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A LIFTING CHARACTERIZATION OF
RFD C*-ALGEBRAS

DON HADWIN*

Abstract

We prove a conjecture of Terry Loring that characterizes separable RFD C*-algebras in terms
of a lifting property. In addition we introduce and study generalizations of RFD algebras. If k is
an infinite cardinal, we say a C*-algebra is residually less than k dimensional, if the family of
representations on Hilbert spaces of dimension less than k separates the points of the algebra. We
give characterizations of this property and prove that this class is closed under free products in the
nonunital category. For free products in the unital category, the results depend on the cardinal k.

1. Introduction

A C*-algebra &/ is residually finite dimensional (RFD) if the collection of
all finite-dimensional representations of &/ separates the points of 2/; equi-
valently, if there is a direct sum of finite-dimensional representations of 2/
with zero kernel. It is clear that every commutative C*-algebra is RFD. Man-
Duen Choi [4] showed that free group C*-algebras are RFD. Ruy Exel and
Terry Loring [6] proved that the free product of two RFD algebras is RFD.
Terry Loring [12] proved that projective C*-algebras are RFD. The class of
RFD C*-algebras plays an important role in the theory of C*-algebras, e.g.,
(11, [2], [3], [4], [5], [6], [7], [12], [10].

Suppose {ey, e, ...} is an orthonormal basis for a Hilbert space H, and,
for each integer n > 1, let P, be the projection onto sp({ey, ..., e,}), let
M, = P,B({*)P, forn > 1, and (see Lemma 1) let

B = {{Tn} e [[ 4 :3T € BW) with T, - T (*—SOT)},

n=1

and let
F={T.}eB: T, — 0 (SO}

*The author wishes to thank Tatiana Shulman for bringing Terry Loring’s lifting question to
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Then, (see Lemma 1), 4 is a unital C*-algebra, _# is a closed ideal in % and

7({Tx}) = (+-SOT)- lim T,

defines a unital surjective *-homomorphism from % to B(H) whose kernel is
JZ.If of is a separable C*-algebra and every (or even one faithful) represent-
ation from &/ to B(H) lifts to a representation from &/ to 93, then it is clear
that .2/ must be RFD.

The idea of using this technique to prove an algebra is RFD first appeared in
[7] (see also [12]). It was conjectured by Terry Loring (private communication)
that every separable RFD C*-algebra has this lifting property. In this paper we
prove Loring’s conjecture (Theorem 11).

We also introduce a related notion. Suppose k is an infinite cardinal. We
say that a C*-algebra &f is residually less than k-dimensional, conveniently
denoted by R_; D, if the class of representations of ./ on Hilbert spaces of
dimension less than k separates the points of .27; equivalently, if there is a direct
sum of such representations that has zero kernel. Note that when k = Ry, we
have R_; D is the same as RFD. We give characterizations of R_; D algebras
that show that the free product of an arbitrary collection of R_; D C*-algebras is
R _i D. We also give conditions that ensure that the free product (amalgamated
over C) of unital C*-algebras in the category of unital C*-algebras is R_;D;
this always happens when each of the algebras has a one-dimensional unital
representation.

The proofs of all of our results rely on a simple result (Lemma 1) and results
of the author [8], [9] on approximate unitary equivalence and approximate
summands of nonseparable representations of nonseparable C*-algebras.

Suppose k and m are infinite cardinals. We say that a C*-algebra &/ is m-
generated if it is generated by a set with cardinality at most m. For each cardinal
s, we let H; be a Hilbert space whose dimension is s. If 7 : &/ — B(H) is
a x-homomorphism, we say that the dimension of w is dimnw = dim H. We
define Rep_; () to be the set of all representations 7 : &/ — B(Hj) for some
s < k.

If .o/ is a C*-algebra, then ./ denotes the C*-algebra obtained by adding
a unit to ./ (which is different from the unit in &/ if .o/ is unital).

We end this section with our key lemma. Suppose H is a Hilbert space and P
is a projection in B(H). We define ./#p = PB(H)P. Then ./ p is a unital C*-
algebra, but the unit is P, not 1. However, /#p is a C*-subalgebra of B(H). A
unitary element of ./ p is an operator U € B(H) suchthat UU* = U*U = P,
and is the direct sum of a unitary operator on P(H) with 0 on P(H)*. If
P # 1, a unitary operator in ./ p is never unitary in B(H).

