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INVERSION OF RADON TRANSFORMS USING
WAVELET TRANSFORMS
GENERATED BY WAVELET MEASURES'

BORIS RUBIN

Abstract

The classical inversion formulae for the Radon transform R on R" involve the dual transform
R* and the operator D*! = (—A)OH)/ 2 which represents the positive power of the Laplacian. It
is shown that wavelet type representations of D"~!, generated by finite measures with a certain
number of vanishing moments, lead to explicit inversion formulae for Rf, f € L(R"), and en-
able one to characterize the range R(Z”(R")). The same method can be applied to explicit in-
version and characterization of Radon transforms of finite Borel measures.

1. Introduction

The Radon transform of sufficiently nice function f on R" is defined by
(1.1)  (Ref)(s) = (RF)(0,8) = | f(sO+u)du, (0,5) € R"=%, | xR,
/A8

where X, is the unit sphere in R”, du stands for the euclidean measure on
the subspace 6+ orthogonal to §. Among the basic problems related to (1.1)
are explicit inversion of the operator R and a characterization of its range.
The relations

(12)  f=MR¥(=AN"V2% and f=N\(-A)"V2R*p, o =Rf,

A = (27r)17"/2 (see e.g. [5]), involving the dual transform

(13) (R¥o)) = [ olb.(x.0)ds, xR,

En—l
and the (n— 1)/2th power of the Laplacian (in one and »n dimensions re-
spectively) are usually employed for solution of these problems. In spite of
the elegance and simplicity of (1.2), the practical implementation of these

* Partially sponsored by the Edmund Landau Center for research in Mathematical analysis,
supported by the Minerva Foundation (Germany).

Received January 9, 1997; in revised form March 11, 1997.



286 BORIS RUBIN

formulae entails difficulties connected with the realization of powers of the
Laplacian. These difficulties increase when dealing with nonsmooth func-
tions or measures, the differentiation of which can be performed only in the
distribution sense. Additional difficulties arise in the case of n even, when the
operator (—A)<"71)/ % is not local. In order to reduce these difficulties, in [1,
3, 8, 14] it was suggested to employ continuous wavelet transforms.

In the present paper we show that wavelet constructions of the inverse
Radon transform can be obtained directly from (1.2) if one replaces the
powers of the Laplacians by their wavelet representations (see [7, 9]) gener-
ated by suitable wavelet measures. For example, the first formula from (1.2)
gives rise to the following statement.

THEOREM 1.1. Assume that p is a finite Borel measure on R satisfying the
following conditions:

/|| 1|s|/3d|,u\(s)<o<>f0rsome ,B>n—l;/ sdu(s)=0 for all j=0,2,...,2[(n—1)/2]
s> o0

where [(n—1)/2] designates the integer part of (n—1)/2.
(i) Let o =Rf, f € [(R"), 1 <p <n/(n—1). Denote

o0

(Tew)(X)Z/OcR#(sa*uz)(X)%a e>0; (w*ux)(973)=1 ©(0,s—m)du(n).
(1.4)
Then

(1.5) |’ = im0 = o

the limit being interpreted in the IP-norm and in the a.e. sense,
71}1+1/2(_1)n/2 00
I'(n/2) I'((n + 1)/2)[
(1.6) =) 2122 /oo
I(n/2) I'((n+1)/2) J

s/ du(s) if nis even,

oo

5| log |s|du(s) if nis odd.

o0

(ii) Let

e e}

(17) o e (@) = {69 ol = [ [ eesral o < =},

rl=npt—n+1, 1<p<n/(n—=1). If ¢, #0, then the following statements
are equivalent: (a) ¢ € R(LP(R")); (b) T converges in the LP(R")-norm as
e—=0. If l<p<n/(n—1), then (a) and (b) are equivalent to
(c) sup [ T:l],, < oc.
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REMARK 1.2. The relation (1.5) also holds provided ¢ = Rf, f € LY(R")
NL’(R"), where 1 <g<n/(n—1), 1 <p<oo (L™ is identified with the
space Cj of continuous functions vanishing at infinity), and can be written in
the form

. d >
(18) o =tin [0 [ ) st v =2
=0z [T e v

Let us give some examples of measures which satisfy the conditions of
Theorem 1.1.

