MATH. SCAND. 112 (2013), 240-257

DISCRETE HARDY SPACES RELATED TO POWERS
OF THE POISSON KERNEL

JONATAN VASILIS

Abstract

Discrete Hardy spaces H! (3T), related to powers & > 1/2 of the Poisson kernels on boundaries
oT of regular rooted trees, are studied. The spaces for « > 1/2 coincide with the ordinary
atomic Hardy space on 97, which in turn is strictly smaller than Hll /Z(BT). The Orlicz space

Lloglog L(dT) characterizes the positive and increasing functions in H 11 /2(3 T), but there is no
such characterization for general positive functions.

1. Introduction

Let f be an integrable function on the unit circle T. Recall that the Poisson
extension of f gives a harmonic function, denoted Pf, in the unit disc. By
taking the radial maximal function — that is, letting the function value at ¢’
be sup, o1 [(Pf)(re'?)| — we get a new function defined on the unit circle. If
this function is integrable, we say that f is in the Hardy space H'(T).

In [8], we studied the Hardy space H \l/(T) defined in a similar manner,
but using instead the normalized square root of the Poisson kernel. Here we
are interested in the corresponding space for powers of the Poisson kernel in
the discrete setting, more precisely on rooted regular trees T of fixed degree
g + 1 > 3. The boundary of the tree, denoted a7, consists of all infinite
geodesic paths starting at the root. The measure on 97 is always the standard
harmonic measure w, defined by (2) below.

Given f € L'OT),a € [% —I—oo[, and x € T, we let

(Po f)(x) = /8 (PN O £ dow(0),
T

where N (x, ¢) is the number of edges shared by the geodesic from the root to
x, having |x| edges, and ¢. The normalized «-Poisson extension of f to T is

defined by Py ()
(Py1)(x)’
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(Pa ) (x) =
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for x € T, and the corresponding radial maximal function is

) (P 1)@) = sup [(Po ) (Gl forall ¢ € 9T,

neN

where ¢, is the vertex along ¢ which is n edges away from the root. A Hardy
space is now defined just as in the continuous case.

DEFINITION 1.1. Leta € [1, +00[. The a-Hardy space, denoted H) (3T),
is the subspace of L'(d7T) consisting of functions f € L'(3T) such that

P;f € L'(3T). Anormon H, (3T) is defined by |l f | gyory = |2 £ || 11 o7

Since the space 9T is a space of homogeneous type, an atomic Hardy space
Halt (aT) is defined as in [1], see Section 3 below.

Probabilistically, the kernel (¢>"®)=)® /(P, 1)(x) is the exit distribution
of a certain nearest neighbor random walk — the %,-random walk — starting
at x. This random walk was described by Picardello and Taibleson [5], and
later also studied by the present author [9, papers 4 and 5]. If « = 1 we regain
the ordinary simple random walk, which at each step selects one of the g + 1
neighbours with equal probability. For a > %, the #,-random walk is of the
type studied in [4], but — just as in the continuous setting — the case o = % is
special.

Finally, C will denote a sufficiently large constant in [1, +o0[, the value of
which is uninteresting and can change even within the same line. Similarly,
¢ € ]0, 1] denotes a sufficiently small constant. If f, g are functions such that
cf < g < Cf atall points, then we write f ~ g. The indicator function of a
set A is denoted 14, thatis 14(x) = 1 if x € A and O otherwise. A function
f is said to be positive if it satisfies f > 0; that is, we do not require a strict
inequality.

ACKNOWLEDGMENT. The author is grateful to P. Sjogren, who suggested
the problem in the continuous setting [8]. The author would also like to thank
the anonymous referee and J. Bjorn, who both found misprints as well as
suggested valuable improvements of the text.

2. Results

Our first result states that the atomic Hardy space is contained in all ¢-Hardy
spaces, and that the reverse inclusion holds if & > % In particular, all «-Hardy
1

spaces are the same for o > 3.

PROPOSITION 2.1. Fix a € [§,4o00[. Then HY(3T) < HL(IT), and
||f||H;(aT) <C ||f||Halt(3T),for all f € Halt(aT). Furthermore, if @ > %, then
Halt(aT) == H;(QT) and ||f||]_]dl‘(a7“) E C ||f||Ha|(3T),f07” Clll f (S HO% (BT).
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The positive functions in the atomic Hardy space admit a nice character-
ization, identical to that in the continuous setting [7], in terms of an Orlicz
space.