We use the symbol x-SOT to denote the *-strong operator topology.
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LeEmMMA 1. Suppose {P,} is a net of projections in B(H) such that P, — 1
(%-SOT) and let

B = {{Ta} e[[#p, :31 € B(H). T, > T (*—SOT)},

and

I =Ty} € B:T, — 0(x-SOT)},
and define w : B — B(H) by

7({T,}) = (-SOT)-lim T,,.

Then
(1) % is a unital C*-algebra,
(2) # is a closed two-sided ideal in 9B,
(3) If T € B(H), then {P,TP,} € B and n({P,TP,}) =T,
(4) 7 is a unital surjective x-homomorphism
(5) If U € B(H) is unitary, then there is a unitary {Uy} € B such that

T({Uas}) = U.

PrOOF. Statements (1)—(4) are easily proved. To prove (5), note that if
U € B(H) is unitary, then there is an A = A* € B(H) such that U = ¢'4.
Using (3), we can easily choose A, = A} for each « so that 7 ({A,}) = A.
Thus, if U, = '« (in Mp,), then {U,,} is unitary in B and 7 ({U,}) = U.

Here is a simple application that gives the flavor of our results.
COROLLARY 2. Every free group is RFD.

PrOOF. Suppose F is a free group and &/ = €*(F) = C*({U, : g € F}).
Choose a Hilbert space H and a faithful representation p : &/ — B(H).
Choose a net {P,} of finite-rank projections such that P, — 1 (x-SOT). Ap-
plying Lemma 1 we have, for each g € F, we can find a unitary element
{Ug o} in B so that m({U, }) = U,. For each o, we have a unitary group
representation o, : F — ./ p, defined by

Ga(g) = Ug,a-

By the definition of C*(F), there is a x-homomorphism ¢, : &/ — #, such
that 7, (U,) = U, o. It follows that 7 : o/ — % defined by 1(Uy,) = (U, 4} is
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a *-homomorphism such that 7w o T = p. Hence the direct sum of the 7,’s is
faithful, which shows that .« is RFD.

The following corollary is from [3, Exercise 7.1.4].

COROLLARY 3. Every C*-algebra is a *-homomorphic image of an RFD
C*-algebra.

PROOF. Suppose & is a C*-algebra. We can assume that A € B(H) for
some Hilbert space H. Choose a net { P, } of finite-rank projections converging
x-strongly to 1, and let A, # and 7 be as in Lemma 1. Then %, and thus
7 Y(f),is RFD and 7w (7w~ (1)) = .

2. R_; D Algebras

We now prove our main results on R_;D C*-algebras. The following two
lemmas contain the key tools.

LEMMA 4. Suppose Ry < k < m, and < is R_; D and m-generated. Then

(1) We can write H,, = Z?GA X, with Card A = m, and such that, for
every A € A, dim X; < k and there is a unital representation w;
AT — B(X,) such that the representation w : 4+ — B(H,,) defined
byrm = Z® 7, is faithful. Moreover, this can be done so that, for each
Ao € A, we have Card({A € A ), & my,}) = m.

(2) Itis possible to choose the decomposition in (1) so that, for each cardinal
s < k, there is a .. € A such that dim X, = s.

Proor. Since &/ is R_;D, there is a direct sum of representations in
Rep_, (&) whose direct sum is faithful. Suppose D is a generating set for &/
and Card(D) < m. We can replace D by the %-algebra over Q + i Q generated
by D making the cardinality exceed m. For each a € D we can choose a direct
sum of countably many summands from our faithful direct sum that preserves
the norm of a. Hence, by choosing R Card(D) summands, we get a direct
sum that is isometric on D and thus isometric on .&/. Since 8¢ Card(D) < m.
we can replace this last direct sum with a direct sum of m copies of itself and
get a direct sum on a Hilbert space with dimension m. We can replace this
Hilbert space with H,, and get a decomposition as in (1). To get (2), note that,
since /T has a unital one-dimensional representation, we know that, for every
cardinal s < k, there is a representation of &/ of dimension s. If we take one
such representation for each s < k and take a direct sum of m copies of all of
them, we get a representation that has has dimension at most m, so we add this
as a summand to the representation we constructed satisfying (1).

