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BEAUVILLE SURFACES WITH ABELIAN
BEAUVILLE GROUP

G. GONZALEZ-DIEZ*, G. A. JONES and D. TORRES-TEIGELL*

Abstract

A Beauville surface is arigid surface of general type arising as a quotient of a product of curves C1,
Crof genera g1, go > 2 by the free action of a finite group G. In this paper we study those Beauville
surfaces for which G is abelian (so that G = 2,21 with ged(n, 6) = 1 by a result of Catanese).
For each such n we are able to describe all such surfaces, give a formula for the number of their
isomorphism classes and identify their possible automorphism groups. This explicit description
also allows us to observe that such surfaces are all defined over Q.

1. Introduction and statement of results

A complex surface S is said to be isogenous to a product if it is isomorphic to the
quotient of a product of curves C; x C; of genus g, = g(C1), go = g(Cp) > 1
by the free action of a finite subgroup G of Aut(C; x C3), the automorphism
group of C| x C».

If additionally the curves satisty g;, g» > 2 we say that S is isogenous to a
higher product. We will always assume that g; < g».

It is not difficult to see that an element of Aut(C; x C;) either preserves
each curve or interchanges them, the latter being possible only if C; = C».
Consequently one says that § is of unmixed type if no element of G interchanges
factors, and of mixed type otherwise.

On the other hand if two elements g, & € G interchange factors it is clear
that gh belongs to the subgroup G° < G of factor-preserving elements, and
therefore [G : G°] = 2.

There is always a minimal realization of S in the sense that G° acts faithfully
on each factor C;. This is because if for instance G° did not act faithfully on
C1, so that there exists a subgroup G’ <1 G acting trivially on Cy, then we
could write

C1 X C2 _ C]/G/ X CQ/G/ _ C] X (CZ/G/)
G G/G N G/G'
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Hence, from now on we will always assume that the realization § = (C; x
C»)/ G is minimal.

A Beauville surface is a particular type of surface isogenous to a product.
These surfaces were introduced by Catanese in [6] following a construction
by Beauville in [5] (see Example 1 below), and they have been subsequently
studied by himself, Bauer and Grunewald ([1], [2], [4]), somewhat later by
Fuertes, Gonzdlez-Diez and Jaikin ([8], [9]), and more recently by Jones,
Penegini, Garion, Larsen, Lubotzky, Guralnick, Malle, Fairbairn, Magaard
and Parker ([10], [14], [11], [12], [13], [7]).

A Beauville surface is a compact complex surface S isogenous to a higher
product, § = (C; x C,)/G, where G° acts on each of the curves in such a
way that each C; /G is isomorphic to the complex projective line P!, and the
natural projections C; —> P! and C; — P! ramify over three values.

Catanese proved that both the group G and the curves C;, C, — hence
also the genera g1, g» — are invariants of the Beauville surface. Consequently
we will say that the surface S has (Beauville) group G and covering product
Cl X Cg.

Here we will consider only unmixed Beauville surfaces. In this case there
exist isomorphisms ¢; : G —> H; < Aut(C;) so that the action of an
element g € G on a point (p1, p2) € C; x C, is given by g(py, p2) =
(p1(g)(p1), 92(g)(p2)). From this point of view giving an unmixed Beauville
surface amounts to specifying an isomorphism ¢ = ¢, o ¢ ! between groups
H; < Aut(C,) and H, < Aut(C,) satisfying the following two conditions

(C1) C;/H; is an orbifold of genus zero with three branching values, and

(C2) for any non-identity element #; € H; which fixes a point on C| the ele-
ment i, = ¢ (h;) € H; acts freely on C; (so that the action i (py, p2) =
(h1(p1), ha(p2)) is free on Cy x Cy).

