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KOLMOGOROV AND LINEAR WIDTHS OF
BALLS IN SOBOLEV SPACES ON
COMPACT MANIFOLDS

DARYL GELLERT and ISAAC Z. PESENSON*

Abstract

We determine upper asymptotic estimates of Kolmogorov and linear n-widths of unit balls in
Sobolev norms in L ,-spaces on smooth compact Riemannian manifolds. For compact homogen-
eous manifolds, we establish estimates which are asymptotically exact, for the natural ranges of
indices. The proofs heavily rely on our previous results such as: estimates for the near-diagonal
localization of the kernels of elliptic operators, Plancherel-Polya inequalities on manifolds, cub-
ature formulas with positive coefficients and uniform estimates on Clebsch-Gordon coefficients
on general compact homogeneous manifolds.

1. Introduction and the main results

Daryl Geller and I started to work on this paper during the Summer of 2010.
Sadly, Daryl Geller passed away suddenly in January of 2011. I will always
remember him as a good friend and a wonderful mathematician.

The goal of the paper is to determine asymptotic estimates of Kolmogorov
and linear n-widths of unit balls in Sobolev norms in L,(M)-spaces on a
smooth compact (connected) Riemannian manifold M. For compact homo-
geneous manifolds, we establish estimates which are asymptotically exact,
for the natural ranges of indices. For compact homogeneous manifolds, we
also obtain some lower bounds for Gelfand widths, which will be discussed in
section 5.

Let us recall [12] that for a given subset H of a normed linear space Y, the
Kolmogorov n-width d,,(H, Y) is defined as

d,(H,Y) =inf sup inf ||x — z||y

Z, xeH 2€Zn

where Z, runs over all n-dimensional subspaces of Y. The linear n-width

T Died January 2011.
*The author was supported in part by the National Geospatial-Intelligence Agency University
Research Initiative (NURI), grant HM1582-08-1-0019.
Received 19 July 2012.



WIDTHS OF BALLS IN SOBOLEV SPACES ON MANIFOLDS 97

8,(H,Y) is defined as

8.(H,Y) = inf sup lx — Apxlly
A, xeH
where A, runs over all bounded operators A, : ¥ — Y whose range has

dimension n. The Gelfand n-width of a subset H in a linear space Y is defined

by
d"(H,Y) = i?nfsup{llxll :x e HNZ"},

where the infimum is taken over all subspaces Z" C Y of codimension < n.
The width d, characterizes the best approximative possibilities by approxima-
tions by n-dimensional subspaces, the width §,, characterizes the best approx-
imative possibilities of any n-dimensional linear method. The width d" plays
a key role in questions about interpolation and reconstruction of functions.

In our paper the notation S, will stay for either Kolmogorov n-width d,, or
linear n-width §,,; the notation s, will be used for either d,, or Gelfand n-width
d"; §" will be used for either d,,, d", or §,,.

One then has the following relations (see [12], pp. 400—403):

(1.1) S"(H,,Y)<S"(H,Y),

if Hy C H, and

(1.2) d"(H,Y)=d"(H,Yy), S,(H,Y)<S,(H, YY), HCY C7,
where Y] is a subspace of Y. Moreover, the following inequality holds
(1.3) 8,(H,Y) > max(d,(H,Y),d"(H,Y)).

If y € R, we write S"(H, Y) < n” to mean that one has the upper estimate
S"(H,Y) < Cn” forn > 0. (Here C is independent of n). We say that the
upper estimate is exact if also S"(H, Y) > cn? for n > 0, and in that case we
write S"(H,Y) < cn?.

Let L, = L,(M), 1 < g < o0, be the regular Lebesgue space constructed
with the Riemannian density. Let L be an elliptic smooth second-order dif-
ferential operator L which is self-adjoint and positive definite in L, (M), such
as the Laplace-Beltrami operator A. For such an operator all the powers L”,
r > 0, are well defined on C*°(M) C L,(M) and continuously map C*(M)
into itself. Using duality every operator L", r > 0, can be extended to distribu-
tions on M. The Sobolev space le = W; M), 1 < p <oo,r >0, is defined
as the space of all f € L,(M), 1 < p < oo for which the following graph
norm is finite

(1.4) I Iwsomy = I, + 1L £
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If p # 1, oo, this graph norm is independent of L, up to equivalence, by
elliptic regularity theory on compact manifolds. If p = 1 or co we will need
to specify which operator L we are using; some of our results will apply for
L general. In fact, for our results which apply to general M, we can use any
L. For the results which apply only to homogeneous manifolds M, we will
need to use a specific L, namely the image . (under the differential of the
quasi-regular representation of G in L,(M), 1 < p < 00) of a central element
in the enveloping algebra of g which can be represented as a “sum of squares”
(see section 3 below). Note, that if G is compact and semi-simple then %
will be the image of the Casimir operator in the enveloping algebra of the
Lie algebra g. For certain homogeneous manifolds the operator .# coincides
with the Laplace-Beltrami operator A of an invariant metric. This happens,
for example, when M is a symmetric compact homogeneous manifold of rank
one (= two point compact homogeneous manifold) or when M is a compact
Lie group G.

Our objective is to obtain asymptotic estimates of S,(H, L,(M)), where
H is the unit ball B; (M) in the Sobolev space W; = W; M), 1 < p < o0,
r > 0, Thus,

B, = ByM) = {f € Wy : || f lwyony < 1.

It is important to remember that in all our considerations the inequality
r > s(l — é) . with s = dim M will be satisfied. Thus, by the Sobolev
embeddlng theorem the set B’(M) is a subset of L,(M). Moreover, since M
is compact by the Rellich- Kondrashov theorem the embeddlng of B, (M) into
L, (M) will be compact.

We also consider compact homogeneous manifolds M = G/K, G being a
compact Lie group (with Lie algebra g) and K its closed subgroup. In the case
of compact homogeneous manifolds we are able to obtain exact asymptotic
estimates on S, (H, L,(M)).

We set s = dim M. Let as usual p’ = p= —L—. Our main results are the
following three Theorems which are proved in sections 2, 4, and 5 respectively.