ExaMpPLE 1.3. Let 6 = 8 (s) be the unit Dirac mass at the point s = £,
/
l
(19 u= 3 () 1 2= 12
k=0

The function A,(a):z,izo(—l)kfl (,]()k“, a>0, /eN, vanishes at the points
a=1,2,....[—1 and nowhere else on R™ (see [11], p. 116-117, 506-507). At
these points A;(a) has a simple zero. Thus, [* sdu(s) = A;(j) =0 for
j=0,1,...,1—1 provided / > 2[(n—1)/2]. By (1.5), (1.8), for ¢ = Rf this
yields

(1.10) f:%in/om%/gnl [z[:(_l)kG)@(e, (x,6) — k)] o

k=0

(1.11) =%n A [Z(—l)k<,l€>¢(y',<x7y’> —k\yl)} .

!
= P!
where
7Tn+l/2(_1)(n—2)/2 -
T/ ((n+1)/2), 1=n-1 ifniseven,

Hp = 2711171/2(_1)0!71)/2 i . '
T2 T + 1)/2) | g A1) s I>n—1 ifnisodd.

(1.12)

Note that x, # 0 under the choice of / stated in (1.12). The expressions
(1.10), (1.11) are hypersingular integrals of the Marchaud type. Similar in-
tegrals are widely used for characterization of functions of the fractional
smoothness and for explicit inversion of integral operators of the potential
type (see [7, 11] and references therein).

An example of a measure p, generalizing (1.9) and satisfying the condi-
tions of Theorem 1.1 with ¢, # 0, is given by the determinant



288 BORIS RUBIN

5)\0 1 Ao v )\671
p=|f LA A
&, 1 A - A7

where 6, are Dirac masses at arbitrary points Ay such that 0 < X\ <A
< ... < N (see [7], Section 10). A trivial example of the absolutely continuous
measure p, satisfying required conditions, can be obtained, e.g., by differ-
entiating the function exp(—x?). More interesting example (cf. [7], p.140),
which serves all n > 2, is given by du(s) = w(s)ds where

(1.13) w(s)=0 for s<0 and w(s) = sexp(—log’s)sin(nlogs) for s> 0.

This function is infinitely smooth and decreases rapidly as s — 0,00. The
Mellin transformation of w has the form [;° s 'w(s)ds = 7'/2 exp(((z + 1)*
—m)/4) cos(nz/2) and therefore all even moments of w are zero. Further-
more, by (1.6),

vl (n+1)7 =7

“TTw/2) T(n+1)/2) P (5

);éo for all n > 2.

In order to state the result, corresponding to the second equality from
(1.2), given a finite measure v on R", we denote

o0 dt
(1.14) BEL,OZ/SO( >d'y/ (R#go*z/ﬁ,_,,)t—n, e >0,

where (R¥¢  1,,)(x) = [ai(RP @) (x — typ)dv(y).

THEOREM 1.4. Let 1 <p <n/(n—1) and assume that v satisfies the fol-
lowing conditions:

/ Ix|°d|v|(x) < 00 for some B>n—1,
[x|>1

/ Adv(x) =0 forall |jl =0,2,4,....2[(n—1)/2].
Q) If o = Rf, f € L’(R"), then

(1.15) / dfy/ <p>|<1/% hmngo a,f
50(n

where the limit is interpreted in the LP-norm and in the a.e. sense,
W"(_l)"/zr(n/z) . o
Tn—1/2)T((n+1)/2) Ja " dv(y) if nis even,

27‘("71 1(n+1)/2 2
(—(1/2)) n/ /Iyl log |y|ldv(y) if nis odd.

(1.16) d, =
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(i) Let ¢ € L"(R"), r'' =np™' —n+1. If d, # 0, then the following state-
ments are equivalent: (a) ¢ € R(L’(R")); (b) B.y converges in the L[?(R")-
norm as ¢ — 0. If 1<p<n/(n—1), then (a) and (b) are equivalent to
(c) sup B¢, < oo.

The relation (1.15) also holds provided ¢ = Rf, f € L?(R") N L*(R"),
where 1 <g<n/(n—1), 1 <p<oo (cf. Remark 1.2). If v is radial, then
(1.15) reads

/f(R prn)—ag o= Ry

Various examples of measures satisfying conditions of Theorem 1.4 can be
found in [9]. Formulae (1.5), (1.15) contain those from [3, 8] as particular
cases. If u and v are absolutely continuous, then the convolutions ¢ * u, and
R*p % v, , are just continuous wavelet transforms of ¢ and R¥ ¢ respectively.
If v =uxv, then (1.15) yields the wavelet decomposition of f with the ana-
lysing wavelet u and the reconstructing wavelet v (or vice versa). The in-
tegration over the rotation group SO(n) can be replaced by the integration
over the (n — 1)-dimensional unit sphere (see [9]). The conditions for wavelet
measures can be reformulated in terms of their Fourier transforms (in the
framework of the corresponding L’-theory). The interested reader is ad-
dressed to [10] for the details.

