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NORM OF THE BERGMAN PROJECTION

DAVID KALAJ and MARIJAN MARKOVIC

Abstract

This paper deals with the the norm of the weighted Bergman projection operator P, : L°°(B) — 3
where @ > —1 and & is the Bloch space of the unit ball B of the C". We consider two Bloch
norms, the standard Bloch norm and invariant norm w.r.t. automorphisms of the unit ball. Our
work contains as a special case the main result of the recent paper [6].

1. Introduction and preliminaries

Introduce first the notation which will be used in this paper. We follow the
Rudin monograph [7]. Throughout the whole paper n > 1 is an integer. Let
(-, -) stands for the inner product in the complex n-dimensional space C" given
by

(z,w) =z1W1 + - + 2, W,

where z = (z1,...,2,) and w = (wy, ..., w,) are coordinate representation
of z, w € C" in the standard base {ey, . .., e,} of C*. The inner product induces
the Euclidean norm

2| = (z, 2)'/>.

Denote by B the unit ball {z € C" : |z] < 1}; let S = 9 B be its boundary.

We let v be the volume measure in C*, normalized so that v(B) = 1. We
will also consider a class of weighted volume measures on B. Fora > —1 we
define a finite measure v, on B by

dve(2) = co(1 — |21H)%dv(2),

where ¢, is a normalizing constant so that v, (B) = 1. Using polar coordinates,
one can easily calculate that

(1) ca=<”+a).
n
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It is well known that the bi-holomorphic mappings of B onto itself have the
following form

a— <'|‘;’|‘;)a —(1- |a|2)1/2(w _ (ilz,‘(zwa)

Q. (w) = for ae B,

1 —(w,a)

up to unitary transformations; for a = 0, we set ¢, = —Idp. In the case
n = 1 this is simply the equality ¢,(w) = (¢ — w)/(1 — aw). Traditionally,
these mappings are also called bi-holomorphic automorphisms. By Aut(B) =
{Uog, :a € B,U € 4}, where % is the group of all unitary transformations
of the space C", is denoted the group of all bi-holomorphic automorphisms of
the unit ball. One often calls Aut(B) the group of Mdbius transformations of
B.

Observe that ¢, (0) = a. Since ¢, is involutive, i.e., ¢, o ¢, = Idp, we also
have ¢, (a) = 0.

The real Jacobian of ¢, is given by the expression

(Jrpa) (W) ( L= laP )nﬂ B
Dw) = — on .
" 11— (w.a)P

Two identities

(1 —laP)d = wl)

— 2 —
@) L= lea)P = ==
and
3) (1 — (w,a)(1 — (g.(w),a)) =1 — |a|?

for a, w € B, will also be useful.
By using (2) we obtain the next relation

dve (9a(w)) = (1 = |ga(w)H)* (Jrga) (w)dv(w)

(A =wHA—|a)\( 1—laf n+1
_< 1 —(w, a)|? ) <|1—(w,a)|2) dv(w)

_ 2 n+l+a
_ ((1—""12) dve (w).

[T —(w,a)

For a holomorphic function f(z) = f(z1, ..., z,) with V f(z) we denote
the complex gradient

Ve (3f(z) af(z)).

921 RN 92,
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The Bloch space % contains all functions f holomorphic in B for which the

semi-norm 5
I fllp = sup(l — |z]7) [V f(2)]

Z€B

is finite. One can obtain a true norm by adding | f (0)|, more precisely in the
following way
Ifllz =1FOI+1flg, feR.

It is well known that 4 is a Banach space with the above norm. The standard
reference for Bloch space of the unit disc is [1]. For the high dimensions case
we refer to [8], [9], [11].

When 1 < p < oo, let L? stands for the Lebesgue space of all measurable
functions in B which modulus with the exponent p is integrable in the unit ball;
for p = oo let it be the space of all essentially bounded measurable functions
in the unit ball. Denote by || - ||, the norm on L? (forall 1 < p < 00). For
o > —1 the Bergman projection operator P, is defined by

Pyg(z) = / Ky (z, w)g(w) dvg (w), gel?,
B

where 1
Ka (Z7 w) =

(1—{(z, w))n+1+a’ zweB
is the weighted Bergman kernel.