THEOREM 1.1 (Basic upper estimate). For any compact Riemannian mani-
fold, any L, and forany 1 < p,q < oo, r > 0, if S, is either of d,, or 5, then
the following holds

(1.5) S, (BLM). L) <~ T3

provided that —% + (% - é) » Which we call the basic exponent, is negative.
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THEOREM 1.2 (Improved estimates). Assume that M is a homogeneous man-
ifold.

(1) Supposethat1 < p <2 <qg <o0.If p =1, take L = . Then one
has the improved upper estimates

(1.6) d,(B,(M), Ly(M)) < n %572 if r>s/p,
(1.7) 8,(BL(M), Ly(M)) <n %572 if g<pandr>s/p,

Q=

(1.8) 8,(B,(M), L,(M)) < nitiy if gq>pandr>s/q.

(2) Suppose that2 < p < g < oo. If p = oo, take L = £. Then one has
the improved upper estimate

(1.9) dy(By(M), Ly(MM)) < n™ " if r>s/p.

THEOREM 1.3 (Exact estimates). Assume M is a homogeneous manifold.
If p = 1oroo, take L = £. Then the four improved estimates listed in
Theorem 1.2 are all exact. In all other situations (i.e. p < 2 < q is false, or
2 < p <gqandsS, =35,), if the basic exponent is negative, then the basic
upper estimate is exact.

Thus if M is a homogeneous manifold we obtain exact asymptotic estimates
for d, and §, for all 1 < p, g < oo and some restrictions on r. For general
compact Riemannian manifolds we obtain only upper esimates. Our results
generalize some of the known estimates for the particular case in which M is a
compact symmetric space of rank one; these estimates were obtained in papers
[3] and [2]. They, in turn generalized and extended results from [1], [8], [11],
[13], [9] and [10].

Our main Theorems could be carried over to Besov spaces on manifolds
using general results about interpolation of compact operators.

The proofs of all the main results heavily exploit our estimates for the near-
diagonal localization of the kernels of elliptic operators on compact manifolds
(see [6] and section 2 below for the general case and [4], [5] for the case of
Laplace-Beltrami operator).

The main reason we obtain exact asymptotic estimates is that in the case
of homogeneous manifolds we are able to find a uniform estimate on the
number of non-zero Fourier coefficients of the product of two eigenfunctions
of £ (Theorem 3.8 bellow and Theorem 5.1 of [6]). Note that this result
is well known, say, for spherical harmonics and the corresponding non-zero
coefficients are known as Wigner symbols. In a more general context it is a
problem of decomposing a tensor product of two representations of a compact
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Lie group into irreducible representations in which case the corresponding
Fourier coefficients are known as the Clebsch-Gordon coefficients.

Out result about Clebsh-Gordon coefficients along with our positive cub-
ature formula (Theorem 3.5 below, see also [6]) allows us to discretize con-
volution integrals of eigenfunctions of £ with zonal functions. It is the main
technical trick in section 3 which produces improved estimates in the case of
homogeneous manifolds.

2. The Basic Upper Estimate on general compact Riemannian
manifolds

Let (M, g) be a smooth, connected, compact Riemannian manifold without

boundary with Riemannian measure . We write dx instead of du(x). For

x,y € M, let d(x, y) denote the geodesic distance from x to y. We will

frequently need the fact thatif M > s, x € M and ¢ > 0, then

1 s .
2.1 /M e RS dy < Ct’, s = dim M,
with C independent of x or ¢.

Let L be a smooth, positive, second order elliptic differential operator on M,
whose principal symbol o, (L) (x, &) is positive on {(x, &) € T*M : £ # 0}. In
the proof of Theorems 1.1 and 1.3 we will take L to be the Laplace-Beltrami
operator of the metric g, but in the proof of Theorem 1.2 we will let L be the
Laplace operator ., which we will discuss in the next section. We will use the
same notation L for the closure of L from C*°(M) in L, (M). In the case p = 2
this closure is a self-adjoint positive definite operator on the space L,(IM). The
spectrum of this operator, say 0 = Xy < A} < Ay < ..., is discrete and
approaches infinity. Let ug, u1, u,, ... be a corresponding complete system of
real-valued orthonormal eigenfunctions, and let E, (L), @ > 0, be the span
of all eigenfunctions of L, whose corresponding eigenvalues are not greater
than w. Since the operator L is of order two, the dimension ./, of the space
E, (L) is given asymptotically by Weyl’s formula, which says, in sharp form:
For some ¢ > 0,

(2.2) HNo(L) = ca’? + 0@ V/?).

where s = dim M. Since #;, = [ + 1, we conclude that, for some constants
c1, ¢ >0,

(2.3) l?S < n < el

for all /. Since L™u; = Aj'u;, and L™ is an elliptic differential operator of
degree 2m, Sobolev’s lemma, combined with the last fact, implies that for any
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integer k > 0, there exist Cy, v > 0 such that
2.4) luillcramy < Cr(l + 1)™.

Suppose F € % (RT), the space of restrictions to the nonnegative real axis
of Schwartz functions on R. Using the spectral theorem, one can define the
bounded operator F(t?L) on L,(M). In fact, for f € L,(M),

(2.5) [FG*L) f1(x) = / Ki(x, ) f () dy,

where

(2.6) Ki(x,y) =Y F(@)u(ou(y) = K,(y, x)
I

as one sees easily by checking the case F = u,,. Using (2.6), (2.2), (2.3)
and (2.4), one easily checks that K, (x, y) is smooth in (x, y) € M x M. We
call K, the kernel of F(t*>L). F(¢*L) maps C*(M) to itself continuously, and
may thus be extended to be a map on distributions. In particular we may apply
F(t*L)toany F € L,(M) € Li(M) (where 1 < p < 00), and by Fubini’s
theorem F(t>L)F is still given by (2.5).

The following Theorem about K; was proved in [4] for Laplace-Beltrami
operators and in [6] for general elliptic second order differential self-adoint
positive operators.