LEMMA 5. Suppose o is a C*-algebra, k < m are infinite cardinals and
D is a generating set for 4. Suppose we can write H,, = Z;BeA X, and
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T = Z@ m, asinpart (1) of Lemma 4 so that Card({A € A 1 m, ~ my,}) =m
foreach Ay € A. If p : A/ — B(H,,) is a unital representation, then, for
every ¢ > 0, every finite subset J C D and every finite subset E C H,,, there
is a finite subset F C A, such that, for every finite set G with F C G C A,
if Q¢ is the orthogonal projection onto Z?eG X, then there is a unitary
U € Q¢B(H,,) Qg such that, for everya € J and e € E, we have

< E€.

Itp(a) — Ugm(@)Uglell = H [p(a) — U (Z JTA)(G)UG}E

reG

ProoF. Let Rep(%/, H,,) denote the set of all unital representations from
&/ into B(H,,) topologized by the topology of pointwise x-SOT convergence,
and let ¥ denote the closure of the elements in Rep(/, H,,) that are unitarily
equivalent to 7. We want to prove that p € &. It follows that if a € &
and a # 0, then rank 7(a) = m = rank(w & p)(a). Hence, by [8], 7 is
approximately unitarily equivalent to m & p. Hence there is a unitary X such
that X*(r @ p)X € &. However, by [8] (and ideas in [9]), o is a point-
#-SOT limit of representations unitarily equivalent to = @ p. Indeed, if for
each finite subset @ of H,,, U, : H, — H, ® H, is a unitary operator
such that Uy,x = 0 @ x for each x € «, we have {U,} forms a net such
that {U}(w @ p)(a)Uy} converges *-strongly to p(a) for every a € <. Thus
W, = X*U, is a unitary in B(H,,) for each «, and, for every a € </,

(*-SOT) lim W[ X*(w @ p)(a)X1Wy = p(a).

Hence, p € &.

Thus there is a net {V,} of unitaries in B(H,,) such that {V, 7 (-)V,} con-
verges pointwise *-strongly to p. However, the net {QFf : F € A, F is finite}
is a net of projections converging x-strongly to 1. Hence, by Lemma 1, each
V, is a *-SOT limit of unitaries in the union of QrB(H,,)Ofr (F C A, F'is
finite). The result now easily follows.

THEOREM 6. Suppose Ry < k < m, and & is m-generated with a generating
set G with Card 9 < m. The following are equivalent.
(1) & is R D.
(2) There is a faithful unital x-homomorphism p : 4+t — B(H,,) such
that, for every ¢ > 0, every finite subset E C H,, and every finite subset
W C 9, there is a projection P € B(H,,) and a unital x-homomorphism
t:9 — Mp = PB(H,)P suchthat, foreverye € E andeverya € W

we have
llz(a) — pla)le| < s.
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(3) There is a faithful unital representation p : 4+ — B(H,,) and a net
{P,} of projections in B(H,,), each with rank less than k, such that
P, — 1 (x-SOT) and such that, for each «, there is a representation
T : S — Mp, such that, for every a € S, we have

e (a) — p(a)(*-SOT).

(4) For every unital representation p : 4+ — B(H,,) there is a net {P,)}
of projections in B(H,,), each with rank less than k, such that P, — 1
(x-SOT) and such that, for each a, there is a representation 7wy : A —
Mp, such that, for every a € S/, we have

e (a) — p(a)(*-SOT).

ProOOF. (2)= (1)Let A bethe setof triples (¢, E, W) ordered by (>, C, ).
Ifa = (e, E,W)lett, : & - P,B(H,)P, guaranteed by (2). Since ¥ = ¢*

we have
(%-SOT) lim 7, (a) = p(a)

for every a € 9. Since p and each 7, is a x-homomorphism, the set of a € &/
for which (x-SOT)lim,, 7,(a) = p(a) is a unital C*-algebra and is thus .&/*.
Hence, for every a € &/, we have

lall = llp(@]l < sup{llza (@)l : & € A}.

Therefore the direct sum of the t,,’s is faithful and (1) is proved.

(3) = (2). This is obvious.