It turns out that the problem of deciding whether a finite group is an unmixed
Beauville group is purely group theoretical [6]. This occurs if and only if G
admits two triples of generators (ay, by, c;) and (az, by, ¢z) such that
(i) aibici = axbrer = 1;
.. 1 1 1 . .
() gy T ooy T oy < Li=1.2
(ii1) X(ay, by, c1) N X(ay, by, o) = {Idg}, where we define

S(a, b, c) = {U(g<a>g—1 Ug(b)g' U g<c>g‘1)}.

geCG

This is a very useful characterization since it allows the use of computer pro-
grams such as GAP or MAGMA to solve the problem for groups of low order.
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The first example of a Beauville surface was given by A. Beauville some
twenty years before the term was coined by Catanese. It appears as an exercise
at the end of his book on complex surfaces [5] as an example of a complex
surface of general type whose two geometrical invariants g and p, vanish.

ExampLE 1 (Beauville). Let us denote by Z, = Z/nZ the group of integers
modulo n and by F, the Fermat curve of degree n,

Fn:{[x:y:z]EPZ(C):x”-i—y"-q-Z”:o}.

For n = 5 the group G = Zg acts freely on F5 x Fs in the following way: for
each (o, B) € G we put

X1 X2 §%x1 ga+3ﬂx2
(O{, 18) (|:yl:|’ |:y2:|> = sﬁyl ) %-20(—"_4’3)12
21 22 21 <2
where £ = ¢%™/3 It is easy to see that the surface S := (F5 x F5)/Z§ is an
unmixed Beauville surface.

Obviously the formula

(o, B)([x 1 y:z]) = [E% : Py 1 7] (€ = /M)

also defines an action of the group Z2 on F, when n > 5. The quotient F, /Z2
is always an orbifold of genus zero with three branching values, all of them of
order n. Therefore any group automorphism ¢ : Z> — Z2 satisfying condition
(C2) above gives rise to a Beauville surface, something that can occur only
when ged(n, 6) = 1 (see [6]). Since any such ¢ is necessarily of the form

¢=¢A:<Z>r—>A-(g> for some Az(ccl Z)eGLg(Zn),

any surface obtained in this way is of the form $% = (F, x F,)/G 4, where
G 4 is the subgroup of Aut(F,, x F),) defined by

o={((3)-4 () (5) <ol =e

In this way the action of an element («, 8) € Z2 on F, x F, is given by

X1 X, §%x1 gaotthy,
(@, B) <[Y1} : [YZD =& | | &Py,
21 22 21 22
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Thus the surface constructed in Example 1 is §3 for A = ().

It is known that, even though in the definition of a Beauville surface both
curves C; and C; are only required to have genus greater than 1, in fact both
genera have to be greater than 5 (see [9]). Thus Beauville’s example S above
reaches the minimum possible bigenus (g, g2) = (6, 6).

In this paper we prove the following facts:

(1) Each Beauville surface with an abelian group G is isomorphic to one of
the form §’ (Theorem 1), and is defined over Q (Corollary 1).

(2) The number ® (n) of isomorphism classes of Beauville surfaces which
have Beauville group Z2 (where ged(n, 6) = 1) is given by the formula in
Theorem 2. One consequence is that asymptotically @ (n) ~ n*/72 for
prime powers n. Another is that ® (5) = 1, which means that Beauville’s
original surface 3 mentioned above is the only Beauville surface with
group Zg.

(3) The automorphism group of S% is either Z2, or an extension of Z2 by

one of the cyclic groups Z,, Z3 and Zg or by the symmetric group %3
(Proposition 1).

In [2] Bauer, Catanese and Grunewald have given a lower bound for the asymp-
totic behaviour of ®(n) asn — 00. More recently, Garion and Penegini in [12]
have given upper and lower bounds for ® (n) for each n, and in Theorem 2 we
extend their results by giving an explicit formula for ®(n).