THEOREM 2.1. Assume F € & (R") (the space of restrictions to the non-
negative real axis of Schwartz functions on R). For t > 0, let K,(x, y) be the
kernel of F(t>L). Then:

(1) If F(0) = O, then for every pair of C* differential operators X (in x)
and Y (in y) on M, and for every integer N > 0, there exists Cy x.y
such that for deg X = j and degY = k the following estimate holds

A de, v \Y
(2.7) TiTk (@) XYK,(x,y)' <Cn.xy, s =dimM,

forallt > 0andall x,y € M.
(2) For general F € & (R") the estimate (2.7) at least holds for 0 <t < 1.

In this article, we will use the following corollaries of the above result.

COROLLARY 2.2. Assume F € S (R"). Fort > 0, let K,(x, y) be the kernel
of F(t>L). Suppose that either:

i) F0) =0, or
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(i) F is general, but we only consider 0 <t < 1.
Then for some C > 0,

—S

(2.8) K (x, )| < s = dim M,

[1 + M]S—H ’

t
forallt andall x,y € M.

ProofF. This is immediate from Theorem 2.1, with X = Y = I, if one
considers the twocases N =0and N = s + 1.

COROLLARY 2.3. Consider 1 < a < oo, with conjugate index o'. In the
situation of Corollary 2.2, there is a constant C > 0 such that

1/a
(2.9) (/IK,(x,y)l“ dy) <Ct™™  forall x,

and

1/
(2.10) (/lK,(x,y)|"dx> <Ct™%  forall v,

ProOOF. We need only prove (2.9), since K,(y, x) = K;(x, y).
If ¢ < 00, (2.9) follows from Corollary 2.2, which tells us that

o 1 s(l—a)
/IKz(x,y)l dy < C/M [+ @)/ DD dy < Ct
with C independent of x or ¢, by (2.1).

If « = o0, the left side of (2.9) is as usual to be interpreted as the L™
norm of ; ,(y) = K,(x, y). Butin this case the conclusion is immediate from
Corollary 2.2.

This completes the proof.

We will use Corollary 2.3 in conjunction with the following fact. We con-
sider operators of the form f — J/ f where

@.11) O f)x) = / K. y)f () dy,

where the integral is over M, and where we are using Riemannian measure. In
all applications, K will be continuous on M x M, and F will be in L;(M), so
that 77 f will be a bounded continuous function. The following generalization
of Young’s inequality holds:
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LEMMA 2.4, Suppose 1 < p, « < oo, and that (1/q)+1 = (1/p)+ (1/a).
Suppose that ¢ > 0, and that

1/«
(2.12) |:/ K (x, y)|* dy] <c forall x,
and

1/«
(2.13) |:/ K (x, y)|* dx] <c forall vy,

Then | flly <cllfllpforall f € L,.

Now, let n be a C* function on [0, co) which equals 1 on [0, 1], and which
is supported in [0, 4]. Define, for x > 0,

¢(x) = n(x/4) —n(x)
so that ¢ is supported in [1, 16]. For j > 1, we set
() = p(x/47).
We also set ¢g = 1, so that Zjio ¢; = 1. We claim:

LEmMMA 2.5. (a) Ifr > 0, and 1 < p < g < oo, then there is a C > 0 such
that

(2.14) g, (L) flly < CQP) 274 fllw,.

Jor all f € W,(M). In other words, the norm of ¢;(L), as an element of

B(W/, L,) (the space of bounded linear operators from W, to Ly), is no more
1 1

than C(275)"s+v~a.
(b) Suppose that —+ + % — é < 0. Then Z;io ¢; (L) converges absolutely
in B(W;, L), to the identity operator on W;.

Proor. (a) Define, for x > 0,
Y(x) = p(x)/x""
so that ¢ is supported in [1, 16]. For j > 1, we set
() = Y (x/4h,

so that ¢; (x) = 27V=Dryy; (x)x"/2.
Accordingly, if f is a distribution on M, for j > 1,

¢; (L) f =27Y=Dry (L)L f),
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in the sense of distributions. If now f € W7, so that L"/>f ¢ L,, we see
from Lemma 2.3 with t = 27/, and from Lemma 2.4, that if (1/q) + 1 =
(1/p) + (1/a), then

as desired.

For (b), we note that by (a), Z;io ¢; (L) converges absolutely inB(W/, L,).
It converges to the identity on smooth functions, hence in the sense of distri-
butions. Hence we must have Z;io ¢;(L) =1in B(W,, L,). This completes
the proof.

ProoF oF THEOREM 1.1. Since in general d,, < §,, it suffices to prove the
basic upper estimate for §,. If ¢ < p, then surely §,(B,,, Ly) < C3,(B, L)).
Since the basic upper estimate is the same for all ¢ with ¢ < p, we may as
well assume then that ¢ = p. In short, we may assume g > p.

Let ny(x) = n(x/4M~1); then Zjﬂi_ol ¢; = nu, which is supported in
[0, 4]. Examining the kernel of 1, (L) (see (2.6)), we see that ny (L) :
Wlf — E4u(L). By Weyl’s theorem (2.2), there is a positive integer ¢ such
that the dimension of E4v (L) is at most c2M* for every M. We see then by
Lemma 2.5 that

Seas (By(L), L) < 11 = ()] < D gy (L)l < Y €@~

j=M j=M

where all norms are taken in B(W/, L,). This proves the basic upper estimate
forn € A := {c2M* : M > 1}. For any n > ¢2° we may find m € A with
m < n < 2°m, and surely §, < §,,. This gives the basic upper estimate for all
n, and completes the proof.

We close this section with a result related to Theorem 2.1. This result is an
essential ingredient of its proof (see [4] and section 7 of [6]). We will utilize it
in the proof of Theorem 1.3 in section 5.

THEOREM 2.6. Suppose h(§) = F(§°) € S(R) is even, and satisfies
supph € (—1,1). Fort > 0, let K,(x, y) be the kernel ofh(t«/Z) = F(*L).
Then for some Cy > 0, ifd(x, y) > Cot, then K;(x,y) = 0.
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3. Harmonic Analysis on Compact homogeneous manifolds

In this section we review and extend our previous results about Plancherel-
Polya inequalities and cubature formulas on manifolds. We also reprove our
result which gives an estimate of the dimension of the eigenspace of the Casimir
operator that contains the product of two of its eigenfunctions.

