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EXTENSION OF POSITIVE CURRENTS
WITH SPECIAL PROPERTIES OF
MONGE-AMPERE OPERATORS

AHMAD K. AL ABDULAALI

Abstract

In this paper we study the extension of currents across small obstacles. Our main results are: 1) Let
A be a closed complete pluripolar subset of an open subset 2 of C" and T be a negative current of
bidimension (p, p) on 2\ A such that dd°T > —S on Q \ A for some positive plurisubharmonic
current S on 2. Assume that the Hausdorff measure #5,(A N SuppT) = 0. Then T exists.
Furthermore, the current R = dd°T — dd*T is negative supported in A. 2) Let u be a positive
strictly k-convex function on an open subset 2 of C" andset A = {z € Q: u(z) =0}. Let T be a
negative current of bidimension (p, p) on Q\ A such that dd°T > —S on Q \ A for some positive
plurisubharmonic (or dd*-negative) current S on Q. If p > k + 1, then T exists. If p>k+2,

ddS < 0 and u of class €2, then dd“T exists and ddCT dd‘T

1. Introduction

In this paper we continue the work in [2]. So throughout this paper, we suppose
that A is a closed subset of an open subset Q2 of C* and T is a positive (resp.
negative) current of bidimension (p, p) of Q \ A such that dd‘T < S (resp.
dd‘T > —8) on Q \ A for some current S on €. Our main issue is about
finding the sufficient conditions on § and A that guarantee the existence of
T and ddCT and afterword studying the features of these extensions and the
relations between it. In the literature, this kind of problems have been studied
before. For instance, the studies in [5], [6], [11], [13], [15], [17], [19], [20] and
[21], were basically based on the case when T is a closed positive current. The
case when S = 0 considered by Dabbek, Elkhadhra and El Mir [10]. In 2009,
Dabbek and Noureddine [9] discussed the case when S is closed and positive.
As you see the closedness takes its place in this kind of study, so it is natural
to ask about the sharpness of the closedness of S specially in [9]. Now, you
can feel the theme in this paper which is about generalizing the work in [9] by
replacing the closedness of S by further conditions.

The paper is divided into three sections. In the first section we give defini-
tions, basic properties and some facts about currents.
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In the second one, we consider the case when A is a closed complete pluri-
polar set and prove our first main result.

1ST MAIN THEOREM 3.3. Let A be a closed complete pluripolar subset of an
open subset Q of C" and T be a negative current of bidimension (p, p) on Q\ A
such that dd‘T > —Son Q\ A A for some positive plurisubharmonic current
S on Q. Assume 1] that 9, (A NSuppT) = 0. Then T exists. Furthermore, the
current R = dd°T — dd°T is negative supported in A. If dd°S < 0, then T
has the same properties of T.

Using the above result, we obtained a version of Chern-Levine-Nirenberg
inequality.

THEOREM 3.5. Let A be a closed complete pluripolar subset of an open set
Qof C" and T be a positive current of bidimension (p, p) on Q2 \ A such that
dd°T < S on Q\ A for some positive plurisubharmonic (resp. dd°-negative)
current S on Q2. Let K and L compact sets in 2 with L C K° Assume that
I, (ANSupp T') = O, then there exists a constant Ck 1, > 0 such that for all
u plurisubharmonic function on Q2 of class €* we have the following estimate

/ T Addu nBP~" < Ck pllull =) (IT & + 1dd°T |[x).
L\A

In the third section, we start with the case where A is a zero set of strictly
k-convex function and include our second main result.

2ND MAIN THEOREM 4.7. Let Q2 be an open subset of C" and u be a positive
strictly k-convex function on Q2. Set A = {z € Q : u(z) =0} andlet T be a
positive current of bidimension (p, p) on Q\ A such that dd°T < SonQ\ A
for some positive and plurisubharmonic (or dd‘-negative) current S on Q. If
p=k+ 1, then T exists. If p > k +2, ddS < 0 and u is of class €2, then
dd°T exists and dd°T = dd°T.

We end this paper by assuming that A is a closed set and proving the
following theorem.

THEOREM 4.10. Let A be a closed subset of an open subset Q of C* and T be
anegative current of bidimension (p, p) on Q\A suchthatdd‘T > —Son Q\ A
for some posmve current S on Q. Assume that 76, _>(SuppT N A) is locally
finite. Then T exists. Ifdd°S < 0, then dd°T exists and R = dd°T — dd°T is
negative a current supported in A.

In 1972, Harvey [17] proved the previous result for the closed positive
current T when 74,1 (A) = 0. The case where S = 0 was considered in [10].
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In the inspiring article of this work [9], the authors proved the case when S is
a closed positive current.