2. Unmixed Beauville structures on the product of Fermat curves

It was proved in [6] that if S = (C; x C;)/G is a Beauville surface with
abelian group G then G = 2,21 with ged(n, 6) = 1, and in [9] that in that case
C, = C, = F,,, the Fermat curve of degree n. Combining these two facts one
gets the following slightly more precise result:

THEOREM 1. Any Beauville surface with abelian Beauville group is iso-
morphic to one of the form S, = (F,, X F,)/G 4.

PrOOF. In view of the results in [6] and [9] mentioned above it is suffi-
cient to observe that Aut(F,) possesses a unique subgroup isomorphic to Z2
satisfying condition (C1) in our definition of Beauville surface, and there-
fore any Beauville surface with group Z2 is determined by an isomorphism
A : 72 — 72 satisfying condition (C2).

This explicit description of Beauville surfaces with abelian group yields the
following:

COROLLARY 1. Each Beauville surface with abelian group is defined over Q.
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PrOOE. Since the curves F,, are obviously defined over Q we only have to
show that so is the group G 4. That is, we have to show that the obvious action
of the absolute Galois group Gal(Q/Q) on automorphisms of F,, x F, leaves
the group G 4 setwise invariant.

Now, let o be an arbitrary element of Gal(a/ Q), and suppose that ¢ (§) =
£/; then, clearly, o transforms the action of an element («, 8) of G 4 into the
action of another element of G 4, namely (je, jB).

REMARK 1. In regard to the fields of definition of quotient varieties by
abelian groups we draw the reader’s attention to the interesting Corollary 1.9
in the article [3] by Bauer and Catanese.

We would like to find which matrices A = (‘Cl Z) € GL,(Z,) define Beau-
ville surfaces S, that is, we would like to characterize those matrices A such
that the group G 4 defined above acts freely on F), x F;,. Note that the Beauville
surface S’ corresponds, in terms of triples of generators, to a pair of ordered
triples satisfying conditions (i) to (iii) where, without loss, we can take the
first triple to be the standard triple ((1, 0), (0, 1), (—1, —1)). Then the second
triple is ((a, ¢), (b, d), (—a — b, —c — d)), obtained from the first one by the
automorphism represented by the matrix A € GL,(Z,).

With the previous notation, the elements (¢, 8) fixing points in the first
component are precisely those of the form (k, 0), (0, k) and (k, k). Equivalently
the elements (o, B) that fix points in the second curve are those such that
ac+bB =0,ca+dB =0oraa + bB = ca + dB. We obtain the following:

LEMMA 1. Let A = (‘Cl Z) € GLy(Z,). The group G 4 defined above acts
freely on the product F,, x F, if and only if the following conditions hold:

(D) a,b,c,d,a+b,c+d,a—c,b—d,a+b—c—deU(@,)

where U (Z,) is the group of units of Z,.

PRrOOF. Let (¢, B) € Z, be an element fixing some point of the first curve.

If (¢, B) = (k, O) the action on the second curve is given by (ak, ck), which
fixes no point if and only if ak # 0, ck # 0, ak # ck. This will be true for all
kif and only ifa,c,a — c € U(Z,).

Arguing the same way with elements of the form («, 8) = (0, k) and
(e, B) = (k, k) one obtains the result.

Note that from this lemma we can deduce the already mentioned fact, due
to Catanese, that gcd(n, 6) must be 1 for Z,% to admit a Beauville structure.

If n is even, the conditions a, b, a+b € U (Z,) cannot hold simultaneously.
On the other hand if » is a multiple of 3 then necessarily @ = b mod 3 and
¢ = d mod 3, but then the matrix A is not invertible.
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We will denote by 3, the set of matrices in GL, (Z,,) satisfying the conditions
in (1), and will write e(‘z’ 5) for the element of G 4 corresponding to (¢, B) € Zi.
In Z%, for instance, there are 24 different matrices satisfying these conditions.