The paper is organized as follows. Section 2 contains basic definitions and
some auxiliary facts. In Sections 3 and 4 we prove Theorem 1.1 and Theo-
rem 1.4 respectively. The analogous statements are established for the case
when f is replaced by a finite Borel measure.

ACKNOWLEDGEMENT. The author is grateful to Prof. Robert S. Strichartz
for valuable remarks, which led to improvement of the text of the paper.

NotaTiON. For x = (x1,...,x,) € R" and y = (y1,...,y,) € R" we write
(x,) =x1y1 + ... + Xxpyn. Let e =(1,0,...,0), X, ={x€R":|x|=1},
|3, 1|=27"%/I'(n/2); [a] is the integer part of the real number a. Given a
function k(x) on R" and € > 0 (instead of ¢ there may be 7, p or another let-
ter) we denote k.(x) = e "k(x/e). The notation C(R"), C>*(R"), L7(R") is

standard; Cy(R") = {f € C(R"): ‘l‘un f(x)=0}; C*(R") is the space of
compactly supported infinitely differentiable functions; S(R") is the
Schwartz space of rapidly decreasing C*°-functions with a standard topol-

ogy. The Fourier transform and its inverse are defined by
7O = (@ = [ fmea, 7o = () = @m [ (e e

We denote by @#(R") the subspace of S(R"), which consists of functions or-
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thogonal to all polynomials; ¥ = F$(R"). M(R") is the Banach space of fi-
nite Borel measures p on R"” with the norm | || designating the total varia-
tion of |u|. The letter ¢ is used for constants which can be different in each
occasion.

2. Preliminaries

We recall some properties of the Radon transform (1.1). If / € L'(R"), then
Rof € L'(R) and by the Fubini theorem |[|Rof!|,1g) < |If[lz1rn) for each
0eX,1. If fel’(R"), 1 <p<n/(n—1), then (Rf)(0,s) is locally integr-
able on I;?” The restriction p <n/(n— 1) is essential. For example, the
function f (x) = (2 + Ix|) """ (log(2 + |x])) " belongs to L7(R"), p>n/(n—1),
and (Ryf) (s)=o00 VOeX,.; (see [13]). If 1<p<n/(n—1) and
r~!=np~' —n+1, then R is a linear bounded operator from 17(R") into the
space L'"(R") defined in (1.7) (see [6]).

The Radon transform Ry of the Borel measure A on R” can be defined as
the image of A under the mapping r, ! Ey, where Ej is the orthogonal projec-
tion onto the line /p = {56 : —0co < s < oo} and ry is an arbitrary rotation
such that rge; = 6. This means that Ry is the Borel measure on R such that
(RoN)(£2) = N(E;'rp82) = N0+ x 1p82), 2 C R. The definition of Ry does
not depend on the choice of ry and corresponds to (1.1). Clearly, if X is finite
on R”, then Ry is finite on R for each 0 € ¥,_;. The idea of the above defi-
nition was borrowed from the more general consideration in [4].

LEMMA 2.1. If X is a Borel measure on R" and ¢ is a Borel function on R,
then

| e0d @0 = [ ot Eiire = [ ol )

00 "

This statement follows from [4] (Theorem 1.19). Assuming ¢(s) = (0, s)
and integrating the above equality over %, | we get

2.1) /Z o /R (0, $)d(Ro\)(s) = / dA) /E pl0. (.0

Given Borel measures v, y and functions ¢, on R" and R" respectively, we
denote

0D (o= [ WO, ()

Let R\ be a measure on R” defined by d(R))(6,s) = dfd(Ry\)(s). Then (2.1)
reads

(2.3) (RA, )= (\, R7p),

P(x)dA(x).

_Rn
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R* ¢ being the dual Radon transform (1.3). In particular, if d\(x) = f(x)dx,
then

(2:4) (Rf )= (f,R"¢).
We remark that R\ = Ry\ is an even finite measure on R”. If ) is absolutely
continuous, i.e. dA(x) = f(x)dx, then d(RA)(0,s) = (Rf)(0, s)dbds.