2. Preliminaries and notations

Let 2 be an open subset of C". Let 9, ,(Q2, k) be the space €* compactly
supported differential forms of bidegree (p, ¢) on Q. A form ¢ € 9, ,(2, k)
is said to be strongly positive form if ¢ can be written as

N
0(z) = Zyj(z)iozl,j AU GA - Ny j AT,
j=1

where y; > 0 and o ; € %1(R2, k). Then &, ,(2, k) admits a basis con-
sisting of strongly positive forms. The dual space ‘@1/7» 4(§2, k) is the space of
currents of bidimension (p, g) or bidegree (n — p,n — g) and of order k.
Acurrent T € ), (2, k) is said to be positive if (T, ¢) > 0 for all forms
¢ € D, (2, k) that are strongly positive. If 7 € @;,p(g’ k) then it can be
written as

2 —
T=i"""" ) Tndundz,
|=|J|=n—p

where T} ; are distributions on 2. For the positive current 7 € 91/7, »(82,K)
the mass of T is denoted by ||T|| and defined by Y _ |T; ;| where |T; ;| are the
total variations of the measures T; ;. Let 8 = dd°|z|* be the Kihler form on
C" (whered = 3 + 9 and d° = i(—9d + ), thus dd° = 2i99), then for each
open subset 2; C €2 there exists a constant C > 0 depends only on n and p
such that

L
27 p!

T A

Q) =|Tle, =CT A B"(S21).

Along the way a current 7 is said to be closed if dT = 0. A current 7T is
said to be plurisubharmonic if dd°T is a positive current. Let () be a smooth
bounded sequence which vanishes on a neighborhood of closed subset A C Q2
and y, converges to lig\4 the characteristic function of 2 \ A, and T be a
current defined on 2\ A. If x, T has a limit which does not depend on (x),
this limit is the trivial extension of T by zero across A noted by T. Thus, T
exists if and only if ||7'|| is locally finite across A.

A current T is said to be C-normal if T and dd“T are of locally finite mass.
We recall that 7 is a C-flat current if T = F + dH + S + d9R, where F,
H, S and R are currents with locally integrable coefficients. On this class of
currents, the support theorem says that for C-flat current 7 of bidimension
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(p, p) if #,,(SuppT) = 0, then T = O (see [4], Theorem 1.13). Let k < p
and T € ‘@1/7, »(§2) with locally integrable coefficients. Set 7 : C" — ck,
n(Z,7") =7 andiy : C"*F = C", i, (z") = (<, Z"). Then the slice (T, 7, 7'),
which is defined by

(T, 7, 2) (@) = / BT AZOE), Vo € Dygpr (D),

Z”Eﬂfl (Z’)

is well defined (p — k, p — k)-current for a.e 7/, and supported in 7' (z’).
Notice that, by the pull back assumptions we obtain

dd“(T,m,7') = (dd°T, n, 7'),
d\T,m,7') = (d°T, 7, 7),
and d{T,m,7y ={dT,m, 7).

So, we deduce that for every C-flat current T, the slice (T, 7, ') is well defined
for a.e 7. Moreover, we have the slicing formula

/ TAgAT*p" = / (T, 7, ) (9)B",
Q

7’en ()

where B’ = dd®|7’|*. this formula is helpful in many cases. actually, by this
formula we can prove the properties of T' by testing it for its slice.!

We end this section by giving the following two theorems. The first one is
called Chern-Levine-Nirenberg inequality and the second is a modification for
that inequality proved by Al Ameer [3].

THEOREM 2.1. Let Q2 be an open subset of C" and T be a closed positive
current of bidimension (p, p). Letuy, ..., ug arelocally bounded plurisubhar-
monic functions on 2. For all compact subsets K, L of Q with L C K°, there
exists a constant Cg 1 > 0 such that

IT Adduy A+ ANdduglle < Cr LlIT Ik lurll ook - - - llugll k).
THEOREM 2.2. Let Q2 be an open subset of C". Let K and L compact sets
in Qwith L C K° Assume that T € &, () is positive and dd°T is of order

zero, then there exists a constant Ck 1 > 0 such that for all plurisubharmonic
function u on Q of class €* we have the following estimate

2.1) IT ~ddull, < Ck rllullz=u (1T |k + IddT || ).

"More about positive currents and slice formula can be found in [11] and [16].
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For convenience, we include Al Ameer’s proof in our setting

ProoF. With out loss of generality we may assume that0 € K and B(0, r) €

K. Let
max(xy, x) = max(xy, x) * o,
&

where o, is a regularization kernel on R? depending only on || (x;, x2)|. Fix &g
small enough and set

2

r 48
¢, = max|( g, H( 2] — = | ), where H = —|glle~x)-
&0 3 r

Hence, on B(O, %) we have ¢, = g and ¢, = H(IZI2 - é) on B(0,r) \
B(0, ). This implies that

(2.2) / T Addg nBP! < f T Add¢s, ABP".
B(0,%) B(0,r)

Now, choose 0 < § < ﬁ and take a smooth function ¢ such that 0 < ¢ <1
compactly supportedin {z € Q : r —§ < |zl <r+d}andgp = 1 ona
neighborhood of dB(0, 7). Let T, be a smoothing of T which is convergent
weakly* to T, hence using Stokes’ formula we find