PROPOSITION 2.2. If f € LY(3T) is positive, then f € HL(dT) if and only
if f € Llog L(3T).

Our next proposition will allow us to deduce the corresponding character-
ization of positive and increasing — as defined below — functions in H| 12 (0T).

ProPOSITION 2.3. Let T be a rooted (q + 1)-regular tree with g > 2. The
following hold for all positive functions f € L'(dT).

) Yoso fren 1 = C I flluy, oy forall ¢ € 9T
(ii) If there exists & € OT such that fru) < fE@ge) foralln € 9T \ {¢}
and allk €N, then || fl o) < C 2 ons0 JEGHT "

(iii) If f is increasing towards { € 0T, then ||f||H1|/2(3T) <C) o0 fE@) -

-n

q
n+1°

The constant C does not depend on f or .

We have the following characterization, similar to that in Proposition 2.2,
of the positive and increasing functions in H/ 12(0T). In particular, we deduce
that H11/2(8 T) is strictly larger than H}(37), and hence also strictly larger
than H}(3T) forall & > 1.

PROPOSITION 2.4. If f € L'(dT) is positive and increasing, then f &
Hll/z(BT) ifand only if f € Lloglog L(0T).

Our main result is, roughly speaking, that neither implication in Proposi-
tion 2.4 holds for general positive functions, not even if we allow a larger or
smaller Orlicz space.

THEOREM 2.5.
(i) Let L®*(dT) be an Orlicz space. If lim,_, .o, ®(1)/(tlogt) = 0, then
there exists a positive function f € L*(3T) such that f ¢ H,l/z(a T).

(i) If L®(3T) is of type A, — that is, if ®(2t) < C®(t) for all sufficiently
large t —and lim;_, o, (t)/t = 400, then there exists a positive func-
tion g € H11/2(8T) such that g ¢ L®(T).

3. Preliminaries

Identifying each vertex with the geodesic path connecting it to the root, we let
N (u, v) denote the number of edges shared by u, v € T U dT. The distance
between x, y € T is defined as the number of edges on the geodesic between
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x and y, and |x| denotes the distance between x and the root. Recall that ¢,
denotes the vertex x € T with |x| =n and N(x,¢) = n. Every vertex x € T
determines an interval E(x) € 07 defined by

E(x) ={ne€dT; N(x,n) = |x[}.
This allows us to define a Borel probability measure w on 7 by letting

1, if [x] =0, and
(2) w(E(x)) = 1

W’ if [x[ > 1,

where g + 1 is the degree of the tree. Unless otherwise stated, the measure on
aT is always w.
For trees, the atomic Hardy space [1] is defined as follows.

DEeFINITION. The atomic Hardy space on T, denoted H;t(a T), is the sub-
space of L'(3T) consisting of functions f € L'(3T) such that f = Zj Ajaj,
where Zj |Aj| < 400 and a; are atoms. A norm on ”'”HA“(BT) is defined by
£l HIGT) = inf Zj |A; |, where the infimum is over all atomic decompositions

Zj kjaj of f
An atom [1], [4] is a function of the following type.

DEFINITION. A function @ € L'(3T) is said to be an atom if it is the
constant 1, or if there exists an interval E(x) C a7 such that

(1) suppa < E(x),
(D) llallpsery < m, and
(i) [;7 a(@)dw(g) =0.

Apart from the radial Poisson maximal function &, defined by (1) in the in-
troduction, we will also make use of the Hardy-Littlewood maximal function M
on L'(8T), defined by (Mf)(£) = sup,ey | fE(, |, Where fr = == [ f do
is the mean value of f over E C 97T

As mentioned in the introduction, the kernel of the operator &, is the exit
distribution of the %,-random walk, but we will not make use of the explicit
step probabilities of these random walks. However, to prove Proposition 2.1
we will use the fact [9, paper 4 or 5] that, for o > % the probability p(x, y)
of stepping from x to y satisfies

1
3) §=px.y) =7 -9
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for all neighbors x and y, where § > 0 depends only on «. For « = % no
5 > 0 satisfies the upper bound for all x and y, but the following result will

allow us to prove the inclusion H)(3T) € H/ 1,(dT) in Proposition 2.1.