Bergman type projections are central operators when dealing with ques-
tions related to analytic function spaces. One wants to prove that Bergman
projections are bounded and the exact operator norm of the operator is of-
ten difficult to obtain. By the F. Forelli-W. Rudin theorem [3], the operator
P, :L? — LPNH(B)isboundedifandonlyife > 1/p—1;herel < p < o0
and H (B) is the space of holomorphic functions in the unit ball. In the same
paper they obtain the norm of P, for p = 1 and p = 2. M. Mateljevi¢ and
M. Pavlovi¢ [5] extended this result when 0 < p < 1. On the other hand, for
n = 1, the Bergman projection P, : L* — % is bounded and onto; see [10].
Forn > 1 the operator P, : L* — 2 is surjective what can be seen from [11,
Theorem 3.4] in the Zhu book.

The B-norm and %-norm of the Bergman projection P, : L™ — & are

| Pellg = sup ||Pugllp, | Pellz = sup [|Puglla,
lgllo=1 lgllo=1

respectively.
There are several equivalent ways to introduce the Bloch space in the unit
ball of C". The preceding one is natural and straightforward but the norm
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defined in that way is not invariant with respect to the group Aut(B). The
following Bloch norm has this property. For f* € H(B), we define the invariant
gradient |V f(z)|, where

V@ =V(fop)0),

and where ¢, is an automorphisms of the unit ball such that ¢,(0) = z. This
norm is invariant w.r.t. automorphisms of the unit ball. Namely,

IV(fop)l=I(Vf)ogl

forall ¢ € Aut(B). Thenthe Bloch space % contains all holomorphic functions
f in the ball B for which

115 = sugﬁf(zn <00

(cf. [11, Theorem 3.4] or [8]).
For n = 1 we have

V@I =10 =1zP)IVIQI

but for n > 1 this is no longer true. Notice that || - || j is also a semi-norm. One
can obtain a norm in the following way

1fllg = 1O+ 11l e

The B-norm and Z-norm of the Bergman projection is

[Pl = sup l[Puglig, [Pallz = sup [[Pugllz-
HE lgli=<1

From the proof of [11, Theorem 3.4] we find out that
IPuglliz = Cligllos,
where C is a positive constant. The later implies that P, is a bounded operator
since

[ Pullg < 1+ I[Pl

Before stating the main results let us prove the following simple lemma.

LEmMMA 1.1. For every o > —1 we have

“4) [ Pellz <1+ 1Pullp
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and

(5 [Pallg < 1+ I Pullg
Proor. Since

| Pg(0)] =

/ g(w) dvg(w)
B

= liglle

it follows that

IPugllz = |Pag(0)| + | Pagllp < lIglloc + I Pallpllglloo-

This implies (4). The relation (5) can be proved similarly.

In this paper we find the exact norm of P, w.r.t. 8-Bloch (semi-)norm.
It is the content of our Theorem 1.2 which generalizes the result from the
recent paper [6] in two directions. We also estimate the B—Bloch (semi-)norm
in Theorem 1.3.

For simplicity in computation which follows, it is convenient to introduce

0=n+1+a.

Let re+1

“T 20+ 1D)2)

where I" is Euler’s Gamma function. In this paper we prove the following two
theorems and present their proofs in the following two sections.

THEOREM 1.2. For the B-(semi-)norm of the Bergman projection P, we

have
| Pullg = Co-

In order to formulate the next theorem, assume that n > 1 and define the
following function on the real line:

1— int
©) @(t):@/ I ( wp) cost + wo sin |dva(w).
B lwy — 1]°

THEOREM 1.3. For o > —1 we have

b4 14
@) L(mr/2) = EZ(O) = ECQ.

For the ,B~ -(semi-)norm of the Bergman projection P, we have

®) IPullj = Co := max £(t)

0<t<m/2
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and
Nz
©) 2z lnl; = Yo,

REMARK 1.4. For « = 0 we put P = Py and we have

(n+1)!
1Plp = =7
r2(1+1%)
Moreover, for n = 1 we obtain
IPllg = 8
B = T

which presents the main result in [6]. As an immediate corollary of The-
orem 1.2, Theorem 1.3 and Lemma 1.1 we have the following norm estimates
of the Bergman projection

Ca =< ”Pa”%‘ =< 1+Coz

al’ld
ZCDl — 10[ B — 1 2 CO{

CONJECTURE 1.5. In connection with Theorem 1.3, we conjecture that

The next corollary is an immediate consequence of the boundedness of P,,.