/ T, ndd*¢o, A BT = / T, A dd* (9o + (1 — @)de) A BP
B(0,r) B(0,r)
_ / T, A dd (o) A B7!
B(0,r)
+ / (1 — ©)pe,dd°T, A BP~".
B(0,r)
But on Supp ¢ N B(0, r) we have ¢¢,, = goH(|z|2 — ’3—2) thus

rz
/ Tg/\ddc<g0(|z|2——)>/\,3”_1
B(0,r) 3

f (1 = @)e,dd°T, A B7~!
B(O.r)

(2.3) T. Add ¢, ABP™' < H
B(0,r)

+

using the fact that T is a positive current and dd°T is of order zero in the (2.3),
we can find Cy ; > 0 such that

2.4 / To Add°de, A BP™" < Ci N8l ooy (I Te Nl + (1dd T k)
B(O,r)
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and (2.1) follows from (2.2) and (2.4), after choosing an appropriate cover for
the compact set L.

3. The case when A is closed pluripolar set

In this section we show our first main result. For a closed current 7' the result
was done by El Mir and Feki [15]. The case when S = 0 was proved in [10]
by Dabbek, Elkhadhra and El Mir. Recently, Dabbek and Noureddine [9] have
shown the result when S is a positive closed current. The proof of our main
result will pass through several steps. So let us first give an inequality which
is very useful in our study.

LEMMA 3.1. Let Q be an open subset of C'. Let K and L compact sets
in Qwith L C K°. Assume that T is a positive and plurisubharmonic (resp.
dd‘-negative) current of bidimension (p, p) on Q, then there exists a constant
Ck.. > Osuch that for all plurisubharmonic functions uy, ..., uq, 1 <q < p
of class €* we have

q
IT Adduy A -+ AddugllL < Ck 1 l—[ lujll 7T NIk + 1dd°T || ).

j=1

Proor. By induction, the case when g = 1 follows from Theorem 2.2. To
show the case ¢ = 2, let us take L; compact subset such that L] contains
L and LY C K. Since T A dd‘u; is positive and plurisubharmonic (resp.
dd‘-negative), then we get

IT A dduy A ddus|;

< C luall gy (IT A ddCuy ||, + |dd°T A ddCuy|ly,).-

But dd°T A dd‘u; closed and positive (resp. negative) so by the first step
and Chern-Levine-Nirenberg inequality we have

IT Addu; AddCus||;
< C sl ) [Cp Nurll ey (1T N1k + 211dd T |1 x)]
< Cx.llurll z=ao lluzll =, (1Tl x + 21dd°T | ).

Assume that the inequality holds for g — 1. We want to show the inequality for g.
Since T A /\7: , dd‘u; is a positive and plurisubharmonic (resp. dd“-negative)
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current, then similarly as we have done above we deduce

1T Adduy A--- ANdduglr
g—1

+ HddCT A N\ ddu;
j=1

q—1
f@ﬂwww(WAAw%

j=1
q

< C@ [l oo (1T Ik + (g — DIdd T || )
j=1

q
3 -
+CyL 1_[ lluaj l| oo iy 1A T ||

)

L,

Jj=1

q
< Cr.r [ [l o=, (T NIk + qlldd“T | ).
j=1

Proving our lemma.

PrOPOSITION 3.2. Let A be a closed complete pluripolar subset of an open
subset Q C C" and T be a positive current of bidimension (p, p) on Q\ A
such that dd°T < S on Q \ A for some positive and plurisubharmonic (resp.
dd‘-negative) current S on Q. Let v be a plurisubharmonic function of class
€2, v > —1 on Q such that

Q' ={zeQ:v() <0}
is relatively compact in Q. Let K C Q' be a compact subset and let us set

cxg = —supv(z).
zeK
Then there exists a constant n > 0 such that for all integer 1 < s < p
and for every plurisubharmonic function u on Q' of class € satisfying that
—1 < u < 0 we have,

/ T A(dd u)? gc;j/ T A(ddv)* Add®u)”~* +1(|| S|l +1dd° S|l ).
K\A Q\A

This proposition generalizes a result in [10] where the authors considered
the case of positive and dd‘-negative currents. The case when S is a closed
positive done in [9].