PROPOSITION 3.1. Let ¢ > 2 be an integer. The probability that a P 1 -random
walk on the (q + 1)-regular rooted tree T ever reaches y when starting at x,
denoted F% (x,y), is given by

(P, D(y)
F%(x’y)_ :

_ —d@.)/2.
(P D)

The proof can be found in [9, paper 4 or 5], and the following closed formula
for the spherical function P 1 1 is well known [2].

LEMMmA 3.2. Let g > 2 be an integer. Then (P%l)(z) = (P
g (1 4+ &7 - 12l), forall z € T.

D(zD) =

1
2

We now define increasing functions on 07 .

DEFINITION 3.3. A function f € L'(dT) is said to be increasing — or, more
specifically, increasing towards ¢ € 9T —if there exists an increasing function

f:N — Rsuchthat f(n) = f(N(n, g“)), foralln € oT \ {¢}.

Propositions 2.2 and 2.4, as well as Theorem 2.5, make use of Orlicz spaces.
Let ®: [0, +o0o[ be a convex and increasing function with ®(0) = 0 and
lim,_, o, ®(x) = +00. The Orlicz space L®(9T) is the set of all measurable
functions f:9T — R for which there exists a constant y > 0 such that
Lor ®(7 1)) do(¢) < +o0. If ®(2x)/P(x) is bounded when x is large,
then L®(9T) is said to be of type A,, and in this case it is enough to consider
y = 1 in the definition. We refer to [6] for proofs of these properties.

We also let L log L(dT) and L loglog L(dT) denote the Orlicz spaces with
®(r) = tlog(l + 1) and ® () = rlog(1 + log(1 + 1)), respectively. It is easy
to see that both L log L(dT) and L loglog L(3T) are of type A;.

4. Proofs

Proposition 2.1 is a special case of [4, Theorem 5] when o > %, and the case
1

5 s also essentially contained in that theorem.

o =

PRrROOF OF PROPOSITION 2.1. The result for ¢ > % follows from [4, The-
orem 5]. Indeed, in that case the operator &, is associated to a random walk —
the #,-random walk — which is of nearest neighbor type and satisfies (3); that
is, the random walk satisfies conditions conditions (H1) and (H2) in [4]. When
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o= % condition (3) no longer holds, but as we shall see, the same method of
proof works.

In fact, by the proof of [4, Theorem 6] we see that [ M f | 1157y < | fl m1or)s
and by [4, Proposition 8] we have that

(P f)(En) = mea—ak) ]‘[ o, all m>1,
i=k+1
where g = 0 and o; = F 1 (&i, ¢i—1). Hence, using Proposition 3.1 and

Lemma 3.2, we get that

| T . (Pi1)(k —1T) 1 (P11)(k) o = 1
(“"”““l—(‘W'q )

D — =—,
i=k+1 (Pl 1)(’”) m + %
so that

q_

R ——— > el = MH©),
k=0

—_

and finally |21 157, < 1Mo
We now turn to proving our results for positive functions.

PrOOF OF PrROPOSITION 2.2.  The proof is identical to the continuous proof —
see for instance [3, Theorems I1.2.1 and 11.2.4] — using the Calderén-Zygmund
decomposition given by [4, Lemma 6] and the characterization of H(dT) in
terms of the Hardy-Littlewood maximal operator [4, Theorem 5 (i)].

In the proof of Proposition 2.3, we will make use of the following approx-
imation of 2 ! f.

LEMMA 4.1. Assume that f € L'(3T) is positive. Then (9’% ) ~

n—jrl Y ieo JEGo, for all n € 9T and all n € N, with universal constants of
comparison.

ProoOF OF LEMMA 4.1. Let g + 1 be the degree of the tree. By definition

1 x
PO = G | a7 ©do@),

where, by Lemma 3.2, (P% D(x) ~ (x| + l)q_%‘, with universal constants of
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comparison. Hence

1) (P f)nn)
~ / V0 £(¢) do(©)
oT

n

- Z/E( WE( )qk : f(g)dw(f)"i‘/ q" - f(©)dw(?)
Tk Nk+1

k=0 E(nn-H)

=" q" (@ E®) frmy — @ Eua) feman)
k=0
+q" - 0(EMns1)) fE@)

= fean + (=g ¢ - 0(EM0) - femy

k=1
which proves the lemma, since w(E(n;)) = q'*/(q + 1), fork > 1.