CoROLLARY 1.6. If f is holomorphic in B and if Rf € L™, then f € A.
Moreover, there exist C such that

If1lg 1f N5 = CHRS oo

ProOF. Note that for g € H*°(B),
P.g =g, Pug = g(0).

Assume that f is holomorphic and moreover that f(0) = 0. Let u = )R f and
f+(z) = f(rz) for 0 < r < 1. We have

fr = Pofr = Po(fr +E):2Pa“r
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and follows
“fr”ﬂ = ||2Potur||ﬂ = 2||Paur”,3 < 2Cy||urlloo-
Letting r — 1 and @ — —1, we obtain

1 fllg = 2C1 110 flloo,

1
C.i = lim Cy=nT? (" + ) .

Pharen 2

where

Thus if f is holomorphic in B and if R f € L*, then f € %. If we remove
the assumption f(0) = 0, we obtain

Ifllg = I1f = fO)llp < 2C1INCf = fFO)lloo = CIN f oo

where we set C =4C_;.

2. Proof of Theorem 1.2

What we have to find is
I1Pallg = sup{(1 = z1*) IVo(Pag) (@) = 2] < 1, liglloo < 1}.
A straightforward calculation yields

bw

(10) V.Ky(z, w) = W,

Z,w € B,
and this implies the formula

V:(Pag)(2) = f VKo (z, w)g(w) dve (w), z€B.
B

For a fixed z € B and for ||g]loc < 1 we have the following estimates

[V(Pyg)(2)| = Sug (VPyg(2), )l
e

/B (V. Ko (2, w)g(w), ¢) dva(w)

= sup
Ces

< SUP/ (VKo (z, w)g(w), ¢)| dvg(w)
teS JB
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= sup/
teS JB

§sup/ ool
51—

ces (Z’ w>|0+1

0w
<(1_<—w)9+1 §>‘|g(W)I dvg (w)

7, W)

Denote 5 _
(I = {z")w, ¢)]

F-(z) =0
(=0 | Ty

dv, (w).

The statement of the Theorem 1.2 will follow directly from the following two
equalities
[ Pullp = sup{F;(2) : z € B, ¢ € §} = Cq,

which will be proved through the following lemmas.

LEMMA 2.1. For every a > —1 we have

sup{F;(z) :z € B,{ € §} < C,.

LEMMA 2.2. For every a > —1 there exists a sequence of functions {g,, €
L*® : |lgmlloo = 1} and a sequence of vectors {z,, € B} such that

lm (1 = {2 )|V (Pugn) (zm)| = Ca-
In order to give proofs of the previous lemmas we need [7, Proposi-

tion 1.4.10] and some its corollaries collected in the following proposition.

PROPOSITION 2.3. a) For z € B, c real, t > —1 define

_ 2\t
Je1(2) 2/ (4= wh) dv(w).
g Il —

(Z, w>|n+1+t+c

When ¢ < O, then J.; is bounded in B. Moreover,

o0

T+ D@+ 1) 3 T2k + 1)z *

(11) Jeu(2) = T )2 Tk+DI(n+1+1+k)’

k=0

where .y = (n+14+1t+4+c¢)/2.
b) Further we can write J., in the closed form as
Fn+DI@E+1)

12 ‘]L' = F)\,,)\,, 1 t’ 27
(12) 1(2) NCES T 2Fi(h, A,n+ 141, 2]7)
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where  F is the Gauss hypergeometric function. In particular

C'(n+ 1)@+ DI (—c)
M(n+14+t—0c/2)°

(13) Jeu (2/12]) = 7z #0.

ProoF. The first part of this proposition coincides with the first part of [7,
Proposition 1.4.10] together with its proof. In order to prove the part b) we
recall the classical definition of the Gauss hypergeometric function:

o
(@) (b)y 2F
14 F(a,b,c,2) =1+ —,
(14) (a,b, ¢, 2) kZ_; o &
where (d)y = d(d + 1)...(d + k — 1) is the Pochhammer symbol. The
series converges at least for complex z € U := {z : |z|] < 1} € C and for

ze€T:={z:]z] =1}, if ¢ > a + b. For R(c) > R(b) > 0 we have the
following well-known formula

L 2b=1¢1 _ 4yc—b—1
(15) Fla.b ez =—© m/'f(lt)
0

NN GRS (1 —1tz)°
In particular the Gauss theorem states that

_II'(c—a—-D>)

16 Flabe = = re=p"

N(c) > N(a +b).