It follows from Theorem 1 that Aut(F, x F,) acts on the set of groups
{G4 : A € &,} by conjugation. Furthermore, two such groups are in the same
orbit if and only if the corresponding Beauville surfaces are isomorphic. This
is because any isomorphism ¢ : S — S, lifts to an automorphism & of the
product of curves, yielding a commutative diagram

F,xF, -5 F,xF,

| |

F,xF, ¢ F, x F,
Ga Gy

such that G, ! = G ' (see [6]).

It is well known that the automorphism group of F, is Z2 x %3 and so
Aut(F, x F,) = (2> x 22, %3 x S5, J), where J (w1, t2) = (2, i41) and
the groups Z2 x Z2 and ¥3 x 3 act separately on each factor, the first one
by multiplying the homogeneous coordinates by n-th roots of unity and the
second one by permuting them. We now note that every element of Z> x Z? fixes
each element e(f}% ) € Ga by conjugation, so the action of this subgroup on the
set {G 4} is trivial. We can therefore restrict our attention to the quotient group
W = Aut(F, x F,)/(Z2 x Z2), which is a semidirect product (%3 x #3) x (J)
of 3 x %3 by (J) = S, with the complement ¥ transposing the direct two
factors &3 by conjugation. Thus W is the wreath product &3 1 %, of &3 by 5.

The group & can be viewed as a subgroup of GL,(Z,,) via the group mono-
morphism:

S =

M : yg, —> GLZ(ZH)

T+—— M,

determined by M,, = (:} (1)) foro; = (1,3,2) and M,, = (?é) for o =
(1,2).

LEMMA 2. Let ® = (11, 1) € S5 X 3 be a factor-preserving automorph-
ism. Then ®G 4@~ = G 5/, where A’ = M'L'ZAM-[_ll'

On the other hand, if ®' = ® o J is an automorphism interchanging factors,
then ®' G, P! = G4, where A’ = MTZA’IM;II.

ProoF. First we note that if A € &,, then A’ = M, A*' M belongs to
&n as well. We will now see how the group Aut(F), x F,) acts by conjugation
on the elements of G 4.
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To see how an element (71, 7;) € $; x $; acts on G, we will write
(11, &) = (11, 1d) o (Id, 1), with 11, 1, € F3. If & = (Id, 07) then

X1 X £% %—(C—a)ot+(d—b)ﬁx2
A -1
Cbe(a,ﬁ)q) <|:yl:| > |:y2:|) = éﬁyl , é_——aa—bﬂyz
3 <2 <1 22

SO d>e( wp) @ I = e(a g With A = (C_“ d_bb) M,, A. In the same way we

a

have that for ® = (Id, 02), conjugation yields

X1 X3 §9x1 Sm+dﬁx2
q)e(f}x,ﬂ)cbil (|:YI:| , |:y2}) = Py |, | g tPy,
Z1 22 21 22

Thus ®efl, , @' = el , again, where A’ = ({ ) = M,, A in this case.
Hence conjugation by elements of the form (Id, 7,) acts by left multiplica-
tion of the corresponding matrix on A.
Now taking ® = (o, Id) and conjugating an element of G 4 we have

X1 X Sﬁ_axl Saa+bﬁx2
A —1 _ )
q)e(a,ﬁ)q) <|:yl:|’ |:y2:|) = £y |, gcoHrdﬁyz
21 2 <1 22

A -1 _ A _ (b —a=by _ —1
Thus @e(a,ﬁ)tb = €5 0 where A’ = (d —Z—d) =AM, .
Analogously one gets that for ® = (o3, Id)

X1 X2 Eﬂxl Eaa+bﬁx2
A 1 A
e, )P <|:y1 :| , |:)’2:|) = E% |, | Ecetdby, ,
21 22 71 22

and therefore defl, , ®~' = efyy , where A’ = (5) =AM
Finally, for the automorphlsm ® = J we have

X1 X2 saa+bﬂxl &%
A - .
Pefe 5P ([Yl } ; [y2D = || gty || &y | |-
21 22 21 22

. A -1 _ A7}
which means that dDe(a’ﬂ)CD = Cluatbp.catdp)-

COROLLARY 2. Two Beauville surfaces S’y and S are isomorphic if and
only if B = M,zAilMrl for some (11, 7y) € 3 X S.