PROOF OF PROPOSITION 2.3. Part (i). Let £ € oT. We have that
12} s = [ @) v dom)
2 nedT

->/ (2 )(&) doo(n)

n>0 (;n)\E(§n+l)

=Y (PN - 0(EC) \ EGu1)

n>0

—n

Zcznq+1;fE(;k>

n>0

—n

Z q
>
—C n_l_le({n)’

n>0

where the second inequality follows from Lemma 4.1 and (2), completing the
proof of part ().

Fart (ii). Using Lemma 4.1, the condition on f, and (2), we see that for all
nedT \{¢}andalln € N,

1 n
@)~ —— ; Fean = Feamoo:
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so that (] f)(n) < CfE(y,,.,» and hence
2

”‘Ojjzf”wan = Cf TEGw.en Ao ()
aT

—cx | Frie do(n)

n>0 (;rl)\E(§71+l)

=CY frey@ECG)\EGu)) ~ Y freqd "

n=0 n>0

and (ii) follows.
Part (ii1). Fixn € 0T andn € N. Let { € 9T be the point towards which
f is increasing. By definition and Lemma 3.2,

1
(P~ —— | ¢V f)do(),
2 n + 1 T

and we consider first the integration over v € T with N(v,¢) > N(n, {).
Observing that N (n, v) = N(n, ¢) in this case, we get that

1
/ gV V) £y dw(v)
n+1Jonvowo=nae

qmin(n,N(ﬂ,C))

=" r W (EGNm.0+1)) * FECvu.0)

- CqN(’”)
TN o)+ 1
_ C
 N@m. o +1

—-N®.¢)

-q : fE(CN(n,DH)

: fE(sz(n,:m)a

where the last inequality uses the fact that ¢ — ¢’ /(¢ + 1) is increasing for,
say,t > 1. If instead N(v, ) < N(n, ¢), then f(v) < f(n), so that

1
/ g ) dow) < T [ Vo o)
n+1Juveosvao n+1Jor

IA

IA

Cfn),

and hence

. C
(,@% N = m “JEGug.0 T CF ().
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Integrating over 07 we get that

JE@) )
”gj*f” <C / “=dom +Clfloen
pen = ; EGO\E@) K=+

f
= C Y 0E@\ EGw) - 5+ Clfllan
k>0
>
<C “ fE@)
ps k+1

since || fll 1oy = fE(), completing the proof of part (iii).

REMARK. Let f € L'(dT) be a positive function, increasing towards
¢ € aT. We claim that for every € 0T and every k € N,

JEm) = FEGNm.0)>

that is, f satisfies condition (ii) in Proposition 2.3. This immediately follows
if k > N(n, ¢), since in that case f(v) < f(n) < f(v),forallv € E(n;) and
allv € E(ya.o)) \ {¢}. If instead k < N(n, ¢), then

fdw = / fdow+ / fdw
E(ni) E(Mmna.e) EMO\NE(Mna.c))

=< / fdw + CO(E(Uk) \ E(nN(n,{))) . fE(r]N(,,.g))
E(Mnm.g)

=w(Em)) - fE(??N(n,O)’

where the inequality follows since f (V) < fE@my,) ifV € EO)\ Ena.e),
infact f(v) < f(v) forallv € E(ne.0) \ (¢}

Proving the L loglog L(0T)-characterization in Proposition 2.4 is now
simply a matter of estimating the sums in (i) and (iii) of Proposition 2.3. The
first part of that calculation is the following lemma, which does not require the
function to be increasing.

LEMMA 4.2. Let T be a rooted (q + 1)-regular tree with g > 2, and let
¢ € 0T. If f:N — R is a any function satisfying Zkz() | f(k)lg™* < +o0,
then f(n) = f(N(n, £)), n € T \{¢}, defines an integrable function 9T — R
with

) fdo = —f( )+—Zf(k)q”‘
oT

k>1
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If in addition f > 0, then

5) 3 fe T~ 2 g gk +2),

k=0 k=0
for all n € 9T, with universal constants of comparison.

PrROOF OF LEMMA 4.2. Obviously f is measurable. If f > 0, then

© [ rw=Y [ fdo =3 FO0Em \ Et)),
E

k>0 MONE (k+1) k>0

and applied to |f|, this shows — using (2) — that f is integrable, since
Y k0l f (k)|g~* < 4o00. Hence, (6) holds for general f and (4) immediately
follows.