Proor. We follow the same techniques asin [10]. By ([13], PropositionI1.2)
there exists a negative plurisubharmonic function f on €’ which is smooth on

Q' \ A such that
ANQ ={zeQ: f(z) = —o0}.
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We choose A, psuchthat0 < u < A < cg. Form € N and ¢ small enough
we set

f@)+m

G.1) on(2) = pu(z)+ 1

and @, .(2) = mgX(v(z)H, om(2)),

where max, is the convolution of the function (x{, x;) — max(x;, x;) by a
positive regularization kernel on R? depending only on ||(x;, x2)||. Thus we
have ¢, .(z) € Psh(2) N C*('). Furthermore, ¢,, .(z) = v(z) + 1 in a
neighborhood of 32" U (' N {f < —m}). Consider the open subset

Q =QN{f>-m}

Then by Stokes’ formula we have

/ T A (ddu)’™ A (dd Qo) " Add(gme —v—1)
o

‘m

< | (@me—v—=1DSA @du)P™ A (dd°Qp.c) "
Q,

Hence
/Q/ T A(dd“w)P™ A (dd o)’
(3.2) < N (@m.e —v— DS A ddu)’ ™" A (dd @y )"
+ /Q T A (ddu)’™ A (dd @) ™" Addv.
Let us set m

St 1= / (Pme — v — DS A (ddu)P™ A (dd @) "5 A (ddv)F.
Q,

By iterating the operation in (3.2), we deduce that

I
Let R > Oand Kp = {z € K : f(z) = —R}. For m sufficiently large,
K C @), and for any z € Kg,

s—1

T A (dd°u)?= A (dd°gm.e)® < / T A (ddu)’™ A (ddv) + Y Sg.e.
§2 k=0

/
m

m—R

m+1

>1—-A.

§0m(Z) = —M +
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Moreover, v < —cg on K so we get
v+1<l—cxk <1—A

then ¢,, . = ¢, in a neighborhood of K. Therefore, by the above inequality
we obtain

s—1

/ T A (ddu)P™ A (dde,)° < / T A ddu)?™ A (ddv)* + Z Sk.e-
Kg / k=0

It is very remarkable that (dd“¢,,)* > u*(ddu)® since dd° f > 0. So

s—1

3.3) ut / T A (ddu)? < / T A (ddu)?™ A (dd°v)° + Z Sk.c-
Kg Q, k=0

Notice thateach S . is bounded independently of €. Indeed, since S is a positive
plurisubharmonic current and ¢,, . — v — 1 = 0 on 9€2),, then by the previous
lemma there exists 1, > 0 such that

G4 See < mellull% g Iom e o 1015 @) (1Sl + 1 Sl).

Therefore there exists n > 0 making (3.3) as follows

u’ / T A (ddu)? < / T A (dd°u)? ™ A (ddv)®
K Q) c
* +0(ISlle + (p — 1)[|dd°S||e).

We finish the proof by letting first m — oo and secondly R — oo.

Now we will prove our first main theorem using the same technique as in
[10], and Proposition 3.2.

THEOREM 3.3. Let A be a closed complete pluripolar subset of an open
subset Q2 of C" and T be a negative current of bidimension (p, p) on Q \ A
such that dd°T > —Son Q\ A A for some positive plurisubharmonic current
S on Q. Assume 1 that 76, (A NSuppT) = 0. Then T exists. Furthermore the
current R = dd°T — dd°T is negative supported in A. If dd°S < 0, then T
has the same properties as T.

PrOOF. Let us first assume that T exists. Then by ([12], Theorem 1.3), the
extension dd“T exists and R is a negative current. If S is a dd“-negative current
then by ([10], Proposition 2) the current —S is negative plurisubharmonic. So
T is negative and dd°T > dd°T > —S. In other words, T and T are of the
same class.



EXTENSION OF POSITIVE CURRENTS WITH SPECIAL PROPERTIES 117

In order to show the existence of T we will proceed as in [10]. Since the
problem is local, we will show that T is of locally finite mass near every
point zo in A. Without loss of generality, one can assume that z is the ori-
gin. Since 75,(A N SuppT) = 0, then by [19] there exist a system of co-
ordinates (z’,z”) of C? x C"F and a polydisk A? x A"7P C CP x C"7P
such that (A N Supp T) N (AP x dA""P) = (). Moreover, the projection map
m:(ANSuppT) N (AP x A""P) — AP is proper, and as 7 (A N Supp T)
is closed with a zero Lebesgue measure in A”, one can find an open subset
O C AP\ (AN SuppT). Therefore the current has locally finite mass on
O x A" P . Let0 <8 < 1suchthat (ANSuppT) N (AP x {77,8 < 7| <
1}) = @, and fix @ and ¢ two real numbers such that § < a < < 1. Set

(3.5) = * 1<| "2~y ),
. pe =max|\w-p, 77 (Iz

where p is a smooth plurisubharmonic function on A? such that (dd€p)”
supported in O. We have —1 < p, < 0intA" and p, = 7*p on |z”| < a, and
we obtain

/ T A (ddpy)’ = / T A (dd* ("))
(tam\A

(tAP)x{|2"[<a}\A

+ T A (ddpe)?,

(tAP)x{a<|z"|<t}

since (dd°n* p)? supported in O x A"~? then both integrals of the right hand
side are finite. By applying Proposition 3.2 on —7', we deduce that T exists.