(4) = (3). It is clear that we need only show that there is a faithful unital
representation p : &/t — B(H,,).Suppose t : /T — B(M)isanirreducible
representation, and suppose D is a generating set with Card(D) < m. Let 2/
be the unital *-subalgebra of &/ over the field Q + iQ of complex rational
numbers. Then .2/, is norm dense in &/ and Card &y = Card D < m. Suppose
f € M is a unit vector. Since 7 is irreducible, t(%/) f must be dense in M.
Suppose B is an orthonormal basis for M, and, for each e € B let U, be the
open ball centered at e with radius +/2/2. Each U, must intersect the dense set
(&) f, and since the collection {U, : e € B} is disjoint, we conclude that

dim M = Card B < Card 7(%) f < Card(=fy) < m.

We know that for every x € 2/, there is an irreducible representation t, :
AT — B(M,) such that |7, (x)|| = ||x]. Since dim Z?Eﬂﬂ M, <m-m=m,
there is a representation p : &/* — B(H,,) that is unitarily equivalent to a
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direct sum of m copies of Z?e 4, Tx- Hence p is isometric on the dense subset
&y, which implies p is faithful.

(1)=(3). Since & is R_;D, we can choose a decomposition H, =
Z?e A X, and representation 7 = Z?E A 7 as in part (1) of Lemma 4. Now
(3) follows from Lemma 5.

We see that the class of R_; D algebras is closed under arbitrary free products
in the nonunital category of C*-algebras.

THEOREM 7. Suppose k is an infinite cardinal and {f, : i € 1} is a family
of R_; D C*-algebras. Then the free product x <f; is R_; D.

PrOOF. Choose an infinite cardinalm > k+ ) ,_, Card(=f;). Since *;¢;
is generatedby ¢ = [Uie] %,-]\{0} C ;1 ;, clearly *;c; &f; is m-generated.
Choose a set A with Card(A) = m and let S be the set of cardinals less than

k. Write ®
Hm = Z Z Xs,)\

sES AeA

where dim X, = s foreverys € Sand A € A. It follows that, foreachi € I,
we can find a representation ' : .&/; — B(H,,) such that

®
i i
T —E E T

seS rAeA

satisfying (1) and (2) of Lemma 4. Suppose ¢ > 0, E € H, is finite and
W C ¢ is finite. We can write W as a disjoint union of W;,, ..., W; with
W; = W N <. Let p; be the restriction of p to «Z;. Applying Lemma 5 to .</;,
and Pi; and ' for 1 < j < n, we can find one finite subset G € S x A S0

that if P is the projection on Z?? »eG Xs,»» then there are unitary operators
Ui,...,U;, € Mlp = PB(H,)P sothat,for1 < j <n,ae W;,ecE,we
have .
Ilpi; (@) — Ui (@)Ujjlell < e.
Define 7;; : ;" — JMlp by
zij(a) = USin'i (a)Ujj,
and fori € I\ {iy,...,i,}definet; : & — Mp by
t;(a) = Pr'(a)P.

Then, by the definition of free product, there is arepresentation  : *;c; &, —
M p such that t|2f; = t; for every i € I. It follows that, for every e € E and
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everya € W,
lp(a) — T(@)le|l < e.

It follows from part (2) of Theorem 6 that *;c; & is R_; D.

COROLLARY 8. Suppose k is an infinite cardinal and {4, : i € I} is a
Sfamily of R D C*-algebras such that each ; has a one-dimensional unital
representation. Then the unital free product *c;c; &; is R D.

Proor. This follows from the fact that if t; : &; — Cis a unital *-
homomorphism foreachi € I, then c;c; & is *-isomorphic to (*;¢; ker 7;) ™.

Without the condition on unital one-dimensional representations, the pre-
ceding corollary may fail. For example, *c,, ey A, (C) is not RFD (= R_y, D),
even though each ., (C) is RFD. The reason is that each unital representation
of the free product must be injective on each .4, (C) and must have infinite-
dimensional range.

However, there is something we can say about the general situation. If k is
a limit cardinal (i.e., k is the supremum of all the cardinals less than k), the
cofinality of k is the smallest cardinal s for which there is a set E of cardinals
less than k whose supremum is k. Clearly, the cofinality of k is at most k. If k is
not a limit cardinal, then there is a cardinal s such that & is the smallest cardinal
larger than s, and if E is a set of cardinals less than k, then sup(E) < s < k.

