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A SHORT RETURN TO SIMPLE AH-ALGEBRAS
WITH REAL RANK ZERO

HUAXIN LIN

Abstract

Let A be a unital simple AH-algebra with stable rank one and real rank zero such that kx = 0 for
all x € ker p4, the subgroup of infinitesmal elements in Ko(A), and for the same integer k > 1.
We show that A has tracial rank zero and is isomorphic to a unital simple AH-algebra with no
dimension growth.

1. Introduction

One of the most successful aspects of operator algebras is the classification of
simple separable amenable C*-algebras, or otherwise known as the Elliott pro-
gram. The program started with the classification of unital simple AT-algebras
with real rank zero up to isomorphisms by their ordered K-theory (with the
scale) by G. A. Elliott [4] which was preceded by Elliott’s classification of
AF-algebras ([3]) some fifteen years earlier. It was followed immediately by
a number of earlier results. Then, Elliott and Gong ([5]) made a classification
of AH-algebras with slow dimension growth and real rank zero by their scaled
ordered K -theory. While the earlier results concentrated in the cases of real
rank zero, attention later shifted to the case that C*-algebras are not assumed
to have real rank zero. One of the highlights of the program is the classific-
ation (up to isomorphisms) of unital simple AH-algebras with no dimension
growth (see [6]). These are C*-algebras whose real rank may not be zero (in
fact these C*-algebras have real rank one). However, the Elliott invariant this
time involves not only the ordered K -groups but also tracial information. Just
as one thought a complete classification for simple unital AH-algebras was
possible, J. Villadsen provided examples of unital simple AH-algebras whose
stable rank may be greater than one and examples of unital simple AH-algebras
with stable rank one whose Ky-group may have perforation ([10] and [11]). It
should be noted that unital simple AH-algebras with slow dimension growth
have stable rank one and have weakly unperforated Ky-groups. On the other
hand, it was proved in [7] that a unital simple AH-algebra with stable rank one,
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real rank zero and with weakly unperforated Ky-groups has tracial rank zero
and therefore it is isomorphic to a unital simple AH-algebra with no dimension
growth and with real rank zero. At that point, one might think the next goal
would be the classification of unital simple AH-algebras of stable rank one
and with weakly unperforated Ky-groups by their orderd K -groups and tracial
information. However, A. Toms provided ([9]) an example of unital simple AH-
algebra with stable rank one and with weakly unperforated Ky-group which
is not isomorphic to a unital simple AH-algebra with slow dimension growth
and with the same Elliott invariant.

The real rank of these AH-algebras are greater than zero. The purpose of
this note is to show that, when a unital simple AH-algebra has real rank zero,
then it is more likely classifiable by its Elliott invariant. Toms’s first example
is an inductive limit of homogeneous C*-algebras whose spectra are contract-
ive finite CW complexes. As we will show in this short note, this example
cannot be made so that it has real rank zero. More precisely, we observe that
a unital simple AH-algebra with real rank zero which is an inductive limit of
homogeneous C*-algebras whose spectra are contractive finite CW complexes
is in fact a unital simple AH-algebra with tracial rank zero. In particular, it is
classifable and isomorphic to a unital simple AH-algebra with no dimension
growth. Using our earlier result in [7], we further show that if A is a unital
simple AH-algebra with stable rank one and real rank zero so that the sub-
group of infinitesmal elements of Ky(A) is a finite group (or zero), then A
is isomorphic to a unital simple AH-algebra with no dimension growth and
therefore it is classifiable by the Elliott invariant. We actually prove a slightly
more general result.
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2. The cases without torsion

Let A be aunital stably finite C*-algebra. Denote by 7' (A) the tracial state space
of A.If T € T(A), we will also use 7 for the trace T ® Tr on M,,(A), where
Tr is the standard trace on M,,, where m > 1 is an integer. Let p4 : Ko(A) —
Aff (T (A)) be the positive homomorphism defined by p4([p])(r) = t(p) for
all projections in M,,,(A),m = 1,2, ....