Let S(R") be the space of rapidly decreasing even smooth functions g(0, s)
on R” with the topology generated by the sequence of norms

lgll,, = sup sup (1 +|s))"|0§ Aig(6,5)|, m=0.1,..,

la|+i<m 0.
where

a g (x/x], s) "
Bag(ﬁ,s)— {m}x_e, Ol—(Ckh...,Oén) €Z+.

Following [12, 2], we consider the subspaces of S(ﬁ") defined by
w(R") = {1(6,n) € S(R") : (51)(6,0) =0, foralla € Z', j€ Zy, 6 € 5,1},
B(R") = FU(R") = {¢(0,5) € S(R") :

/ §050%g(0,5)ds =0, forallj€ Z,, a€Z", k€ Z., 0 €%, 1}

o0

(here F denotes the Fourier transform in the second variable).

LemMaA 2.2 ([12, 2, 10]). The operator R (R*) acts as the isomorphism from
&(R") onto ®(R") (from &(R") onto $(R")).

We denote by S'(R"), #'(R"), S'(R") and @' (R") the duals of S(R"), 2(R"),
S(R") and ®(R") respectively. Clearly, L?(R")C®'(R") and L'*(R")C&'(R")
for 1 < p,r <oo.

LemMA 2.3. (i) Letf € I?(R"), 1 <p<oo,andg e LY(R"), 1 <g<oo. If
f =g in the #(R")-sense, then f = g a.e. on R".
(i) Let pe M(R"). If n=0 in the & (R")-sense, then (u,u) =0 for each
u € Co(R").

Proor. The proof of the first statement can be found in [7]. In order to
check (ii) we pick up an arbitrary bump function a(x) € S(R") with [a =1
and consider the convolution a. * p with a.(x) = e "a(x/e), € > 0. Clearly,
a. x p € L'(R"), and for any v € #(R") we have a. * v € ®(R"). It follows that
(a. * p,v) = (u,a. * v) = 0 and therefore, according to (i), a. * 1= 0. Hence
for each u € Cy(R") we get 0= (a.* p,u) =lim(a. * p,u) = lim(u, a. * u)
= (u, u), which was required. =0 =0
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Our next goal is to prove an analogue of Lemma 2.3 for R". Let M(IE{") be the
Banach space of all finite Borel measures on R"; Co(R") = {v(6,s5) € C(R") :
SEIj’[Il v(6,5) = 0 for each § € ¥,_;}. We denote by {Y;«(6)} the orthonormal
basioso of spherical harmonics on ¥, ;. Here j € Z, and k= 1,2,....d,(j),
where d,(j) is the dimension of the subspace of spherical harmonics of degree
j. Given a function g 6 L (X,-1), the Fourier-Laplace coefficients of g are
defined by gjx = fzn  8(0)Y;x(0)do.

LeEmMMA 2.4. (i) Let p € L'(R"), Y € L'"(R"), 1 <r,p<oo. If p=1) in
the &' (R")-sense, then ¢ = 1 a.e. on R".

(ii) Let p € M(R"). If =0 in the &(R")-sense, then (u,v) = 0 for each
v e Co(R").

Proor. Consider the Fourier-Laplace coefficients of ¢(6,s) and ¢(0,s) in
the 6-variable. Clearly, ¢;x(s) € L'(R) and ;i(s) € LY(R). Moreover,
wik = i in the &'(R)-sense. Indeed, let u € (R), u;x(0,s) = u(s) ¥;x(6). By
taking into account the evenness of ¢ we have (pjr,u) = (p,ujx) = ([ 0,s)+
(=0, )] /2, 1 (0.5)) = (.17, ), where 1% (6,5) = [1(0,5) + 1 (6, s)] /2
€ #(R"). Since ¢ and 1 coincide as the @’(R") distributions, then (ga]k, u)
= (p,u})” = (W, u,)" = (Yjk,u) Yu € $(R). By Lemma 2.3 it follows that
@ik = Yjk a.e. on R, and therefore ¢ =1 a.e. on R".

In order to prove (ii) we take a bump function « € S(R) with ['@ = 1 and the
Poisson kernel P;(6,0) = c,(1 — 2)/|0 — to|", t€10,1), ¢, =1/|S,_1|. Let
a¢( ) =e 'a(s/e). The function (A.,u)(s,0) = [ana-(s —n)P.(0,0)du(o,n),

€ (0,1), belongs to L“'(R"), and for each we®(R") we have (A4..w)
(s 0) € &(R"). Since (A, w)= (p, A-,w)=0VYwe &(R"), then by (i),
A.u=0 ae. on R". By taking into account thatfZ P8, o)do =1, for any
ve Co(R") we get 0= (A, v) = lim(p, Acv) = (1, )

1—1

Let us recall some facts related to Riesz potentials (see, e.g., [7, 11]). The
Riesz potential I%f, Rea > 0, on R" is defined as a convolution /%f = k, * f
with the kernel

2T (n=a)/2) oy
WM " a—n#0,2,4,..,
ka(x) = 217(1(71)1+((17n)/2
a—n : _
Wn/ZF(Q/Z)((afn)/Z)'lx‘ 10g|x| if a—}’l—072747... .