Of course the condition on the Hausdorff dimension in Theorem 3.3 is
sharp (see [10], Example 3). In the case when T and dd“T havg the same sign,
the hypotheses in Theorem 3.3 can’t insure the existence of 7. The function
u(z) = # on C* = C\ {0} illustrates this. In fact, dd“u(z) = #idz AdzZ.
Therefore, u and ddu are both positive on C*, and although that 7 {0} = 0, the
function u is non extendable on the whole of the complex plane. The following
corollary gives the sufficient conditions to get the extension in this case.

COROLLARY 3.4. Let A be a closed complete pluripolar subset of an open
subset Q of C* and T a positive current of bidimension (p, p) on Q\ A such that
dd‘T = —Son Q\ A for some positive dd‘-negative current S on Q. Assume
that 96,,—2(A) = 0. Then T exists. Furthermore the current dd°T = dd°T

This result has been studied before in many different cases. Actually, the
authors in [10] considered the case when S = 0. The case when dd‘T exists
and 7,,(A N Supp T') = 0 done by Dabbek in [7]. Dabbek proved that in this
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case the residual current is positive and closed by using the same technique in
[10] with the local potential of a positive closed current given in [5]. In [2],
the result was proved for the positive closed current S.

_Proor. Applying ([10], Theorem 1) for the current dd“T + S, the extension
dd¢T exists. Now, the result follows from Theorem 5 in [10].

We end this section by the following theorem which is a version of Chern-
Levine-Nirenberg inequality.

THEOREM 3.5. Let A be a closed complete pluripolar subset of an open set
Q of C" and T be a positive current of bidimension (p, p) on Q\ A such that
dd°T < S on Q\ A for some positive plurisubharmonic (resp. dd-negative)
current S on Q2. Let K and L compact set in Q with L C K°. Assume that
J6,(ANSupp T') = O, then there exists a constant Ck, > 0 such that for all
u plurisubharmonic function on Q of class €* we have the following estimate

/ T Addu A BP~" < Ci rllull =) (IT | + 1dd°T || x).
L\A

ProoF. From Theorem 3.3, the extensions T and d:iTT exist. Moreover, Tis
positive and ddT is of order zero. Hence the result follows from Theorem 2.2.

APPLICATION OF THEOREM 3.3. Let A be a closed complete pluripolar
subset of an open subset Q2 of C" and T be a closed positive current of bidi-
mension (p, p) on Q \ A. Assume that #5,_»(A) = 0. Now, suppose that g
is plurisubharmonic function on €2 which is smooth on €2 \ A. In this case by
using ([10], Theorem 1), we can find the extension g7T'. But we can’t use the
same result to find g2T, since we don’t know whether g is plurisubharmonic
or not. Despite this, we can extend g7 over A. In fact, the current g27T is
positive. We may assume that locally g < 0, so simple computation shows
that

dd“(g*T) =2dg ANd°g AT +2gddg AT <2dg Ad°g AT

Now, set § = 2dg Ad“g A T, then S is a positive dd‘-negative current on
Q\ A. Applying [10], the current S exists and is positive dd“-negative on Q.
Hence by Theorem 3.3, g2T exists.

4. The case when A is a zero set of a strictly k-convex function

In this section we include our second main result. The result was considered
before in several cases. In 1984, El Mir [13] studied the case when T is a posit-
ive closed current and A is a zero set of an exhaustion strictly plurisubharmonic
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function. For the positive dd‘-negative current T the result was proved in [10].
In [9] the authors obtained the result when S is a closed positive current. The
case when S is positive and A is a zero set of positive exhaustion strictly
0-convex function was done in [2].

Let us start this section with the definition of k-convex functions followed
by a lemma which is given in [14].

DEFINITION 4.1. Let u be a continuous real function defined on an open
subset €2 of C". we say that u is strictly k-convex if there exists a continuous
(1, 1)-form y defined on 2 which admits (n — k)-positive eigenvalues at each
point, and such that the current dd“u — y is positive on .

LEMMA 4.2. Let u be a strictly k-convex function on an open subset Q of
C" and let y > 0 be a continuous (1, 1)-form on Q2. Then for all 7 € <, there
exist a neighborhood V, of z and a smooth strictly plurisubharmonic function
f on 'V, such that

ddu A (dd¢ f)F — y*+H! is positive on V.

PROPOSITION 4.3. Let 2 be an open subset of C* and u be a strictly k-convex
function on Q. Forc € R, we set Q. = {z € Q : u(z) < c}. Let T be a positive
current of bidimension (p, p) on Q \ Q. such that dd°T < S on Q \ Q. for
some positive and plurisubharmonic (resp. dd®-negative) current S on Q. If
p >k + 1, then T is of finite mass near Q..