In order to derive (12) from (11), we use the formula I'(x + 1) = xI"(x) and
obtain

(17) Lk +A) = Gl (M)
and
(13) Fn+14+t+k)=m+14+1)IT'n+1+1).

From (14), (17) and (18), by takinga = b = Ayandc = n + 1 + ¢, we
derive (12). The formula (13) follows from (16) and observing thatc > a+b =
n+1+t+c.

Also we need the Vitali theorem, and include its formulation (cf. [4, The-
orem 26.C)).

THEOREM 2.4 (Vitali). Let X be a measure space with finite measure L,
and let h,, : X — C be a sequence of functions that is uniformly integrable,
i.e., such that for every ¢ > 0 there exists 6 > 0, independent of k satisfying

) W(E) <5=>/ hld < ¢.
E
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Now: if lim h,,(x) = h(x) a.e., then

() lim/ hmduthdu.
X X

In particular, if
supf |hu|Pdu < oo forsome p > 1,
X

then (T) and (t) hold.

ProoF oOF LEMMA 2.1. For fixed z € B let us make the change of variables
w = ¢,(w), w € B in the integral which represent F; (z). In previous section
we obtained the next relation for pull-back measure

(=P
duy (s @) = g dua (@),

By using this result and relation (3) in the forth equality, we find

_q _ (1 —1z»w, )
0" F(2) = P dvg (w)
(1 =1z (@), O (1 —|z]?)? dvy (@)
5 11— (z, @ ()fH! 1= (z, )]
:/ (1 =1z (g (@), )] dvy (@)
5 11—z, @ ()P — (z, )|
(11 = (z, @)|"T1 = (2, o (@)D" {g. (@), 7)) vy (@)
1 —(z, g (@)1 — (z, w)|? ¢
. (g, (@), ¢)]
- /B 1= oy @
Therefore
1 B (@), £)]
(19) 0 Fg(Z)_/B—Il—&,w)I@‘l dvg (w).

From the last representation of F;(z), since

Hp.(@),2)| <1, zeB,le€S,
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we infer oo )EH
_ ¥ (w),
0~ F,(z :/ — = dv,(w
(@=L Gt @
(1 — |o»)* dv(w)
[+ = o Je 1 (2),
=) =z @) +@)
where we sett = o, c = —1;

n—+ao 'h+14+a)
Cy = =
* n IF'n+ D@+ 1)
asin (1). Then A; = (n + ) /2 (the parameter from Proposition 2.3).
For z € B, z # 0 we have
F(n+ DI+ 1)
M2((n+14+a+1)/2)°

Jc,l(z) =< Jc,t(Z/lzl) =

Thus

Fn+Dl@+1) o-1c

-1
(20) 0 Fg(Z) SC“FZ((n+]+Ol+1)/2) B

what is the statement of this lemma.

PrROOF OF LEMMA 2.2. Take ¢ = ¢; and z,,, = ¢. Define

_m_
m+1
wi |1 — (Zp, w)|"*!

[wil (1= (w, z,)oF

gm(w) = w € B, w; #0.

Then g, € L™ and ||g,.]lcc = 1. Further from (19) and (10) we obtain

(1 = 12V (Pagm) @) = (1 = 12V (Pagm) @m)s O]

=1 —lznl»

/ (V. Ko (2, w)gm (W), €) dva (w)
B

_ 2
=9/ (1 = |zm|")wi] dvy(w)
B

|1 - <Zm, w)|9+1
[ @B
_9./)_:3 1 — (zn, w)|0~! dvg(w) =: Gp,.