The operator I® is an automorphism of the space @(R") and
(I°u)" (&) = €] “u(¢) for u € ®(R"). The last relation extends I°u to all
a € C as the entiere function of a. The operator D* =1"% Rea >0, is
called the Riesz fractional derivative. For f € I’(R"), 1 <p <n/Rea, the
integral I*f exists a.e. on R" and enjoys the Hardy-Littlewood-Sobolev
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theorem. In the case p > n/« the integral If can be divergent and the Riesz
potential is defined as the &' (R")-distribution: (I°f,u) = (f,1°u), u € ®(R").

LeEmMMA 2.5. Let u € P(R"), a € C. Then
(2.5) R¥ IO Ry = 2(27)" 1w

For u € §(R") and real « < n this relation may found in [5], p. 18. In our
case the proof is the same. The use of the space #(R") enables us to avoid
difficulties related to the fact that Riesz potentials do not preserve S(R").
By putting « =0 and o =n — 1 in (2.5), in accordance with Lemma 2.2 we
get

u=XNR*D" 'Ru, u=X\,D""'"R¥Ru, R¥*Ru=\,'I"""u, uecdR"),
(2.6)

(2.7) w=M\RD"'R*w, w=\D"'RR*w, RR*w=X\'I""w wedR"),

where A, = 27'(27)' ™" and abbreviations D"!, I""! are used both for op-
erators on R and for those on R"” (we hope the reader will not be confused).

3. Inversion of the Radon transform (the first approach)

Given a function ¢ € L'"(R") and a finite Borel measure x on R, consider
the truncated integral T.p (see (1.4)). By using the duality (2.4) and the
continuity of the mapping R : S(R") — S(R"), one can readily see that 7.¢ is
well-defined and belongs to L} (R") N S'(R").

loc

LeEMMA 3.1. Let ¢ = Rf, f € [P(R"), 1 <p <n/(n—1). If p satisfies the
conditions of Theorem 1.1, then

(3-1) (Tep)(x) = (f % he) (),

|| n=1)/2

he(x) =< "h(x/e), h(x)zdn|x|-"/_ (=), =

The function h(x) enjoys the following properties:

O(x™") if Ixl<1,

() k09 €L(R?), ”(x):{0<|x|”>7 J=min(s, 2A—1)/2+2), if x> 1;

7Tn+l/2(71)n/2 00

o [t | TS 7D /.
(11) . (X X = 27Tn—1/2(_1)(n+1)/2 /oo
I(n/2) I((n+1)/2) )

Is|"Ydu(s) if nis even,

Is|" " log |s|du(s) if nis odd.

[o¢]
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Proor. By changing the order of integration, owing to the evenness of Rf,
we have

(T.Rf)(x /du / de/ (RF)(0, (x,0) — )i
[ duts) / @ [ R0 00 -1

:/ de/ RO, (5,0~ [ s du(s)

T" |s|<‘r/s

- [ / (RF)(6, (x,0) — ) ””/ e

/ d I ) = ( + u)()
0/ / s du(s) = (f *u)(x
DI " X ya | [(x—y,0)|/¢

where u.(x) = e "u(x/¢),
1 / do / n—1 |En 2| (n—3)/2 du / n—1
u(x)== = du( = s|" du(s
©=3 [ g | i [t
St Isl<[(x.0) \u|<1 <1l
1
302 / -l / 2\ (n-3)/2 U
= 1- —=h(x).
el B O R e
Isl <] Isl /I

The relations (i), (ii) follow from Lemma 2.1 of [9].

PrOOF OF THEOREM 1.1. The statement (i) (and therefore the implication
(a) = (b)) follows from Lemma 3.1 due to the standard machinary of ap-
proximation to the identity. Let us prove "(b) = (a))". Assume that T.p
converges in the I”-norm to some function ' € L?(R"). Given a test function
we @(R"), by taking into account the equality RR*w = \-'I""w,
A =2712m)"™", we have

dt

(Rf ) = (1, RY) = lim(Teip. V) =l [ (R 9 ) R¥)

oo

dt
= lim (¢ * RR#w)NZ—n

e—0 /.