It is important to note that all the statements below from Lemma 3.1 to
Theorem 3.5 hold true for all compact Riemannian manifolds and self-adjoint
elliptic second order differential operators on them. Only in Theorems 3.7 and
3.8 we use the fact that M is a homogeneous manifold and .# is the Casimir
operator.

A homogeneous compact manifold M is a C°°-compact manifold on which
a compact Lie group G acts transitively. In this case M is necessary of the form
G/K, where K is a closed subgroup of G. The notation L,(M), I < p < o0,
is used for the usual Banach spaces L,(M, dx), 1 < p < oo, where dx is an
invariant measure.

Every element X of the (real) Lie algebra of G generates a vector field on
M, which we will denote by the same letter X. The translations along integral
curves of such vector fields X on M can be identified with a one-parameter
group of diffeomorphisms of M, which is usually denoted as exptX, —oo <
t < 0o. Atthe same time, the one-parameter groupexp t X, —00 < t < 00, can
be treated as a strongly continuous one-parameter group of operators acting on
the space L,(M), 1 < p < oo. The generator of this one-parameter group will
be denoted by Dy ,. According to the general theory of one-parameter groups
in Banach spaces the operator Dy , is a closed operator on every L,(M),
1 < p < oo. In order to simplify notation, we will often write Dy in place of
Dy .

If g is the Lie algebra of a compact Lie group G then it is a direct sum
g = a + [g, g], where a is the center of g, and [g, g] is a semi-simple algebra.
Let Q be a positive-definite quadratic form on g which, on [g, g], is opposite
to the Killing form. Let X1, ..., X be a basis of g, which is orthonormal with
respect to Q. Since the form Q is Ad(G)-invariant, the operator

X} —X;—---—X3, d=dimG

is a bi-invariant operator on G. This implies in particular that the corresponding
operator on L,(M), 1 < p < oo,

3.1 ¥ =-D{ - D5 —---— D3, D; = Dy,, d=dimG,

commutes with all operators D; = Dyx,. We will use this elliptic operator .#’
as our L in the rest of the paper. However, as we discussed in the introduction,
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in all of the results of this section except for Theorem 3.8 below, one could
use other L.

In the rest of the paper, the notationD = {Dy, ..., Dy},d = dim G, will be
used for the differential operators on L,(M), 1 < p < oo, which are involved
in the formula (3.1).

When discussing Sobolev spaces on M, it is often crucial to utilize a positive
elliptic operator, and in this paper, as in [6], we will use the Laplace operator
Z. Our results, which require only the definitions of Sobolev spaces and of
L, to state, do not make explicit mention of .%.

As we remarked in [6], there are situations in which the operator .Z is, or
is proportional to, the Laplace-Beltrami operator of an invariant metric on M.
This happens for example, if M is a d-dimensional torus, a compact semi-
simple Lie group, or a compact symmetric space of rank one.

Let B(x, r) be a metric ball on M whose center is x and radius is r. The
following lemma holds for any compact manifolds and can be found in [15],
[16].

LEMMA 3.1. There exists a natural number Ny, such that for any sufficiently
small p > 0, there exists a set of points {y,} such that:
(1) the balls B(y,, p/4) are disjoint,
(2) the balls B(y,, p/2) form a cover of M,
(3) the multiplicity of the cover by balls B(y,, p) is not greater than Nyi.

The following notion is involved in formulations of several our results.

DEFINITION 3.2. Any set of points M, = {y,} which is as described in
Lemma 3.1 will be called a metric p-lattice.

The next two theorems were proved in [15]-[17], for a Laplace-Beltrami
operator in L,(M) on a Riemannian manifold M of bounded geometry, but
their proofs go through for any elliptic second-order differential operator in
L,M), 1 < p < oco. In what follows the notation s = dim M is used.

THEOREM 3.3. Forany 1 < p < oo there exist constants Cy = C1(M, p) >
0 and po(M, p) > 0, such that for any natural number m > s/p, any 0 <
o < po(M), and any p-lattice M, = {xi}, the following inequality holds:

1/p
(Z |f<xk>|P) < Cio (1 f Nl + 12" £11),

Xk EMp

forall f € W[f’”(M), >s/p,l €N
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THEOREM 3.4. Forany 1 < p < oo there exist constants Cy = Co,(M, p) >
0, and po(M, p) > 0, such that for any 0 < p < po(M), and any p-lattice
M, = {x} the following inequality holds

1/p
32) I fllwron SCz{PS/p< > |f<xk>|1’) +p2'"||$"’f||Lp<M>},

)CkEMp
where m € N, and 2m > s/ p.

Using the constant C; (M, p) from this Theorem, we define another constant
—1/2m
(3.3) co = coM, p) = (2C2(M, p)) ™™,

where mg = 1+ [s/p], s = dim M. Since £ is an elliptic second order differ-
ential operator which is positive definite and self-adjoint in the corresponding
space L, (M) it has a discrete spectrum 0 = Ag < A; < A < ---. Let E, (%)
be the span of the corresponding eigenfunctions whose eigenvalues < w. As
one can easily verify the norm of .# on the subspace E, (¥) is exactly w. In
particular one has the following Bernstein-type inequality [18]

(3.4) 1<% flle,om < @I f l,ow,s o €R,

for all f € E,(%). In [6] we proved existence of cubature formulas, which
are exact on E, (M), and which have positive coefficients of the “right” size:

THEOREM 3.5. There exists a positive constant ay, such that if p = ayp(w +
1)~Y2, then for any p-lattice M, there exist strictly positive coefficients hy, >
0, xx € M, for which the following equality holds for all functions in E,,(M):

(3.5) /Mfdx = Y g f(x0).

XkEMp

Moreover, there exists constants cy, cp, such that the following inequalities
hold:

(3.6) c1p’ < Ay < 2p°, s = dim M.

Our nearest goal is to prove the following key result which extends the
Plancherel-Polya inequalities to general 1 < p < oo. The proof of this result
usesin a crucial way the fact that . is the Laplace operator on the homogeneous
manifold M. The lemma below can be found in [18]. We include the idea of
its proof for the sake of completeness.
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LEMMA 3.6. For any 1 < p < oo there exists a constant C (M) such that
for f € E,(Z) the following Bernstein inequality holds

(3.7 1L fllp < d)" [ fll,, m=0,1,2,...,

where M = G /K and d is dimension of the group G.