PRrROOF. Asin [10], one can assume that u € €°°(£2\ A). Since the problem
is local, all what we need is to show that for every zo € u~!{c}, there exists
w € 2 contains zq such that

/ T ABP <0
w\Qc+%

independently of m. Since u is strictly k-convex function then there exist a
system of coordinates on C" and an open neighborhood V of zp and A > 0
such that A
ddu + Eﬁ/ - 2/3//

is a positive current on V, where ' = dd‘|7'|?, z/ € C* and B” = dd‘|7"|?,
7" € ¢k Letr > 0 such that B(zg,7) C V, and x be a smooth function
satisfying x = O on E(zo, %) and x = —1on 2\ B(zo, %r) For a sufficiently
small § > 0, we set v = u 4§ x and denote by ¢, a regularization kernel on C"
depending only on |z|. Choose ¢, small enough so that v,, = v * ¢, satisfies

O<v—v, < %and
ddcvm—i_)\.ﬂ/_ﬂ”
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is a positive form for all m. By Lemma 4.2, if « = dd® f and m € N, then we
findthat T AB? < T Add“v, AaP"onV \ Q.. Now let (h,,),, be a sequence
of increasing convex positive functions such that

1
0 <sup(t —c,0) — h,(t) < —, Vm € N, YVt €R
m
and 1
R, (1) =1 for t>c+ —.
m

If we set u,, = h,, o v, then clearly
dduy, APt = (h, 0 v,)dd vy, AP 4 (B! 0 0,)idV, A duy Al !

From the above equality and the hypotheses of (h,,), it follows that dd“u,, A
al~! > gr onB(zo, %)\QH;. Indeed, x = OonB(zO, %) Sowhenu > c+%

we have 1 1 1
Uy Z2V— — =U— — >C+ —
m m m

Therefore 4/, o v,, = 1 and k), o v,, = 0. Hence dd“u,, A aP~ ! = ddv,, A

a?~!on B(z(), %) \ Q.4 2. Moreover, (u,,) vanishes in a neighborhood of €2,
depending on m. Let g be a smooth function with compact support belonging
to 2\ €., g = 1in a neighborhood of d B(zp, ), 0 < g < 1 and vanishes on
a neighborhood of (€ \ €.) N B(zo, %r) Let T,, = T * ¢, be a smoothing
of T which is of course convergent weakly to T'. Let us set B, = B(zg, ) and
w= B%, hence

6/{—>0 B,

4.1) / TABP < lim [ T, Addu, Aol
w\Q(:Jr%

On the other hand,

/ T, A dduy APl = / T, Ndd(guy + (1 — guy) AaP!
B, B,

- / T, Add(guy,) AaP™!
B,

)

4.2) + / Un (1 — )dd°T,, A a?™!
B,

-

5/ T,, Add(guy,) Aal™!
B,

)

+/ U (1 — 8)Se, Aol
Br
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The nice choice of g makes the sequence (gu,,) converges uniformly to
(v — ¢)g. Moreover, on Supp g N Supp u,, the positive current 7 has locally
finite mass. So by Lemma 3.1, we obtain that the last right hand side integrals
in (4.2) are bounded independently of &; and m. In virtue of (4.1) we deduce
that T is of finite mass on w \ €2..

REMARK 4.4. In the case of strictly O-convex functions, the condition
dd‘S > 0 (or dd°S < 0) can be omitted. Indeed, in this case we can re-
place a by B in the proof of latter proposition. As § is positive, there exists
C > 0 so that

/ T, Addu, A BP™!

-

< / T, A dd (gun) A BP~ + / (1 = §)Su, A BP!
B B,

)

< / T, Add(gum) A B~ + ClISu, I,

r

COROLLARY 4.5. Let 2 be an open subset of C" and let u be a positive
plurisubharmonic function of class €> and 0 < s < r such that B.{z €
Q,u(z) < r} € Q. Let T be a positive current of bidimension (p, p) on
Q\ By such that dd°T < S on Q\ By for some positive and plurisubharmonic
(or dd‘-negative) current S on Q. Choose § € R suchthat0 < 8§ <r — s and
B, .5 € Q2. Then there exist C; > 0 and C, > 0 such that

/ T A (dd°u)? < Cy / T A (ddu)?
B,\B, C(r—5.r+5)

+ Callull oty IS + (p = D1 dd* S| L)

where C(r —8,r +68) ={z€ Q,r —§ <u(z) <r+68tand L = B,

Proor. We set ¢,, = max (u — % -, 0) * o, . For g, small enough have

dd® e, > %ddcu on {u > %—i—s}, then

1 ‘ ,
(4.3) -/ T A(ddu)? < lim [ T, Add°g, A (ddu)P™"
2 C(2+s,r) .

a—0 Jp

Let g be a smooth function with supportin C(r —§, r +§) suchthat0 < g < 1
and g = 1 on a neighborhood of 9 B,. The sequence g¢,, converges toward
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g(u — s) in €. Then by similar argument as in Proposition 4.3, we have
/ T,, Add°g, A (dd“u)P~" = / T,, Add(gom + (1 — )om) A (dd°u)P™"
B, B,
= / T, A dd(gpm) A (ddu)?™!
BV

+ / om(1 — g)dd°T,, A (ddu)P™!