As noted above, |§5| = 24. One can explicitly write down the 24 matrices
and check by hand that these matrices lie in a single orbit under the action of
Aut(F, x Fy,).In this way one obtains the following result:
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COROLLARY 3. Up to isomorphism there is only one Beauville surface with
group 22, namely S5 where
1 3
=2 3)

This result will also follow from the general formula for the number of
isomorphism classes of Beauville surfaces with abelian group given in The-
orem 2.

REMARK 2. In [1] Bauer and Catanese state that there are two (non iso-
morphic) Beauville structures on the product Fs x Fs originally considered by
Beauville. It seems that this discrepancy is due to the fact that they regard two
Beauville surfaces as equivalent if there is a factor-preserving isomorphism
between them, whereas here we also consider factor-interchanging isomorph-
isms such as J.

In the next section we will discuss the number of isomorphism classes of
Beauville surfaces S’ for each n.

3. Isomorphism classes of Beauville surfaces with abelian group

We are interested in finding the number of isomorphism classes of Beauville
surfaces with group Z2 for a given n. By Corollary 2 this is equivalent to
counting the number of orbits of the group W = (&5 x F3) x (J) = S 315,
on the set §,, so by the Cauchy-Frobenius (or Burnside) Lemma we deduce
that the number of isomorphism classes of Beauville surfaces is

1

W > 11| Fix(x),

i

where i indexes the conjugacy classes €; of W and x; is any element of €;. The
conjugacy classes of W are shown in Table 1, where o, and o3 are elements of
order 2 and 3 in S3.

First we need to know the cardinality of the set &,,.

LEMMA 3. Let n be a natural number. Then
1 2 3 4
=TI (=) (-7) (-7) (1-7)
ol p p p p

where p ranges over the distinct primes dividing n.
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TaBLE 1. Conjugacy classes of W.

Conjugacy Representative Order Number of
class elements
1 (Id, Id) 1 1
2 (Id, o7) 2 6
3 (02, 02) 2 9
4 (Id, o3) 3 4
5 (03, 03) 3 4
6 (02, 03) 6 12
7 d,1d) - J 2 6
8 dId, o) - J 4 18
9 (02, 0307) - J 6 12

Proor. We will first prove the formula for n = p prime. We want to count
the number of matrices A = (‘; s) satisfying condition (1).

Based on the correspondence between matrices A € §, and pairs of triples
((1,0), (0, 1), (-1, 1)), ((a, c), (b,d), (—a — b, —c — d)), we deduce that
counting matrices in &, is equivalent to counting second triples.

Now, any triple in G projects to an ordered triple of points in the projective
line P = P'(Z,) formed by the 1-dimensional subspaces of the vector space
G, so Beauville structures in G correspond to disjoint pairs of triples in P.
Conversely, any triple in P is induced by p — 1 triples in G, all scalar multiples
of each other. The standard triple in G induces the triple (0, oo, 1) € P. Having
chosen the standard triple as the first triple in G, there are |P| —3 = p — 2
points of P remaining, so there are (p — 2)(p — 3)(p — 4) choices for the
second triple in P, corresponding to (p — 1)(p — 2)(p — 3)(p — 4) triples in
G.

The case n = p° follows from the following fact. Having fixed the standard
triple as the first one, any second triple given by a, b, ¢ € Z;e satisfying (i)—
(iii) will give by reduction modulo p a triple (¢ mod p, b mod p, ¢ mod p).
Conversely, for each triple (a, b, ¢) witha, b, c € Z2, each of the p4€_4 choices
for v = (hy, ha, ji, jo) with hy, hy, j1, jo = 0,..., pe*1 — 1 gives a triple
(ay, by, cy) where

ay=a+ (hip, hap)
cv =c+ (ip, j2p)

bv = —ay — Cy

such that (ay, mod p, by, mod p, ¢y, mod p) = (a, b, ¢).
Finally, we can extend the formula to all n by a straightforward application
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of the Chinese Remainder Theorem.