Proor. It was shown in [18] the following equality takes place, k € N,

(3.8) IL2f15=">" IDi... Dy fl3-

1<iy,...,ix=<d

Thus, according to (3.8) we have the following inequality for all f € E, (%),
m € N,

1/2
(3.9) Hapquﬂ2§< > HDhnlmfﬁ>/=H£m”ﬂu
1<iy,...im<d
and using (3.4) we obtain
(3.10) ID;, ... Di, fl2 < @™ fl.  f €Wy M), meN.
In particular, forevery 1 < j <d, d = dim G, we have
(3.11) 1D} fll2 < "2l fll2. f € Eo(£), meN.

Because E, (%) is a finite dimensional subspace any two norms on this sub-
space are equivalent. Thus for any 1 < p < oo there exists a constant C,, such
that the following inequality holds

(3.12) 1D} £l < Cpo™ 11 f 11,

for all f € E, (). Note, that since .# commutes with every D; the space
E, (%) is invariant under every operator D;, 1 < j < d. Since D; generates
a one-parameter group of isometries in L,(M), 1 < p < oo, we can use the
Lemma 5.2 in [15] which implies

(3.13) 1D} fllp < @™ fllps f € Ey(Z).
Finally we obtain the following inequality
1L fllp = 1D} + -+ D" fllp, < @) fllp, [ €Eu(ZL), meN.

The lemma is proved.
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THEOREM 3.7.Say 1 < p < oo. Then there exist constantsc; = c;(M, p) >
0, co =ccM, p) >0, and cy = co(M, p) > 0, such that for any w > 0,

and for every metric p-lattice M, = {x;} with p = cow™'/?, the following
Plancherel-Polya inequalities hold:

I/p
o1 (1+ w)™/? (Z |f(xk)|p> < 0PI fllz,on
k

1/p
< c2<Z |f<xk>|P) ,
k

forall f € E,(¥) and s = dim M. (Here one uses the usual interpretations
of the inequalities when p = 00.)

(3.14)

ProoF. Since .Z is an elliptic second-order differential operator on a com-
pact manifold which is self-adjoint and positive definite in L,(M) the norm
on the Sobolev space W,f’" (M) is equivalent to the norm || f|l, + [|<£" f .
Theorem 3.3 with [ = 2m implies

1/p
(Z |f(xk>|") < CLo” P (Iflp + 1L £11),
XkEMp

for all f € Wlf’" M), 2m > % The Bernstein inequality (3.7) shows that if

my = [ﬁ] + 1, then there exists a constant a (M) such that for all f € E, (%)
£l + 1L fllp < @D + )™ fllp, @ >0.

Thus we proved the left side of (3.14).
To prove the opposite inequality we use (3.2) and (3.7) to obtain

1/p
3.15)  |fl, < csz/P( > |f(xk)|P) + Cad™ p™ ™ | £,

xkEMp

where f € E, (%) and mg = [ﬁ] + 1. Now we fix the following value for p

1 1/2m()
0= (ECz_ld’"") w0 V% = o2,

With such p the factor in the front of the last term in (3.15) is exactly 1/2.
Thus, this term can be moved to the left side of the formula (3.15) to obtain

1/p
(3.16) 2071l < Czps/p( > |f(xk>|") .

)CkEMp
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In other words, we obtain the inequality

1/p
1f1l, < Cz/)s/p< > |f(xk)|P) ,

kaMp
where ¢; = C,/2. The theorem is proved.

Our reason for using Casimir % instead of the Laplace-Beltrami operator
or another elliptic operator on M, is that we can prove the following important
fact:

THEOREM 3.8 (Theorem 5.1 of [6]). If M = G/K is a compact homogen-
eous manifold and £ is defined as in (3.1), then for any f and g belonging
to E,(F), their product fg belongs to E4q, (L), where d is the dimension of
the group G.

We also need some basic facts about eigenfunctions on homogeneous man-
ifolds.

LEMMA 3.9. Let M = G /K be a compact homogeneous manifold. Assume
A > 0 is an eigenvalue of £, and let {vy, ..., vy} be an orthonormal basis
of real-valued functions for V,, the eigenspace of £ for the eigenvalue A. Say
x € M. Then

m

dim VA
3.17 2 = )
(3.17) g[vkm] D

ProOF. For fixed x € M, let Z,(y) = > ;_, vk(x)vg(y) for y € M. Z, is
the unique element of V, satisfying

Flx) = f F3)Z: () dy

for each F € V,. Since dy and V, are invariant under G, one sees from this
that Z,(y) = Z,..(g - y) for each g € G. Since G acts transitively on M, we
see in particular from this that Z,(x) = ZZ’ZI [ve(x)]? is independent of x.
Accordingly

uM) Y o)) = / D [ve@)) du = dim V;
k=1 My

as desired.
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Recall that we have denoted the spectrumof Lby) = Ag < A] <Ay < -+,
and we have letug, uy, u,, . . . denote a corresponding complete system of real-
valued orthonormal eigenfunctions.

CoOROLLARY 3.10. Suppose 0 < a < b. Then for any x € M,

(3.18) D P =,

a2 <n<b/1?
ast — 0%, with constants independent of x or t.
ProOF. By Proposition 3.9 and (2.2), we have
Y w@P = w ) [Ny (L) = Ny (L] = 17
a/rr<i<b/1?
as claimed.

This then allows us to prove the following improvement on Corollary 2.3,
for homogeneous manifolds.

THEOREM 3.11. In the situation of Corollary 2.2 and Corollary 2.3, say that
f # 0, and M is a homogeneous manifold, and 1 < a < oco. Then we actually
have that

1/
(3.19) [ f 1K, (x, y)[* dy} =1

with constants independent of x ort, ast — Q.

Proor. By Corollary 2.3, we need only prove the lower bounds. First we
handle the case @ = 2. Since f is not identically zero, we may find0 < a < b
and ¢ > 0, such that | f| > c on [a, b]. By (2.6) and Corollary 3.10, we have
that

/ |KiGe, )Py =Y I f PP = Y 1) Pl
I

La/t2<)<b/t?