"

< / T, A dd(gom) A (dde)"™!
Br

+ / o1 = )Se, A (dduyr!
Br

and by Lemma 3.1, there exist C; > 0 and C, > 0 independent of m and &
such that

lim [ T, Addo, A (ddu)’™!
B,

er—0

<C / T A (dd°u)” + Callully (1SN + (p — Dldd°S||.)
Supp g

The conclusion follows by letting m tends to co in (4.3).

REMARK 4.6. If u(z) = |z|?, then we don’t need the plurisubharmonicity
of S in Corollary 4.5.

THEOREM 4.7. Let 2 be an open subset of C* and u be a positive strictly
k-convex function on Q. Set A = {z € Q : u(z) = 0} and T be a positive
current of bidimension (p, p) on Q\ A such that dd°T < S on Q\ A for some
positive and plurisubharmonic (or dd‘-negative) current S on Q. If p > k+1,
then T exists. If p= k42, dd°S < 0and u is of class €, then dd°T exists
and dd‘T = dd°T.

Notice that, for strictly 0-convex functions we only need the positivity of §
to find f thanks to Remark 4.4. _

PrOOF. If p > k + 1, then by the previous proposition 7 exists. To show
the second part we first note that S — dd“T is positive dd*-negative current of
bidimension (p—1, p—1)on Q\ A. Soif p—1 > k+1,then S — dd“T exists.
This implies that ddT exists, and by ([10], Theorem 4) the result follows.

COROLLARY 4.8. Let Q2 be an open subset of C" and A be a Cauchy-Riemann
variety of class €' in Q with dimension k. Let T be a positive current of
bidimension (p, p) on Q\ A such that dd°T < S on Q\ A for some for some
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positive dd*-negative current Son Q2. If p > k+ 1, then T exists. If p>k+2,
then dd°T exists and dd°T = dd°T

Proofr. By Theorem III.6 and Theorem III.7 in [13], locally there exists a
positive strictly k-convex function u of class €2 such that A = u~!({0}). Then
the result follows from Theorem 4.7.

As we saw in the case of pluripolar sets A, the condition on the Hausdorff
dimension of A is sharp. But using Proposition 4.3, we can obtain the extension
in the case of compact pluripolar sets, regardless the greatness of its Hausdorff
dimension.

THEOREM 4.9. Let A be a compact complete pluripolar subset of an open
subset Q2 of C" and T be a positive (p, p) current on Q\ A such that dd‘T < S
on Q\ A for some positive current S on Q. If p > 1, then T exists and
R =dd°T — dd°T is a positive current supported in A.

ProoF. By Proposition II.2. in [13], there exists a strictly pseudoconvex
open set ' suchthat A C Q' € €, and a negative plurisubharmonic function u
on ' satisfying that A = {z € @, u(z) = —oo} and such that " is continuous.
Let ¢ be an exhaustion continuous strictly plurisubharmonic function on
and set ¢ = sup{¢(z), z € A}. Now consider the following sequence

1 1
Up = sup( —— —, el _ 0)
m’

Since ¢ is exhaustion, then there exists Q" € Q' and contains A such that
Uy =@ —C — % on Q' \ Q" for all m. Now consider A,, = {z € @, u,, = 0}
and g € €5°(2\ Q"),0 < g < 1and g = 1 in a neighborhood of 9%2’. By
similar argument as in Proposition 4.3, one can show that

/ T ABP <00
Q\A,

independently of m. Hence T exists, and by [12], the current R is positive and
supported in A.

If T is a positive closed current, Theorem 4.9 is due to El Mir [13]. The case
where T is a positive dd“-negative current is considered in [10], they proved
that dd°T = dd°T, if p > 2. Recently, Dabbek and Noureddine [9] studied
the case when 7 is a quasi-plurisuperharmonic current.

In what remains in this paper we suppose that A is a closed obstacle.

THEOREM 4.10. Let A be a closed subset of an open subset Q of C" and T be a
negative current of bidimension (p, p) on Q\ A suchthatddT > —Son Q\ A
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for some poszttve current S on Q2. Assume that 96, »(Supp T N A) is locally

finite. Then T exists. Ifdd°S <0, then dd°T exists and R = dd°T — dd°T is
a negative current supported in A.

The same result obtained by Harvey [17] when T is a closed positive current
and 7 ,_1(Supp T N A) = 0. The case when S = 0 due to Dabbek, Elkhadhra
and El Mir [10]. In [9], Dabbek and Noureddine studied the case when T is a
quasi-plurisuperharmonic current.