For p = 22172 (note that p > 1), according to Proposition 2.3 (take c = —1/2

-1
ra p
sup/( l{¢, (@), {)| ) dv, (@) < 00
B

and f = «)
11— (zm, 0) 77!
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(notice also that |{¢, (@), 2)| < 1). Therefore by the Vitali theorem

lim G,, = 6 lim / Mo, @, OF )

B 11— (zZm, )|

- 9/ lim | $en @1 O ‘;'Z'_l dvy(®).
B

1= (zm, @)

For fixed w € B we have

o el @D Dl 1
=@l = (o)~ 1= (g o)f

Therefore, by using again Proposition 2.3, we obtain

m(1 — |2,V (Peg)(@m)| = OcaJ-1.0(e1)

i <n +a> F(n+ Dl(a+1)
N 2(n+1+a+1)/2)

n

. re+1n
T2+ 12 ”

what finishes the proof of this lemma.

3. Proof of Theorem 1.3

We have to find and estimate the following extremum

Co = I Pully = sup{|V-(Pug)@)| : |z] < 1, lIglloc < 1}.
We first prove (8). It follows from the following two lemmas.

LEMMA 3.1. For @ > —1 and £ defined in (6) we have

C, < max £(1).
a_0§t§7§/2()

Proor. Let f = P,g. We begin as in the proof of [11, Theorem 3.4]. We
have

(f 0o9a)(z) = (Pug o @a)(2) = /Ka(%(z), w)g(w) dvg (w)
B

= /Ka(wa(z),%(w))g(%(w))dva(%(w))
B
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Since
(1 —(a,a))(1 — (z, w))
1-— a a ’
(9a(2), pa(w)) = (= (z,a)(1 — (a, w))
we have
Foun < Ao@a)’ [ (=@ uw)

(1 - |a|2)0 B (1 — ( ))9 8° goa(w) dl)a((pa(u)))

Differentiating in z at O by using the product rule we have

1 _ 0
Vf(a)—H/ @ - “)( @) o () dva (@u(w)),

— la|?)f
where

J _( O=laP)
Ua(%(w))—(m) Vg (W).

Thus

. 0
el Vi) —ef @ — | QU —{a W) o (w) dva(w),

1 — (w,a)|®

and consequently for

(22) 6 = (”“‘)9,
n
~ w—a)(l — , %
|Vf<a>|=9supf<(w DU 1@ W) g w), ) dva(w)
ces|JB 1 —(w,a)l
< 6'sup <La)9 §>‘|g0<pa(w)l(1 lw*)* dv(w)
ces JpI\ 1 — (w, a)|
, (1—| 1)«
sellgllooilégfl T (w.al dv(w).
Let
B ( — Jw|?)”
L(“)‘i‘i?/' M, app 4V
and define
= sup L(a).
acB
Then

L= supsup[ |S{,w(a)|dva(w)s

acB t€S JB
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where

Observe that S; ,,(a) is a subharmonic function in a. It follows thata — L(a)
is subharmonic and its maximum is achieved on the boundary of the unit ball.
Therefore there exist ag, ¢y € S such that

(1 — [w]?*
/ {w — ao, ¢o)l = (w. ) dv(w).

Let U be an unitary transformation of C* onto itself such that Uay = e; and
Uy = coste; + sinte; for some ¢ € [0, 7] (Here ¢ = arg(ao, ¢o)). Take the
substitution w = Uw. Then we obtain

(1 —[Uw»)”

L= — ERS b
/BHUw Uer, So)l 1= (U )’ dv(Uw)

_ (1 — |w[»)”
= /B {w — ey, U§0)|m dv(w)
(1 — |w[»)*

1 — (o, e)*

/l — e1,coste) + sintey)| dv(w)

/ [(1 — w;)cost + w,sint|
lwy — 11

dvg (w).

LEMMA 3.2. Let £ be defined as in (6). Then

Cy > U(1/2).
ProOF. Let ¢ = ey, a = €,,¢;, where €,, = m+1 Then
= | w21 — euuw)? (1 — [w[*)®
|(Vf(a), {)I = 9 20 g o @a(w) dv(w) .
B 1 — e wi]

Define g,, such that
Wo(1 — €uw1)’ gk 0 9 (w) = [Wr(1 — €uuwy)’|
and let f,, = P,g,,. We obtain

- _ (1= Jw?)”
KV fm(a@), &) =6 . |w2||1—9 dv(w).

_m1|
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Thus N -
Cy = sup [(V fu(a), $)| = £(r/2).

m,§,a

In order to prove (7) and (9) we need the following lemma (which is an ex-
tension of a corresponding result of L. Bungart, G. Folland and Ch. Fefferman,
cf. [7, Proposition 1.4.9]).