> Y P>

a/t?<)<b/t?

as t — 07, with constants independent of x or . This establishes the case
o =2.

The lower bounds for « = 1, co now follow at once from the simple general
inequality

(3.20) A5 < 11 S Moo,
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the lower bound for « = 2, and the upper bounds for ¢ = 1, oo, as applied to

F) =Ki(x,y).
For the lower bounds for other , we note thatifg < 2 < r,andif0 < 6 < 1
is the number with 1/2 = 6 /g + (1 — 6)/r, then one has the general inequality

(3.21) LA < AISIANEe

If « > 2, the lower bound follows, after a brief computation, from (3.21) in
the case ¢ = 1, r = «, and the lower bounds for 2 and 1. If @ < 2, the lower
bound follows, after a briefer computation, from (3.21) in the case ¢ = «,
r = 00, and the lower bounds for 2 and oo. This completes the proof.

4. The improved upper estimate

1
For x = (x1, ..., x,) € R™, we define as usual ||x||;” = (Zf."zl |x,»|1’) P for
1 < p < o0, and ||x||%, = max;<;j<, |x;|. We denote by EZ’ the set of vectors
x € R™ endowed with the norm || - || e and b”f’ the unit ball of é;". Given

1 < p < oo and an integer N > 0, we denote by By, = BY (M) the class of all
functions f € Ey2(%) such that || f|, < 1.
The proof of Theorem 1.2 will rely on the following:

LEMMA 4.1. Let S, denote either of the symbols d,, or 8,. Then for 1 <
p,q <ocoand 1 <n <dimEy2, we have

1_1
5,85 L) < N s, e,
where my < dimEy2 < N¥.

ProoF. Using Theorem 3.8, we may choose a; > 0 such that, for any N,
f. g € Ilay = fg € I, §. By Theorems 3.5 and 3.7, there is an a; > 0 such
that whenever A = {t1,...,t,} is a p-lattice for p = a,/N, then there are
constants {wy, ..., wy} such that, for all f € I, N,

[ 1=,
j=1
and moreover, forall 1 < p < oo,

@.1) 1 £l ~ N~ PIUN (Dl ~ 1UN ey,
where Uy : E;2y> — R™ is given by

Unv(f) =(f(t), ... f(twm)),
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and foru = (uy, ..., u,) € R,
1 .
(X0 JulPw) ' if p < o0
lullgy, = 3 =1 ,
maxi<;j<pm |uj] if p = oo0.

Now, let n be a C* function on [0, co) which equals 1 on [0, 1], and which
is supported in [0, 4]. Let K, be the kernel of n(t>#), and let KN = K.
Since n(A¢/N?) = 1 whenever A, < N2 = w if N = w'/?, we have that for
f € E, (%), the reproducing formula

@) 0 =N = [ KV 0)dy

M
where dy is our invariant measure. Moreover, n(Ay/N?) = 0if Ay > 4N? =
4w, so that KN (-, y) € E,, for any fixed y. Thus, forany u = (uy, ..., u,) €
R™, we may define amap 7 : R" — E4y2 by

(4.3) Tw)() =Y wiu; KV (. 1).

j=1
We claim that for 1 < g < oo,

(4.4) IT@)llg = Clluller, -

q,w

Indeed, if ¢ = 1, this follows at once from Corollary 2.3 with ¢« = 1. For
q = 00, (4.3) follows from the second equivalence of (4.1) in the case p = 1,
since m
N
1T @)oo < ||u||oorxn€%>4<§1: wj | K" (e, 1)
j=

< cuunoomax/ KV (x, y)ldy < Cllullo,
XEM M

again by Corollary 2.3 with o = 1. (4.4) now follows from the Riesz-Thorin
interpolation theorem.

By (4.2) and the fact that f, g € Eqp2 = fg € Ea% 2, we have that for all
f € Epn, m

) =" wi KN (x, 1)),
j=I

Note f = TUy f for f € I1y. Thus, we can factor the identity / : Ey2 N

L? — Eg,y2 N L7 as follows:

i i T
— by — 0, — Epp NLY,

. |2 U
1:EyNLY — ) p 2w
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where £, denotes the space R™, equipped with the norm || - [[¢» , and i1i;
both denote identity maps. By well-known properties of n-widths (see [19],
Chapter II),

Sy(BY. L) < S, (B, LY N Eyzy2)
< ||UN||(EN20LP,Z’,;’)||i2||(€qm,lg'_u,)”T||(€[”/'_w,Ea%NzﬁL‘i)Sn(b,r:ls e
By Theorem 3.5, w; ~ p* ~ N for all j, with constants independent of
N, so llialiep.er,) ~ N7*/%. By (4.1, 1Uy ll gz n.ep) ~ N*/7, and by (4.4),
T ”(@ZIWE 22NLT) = C. Combining these facts, we find the lemma.
N 41]

PrOOF OF THEOREM 1.2. We prove the required upper estimates for 1 <
p < 2 < g < oo, for linear widths; the case of Kolmogorov widths may be
treated similarly. By the duality 6, (B,,, Ly) = 8,(B,,, L), it suffices to prove
them for 1 < p <2 < ¢ < p’/, which we assume from here on.

By Lemma 4.1 with ¢ = p’, and by Lemma 2.5 with L = ¥ and p = ¢,
we have

o0
Sn(By, Lg) < 8,(Bp, Ly) <C Y 2798, (B, Ly)

(4.5) k=0

oo
2
<C Y 27k G, b ),
k=0

where Y ny <n — 1 and my < 2",
Assume now C12°* <n <C 122”, with C; > 0 to be specified later. We fix
a real number p € (0, 2(r/s — 1/p)), and set

my if0<k<v,
(4.6) ng = 3 [25WFPv=ke) | ify < k < (14 p~ Y,
0 ifk> 1+ p Ho.