Now assume that f > 0. Letting n € N and applying (4) to the function
k — f(k)lln,ﬁo[(k), we get that

fdo~Y" flog™,

E@) pre

and hence fri,) ~ q" Y ion f (k)g~*, both estimates with universal constants
of comparison. Consequently

> fE(»m ~ Y flog™ Z —— ~ > flkg ™ log(k +2),

n>0 k=0 k=0
with universal constants of comparison.

PROOF OF PROPOSITION 2.4. ~Since f > 0 is increasing, there exists ¢ €
dT and an increasing function f:N U {+o00} — [0, +-00] such that f(n) =
J(N(,¢)),foralln € aT.

Assume that f € H| 12(3T). Without loss of generality, we may also assume

that || f1| 157y < 1. First observe that f(n) < ¢"9*2 since by Lemma 4.2,

Zf(k)q"‘ > f(n)q‘”

k>0

L= fllziory = + 1

and hence f (n) < 3q" < q"*2, Consequently

log(l + log(1 + f(n))) < log(1 + log(1 + qN(n,c)Jrz))

< Cloglog(q"™9*?)

= Clog(N(n,¢) +2),
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with C depending on g. By (4) and (5) in Lemma 4.2, we then get that

/3 O log(1 +log(1 + £ ) dwn)
<c /d P log(N G, ©) +2) dw (o)

<CY fk)logk+2)-q7*
k>0
k

-
<CY few—
P k+1

and this last sum is finite by Proposition 2.3 (i).
Now assume instead that f € LloglogL(dT) and let g(n) = f(n) +
M for n € dT \ {¢}. Using (4) in Lemma 4.2 we see that the last term, as
a function of 7, is in L loglog L(dT), and hence so is g. Defining a function
g:N — [0, +oo[ by g(k) = g(&), we see that g(n) = g(N(n, ¢)), for all
n € aT \ {¢}. Furthermore, log g(k) > %, and using (5) in Lemma 4.2 we
get that

—k

q 3 —k
v <C k log(k + 2
k§>0 fE(g)k 1 s k§>0 fk)q a( )

<€) 2kg *log(log g(k))

k>0

e /a ¢(n) log(1 + log(1 + g(n)) dw ().
oT

where the last inequality follows from (4) in Lemma 4.2. Since g € L log
log L(9T) this proves that ) ;. fE@k)% < +o00, and hence f € H11/2(8T)
by Proposition 2.3 (iii).

Just as in the continuous case [8], we prove Theorem 2.5 by summing
simpler functions with disjoint support. The functions we will use are given
by the following two lemmas.

LEmMMA 4.3. Let T be a rooted (q+1)-regular tree with q > 2. Furthermore,
letn > 1, N > 0 be integers, and let x € T. If gV > n? and |x| < n, then
there exists a subset M of the interval E(x) such that o (M) = qqﬁ g N
and

/ (P51 () do(n) = cNg™" ™V,
Ex) 2

where ¢ does not depend on n, N or x.
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LEMMA 4.4. Let T be a rooted (q+ 1)-regular tree with g > 2. Furthermore,
let x € T andlet N > 1 be an integer. There exists a subset M of the interval

E (x) with measure w(M) = qqﬁ . q‘m_qN and whose indicator function

. _gN . .
satisfies || P 1y llLvory < Cq~9", where C is a universal constant.
2

ProOOF oF LEMMA 4.3. Without loss of generality we may assume that
N > 4 and that |[x| = n. For each m > 0 we denote by x{", ...,x;”m the
elements in 7 with N (x, x;") = |x| that are at a distance m from x, numbered
so that N(x;”,x;’f(f.ll)ﬂ) =|x|4+m,fori =1,....,9g"and j = 1,...,¢q
(figure 1). Then, of course, the intervals E(x}"), ..., E (x;"m) partition E (x).

£ R X

FIGURE 1. The vertices x{", ..., x;”m are drawn form = 0,1,2 and a

vertex x € T with |x| = 1. In the figure, ¢ = 2 and the root is labeled o.