00 dt ooIn—lw*ﬁ ~
. —1 _ _ t
= llj)%A” -/E (QD * /J,I,In ! ) P lr%)\n <(p,/€ Tdf)

According to Lemma 2.4 from [9], this yields
(Rf, w) =limA; Yo,wx V)= lin%)\;l(go* V.,w) where V.(s)=e 1V (s/¢),
seR!, -
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VO = iz L 1~ AN 2,
A () = [l ((n+ 1)/2)]”" /| D)),
Y <n

The function ¥ (s) belongs to L'(R), and [V (s)ds = ¢1, where

(_l)n/22—nﬂ_3/2 oo
F(n/2) I'((n+1)/2) /m
(32) ciu= (= 1) D212 /oo
Fn/2) I((n+1)/2) |

(see Lemma 2.2 from [9]). This gives (Rf,w) = c,(p,w); cu = c1 /M
Hence, by Lemma 2.5, Rf “ ¢, ¢, which implies ().

The implication (a) = (c) follows from (3.1). Let us prove “(c) = (a)”.
According to (c), the set of functionals ¢ — (T.,v), 1 € L’ (R"), is bouded
in (I7')". Since the unit ball in the space, which is dual to the reflexive Banach
space, is compact in the weak™ topology, there exist a function /' € L”(R") and
a sequence & — 0 such that (7%, », ) — (f,¢) as ex — O for all ¢ € L’ (R").
For this f and arbitrary w € #(R") as above we have (Rf,w) = (f, Rfw) =

limO(TEkgo, R*w) = limo M e * Ve ,w) = culp,w), i.e. cup = Rf.
g Sk

Is|"'du(s) if nis even,

Is|" " log|s|du(s) if nis odd

oo

The described method can be used for inversion and characterization of
Radon transforms of finite measures. Assume for simplicity that the wave-
let measure p€ M(R) is absolutely continuous with the density
2(s) € Co(R) N L'(R). We recall (see Section 2) that, given a finite Borel mea-
sure A € M(R"), the Radon transform Ry is a finite Borel measure on R (for
each § € ¥,_1). Let M#(R") be the set of all even finite Borel measures on R”.
Forfe X, 1ando € M#(ﬁ") we denote by oy the image of o under the pro-
jection (6,s) — s “along the sphere” so that oy(f2) = o(X,-1 x £2), 2 CR.
Clearly, oy is a finite Borel measure on R (cf. [4], p. 16) and ||oy|| = ||o]|. Given
o € M#*(R") and g(s) € Co(R) N L' (R), let

*© dt 1 [ [s—
Tgo:/ R#(U*g,)[—n, e>0; (U*g,)(&s):?/ g( tn)dag(n).

3 —0o0

(3.3)

Since o * gl < [lolllgll;, then R#(0*g,) is well-defined almost every-
where on R” and 7.0 € L} (R") N S'(R").

THEOREM 3.2. Let g € Cy(R) satisfy the following conditions:
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(o @]

/ 15]°|g(s)|ds < oo for some B>n — 1; /sig(s)ds:O forallj=0,1,...,2[(n—1)/2].

[s|>1 —0
(1) If 0 = R\, A € M(R"), then for each u € Cy(R"),
(3.4) lin%(TEa, u) = cg(A u)

where the constant c, is defined by (1.6) with du(s) = g(s)ds.

(ii) If cg # 0, then for o € ./\/l#(ﬁ") the following statements are equivalent:
(a)ce R(M(R")); (b) the sequence T.o is weakly convergent as &—0;
(c) sup [T-0||,<oo.

Proor. (i) For ¢ € C°(R") by (3.1) we have
*© d C—dt\
(Tsffﬂﬁ) :/ (o—*gt7R1/))~[_:: <U7/ qu*gt_l)

n
i t

= (0 [ RRE ) S ) = TR = (),

where /. is the same as in (3.1) with du(s) = g(s)ds. Hence
(3.5) T.o = \+h.,

and the required result follows in an obvious way.