LEMMA 2.1. Let A = lim,_, (A, ¢) be a unital C*-algebra, where A,
is a unital C*-subalgebra and ¢,, : A, — A,y is a unital homomorphism.
Suppose that p,q € A are two non-zero projections and there is an integer



266 HUAXIN LIN

K > 1 such that
Kt(g) <t(p) forall 7 €T(A).

Then, there exist an integer n(1) > 1, two projections p’, q' € A,y and an
integer mo > n(1) such that ¢, 1y,0(p’) is unitarily equivalent to p, ¢n(1).00(q")
is unitarily equivalent to q and

Kt (@n1),m(q") < t(@nym(P))
for all tracial states t of A,, with m > my.

PrOOF. Put B, = ¢, (An), n = 1,2,.... Without loss of generality, we
may assume that there are p’, g’ € A, ;) for some n(1) such that

Pn(1),00(P) = p and dn().00(q) =q.

Suppose that, for some increasing subsequence {n(k)},

(1) Kt (n)n6)(@)) = te(@ntyniy (P))

for some tracial states #; of A, ). By a result of Choi and Effros ([2]), there
exists a contractive completely positive linear map Ly : By — Ay such that
Qroo 0 Ly =1dp,, k = 1,2, .... Note that, if m > n(1),

() kli)fglo D nk) L (Dr(1),00(B)) — Pn(1),m (D] = 0O

for all b € A, ). In particular, it holds for m = n(2).

Define S]/( : Bn(k) — C by S]i(b) B e Ln(k)(b) for all b € Bn(k)7 k =
1,2, ....Then s, is a state on B, ). Let s be a state of A which extends s;. Let
7 be a weak limit of {#}. It follows from (2) that T is a tracial state on By (y).

One would have, by (1),
K1(q) = t(p).

A contradiction.

DEFINITION 2.2. Recall that a unital C*-algebra A is said to be AH-algebra
if A =Ilim,_o(Ap, ¢n), where A, = P,M,,»(C(X,))P,, X, is a finite CW
complex, r(n) > 1 is an integer and P, € M, (C(X,)) is a projection. We
also assume that ¢, : A, — A, is unital. In what follows, we call X,, the
spectrum of A,,.

THEOREM 2.3. Let A = lim,,_, (A, ¢,) be a unital simple AH-algebra
such that the spectrum of A, is a finite disjoint union of contractive spaces
and ¢, : A, — A,y is a unital homomorphism. Suppose also that A has real
rank zero. Then A has tracial rank zero.
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PRrROOFE. Let p, g € A be two projections such that

T(q) < t(p)

for all T € T(A). We will show that g < p.

We may assume that A, = M, (C(X,)), where X, is a disjoint union of
contractive spaces. We may also assume that there are two projections p’, ¢’ €
A, for some n > 1 such that ¢, - (p") = p and ¢, - (¢") = q. Moreover, by

2.1, we may assume that ) )
t(g) <t(p)

for all tracial states ¢ of A,. Since X,, is a disjoint union of contractive spaces,
all projections are trivial. Therefore in A,,, ¢’ < p’. It follows that g < p. This
implies that Ky(A) is weakly unperforated.

We will show that projections in A have the cancellation property. Suppose
that p, g € A and p and g are equivalent. As above, there are p’,q’ € A,
such that ¢, o (p’) = p and ¢, (¢") = g. Moreover, we may assume that p’
and ¢’ are equivalent. Soin A,, 1 — p’ and 1 — ¢’ have the same rank at each
point. Note that, since X, is a disjoint union of contractive spaces, 1 — p’ and
1 — ¢’ are trivial projections. It follows that 1 — p’ and 1 — ¢’ are equivalent.
It follows that 1 — p and 1 — ¢ are equivalent in A.

Since A is also assumed to have real rank zero, by (the proof of) part (3) of
II1.2.4 of [1], A has stable rank one. It follows from [7] that A has tracial rank
zero.