Now let Ky = E(x) and, for u > 1,

ght—1
q]

Kp=|JE@I)NK,1,  Li=K,i\K,p.
i=1
The set K, consists of N, — whose exact value we will not need — pairwise

disjoint intervals K, i, ..., K, y,. Note that o(K,) = q%a)(Ko) = qu .
g "
Choose M = Ky — which is a set with o (M) = qu -g~"~N —and pick an

integer u such that % < u < N. Suppose that n € I, and let k be such that
K, —1x 2 1,. Then, by definition and Lemma 3.2,

(Q’ZIM)(U) > (P11m) (grsn—1)
c
>
T gt +n

C
— pTa Z/ qN(nqwrnf],{)lM(é-)dw(;)
i Ku..i

\%

/ qN(nq/unf],C)lM(é’)da)(;’)
K1k
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where the sum is over those i for which K, ; € K,,_1 . Note thatif ¢, ¢’ €
E(xfﬂfl), for some j, then N(¢, ¢’) = g"* +n—1, since |x| = n. In particular,
this implies that g™ e*+-1:8) is constant for ¢ € K, ;, allowing us to replace
1y by its average value ¢“~" in the integral above, so that

n—N
@) = —— 3" / g"t 9 da(¢)
2 ; K

qu + n i
cg™N 1

— z ,_/ qN(quMn-l,{) da)(g“),
g +n gq K1k

where the last equality follows by extending the integration from K, ; to in-
clude the neighboring intervalsin 1,,. Now, since n € I,, € K,_1 ; by assump-
tion,

g"+n—1

/ gV D dw@) = Y gt o (Em) \ E(ipn) = cg”,
K1k i—gh—1
i=q “+n
so that ) cah~N
gt
@) = pronil i
and hence
? 9" v
11 d > q" o) =cqg ",
J@itmantn z S gt ot 2

N
2

where the last inequality follows since n < g
integers p such that % < u < N we get that

< g". Finally, summing over

/ (Pt 1) () do(n) = eNg ",
Ex) 2

since the intervals (/,),, all subsets of E(x), are pairwise disjoint.

As a warm-up for the proof of Lemma 4.4, we give the following estimate
of ”‘@LE( ) 137y, where E(y) is an interval.
2 y

PROPOSITION 4.5. Let T be a rooted (q + 1)-regular tree with q > 2. There
exists a universal constant C such that

124 e len < CAyl+ g™,

forally eT.
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PRrROOF OF PrOPOSITION 4.5. By Lemma 4.1, there exists a universal con-
stant C < 4oo such thatforally e T,n € 9T, and n € N,

C Z w(E(y) N E ()

P11 n) < ’
Pylee) () < == —~  w(EM)

and hence

w(E(y) N E(m))
Py c '
( 1 Ep)(M) < i‘;lg w(E ()

Since w (E(y)NE (i) = min(w(E(y)), @ (E(n))) if N(y, n) = min(|y|,k),
and zero otherwise, we get that

WEMNEM)  @(EQ) N EG)

P
Pl = M Em) e @(EM)
_ - WEW) o eEm)
okzminN oD @ (E(1)  papy @(E(o)
o (E(y))

< =+ gy () = CqV TP+ 1) ().
O(EMney) v

Integrating over a7, we get that

125 ey llLior) < € / g"P P do () + Co(E(y))
oT

=Cq ™2 (PAD)() + Co(E(y)

)l

<Cq 2 g Tyl + 1)+ Co(E®y))
< C(lyl + g™,

where the estimate of (P% 1)(y) follows from Lemma 3.2.

Picking y € T with |y| = |x| + ¢" and N(x, y) = |x|, Proposition 4.5
immediately implies a weaker version of Lemma 4.4. As we shall see, the
original claim follows if we instead pick qu suitable vertices y € T with
|yl = lx| +2¢" and N (x, y) = |x].

PROOF OF LEMMA 4.4. Pick vertices yi,i = 1,..., ¢4, with N(y', x) =

IxI, |y'| = |x| +2¢", and N(y', y/) < |x| +¢", foralli # j.Let M =
N

?il E(y"), which is a subset of E(x) with o (M) = o g~ 1=4". For

notational convenience, let f = 1.
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Lemma 4.1 implies that

(N c@iNHm = sup  (PLOH0) A+ sup Sra,

0<n<|x|+2¢"~ n>|x|+2¢N

where ¢ > 0 is a universal constant. To bound the last term, note that if
n > |x| +2¢", then fgq,, = 1if n € M and zero otherwise, so that
SUP,> x|+24V JEm, = f (M), since [ = 1y.