(ii) The implications (a) = (b) and (a) = (c) are implied by (3.4) and (3.5)
respectively. If (b) holds, then, owing to the weak completeness of M(R"),
there is a measure A € M(R") such that (T.o,u) = (A\,u) Yu € Cy(R"). Pro-
ceeding as in the proof of Theorem 1.1, for any we@(ﬁ") we have
(R\w)= (A, R*w) =lim(T.0, R*w) = (c1 4/ ) (0,w) = ¢o(o,w). By Lemma
2.4(ii) it follows that RA= cgo which gives (a). If (c) holds, then there is a se-
quence g — 0 and a measure A € M(R") such that (T, o,u) — (\,u) as e, — 0
for each u € Cy(R"). It remains to repeat the proof of “(b)=-(a)” with ¢ re-
placed by &.

4. The second approach

In order to prove Theorem 1.4 we first represent the truncated integral
B.p, o = Rf, (see (1.14)) as the approximate identity.

LeEmMmA 4.1. Assume that v satisfies the conditions of Theorem 1.4. If
o=Rf,fel’!(R"),1<p<n/(n—1), then
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(4.1) B.p=2(2m)""'f x UL,
217n 00
I((n=1)/2)|Z0-1] ) 1ap

U.(x)=c"U(x/e), U(x)= (n— |x|2)(”‘3)/2/\1(,'_’2171 ()3 2dn,,

A =l + D2 [ = ) ().

yl"<n
The function U(x) enjoys the following properties:

O(x|™") if x| < 1,

(i) U(x) e L'(R"), U(x)_{0(|x|“‘”’),7:min(ﬁ,Z[(n—1)/2]+2)7if|X|>1;

(i) ey = / U(x)dx =

271(=1)"?xI(n/2)

I(n— 1/2() (/( 1)/2) Jr
217n —1 n+1)/2 n/2
F(n—(l/%) I'((n+ o é/)z) / " og yldu(y) if nis odd.

" 'dv(y) if nis even,

42 =

ProoF. The relations (i), (ii) follow from [9, Lemma 2.2]. Let us prove
(4.1). Owing to the equality R*Rf = A-'1""'f, )\, = (27)'™"/2, by Lemma
2.4 from [9] for each u € $(R") we have

] 1
B.p,u (/ dv/ R#w*w dr ) ( / dv/ f — L gy, )
I _
-\ dv/ %dt):(A;l(f,UE*u)zx\;l(f*UE,u).
SO(n) 3

Since U € L'(R"), then f * U. € I7(R"). By the Hardy-Littlewood-Sobolev
theorem, for p > 1 we have I""!f € LY(R"),q ' =p~' +n~! — 1.If p = 1, then
"1 =c(g1 + ) where gy =xi[x| "/ € L2(R") and g = (1 — x1)|x| " +f €
L'(R"), p~' <p~'4+n' —1, x1(x) being the characteristic function of the
unit ball. The same relations hold for B.p. By Lemma 2.3 it follows that
B.¢p = A\, !f * U. which coincides with (4.1).

ProOF OF THEOREM 1.4. The statement (i) and the implication (a) = (b)
follow from Lemma 4.1. In order to prove “(b) = (a)”” we first remark that
© = Rf if and only if R*y = 2(2x)" 'I""'f in the &' (R")-sense. Indeed, let
©=Rf, ie. (p,w) = (f, R*w) Vw € &(R"). Then by (2.6) for u € H(R") we
have (R*p,u) = (¢, Ru)” = (f, R" Ru) = X, (f, 1" 'u) = N\, (I""1f,u) where
At =2(27)"!. Conversely, let R*p = \;'I"~'f in the &(R")-sense. Then for
each u € ®(R") we get (R, u) = N\, ' (1" f ,u), ie. (p, Ru) =\ 1(f, 1" 1u).
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Given a function w E ®(R"), put w = Rup, uy € $(R"). Then (o, w) = (p, Rup)”
=X 1 ) 297, R#w) = (Rf,w)" Since Rf € L' (R") ([6]), then Lem-
ma 2.4 yields ¢ = Rf.

Now let hm B.o =f in the [”(R")-norm. According to the remark from
above it sufflces to show that the function g = R¥¢ is represented by the

Riesz potential I"~'f in the &'(R")-sense. Denote

SO(n) e "

By making use of the relation

° oolnfl
43)  Drlplu= / dv/ %m: U.+u, ue®R"),
SO(n) N

(see Lemma 2.4 from [9]), for the arbitrary u € #(R") we obtain

(111 u) = lim (B2 g, 1" ) = lim (. Dr111a ) = lim (g, - 0.
e— sl p—
Let us show that lim(g7 U. x u) = ¢y,(g,u) where ¢, is defined by (4.2).