We note that our formula for |, | is equivalent to that given by Garion and
Penegini in [12, Corollary 3.24] for the function denoted there by N,,.

Lemma 3 immediately gives us information about the asymptotic behaviour
of |, | for large n. If n = p¢ for some prime p > 5 then

R 1 2 3 4 4!
n* p p p 14 54

and |%,|/n* — 1as p — oo. However, if n is divisible by the first k primes
pi > 5 then since !

lim (1 — —) =0

k—o00 ; Di

(see Exercise 9.3 of [15]) we have |§,|/n* — 0 as k — oo.

Since the isomorphism classes of Beauville surfaces with Beauville group
Z,% correspond to the orbits of W on §,,, and |W| = 72, there are at least
|%,1/72 such classes. We will now apply the Cauchy-Frobenius Lemma to
find the exact number of isomorphism classes. For this, we need to calculate
how many matrices in g, are fixed by each element of the group.

First of all we note that an element of W fixes a matrix in &, if and only if
it fixes its components modulo the prime powers p;’ in the factorisation of n,
SO we can again restrict our attention to prime powers.

It is obvious that x; = (Id, Id) fixes every matrix in $&,, so the number of
its fixed points is

O1(n) := [Fix(x)] = |&nl.

On the other hand it is easy to see that the conditions on a matrix A € GL,(Z,,)
to be fixed by an element of the conjugacy classes 6,, 63, €4, €5 or 6y are
incompatible with those defining ,,.

The action of x5 = (03, 03) € €5 sends amatrix A = (*}) to (03, 03)A =

(d__hb (“+b3;,(f+d) ). In the case of n = p° a prime power, the conditions ¢ = —b

and d = a + b leave p*(1 — 1/p)(1 — 2/ p) possibilities for the matrix A =
(_“h aib ), from which we have to remove those with a non-unit determinant.
If p = —1 mod 3 then the equation a®> + ab +b*> = 0 mod p has no solutions,
since it is equivalent to A + A + 1 = 0 and F, contains no non-trivial third
root of unity. Otherwise, for a fixed a there are two non-valid choices for b.
Therefore

p2e 1 —

pZe(l _

)(1—2), if p=—1mod3;
©2(p®) := [Fix(xs)| =

<= S

J(1 =), if p=1mod3.
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For x7 = (Id, Id) - J € %, the action on A yields (Id, Id)J(A) = A~'. The
equality A = A"l in %pe implies that @ = —d and b(det(A) + 1) = 0 and
hence det(A) = —1. The general form for a matrix fixed by this element is
therefore A = (‘Z f’a ), with det(A) = —a® —bc = —1. There are p°(1 —3/p)
possibilities fora # 0, =1 mod p, and once a is chosen there are p¢(1 —5/p)

choices left forb # 0, —a, ];“2, 1—a, —1—a mod p. The final formula gives

@3(p°) := |Fix(x7)| = p*(1 —3/p)(1 — 5/p)

Finally, the element x9 = (07, 0302) - J € %y acts by sending the matrix
A to (02, 0302)J (A) = (_dc ;:Z)/ det(A). The conditions imply that det(A)
is different from —1 and det(A) = det(A)>, hence det(A) = 1. Writing down
the rest of the conditions one gets a = —c = —d and b = —2a, so we are
looking for elements a € Z, such that —3a? = 1 mod p°. Now —3 is a square
in Z,c if and only if it is a quadratic residue modulo p (see e.g. Thm. 7.14 in
[15]), and this is the case only when p = 1 mod 3. To see this note that if
p = ¢ mod 3, where ¢ = %1, by the Law of Quadratic Reciprocity

(3) g, if p =1 mod 4;
p) | —e if p=3mod4.
Therefore (_73) = (_71)(%) = &. As a consequence
) 0, if p=—1mod3;
O4(p°) := |Fix(x9)| = )
2, if p=1mod3.
We have thus proved the following:

THEOREM 2. Letn = p{' -...- p% be a natural number coprime to 6, where
D1, --., pr are distinct primes. Then the number of isomorphism classes of
Beauville surfaces with Beauville group Z2 is

1 s . K . s .
O(n) = 5(@@) +4H®2(P,- ) + 6E®3(Pi )+ 12E®4(pi >),
where the functions ©; are defined as above.