THEOREM 9. Suppose k is an infinite cardinal and {4, : i € 1} is a family
of unital R_; D C*-algebras. Then

(1) Ifk is a limit cardinal and Card([l) is less than the cofinality of k, then
the free product *cijc; & is R D.

(2) Ifk is not a limit cardinal, then the free product *c;c; %; is R D.

Proor. (1). Choose m > k + ), , Card(s/), and choose a set A with
Card(A) = m. Using Lemma 4 we can, for each i € /, find a faithful repres-
entation ' =), _, 7; ; so that dim ' = m and, forevery i € I and A € A,
we have dim 7, ; < k. Since Card([) is less than the cofinality of k, we have,
foreach A € A, acardinal s, < k such that sup;.; dimm, ; < s,. If we replace
each m; ; with a direct sum of s, copies of itself, we get a new decomposition
which we will denote by the same names such that, for each i and each A we
have dim 7, ; = s;. Hence we may write direct sum decompositions of the 7r/’s
with respect to a common decomposition H,, = ) , _, X, wheredim X, = s
for every A € A. The rest now follows as in the proof of Lemma 7.

(2). If k is not a limit cardinal, there is a largest cardinal s < k. Repeat the
proof of part (1) with s, = s for every A € A.

REMARK 10. We cannot remove the condition on Card(/) in part (1) of
Theorem 9. Suppose k is a limit cardinal and 7 is a set of cardinals less than k
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whose cardinality equals the cofinality of k and such that sup(/) = k. For each
infinite cardinal m, choose a set A,, with cardinality m, and let ¥, denote the
universal unital C*-algebra generated by {v;, : A € A,,} with the conditions

(1) vivy, = 1forevery A € A,

(2) Uy, U;C] Uy, U;tz = 0 for A 75 A in Am.
Since &, is m-generated, it follows that every irreducible representation of
S is at most m-dimensional (see the proof of (4) = (3) in Theorem 6). Hence
S 1s separated by m-dimensional representations. On the other hand, if 77 is a
unital representation of %, then {r (v;.v}) : A € A,,} is an orthogonal family
of nonzero projections, which implies that the dimension of = is at least m.It
follows that each % is R_; D for s € I. However, any unital representation
of the free product *c,; ¥ must induce a unital representation of each %, so
its dimension is at least sup I = k. Hence *c,c; S5 is not R_; D.

3. Separable RFD Algebras

In this section we show that for a separable C*-algebra being RFD is equivalent
to a lifting property.

Suppose {ej, e, ...} is an orthonormal basis for a Hilbert space £?%, and,
for each integer n > 1, let P, be the projection onto sp({ey, ..., e,}). Let
M, = P,B({*)P, forn > 1, and, following Lemma 1, let

B ={{Tn} e [[ 4 :3T € B with T, > T (*-SOT)l,

n=I

and let
£ ={{T,} € B:T, — 0 (x-SOT)}.

Then, by Lemma 1, we have that & is a unital C*-algebra, _# is a closed ideal

in & and
7({T,}) = (%*-SOT)- lim T,

defines a unital surjective x-homomorphism from 2% to B(H) whose kernel is
JZ. We can now give our characterization of RFD for separable C*-algebras.

THEOREM 11. Suppose < is a separable C*-algebra. The following are
equivalent.
(1) & is RFD
(2) For every unital x-homomorphism p : 4+ — B({?) there is a unital
x-homomorphism t : AT — R such that w o T = p.

ProoF. The implication (2) = (1) is clear.
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(1)= (2). Suppose ./ = €*({a;, az,...}) isRFD and p : o+ — B(£?)is
aunital x-homomorphism. It follows from Theorem 6 that there is an increasing
sequence {n;} of positive integers and unital *-homomorphisms t; : & —

M, such that
[t (aj) — plapleill < 1/k

for 1 <i, j < k. It follows that 7,, (a) — p(a) (%-SOT) forevery a € /. If
ng <n < niy we define 7, : AT — M, by

Ty, (a)

Bla)

Tn (Cl) =

Bla)

where 8 : /1 — Cis the unique *-homomorphism with ker 8 = &/, relative
to the decomposition

Py(€?) = Py (€%) ® Celin, @ -+ D Ce_tpmy,, -

It is easily seen that 7,(a) — p(a) (x-SOT) for every a € /. If we define
7.9 — Bby
T(a) = {m(a)},

we see that m o 7 = p.
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