Now consider (21 f)(1,) for 0 < n < |x| + 2¢". By definition of 2.1,
using Lemma 3.2, we see that

C
@ P =~ [ "5 o)
n—+ 1 9T
c
_ N, 6)
= q do(¢)
n + 1 ; /;;(y[)
Cq—m —2g" g -
< Mn»Yy )
- n-+ 1 Zq

since N(,, ¢) = N(n,, y') forall ¢ € E(y'). If n < |x|,orif n ¢ E(x), then
Ny, y") < |x|, for all i, and hence

Cgq\I-24"

Lqd” . |x|<C —-q
n+1 4=

Py ) <
in this case.
It remains to consider n € E(x) and n with |x| < n < |x| +2¢". Note that
N, y) = |x|+mforg? -g~™-(1—g~") values of i, ifm =0, ..., g~ —1,
and that N (17, y*) > |x| + ¢g" for exactly one value of i. Since

x2Nq—l
qll q

(P10 < Z g g g (=g

v gt Ixl+29Y

CqgM1=2 ‘
I > 4" Lo,
i=1 k=|x|+¢"

where the last sum accounts for the case when N(n, y') > |x| + g", we get
that when n > |x| 4+ ¢V,

N |xl+2¢Y

Z q* - 1en ()

i=1 k=|x|+¢"

—|x]—2¢" 4
ql\ q

P, ) <C qu+—
( 2f)(ﬂ) q PEY
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If instead n < |x| + ¢”, then a similar calculation shows that

Cq_‘xl_qu n N —(n—Jx
@ ) = = ——-4"-4" -q (n=Ix)
Cq-2a" L ) et
—— d"q" D1 —gh
n+1 P
<cq .

By (7), all the estimates together yield

N
“lxl—2g" 9 Ixl+2¢"

DB ARR EIRI ()}

i=1 k=lx|+g"

Cq

P <cqg 4 ——
(Z1f)n) = Cq X+ "

and hence || 2} fllL1o1) < Cq_qN, which finishes the proof of Lemma 4.4.
2

PrOOF OF THEOREM 2.5. Part (i). Let ¢ be a continuous function such
that ¥ (1)g~2Y® = ¢, for all sufficiently small r > 0, and ¥ (1) — 400 as
t — 0. Since lim,_, ;o0 2 = 0, we may to each k € N* pick oz > 1 such

tlogt —
that —2(@)_
o logay

sufficiently large — is an integer such that n; > k. Since ) quq—nk <1,
we may pick pairwise disjoint intervals E(xg) € oT with |x;| = ng.

Noting that ¢* > nk for k > 4, we may apply Lemma 4 3 withn =
N = ng and x = x; to get sets My © E(x) with (M) = 5 g™ and
fE(xk)(.@’%"le)(n) dw(n) > cngg=". Then f = Zk24 a1y, is a measurable
function satisfying

<1 Letn; = W(ﬁ), which we may assume — by choosing o

1
[ ot aom =3 e@om < 3 L
oT

k>4 k>4

and since o = % — using the defining property of ¢y — we get that

2ny

2nk logg

| emdom < D e

g 7" < o0,

sothat f € L®(0T).
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On the other hand,
[ @pmaem=3 [ @eimnmdaon
aT  ? oa VEG) 2
1
>c ngg 2 = ¢ - = 400,
= ; KNkq ; X

and hence f ¢ H!(3T), completing the proof of part (i) of Theorem 2.5.

2

Part (ii). Let ko = ¢9/%. Since lim,_, .o, ®(1)/t = 400 by assumption, we
may to each integer k > ko pick oy > 1 suchthat ® (o) /otz > k3. Also assume,
by choosing o sufficiently large, that the quantity Ny = log, log, (k*ay) is an
integer.

Let [, = [2 logq k1, where [s] denotes the smallest integer such that
[s] > s. Since } ;- # -q~% < 1, we may pick pairwise disjoint inter-
vals (E(xg))k>k,>» Where x; € T has |xi| = k.

By Lemma 4.4, with x = x; and N = N, we get sets (My )k>k, satisfying
My € E(xi), o(My) = qqﬁ g% and 125 Wl ory < Cq=", fora
universal constant C < +00. ’

Letg = Zkzko a1y, , which is a function in L'T), owing to the fact that
aro (M) < kl4 Noting that

* * L —q"k
1278l or) = Zak”@%lmﬂy(an =C Zak q

k>kg k>ko

:CZk—t<+oo

k>ko

we get that g € H11/2(8T). However, g ¢ L®(dT), since

/ ®(g(n)do(n) = Z O (ap)w (My) > Z“kk3 . Ll g
o k>ko k>ko q+
1
> [

g1 kT

| =

k>ko

implying that g ¢ L®(dT), as the space is of type A,.
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