The formulae given above for ®, (p¢) for r = 2, 3 and 4 show that the sum
on the right-hand side of this equation is dominated by the first term, so that

®N1®_1o_n411121314
o~ o =gzl =5 T1(-5) (1-3)(-5) (1-3)
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as n — oo. In particular, we have the following special case:

COROLLARY 4. For each prime p > 5 the number ®(p®) of isomorphism
classes of Beauville surfaces with Beauville group Zf,c is given by

1
—(p4e — 10p4e ! + 35p4e 2 50p4e 3
2 24 de—4 10p2(3 60 2e—1 98 2(372)

if p = —1 mod 3, and by

i(1748 _ 10p4871 + 35p4672 _ 50p4(373
+24p* Tt +10p* — 68p 7! + 106p> > + 24)

if p=1mod 3.

When e = 1 this specialises to

1

—(p* —10p® +45p* — 110p + 122), if p=—1mod 3,
72

O(p) =

1
ﬁ(p4_ 10p> +45p* — 118p + 154), if p = 1 mod 3.

REMARK 3. In[2], Bauer, Catanese and Grunewald considered the asymp-
totic behaviour of the number of Beauville surfaces with Beauville group Z2,
where n is coprime to 6. Later, Garion and Penegini [12] considered a wide
range of related counting problems; in particular, they obtained bounds similar
to those in [2] for Beauville groups G = Z2, specifically that © (n) lies between

|%,1/72 and |, |/6 (Corollary 3.24). Their results are consistent with ours.

4. The automorphism group of S}

The calculations in the previous section provide some insight into the auto-
morphism group of a Beauville surface with an abelian Beauville group.

The fact that the automorphisms of S’ lift to automorphisms of F, x F,
shows that all automorphisms of S’} are induced by elements of N(G,), the
normaliser of G 4 in Aut(F, x F,) and, in fact, that Aut(S}) = N(G4)/G 4.

Since clearly
Ga<Z2xZ><N(Gy)

one sees immediately that each surface S admits the group (Z2 x Z2)/G 4 as
a group of automorphisms. Moreover, one can identify the Beauville group
22 with (Z2 x Z2)/G 5 by sending a pair («, B) to ((0,0), (&, 8)) mod G,
which acts as an automorphism of S’} by multiplying the coordinates of the
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second factor by the corresponding roots of unity. Actually this simply reflects
the known fact (see [14]) that a Beauville surface with group G always has the
centre Z(G) of G as a group of automorphisms.

This isomorphism Z2 = (Z2 x Z2)/ G 4 allows a further identification

Aut(S%)/Z2 = N(G )/ (Z2 x 22),

where the group on the right is simply the stabiliserin Aut(F, x F,) /(2> x2%) =
W of the matrix A.
In fact we have the following:

PROPOSITION 1. Let H be the subgroup of W identified as above with the
quotient Aut(SZ)/Zﬁ. Then H = {1d}, Z», Z3, Zs or 5.

PrOOF. By the comment above, an element of W will induce an automorph-
ism of S}, and therefore belong to H, if and only if it fixes the matrix A. By
the proof of Theorem 2, the only elements with fixed points in &, are those in
the conjugacy classes %, €5, €7 and €y, so H € 6| U G5 U €7 U 6.

