,
Jre(f(z0), f(zir1)) = e(e—1) > o0 (I = 00).

Therefore, in (2.18) jg2 (f (x), f(y)) cannotbereplaced with jrg (f(x), f(¥))
if £B% C B? has isolated boundary points.
Furthermore, we have | f(0)| + | f'(0)] =3/e > l and for0 < ¢ < 1

e—] _e(H»])/(t—l) )

i Je(fQ0), f(2)) . log(1 + <=
im lim

t—0 Jg2 (0, 1) 50 log(l + ﬁ)
=1 1
T —fern/a—h — 1
2
= > 1.
e—1

Therefore, in Theorem 1.7 the hypothesis > =, |a;| < 1 cannot be removed.

THEOREM 2.19. Let f(z) = a+ r2E=9 be the inversion in §"~! (a, r) with

lz—al?

Ima =0. Then f(H") = H" and for all x, y € H",
Jun (F ), () < 2jwn(x, p).

The constant 2 is the best possible.

PrOOF. The inequality is clear by Theorem 1.3. Without loss of generality,
we may assume thata = O and r = 1.
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Puttingx =i,y =t +1i,t > 0, we have

- gw(f@O), fa+D) o log(l4+1V/T+%) . logr?
lim — = - = lim = lim =2.
=00 ju (it +1i) oo log(141) =00 logt

Hence the constant 2 is the best possible.

3. Proof of Theorem 1.5
In order to prove Theorem 1.5, we first need some lemmas.

LemmaA 3.1 ([3, Theorem 3.5.1]). Let f be a Mobius transformation and
f(B") = B". Then
f(x) = (ox)A,

where o is an inversion in some sphere orthogonal to S"~" and A is an ortho-
gonal matrix.

LEmMA 3.2. Leta, b € B". Then

() lal*lb —a** — b —al> =1 —lal>)(1 — [b]*);
11b] — |al| - b — al - |b| + |a|

I —lallb] ~ lallb —a*| = 1+ |al|b|

ProoF. (1) By calculation, we have

2

lal’lb—a*|> —|b—al’ = |al*| b’ + — — ——
la| |al

— (IbI* + |al* = 2(b - a))
=1+ |a]’b|* — |a]* — |b|?

1 2(b-a))

= (1 —lal>)(1 = |b]*).
(2) This can be directly obtained by [15, Exercise 2.52].

LEMMA 3.3. Letc,d € (0,1),60 € (0, 1].
log(1 + #47)

() f(@) = —————< is increasing. In particular,
log(l + %)
2¢d6 2ed
log(1 + %7) - log(1 + 1)
log(l + ff—‘i) - log(l + %)
arth(cO) . i . arth(c0)
2) g@0) = is decreasing. In particular, <

arth 6 arth 6
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3) (1+ 2¢d6 )(1 C(l—d)) _|_C(1—d)+2cd9‘

<
1—cd l4+cd ) — 1—cd

PrOOF. (1) Let fi(0) = log(1 + 24%) and f,() = log(1 + #4%). Then
we have f1(0%) = f,(07) = 0 and

O _ o l-ec
£0) 1 —cd 4+ 2cdb’

which is clearly increasing in 6. Therefore, the monotonicity of f immediately
follows by Lemma 2.3. The inequality follows by the monotonicity of f.

(2) Let g;(9) = arth(c6) and g,(§) = arthf. Then we have g;(0") =
g,(07) =0 and
g0 1

1 1 —c?
g®) ¢ 1 —c202)°

which is clearly decreasing in 6. Therefore, the monotonicity of g follows by
Lemma 2.3. The inequality immediately follows by the monotonicity of g and
I’Hopital’s rule.

(3) This inequality can be easily proved by direct calculation.
Now we are in a position to give a short proof of Theorem 1.5.

3.4. Proof of Theorem 1.5

The claim is trivial for a = 0, therefore, we only need to consider a # 0. Since
Jj-metric is invariant under orthogonal transformations and by Lemma 3.1, for
Xx,y,a € B", we have

Jer (f(X), f () = Jar (0a(x), 04 (),

where o, (x) is an inversion in the sphere S"~!(a*, \/|a|~2 — 1) orthogonal to
§"=1. Thus, it suffices to estimate the expression

, o (1) —04 ()]
Jor(0a(x), 04(y)) log(1 + Frisim (ot i—moon)

— = eyl
Jer(x, y) log(1 + min{lf\xl,lflﬂ})

J(x,y;a) =

Let » = max{|x|, |y|} and suppose |o,(x)| > |o,(y)|. Then by (2.2), we
have

lallx —a*| — |x —a

min{l — |oy (x)], I = |oa(M|} =1 = [oa(X)] = "
lallx —a¥|
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We first prove the right-hand side of the inequality. By Lemma 3.2, we get

) (1 —la»lx —yl
Jer (04 (x), 04(y)) =log| 1 + " "
lally —a*|(lal|lx —a*| — |x —al)
_ log(l n lx — yl(lallx —a*| + |x2—a|)>
lally —a*[(1 — |x]%)
lx — yllx — a*| ( |x —al ))
zlog(l—i- 1+
(1= |x»)]y —a*| lallx — a*|
|x—y|< |X—Y|)< |x|+|a|>)
<log(1+ 1+ |4 Al
g( =2 Uy —a 1+ lallx]
lx — yl lallx — yI lal(1 —7r)
< I 1 1 1+— ).
_og( + 1—r + 1 — |alr + 1+ |a|r
Then (1 4 =2l (1 4 lalxot) (g 4 lal=n))
10g 1+ X: 1+ a_xf 1+ a —r
J(x,y; Cl) < 1—r 1—|alr 1+|alr

log(l + %)
on(1-+ 01+ )01+ H)

= 1—|alr T+lalr
log(l + 12:‘3) ’
where 6 = %
By Lemma 3.3, it follows
log(1 + £ (1 4 @0 4 a0
J(x,y;a) < ( ! ’( I—jalr " 1 |a|r))

log(l + lerGr)

o log(1+ 797 log(1 + #77)
log(l + 12:3) - log(l + 1%)

14 arth(|a|r)

<1 .
arthr — +lal

Therefore, we get
Jer (f(x), f(¥) < (1 +lal)je(x,y).

The sharpness of the upper bound 1 + |a| was proved in [9, Remark 3.4] by
taking x = ra/|a| = —y, t € (0, 1), and letting t — 0.
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For the left-hand side of the inequality, we note that f~!(x) = A‘lova_1 (x)
= Ao, (x), here o,(x) and A are as above. Note that because A is an ortho-
gonal matrix, so is A~'. Then by the above proof, for x, y € B", we get

Jor (f' @), 71O _ Je(0a(¥), 0.(y) _
Jer(x, y) Jer(x,y) T

1+ |al.
Therefore, we have

. |
(3.5 Jer (f(x), f(y) = TlalJB" (x, y).

This completes the proof.

CONJECTURE 3.6. Let a € B" and f : B" — B" = fB" be a Mobius
transformation with f(0) = a. Then for x, y € B" \ {0}

Jena) (f (X), f(¥)) = Cla) jenjoy(x, ¥),

where the constant C(a) = 1 + (log if—m) / log 3 is the best possible.
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