One calculates then that ), ny < 2*". Thus one can take C; so large that
Y ik < C12°Y —1 < n — 1. The proof is now completed by estimating the
Sn, (DT, El”,’,") in (4.5): one has
4.7
=0 if0<k<w,
5, (o™, ¢y ] = 25 kG ) ]
e ((p+Dk+1—-v))
<1 ifk >+ p Ho.

ifv<k<{+pH,
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Here the first case follows by noting that, in that case, 8, (b™*, £7}) = 8,5, (b™*,

Py
€3"); the third case follows by noting that, in that case, 8, (b)*, £}) =

80 (b’”k Z"”‘) and the second case follows from Gluskin’s estimate ([7])

B (W, 7y < Cm)/ P P

p o by 10g1/2(1 + my /ng).

Substituting (4.7) in (4.5), one calculates

Sn(Blryv Lq) S C2 ( r+y(/7 2)) S Cn_§+%_%
as desired. This completes the proof.

5. Lower bounds on homogeneous manifolds

In this section we will prove Theorem 1.3. First we need the following simple
fact, which is another variant of our Lemma 3.1.

LEMMA 5.1. For each positive integer N with 2N~Ys < diam M, there exists
a collection of disjoint balls 2 = {B (x ~1/5)Y, such that the balls with the
same centers and 3 times the radii cover M and such that Py = #9N < N.

PrOOF. We need only let 2" be a maximal disjoint collection of balls of
radius N~'/5. Then surely the balls with the same centers and 3 times the radii
cover M. Thus by disjointness

Py Py
P = Y uBG, N7 > Y " 1/N = Py/N,

i=1 i=1
while by the covering property

Py

Py/(BN) 3> Y (B, 3N7Y%) = n(M)
i=1

so that Py < N as claimed.
We fix collections of balls 2" as in Proposition 5.1.

LEMMA 5.2. Let M be a homogeneous manifold. Then there are smooth
functions goN (2N~ < diamM, 1 <i < Py), as follows:
() suppp” < BY := B(xN, N~1/%);
(i) For1 < g < oo, ||(pl. g < N~'4, with constants independent of i or
N;
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(i) For1 < p <oo,andr > 0,

Py
S a2 PN | < CNFEall,,
i=1 p

with C independent of a = (ay, ..., ap,) € RPN, porN.

PrOOF. We let hio(£) = fy(£2) be an even element of & (R) with supp ﬁo -
(—1, 1). For a postitive integer M yet to be chosen, let f(u) = u™ fy(u), and
seth(€) = f(£2) = €™M f,(£2), sothat h = ¢d?M j, still has support contained
in (—1, 1). Thus, by Theorem 2.6, there is a Cy > 0 such that for ¢t > 0, the
kernel K;(x, y) of h(t\/z) = f(t>%) has the property that K,(x,y) = 0
whenever d(x, y) > Cot. Thus if t = N~/5/2C,,

1
N N
; = —K;(x;",
@; (x) N (X, x)

satisfies (i). By Theorem 3.11, ||g0iN||q = N-YN-Vs)y=s/d = N~V 5o (i)
holds. We shall show that (iii) holds if M is sufficiently large. For this, we will
need a technical fact.

To state this technical fact, we temporarily suspend the above notation. For
each positive integer J, we let

SR = :f € C’(10,00) : | fllo, == Z X8 flloo < 00}-
itj<J
Fix t > 0. For J = Jj sufficiently large, using (2.2), (2.3) and (2.4), one
checks that the right side of

(5.1) K ()= Y FEau(x)u(y)
1

converges uniformly to a continuous function on M x M, and in fact that for
some C; > 0,

(5.2) 1K Nl < Gl fll,, -

By testing on the u,, as usual, one sees that K lf is the kernel of f(t>.%), in the
sense that (2.5) holds for all F € L? if K, = K,f . The technical fact that we
need is then that:

For J; sufficiently large, Corollaries 2.2 and 2.3

(*) continue to hold for all f € &,.
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Say that () is known, let us revert to the notation of the first paragraph of
the proof, and let us show that (iii) follows for J sufficiently large. By the
Riesz-Thorin interpolation theorem, we need only do so for p = 1 and oco. If
t = N~/5/2Cy, we have

L PN = N7 (@Pa) P f (@ hu (x) yuy (x)
(5.3) !

=CNs K8 (N, x),

where g(u) = u’/? f(u) and C is independent of N, i or t. Now g may not be
in & (R™), since it might not be smooth at the origin, but if M is sufficiently
large, it will be in %), and thus we may apply Corollaries 2.2 and 2.3 to it.
Thus, by (5.3) and Corollary 2.3, for p = 1 we have ||$’/2g0iN||1 < CN: 71,
with C independent of i, N. (iii) for p = 1 is an immediate consequence. As
for p = oo, we again set t = N~!/5/2Cy. By Corollary 2.2, we have that for
any x,

Py

<CN'Malle Y

i=1

t—S
(A +dxN, x)/t)t!

Py
30 72 )
i=1

Py

<CNMalw Y

i=1

w(BM)
(1 +d(xN, x)/1)s+!
, dy
< CN:tYa /
- Ileo m (1 +d(y, x)/t)s+!
< CN"||allso,

with C independent of a, N, proving (iii). (In the fourth line we have used
the fact that, forall x € M, allt > 0, alli and N, and all y € BiN , by the
triangle inequality, (1 +d(y, x)/t) < C(1+d (xl.N , x)/t) with C independent
of x, y,t,i, N. In the last line we have used (2.1).)

Thus we need only establish the technical fact (). In the arguments just
given, t = N~1/5/2C, will be less than 1 except for only finitely many values
of N. (iii) is trivial for those finitely many N, so for the purposes of our
arguments, we may assume 0 < ¢ < 1. Thus, for our purposes, we may work
in situation (ii) of Corollary 2.2. (Situation (i) can be treated similarly.) We
need only establish Corollary 2.2 for f € &, for suitable J; under hypothesis
(i), since as we know, Corollary 2.3 is an immediate consequence.

To do this, we let Z = (0, 1) x M x M, and we let V denote the Banach
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space of continuous functions H on Z for which

IH|ly == sup #[1+d(x,y)/t]I"H(x, y)| < oo.
(t,x,y)eZ

For f € 9J0(R+), let H/ (¢, x, y) = K,f(x, y). By Corollary 2.2, the linear
map f — H/ takes #(RY) to V; we shall use the closed graph theorem
for Fréchet spaces to show that this map is continuous. Indeed, suppose that
f* > fin #(RY) and that H/* — H¢ in V, for some g € F(R"). Then
surely /¥ — fin %, (RT), so by (5.2), H/* — H/ pointwise; accordingly,
g = f. Thus the map is continuous, and so there is a C, J, > Jy for which

—S

+d(x, y)/0) !