LEMMA 3.3. For a multi-index n = (n1, ..., n,) we have
mn— D', T (1+ %)
3) [1endow - s LT
N F(n + 7)
and
re) r nj
(24) / 12" dve(2) = —— F<1+— ;
5 r(e+4) E 2
here, w" = ]_[;lzl w;.]j, In| = Z;’Zl nj; o is the area normalized measure on

S.

PrOOF. We have to adapt the proof of corresponding result in Rudin’s book,
where it is proved the same statement for n = 2y, where y is a multi-index.
We only sketch the proof.

Denote

1= |Z"exp(—z1")dV(2),
cn

where d'V is the ordinary Lebesgue measure on C". By Fubini’s theorem
I = ]‘[ / A" exp(—|A2) dV (X).
j=17¢
One can easily derive

I=a"T]ra+mn/2.
j=1

On the other hand, by applying the polar coordinates transformation in 7, we
obtain (w», is the volume measure of unit ball)

I :2na)2,,/ r"’+2"1exp(—r2)drf|§”|d0(§).
0 S
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From the last two expression for [ it follows the first result of this lemma.
Let us prove now (24). In

1
/f(x)dva<x)=2n (””‘)/ r2”l(l—rz)“dr/f(r;“)da(i),
B n 0 S

take f(z) = |z|". Since

1) l_[] 1 ( %j)

(/f@@do@)zrw
S

|
P+ )
and
- (n+a>/1r2n+n_l(1_r2)w _TU+a+nT(n+4)
n 0 STl +a+n+ 1)

it follows the relation.

The relation (7) and the left-hand inequality in (9) follows from the follow-
ing lemma (in view of (7)).

LEMMA 3.4. Let £(t) be defined as in (6). Then £(0) = C, and £(7/2) =
LCy.
2 o

Proor. The relation £(0) = C, follows at once.
Prove the second relation. Observe first that for [ # k

/ whwh |w,| dv(w) = 0.
B

By choosing n(k) = (2k, 1,0, ..., 0) we obtain

|wa| |wa|
Jz/ ———dvy(w) =/ ————dv,(w)
g |11 —w? g [(1 —w)9/22

o]

—6/2\?
:Z( k/ ) f|w]|2k|w2|dva(w>,
B

k=0

w = (wq, ..., w,). From (24) we find that

rerQ;

)(
(+)

/ (w112 w2 dve (w) = / 1278 dug (2) =
B B



NORM OF THE BERGMAN PROJECTION 159

Therefore

r=r@rey () - SOLCES (3))°

_T(3)r® (9 6 9+1_1>_ ()
CrE+g) T\ 2T T2 (g gy

The last equality is derived with help of Gauss theorem, i.e., of the relation (16).
Hence

_ |w, |
E(]T/Z)—Q/;dea(uﬂ
_ mr®) w TE+1D) <> r©+ 1) _”P”)
Car(5+3) 2(5+5) \ P(5+5) '

2

To finish the proof of Theorem 1.3 we need to prove the right inequality
in (9). It follows from this simple observation

Co < |sint[€(0) + |cost|€(/2) < VE(0)2 + £(7r/2)2.

REMARK 3.5. If g € C (B) and f = P,lg], then it follows from (21) and
Vitali’s theorem that there exist a mapping ® : § — C" such thatfor ¢ € §

lim Vi@ =g)®().

But if g is a polynomial, then we know that lim,,_, \Y f =0, implying that

W — )1 — (¢, w)’
D7) = / T dvg(w)=0  for ¢eS.

If by B, we denote the little Bloch space, i.e. the space of holomorphic map-
pings f defined on the unit ball such that

lim V@] =0,

z|—

and consider the Bergman projection
P,:C(B) — 4,

then by the previous consideration we obtain

P,(C(B)) C By C A.
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It follows that _ -
| Py : C(B) = %Boll < Cq

w.r.t. invariant 8 Bloch semi-norm. Moreover, since the extremal sequence (see
the proof of Lemma 3.2) is consisted of continuous functions g, we obtain

that _ -
| Py : C(B) = ABoll = Cq.

The same can be repeated for the standard 8 Bloch semi-norm. We refer to [2,
Table 2] for the image under Bergman projection P of some spaces different
from L* and C(B) (forn = 1).
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