Denote 1) = Ru. Then A = (g, U-*u) — cup(g,u)| = |(R* @, U % u — Cypu)|
= |(ap,RU %9 — ¢, 0)]. We note that RyU. = (RyU), and [*_(RyU)(s)ds =
Jan U(x)dx V9 € 5,_;. Hence lim A, =0, i.e. (I""'f,u) = cn‘,,,(R ©,u) which
was requlred. =0

The implication (a) = (c) is clear from (4.1). Let us explain ‘(c)= ()" If

sup||BE<pH < oo, then for g= R*p we have sup||D” 'g||, < oo. Hence

there exist f € I/(R") and a sequence 5k—>0 such that (D” lg,u) —
(f,u) Yue€ &(R"). Proceeding as in the proof of “(b) = (a)”, we get
(I""'f ,u) = ¢, (R* p,u) which implies (a).

In the framework of the method described in this section one can invert
and characterize the Radon transforms of finite measures. Let v in (1.15) be
absolutely continuous with the rapidly decreasing continuous density g(x)
such that sup(1 + |x|)*|g(x)| < oo, Vk € N. The collection of all such func-

X
tions g(x) will be denoted by Cyap(R"). For an even finite Borel measure o on
R" (we recall the notation M*(R") for this set) let

(4.4) Ba—/ dv/ oxg,,) [, e >0,
SO(n) "

where R* ¢ is a tempered Borel measure on R” (not necessarily finite) defined
by the duality: (R*0,w) = (0, Rw), w € C.(R"). The integral B.o is well-de-
fined and belongs to L. (R") N S'(R").
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THEOREM 4.2. Let g € Cyop(R") be such that

(4.5) / ¥g(x)dx =0 forl|j|=0,2,4,..,2[(n—1)/2].
(1) If o = RA\, A € M(R"), then for each v € Cy(R")
(46) li_{%(ng’ 1/’) = dg(>\7 d))

where dg is defined by (1.16) with dv(y) = g(y)dy.

(i) If d, # 0, then for o € M*(R") the following statements are equivalent:
(a) ce RIM(R™)), (b) the integral B.c weakly converges as e—0;
(c)sup || Bo||, < oc.

£>0
Proor. Denote g7 ,(x) = g,(—x). For each u € C°(R") as in the proof of
Lemma 4.1 we have

dt

oo dt 00 _
(B.o,u) :/ d’y/ (R#a*gw,u)—n:/ dv/ (0, R(u*gy1))
SO(n) € t SO(n) € r
o dt _
=, </\/ dy/ (Inlu*g:,)—> =X U xu) =N, (0% Uz, ).
SO(n) c A

Here the function U(x) has the same form as in Lemma 4.1 with
dv(x) = g(x)dx. Hence

(4.7) B.o= 1A+ U),

and the statement (i) (as well as the implication (a) = (b)) follows.

In order to prove the inverse statement we note that given o € M#(R")
and e M(R"), the equality o=RA holds if and only if
R*o =2(2x)" ' 1"\ in the &' (R")-sense. This assertion is based on Lemma
2.4(i1) and can be checked in the same manner as the similar one in the proof
of Theorem 1.4. Thus, it suffices to show that d,(R*o,u)
=2(27)" "' (\, I""'u) Vu € ®(R"). By making use of (4.3) we have

A7) = 0 =1\ _ 1 4 _ I uxg,,
(A u) = lim(B.o, I" 'u) = lim(R70,v.), .= d~y — k.
e—0 e—0 SO(n) € t

Since g € Crap(R"), then 1. € Cpop(R") and by (4.3), ¢. = U. x u. Put w = Ru.
Then (A, I""'u) = lir%(R#a, U.*u) = liITOI(U,RUE *w)~ Since o is finite, then
due to the uniform estimate o

MQ*W&MSWM/

—00

o]

(RUds < ol [ UG

one can write (cf. the proof of Theorem 1.4)

NI ) = (o, EE%RUE * W) = Crg(0,w) = cug (R0, u)
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where ¢, has the form (4.2) with v replaced by g. This yields the equality
dy(R*o,u) = 2(27)"""(\, I""'u), and the implication (b) = (a) follows. The
implication (a) = (c) is clear from (4.7). If (c) holds, then there is a sequence

Ek —

0 and a measure A € M(R") such that (B, 0,v) — (A, v) as g — 0 for

all v € Gy(R"). Proceeding as above, for u € #(R") and w= Ru we have
A I ) = (o, hmORUEk * W) = ¢y g(R¥0,u) which implies (a).
Ek—

1. C.

2. S.

3. M.

4. P.

10. B.
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