Let H = HN (% x 93), so that |[H : H°| < 2 and H° € %, U €.
If y1,» € €5 and y, # ylil then y 1y, € 64, so y1y» € H; it follows that
|H°| = 1 or 3, and hence |H| = 1, 2, 3 or 6. The only groups of these orders
are those listed in the Proposition.

Moreover, by the discussion prior to Theorem 2 and the formula for ®4(p¢),
if n is divisible by some prime p = —1 mod 3 then no element of order 6 in
W fixes points of §,,. Similarly, the formula for ®3(p°), together with the fact
that no element of ¢, U %3 has fixed points, ensures that no element of order
2 can belong to H if 5 divides n. We therefore have the following:

COROLLARY 5. Let S’ be a Beauville surface. If a prime p = —1 mod 3
divides n, then H = {1d}, Z5, Z3 or &3. If 5 divides n then H = {Id} or Z5.

For instance, in Beauville’s original example [5], Aut(Sf‘) is a semidirect
product of Z2 by H = Z5.

This study of automorphism groups has been extended to more general
Beauville surfaces in [14].

REFERENCES

1. Bauer, L, and Catanese, F., Some new surfaces with p, = q = 0, pp. 123-142 in: The Fano
Conference, Univ. Torino, Turin 2004.

2. Bauer, I, Catanese, F., and Grunewald, F., Beauville surfaces without real structures I, pp. 1—
42 in: Geometric methods in algebra and number theory, Prog. Math. 235, Birkhiuser,
Basel 2005.



204 G. GONZALEZ-DIEZ, G. A. JONES AND D. TORRES-TEIGELL

3. Bauer, I, and Catanese, F., A volume maximizing canonical surface in 3-space, Comment.
Math. Helv. 83 (2008), 387-406.

4. Bauer, 1., Catanese, F., and Grunewald, F., The classification of surfaces with p, = g = 0
isogenous to a product of curves, Pure Appl. Math. Q. 4 (2008), 547-586.

5. Beauville, A., Surfaces algébriques complexes, Astérisque 54, Soc. Math. France, Paris 1978.

6. Catanese, F., Fibred surfaces, varieties isogenous to a product and related moduli spaces,
Amer. J. Math. 122 (2000), 1-44.

7. Fairbairn, B., Magaard, K., and Parker, C.: Generation of finite simple groups with an applic-
ation to groups acting on Beauville surfaces, arXiv:1010.3500 (2010).

8. Fuertes, Y., and Gonzélez-Diez, G., On Beauville structures on the groups S,, and A,,, Math. Z.
264 (2010), 959-968.

9. Fuertes, Y., Gonzdlez-Diez, G., and Jaikin, A., On Beauville surfaces, Groups Geom. Dyn. 5
(2011), 107-119.

10. Fuertes, Y., and Jones, G. A., Beauville structures and finite groups, J. Algebra 340 (2011),
13-27.

11. Garion, S., Larsen, M., and Lubotzky, A., Beauville surfaces and finite simple groups, J. Reine
Angew. Math. 666 (2012), 225-243.

12. Garion, S., and Penegini, M., Beauville surfaces, moduli spaces and finite groups,
arXiv:1107.5534v1 (2011).

13. Guralnick, R., and Malle, G., Simple groups admit Beauville structures, J. Lond. Math. Soc.
(2) 85 (2012), 694-721.

14. Jones, G. A., Automorphism groups of Beauville surfaces, J. Group Theory 16 (2013), 353—
381.

15. Jones, G. A., and Jones, J. M., Elementary Number Theory, Springer Undergrad. Math. Ser.
Springer, Berlin 1998.

DEPARTAMENTO DE MATEMATICAS SCHOOL OF MATHEMATICS

UNIVERSIDAD AUTONOMA DE MADRID UNIVERSITY OF SOUTHAMPTON

28049, MADRID SOUTHAMPTON SO17 1BJ

SPAIN UK.

E-mail: gabino.gonzalez@uam.es E-mail: G.A.Jones@maths.soton.ac.uk

david.torres @uam.es