(5.4) K (x, ) < Cliflls, a

forall 7, x, y and all f € ¥ (R™).

Finally, let J; = J, + 1, and suppose f € &, (R"). There is a sequence f k
of elements of ¥ (R™) which approaches f in .%,,(R). (Use cutoff functions
and approximate identities.) Fix t, x, y, write (5.4) for f* in place of f, and
let k — oo. The left sides approach | K| ,f (x, ¥)|, by (5.2), while the right sides
approaches the right side of (5.4). This proves ().

In proving Theorem 1.3, we will also obtain lower bounds for the Gelfand
widths d" (B}, L,).

LEMMA 5.3. For 1 < p,q < oo, if' s, = d, or d", then
_rp1_1
(5.5) sn(Bj, Lg) = CN™507as, (b0, 1)

for any sufficiently large n, N, with C independent of n, N.

ProoF. With the ¢ as in Lemma 5.2, let Hy denote the space of functions
of the form

Py
(5.6) 2=y aip),
i=1
fora = (ay,...,ap,) € RP". By Lemma 5.2 (i) and (ii), and the disjointness
of the BY,
(5.7) gall < N~ally,

with constants independent of N or a. By Lemma 5.2 (iii), for some ¢ > 0, if
ro 1
wesete = ey =cN 577, andifa € eb;’v, then g, € BI’,. Thus,

(5.8) Gy:={g8. € Hy:aceb]"}C B
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For the Gelfand widths, it is a consequence of the Hahn-Banach theorem,
that if K € X C Y, where X is a subspace of the normed space Y, then
d"(K, X) =d"(K,Y) for all n. Thus,

d"(B), Ly) = d"(Gy, Ly) =d"(Gy, Hy) = CN~"9d" (exb), £;¥)

for some C independent of n, N, by (5.7) and (5.8). This proves the lemma for
the Gelfand widths.
For the Kolmogorov widths, for the same reason, we need only show that

(5.9 dy(B), L;) > Cd,(Gy, Hy).

with C independent of n, N.
To this end we define the projection operator Qy : L, — Hy by

S ho
Onh = g4, where a; = >
lellz

By Lemma 5.2 (i), (ii) and Holder’s inequality, we have here that each |a;| <
C ||hXiN IIqu_l/q’, where XiN is the characteristic function of BiN. By (5.7) and
the disjointness of the BiN , we have that

(5.10)  [1Qnhlly = lIgally < N™llally < N4~V |k, = clhll,,

with C independent of n, N.
Accordingly, for any ¢ € Hy and h € L,, we have that

lg = Onhlly = 11Ong — Onhllg = clig — hllg.

Thus, if K is any subset of Hy, d,,(K, L;) > c'd,(K, Hy). In particular
dy (B, Ly) > dy(Gy. Ly) = ¢ 'dy (G, Hy).

This establishes (5.9), and completes the proof.

Proofr orF THEOREM 1.3. We will need several facts about widths. First,
say p > p1,q < q1,and " = d,,d" or §,. One then has the following two
evident facts

(5.11) S"(B,, Ly) < CS"(B,,, Ly)
with C independent of n, while

nepM oM noM oM
(5.12) S"(b, . t;) = CS" (b, L,

with C independent of n, M.
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By Lemma 5.1, we may choose v > 0 such that P,,, > 2n for all sufficiently
large n. In this proof we will always take N = vn. We consider the various
ranges of p, g separately:

(1) g < p. In this case, we note that if " = d,,, d" or §,, then by (5.11),
(5.13) Su(Bh. Ly) = CSy(Bly, Ly).

On the other hand, if s, = d, or d", then by (3.1) on page 410 of [12],
$u (bY€) = Py —n > n. By this, (5.13) and Lemma 5.3, we find that

sn(B), Ly) > nsln=n"5

first for s, = d,, or d" and then for §,, by (1.3). This completes the proof in
this case.

(2) 1 < p < g < 2. In this case, for the Gelfand widths we just observe,
by (5.11), that

(5.14) d"(B",L,) = Cd" (B, L,) > n"s

by case 1. For the Kolmogorov widths we observe, by Lemma 5.3 and (5.12),
that

_ry 1l 1 _ry 1 _ 1
515 DERLo>n STad, (8 6y > T e d, (b 03Y)

since, by (3.3) of page 411 of [12], d,(b{", €3") = VT —n/Py > 1/3/2.
Finally, for the linear widths, we have by (1.3), that

8u(B, Lg) > n~ it

This completes the proof in this case.

(3) 2 < p < gq. In this case, for the Kolmogorov widths we just observe,
by (5.11), that

(516) dn(Br: Lq) = Cdn(Br7 Lp) > I’l_£
by case 1. For the Gelfand widths we observe, by Lemma 5.3 and (5.12), that

sipy L ELO> W B 0 > T by e

r 1 1

—I4
>n v o,
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since, by (3.5) on page 412 of [12],

d"(baV, Py = /T —n/Py = 1//2.

Finally, for the linear widths, we have by (1.3), that
r _£+l_l
8, (B, Ly) >n ra,

This completes the proof in this case.

Dl <p=<2=<gqg=<o0lfl <a < a =< oo, then by Holder’s
inequality,

1_1
(5.18) lalle = M= =1 |lallq,
if a € RM. This implies that
(5.19) bY < Ma M,

From Lemma 5.3, (5.12) and (5.18), we find that
(5.20) dn(B;’ Lq) > n*§+%7$dn(b£N’ E;’N) > n7€+%7$dn(bf)”’, EPN)
' >0 T d, (b ) >

From Lemma 5.3, (5.12) and (5.19), we find that

_rg i 1o _rgpl Lo
oy T EpLo>n ST (b £ > T (b )

1 1

>0 A (bIY ePY ) > i
Finally, from (5.20), (5.21) and (1.3),
(5.22) 8,(B", Ly) > max(n s Tr 2 n =i Ti0),

This completes the proof.
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