COROLLARY 2.4. Let A = lim,,_, o (A, @) be a unital simple AH-algebra
such thatker ps, = {0}. Suppose that A has real rank zero and stable rank one.
Then A has tracial rank zero and is isomorphic to a unital simple AH-algebra
with no dimension growth.

ProOOF. The proof is the same as that of 2.3. Note that since ker p4, = {0},
two projections p, g in M,, (A,) with the same rank must give the same element
in KO (An ) .

LEMMA 2.5. Let A be a unital AH-algebra and x € ps(Ky(A)) such that
x > 0. Then, there is a projection e € M,,(A) for some integer m > 1 such
that pa([e]) = x.

Proor. Note that M,, (A) is also a unital AH-algebra for any integer m > 1.
We may assume that there are two projections p, g € A such that

p(lpl —Ig]) = x.

We write A = lim,_,(A,, ¢»), where A, = P, M,,)(C(X,)) Py, X, 1s a
finite CW complex, and r(n) > 1 is an integer and P, € M, (C(X,)) is
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a projection. We may assume that there is an integer n > 1 and projections
p'.q € A, such that ¢, (p") = p and ¢, 0 (q’) = q. By 2.1, we may also
assume that

3) 1(q") < t(p)

for all tracial states ¢ of A,. There is an integer K (n) > 1 and there are trivial
projections po, go € Mk @) (Ay) such that pg has the same rank at each point
of X as that of p’, and g¢ has the same rank at each point of X as that of ¢’.
Therefore

4) t(po) =t(p’) and  t(q0) =1t(q")

for all tracial states ¢ of A,,. It follows that

S T(Pnoo(po)) =7(p)  and  7(Pn.0(q0)) = 7(q)

for all T € T(A). On the other hand, by (3) and (4), since both py and ¢ are
trivial, there is a partial isometry vg € A, such that

* *
Voo = qo and Vovy < Po.

Let v = ¢,.00(v9) and let e = py — vv*. Then e € M, (A) is a non-zero
projection and, by (5),
pa(lel) = x.

From the above and combining the result in [7], one has the following
corollary:

COROLLARY 2.6. Let A be a unital simple AH-algebra with real rank zero
and stable rank one. Suppose that ker po = {0}. Then A has tracial rank zero.

Note that, 2.6 is not a generalization of 2.4. In fact a simple AF-algebra
may have non-zero infinitesmal elements in its Ky-group.
We will prove a much more general result that will allow non-zero ker p4.

3. The case that p4(K((A)) is torsion

LEMMA 3.1. Let A be a unital simple AH-algebra with stable rank one and

with real rank zero. Let K > 1 be an integer. Suppose that for any x €
ker pa, Kx = 0. Suppose that p,q € M,,(A) are two projections such that
(K +2)t(q) < t(p)forallt € T(A). Then

lq] < [pl.
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PRrROOF. Since A has real rank zero, by aresult of S. Zhang ([12], see als0 9.4
of [8]), there exist mutually orthogonal projections ey, e, ..., ex+1 € pAp
such that e; is equivalent to ¢; fori = 1,2,..., K, ex11 < e; and p =
ZIKZJEI e;. Write A = lim,_,(A,, ¢,), where A, = P,M,,,)(C(X))P,, X
is a finite CW complex, r(n) > 1 is an integer and P, € M,,)(C(X)) is a
projection. Without loss of generality, we may assume that there are projections

/ / / / /
P.q.€,€, ..., €k, e M,(A,)

such that ¢, o (P') = P, Pn.0c(@’) = q, Pn.c(e}) =€, i =1,2,..., K + 1.
We may also assume that e; < p’,i = 1,2,...,K + 1, €},¢e5,..., €,
are mutually orthogonal, ¢; is equivalent to €] in M,,(A,),i = 1,2,..., K,
ey, < ey in M, (A,) and Zl’:] e. = p'. Moreover, by 2.1, we may also
assume that , , ,

(K+2)t(qg") <t(p) < (K + Dt(e)
for all tracial states ¢ of A,,. Note also, we have
(6) (K 4+ Dt(q") < Kt(e))

for all tracial states ¢ of A,,.
There are trivial projections ¢”, e] € Mg(A,) for some R > 1 such that

1(q")=1t(q) and  t(e]) =t(e))

for all tracial states t € T(A,). Letg, e € Mg(A) such that ¢, -(q”) = g and
®n.oo(e]) = e. It follows that

t(g)=1t(q) and  7(e) =71(er)

for all T € T (A). Therefore
[g] — [¢g] and [e] — [e1] arein ker p4.