PrROOF. Our problem is local. So we may assume that 0 € Supp7 N A
and our aim now is studying the mass of 7' in a neighborhood of 0. Since
96,-1(Supp T N A) = 0, there exist a system of coordinates (z', z”) of CP~! x
=P+ and plydisk AP~ x AP P~ x C"=P*! such that (ANSupp T)N
(AP~ x 9 A"=P+1Y = ). Moreover, for any projection 7r; : C* — CP~! and any
strictly multi-index I = (iy, ..., ip,—1), one has 7;{0} N (Supp T' N A) = {0}
(see [19], Corollary 4 (i)). Let 0 < ¢ < 1 such that AP~ x {z",t < |7] <
13N (SuppT N A) = @. Foreach 7/ € AP, weset A, = (SuppT N A) N
({z'} x A""P*1). Since Hrp—2(Supp T N A) is locally finite, then again by
([19], Corollary 4 (ii)) we have that #,(A) is finite, and we find that A, is a
discrete subset for a.e z’. Without lose of generality, we may assume that A, is
reduced to a single point (z’, 0). On the other hand, T is a C-normal current on
Q\ A, soitis C-flaton Q\ A (see [4], pp. 573-574). The slice (T, 7y, 7’) exists
for a.e 7/, and is a negative current of bidimension (1, 1) on Q\ A, supported
in {z'} x A" P+ such that dd“(T, 7r;,7') > (=S, 7m;,z/) on Q\ A.. Let K be
a compact subset of AP~ x A"=P*+! Since T is negative, it is enough to show
that

/ ~T AR BP ' AB <00
K\A
where B’ = dd°|7'|>. Applying Remark 4.6 on the current —T', we obtain
/ (T, 71, 2) A B
ATPH((Z,0), D\Ay
<c [ (~T. 71, 2) A B+ Call(S. 7. Dl
{Z”EA” p+1 ‘Z”l>t}

where L = (1 + &)A"—P+1_ for small ¢ > 0. Now, by slice formula we get

(4.4) / ~T AP ' AB
K\A

< C/(/ (=T.m1.2) Aﬂ)ﬁml
Z Anﬂ7+|((z"0),l)\AZ/
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= C{/(/ (=T, nz,z’>/\ﬂ)ﬂ"’_l
Z/ {Z”EA"71)+1,‘Z//|>t}
+C§/</L(S, m,z’))ﬁ”’_l
Z/

< D1/ ~TArB? ' AB
AP {7 t<|7"|<1}

+D2/ SAmipP!
AP=IxL

As —T is of locally finite mass outside A and § is positive, the last right
hand side integrals in (4.4) are bounded. Hence, T exists. Now, assume that
dd®S < 0. We want to show the existence of ddT . As we saw above, for almost
every 7', the current (7', 77, Z') is negative and dd“(T, 7y, z') > (=S, 71, 7')
apart of A;, which is complete pluripolar. So by Theorem 3.3, (T, ;, z')
exists and (R, 77, z') = (dd“T,m;,z') — (dd°T, 7y, Z') is negative for a.e 7.
By similar argument as above we find that dd“T exists. Indeed, for K compact
subset of AP~ x A"P*+! we have

/ (dd°T + S) A p'P~!
K\A

5 B/ (/ ((dd°T + S), ;, z/>>/3’p_l'
2 \J A=+ ((/,0), D\A

As (leTT, 7y, 7') exists, the right hand side integral in the previous inequality
is bounded. So, dd°T + S exists, implies that dd“T exists. Remains to show
that R is negative, so take a positive function ¢ € Z(2). By slice formula, we
have

(4.5) /R/\ﬂz*ﬂ”’_l/\90=/<R,771,Z')(<p)ﬂ”’_1 <0

Hence, R A n}“ﬂ/l’_l < 0. Since (4.5) true for almost all choice of unitary
coordinates (7', z”), the current R is negative and supported in A.

REMARK 4.11. In the previous theorem, the currents 7" and dd“T are C-
normal on 2\ A, so the extensions T and ddCT are C-flat (see [4]). [4]). Therefore,
by the support theorem dd‘T = dd°T as soon as I p— »(SuppT NA) = 0.
Moreover, if 7 p_4(Supp T N A) is locally finite, then by [10], the extension
—S§ is positive and plurisubharmonic. Therefore the current 7 has the same
properties of 7.

As usual the case when T and dd“T coincide in the sign is not the op-
timal case. We see in ([10], Corollary 6), to find the extension of the positive
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plurisubharmonic current 7" apart of the closed set A, the Hausdorff dimen-
sion of A need to be reduced. Actually, we guarantee the existence of T if
Jp—3(A) = 0. In our setting we have the following version.

COROLLARY 4.12. Let A be a closed subset of an open subset 2 of C" and
T be a positive current of bidimension (p, p) on Q \ A such that dd°T > —S
on Q\ A for some positive and dd‘-negative current S on 2. Assume that
Hop—4a(A) is locally finite. Then T exists. Moreover, dd°T = dd°T

PROOF. Asdd“T + S is a positive and dd“-negative current of bidimension
(p—=1, p — 1), the extension dd“T + S exists by the previous theorem. Thus
dd¢T exists, and the results follows thanks to Theorem 5 in [10].
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