It follows from the assumption that
(7N Klgq] = Klq] and  Kle] = K[ei].
On the other hand, by (6), since both ¢” and ¢/ are trivial,
(8) q" Sef.
By (7) and (8),

9 Klq] = K[q] = K[e1] < p.
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Since A also has stable rank one,

(10) g<e+e+---+ex <p.

The following theorem was proved in [7].

THEOREM 3.2. Let A be a unital simple AH-algebra with stable rank one and
real rank zero. Then, for any € > 0, o > 0 and any finite subset # C A, there
exists a non-zero projection p € A and a finite dimensional C*-subalgebra
B C A with 1g = p such that

(11) lpx —xp|l <€  forall x e &,
(12) dist(pxp, B) <€  forall x € &, and
(13) t(l—p)<o forall T e€T(A).

COROLLARY 3.3. Let A be a unital simple AH-algebra with stable rank one
and real rank zero. Let e}, e, € A be two projections such that

(14) T(ey) > t(er) forall t© e T(A).

Then, for any € > 0, 0 > 0 and any finite subset # C A, there exists a
non-zero projection p € A and a finite dimensional C*-subalgebra B C A
with 15 = p such that

(15) lpx —xp||l <€  forall x e &,
(16) dist(pxp, B) <€  forall x e &, and
(17 t(l1—p)<o forall teT(A).

Moreover, there are projections ej o € (1—p)A(l1—p)ande;1 € B, j = 1,2,
such that

(18) lejo+ej1 —ejll <min{l/2, €}, j=1,2,

(19) t(er1) > t(ex1) for all tracial states of B, and

(20) T(e1p) > t(ezo)  forall v e T(A).

PrROOF. Note that A is separable. Lete > 0,0 > Oandlet ¥ C Abea
finite subset. Let {x1, x,, ..., } be adense subset of A. Let #, = % U{eq, e} U
{x1,x2,...,x,}and lete, = €/2" and o, = 0/2",n = 1,2, .... By 3.2, there
exists a sequence of projections p, € A and finite dimensional C*-subalgebras
B, C A with 15, = p, such that

21 lpax — xpall < €/2" forall x € %,,
(22) dist(pyxp,, By) < €/2" forall x € %,andt(l — p,) < o /2",
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n = 1,2, .... For all sufficiently large n, there are projections eV ¢ B,
and Y% e (1 — p,)A(1 — p,) such that

(23) eV 4 e — | < €/2"72,
j=1,2andn =1,2,.... We also have
(24) ﬂgﬂmqm—d”muzﬁ j=1,2.

Suppose that, for a subsequence {n;},
(25) (e ) < g(eh 1)

for some tracial state # of B,,. Lets; : pAp — Cbe a state which extends #.
Define sy : A — Cby sg(a) = s;(pap) for all a € A. Then s; is a state on A.
Let ¢ be a weak limit of {s;}. One checks that ¢ is a tracial state on A. Then
(25) and (24) imply that

t(e1) < t(e2)

which contradicts with (14).
It follows that, for all sufficiently large n,

(26) t(e?'y > r(et™y  forall e T(B,).

The lemma follows.

THEOREM 3.4. Let A be a unital simple AH-algebra with stable rank one
and real rank zero. Suppose that there is an integer K > 1 such that, for any
x € ker pg, Kx = 0. Then A has tracial rank zero. Moreover, A is isomorphic
to a unital simple AH-algebra with slow dimension growth.

PrOOF. We may assume that A is infinite dimensional. We will show that
Ky (A) is weakly unperforated. It then follows from [7] that A has tracial rank
Zero.

It suffices to show the following: If p, g € M,,(A) are two non-zero pro-
jections for some integer m > 1 and

(p) > 1(q) forall t e T(A),

theng < p.

To prove this, we note that M,,(A) is also a unital simple AH-algebra with
stable rank one, real rank zero and Ko(M,,(A)) = Ko(A), so, to simplify the
notation, without loss of generality, we may assume that p, g € A.

Let
di =inf{r(p) —1(q): 1 € T(A)}.
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Since A is simple, d; > 0. Since A is an infinite dimensional simple C*-algebra
with real rank zero, p A p is also an infinite dimensional simple C*-algebra with
real rank zero. It follows that there is a non-zero projection e € p Ap such that

27 T(e) <di/2 forall t e T(A).
Put
(28) d, = inf{t(e) : T € T(A)}.

Note that d, > 0. Put py = p — e. Then
29) t(po) > 1(q) forall t e T(A).

Let
F =1{p.q,e, po}.

It follows from 3.2 and 3.3 that, there exists a projection £ € A and a finite
dimensional C*-subalgebra B with 15 = E such that

d
(30) lEx —xE| < 64_2K forall x e &%,
in{d,, 1
G1)  distExE.B) < ML ol re# and
64K
d
(32) t(1—E) < 64_21{ forall 7 e T(A).

Moreover, there are projections pg 1, g1 € B and poo, qo € (1 — E)A(1 — E)
such that

1
(33) | po,1 + poo — poll < 1

6K’

1
(34) lg1 +qo —qll < 1772 and
(35) t(q1) < t(po,1)

for all tracial state ¢ of B. It follows that, in B,
(36) q1 < po.i-
We compute, by (28) and (32) that

37 (K +2)1(q0) < t(e) forall e T(A).
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It follows from 3.1 that
(38) qo < e.

Combining (36) and (38), we obtain that

g1+ 40 < po,1 t+e.
But, by (33) and (34),

[g1 + g0l = [g] and Po.1 < Po.

Therefore
q=<p.

COROLLARY 3.5. Let A be a unital simple AH-algebra with stable rank one
and real rank zero. Suppose that ker py is finite. Then A has tracial rank zero
and K((A) is weakly unperforated.

4. Concluding remarks

REMARK 4.1. Theorem 2.3 shows that that Toms’ example (as in [9]) could
not occur under the assumption that A has real rank zero.

REMARK 4.2. More can be said in Theorem 2.3. It is clear that, in The-
orem 2.3, it suffices to assume that every A, has the property that all projec-
tions in the matrix algebras of A, are unitarily equivalent to those constant
projections. So it allows A, to have non-zero K-groups.

Let A, = P,M,,»)(C(X,))P,, where X,, is a finite CW complex, r(n) > 1
is an integer and P, € M, (C(X,)). Suppose that ¥,, is another finite CW
complex with covering dimension 4d (X,,) which has the same homotopy type
of that of X,,. Suppose that

o hd(X,)
liminf( sup ————— ) =0
n—>00 \ yex, Rank P,, (X)

Suppose also that A = lim,,_, », A,, is a unital simple C*-algebra with real rank
zero. Then, from the proof of 2.3, one can show that A has tracial rank zero and
stable rank one. In other words, if A is homotopically slow dimension growth
and is of real rank zero and stable rank one, then A is isomorphic to a unital
simple AH-algebra with no dimension growth. One should note that, as in [9],
without the assumption of real rank zero, the Cuntz semigroup of A could be
very different from those of unital simple AH-algebras with slow dimension
growth.
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REMARK 4.3. From the proof of 3.4, one sees that Theorem 3.4 holds if
the assumption on ker p4 is replaced by the conclusion of 3.1, i.e., there is an
integer K > 1 such that for any pair of projections p,q € M,,(A) (for any
integerm > 1), Kt(p) < 1(q) forall T € T(A) implies p < q.
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