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ON THE VANISHING OF HOMOLOGY WITH
MODULES OF FINITE LENGTH

PETTER ANDREAS BERGH

Abstract

We study the vanishing of homology and cohomology of a module of finite complete intersection
dimension over a local ring. Given such a module of complexity ¢, we show that if ¢ (co)homology
groups with a module of finite length vanish, then all higher (co)homology groups vanish.

1. Introduction

With his 1961 paper [1], Auslander initiated the study of vanishing of homology
for modules over commutative Noetherian local rings. In that paper, he proved
his famous rigidity theorem: if M and N are finitely generated modules over
an unramified regular local ring A, then the implication

Tor (M,N) =0 == Tor?(M,N)=0 for i>n

holds for any n > 0. Lichtenbaum settled the ramified case in [10], and Murthy
generalized this to arbitrary complete intersection rings in [11]. Namely, he
proved that if M and N are finitely generated modules over a local complete
intersection A of codimension ¢, and

Tor* (M, N) = Tor?, (M, N) = - .- = Tor?

n+c(M’ N) =0

forsomen > 0, then ToriA (M, N) = 0fori > n. This was vastly generalized in
[8], [9], where Jorgensen focused on the complexities of the modules involved,
rather than the codimension of the ring. He showed that if M is a module of
finite complete intersection dimension and complexity ¢ over a local ring, then
the vanishing of ¢ + 1 homology (respectively, cohomology) groups forces the
vanishing of all the higher homology (respectively, cohomology) groups.

In all of the above mentioned vanishing results, one assumes the vanishing
of consecutive (co)homology groups. However, the author showed in [4] that
this is not necessary. In fact, the (co)homology groups assumed to vanish may
be arbitrarily far apart from each other. Namely, let M and N be modules over a
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local ring A, with M of finite complete intersection dimension and complexity
c. It was shown that if there exists an odd number ¢ such that

Tor,’:‘(M, N) = Tor# (M,N)="---= Tor”

n+q n—+cq (M’ N) = 0

for some n > depth A — depth M, then Tor(M, N) = 0 fori > depth A —
depth M (and similarly for cohomology). The above vanishing result of Jor-
gensen is the special case g = 1.

In this paper, we show that when the module N has finite length, then we
may reduce the number of (co)homology groups assumed to vanish by one.
Namely, let M and N be modules over a local ring A, with N of finite length
and M of finite complete intersection dimension and complexity c. In this
situation, we show that if there exists an odd number g such that

Tor?(M, N) = Tor?, (M, N) = --- = Tor?

n+q nte—1ygM, N) =0

for some n > depth A — depth M, then Tor(M, N) = 0 fori > depth A —
depth M (and similarly for cohomology). The special case when ¢ = 1 and the
ring is a complete intersection was proved by Jorgensen in the above mentioned
papers.

2. Complete intersection dimension

Throughout this paper, we assume that all modules encountered are finitely
generated. In this section, we fix a local (meaning commutative Noetherian
local) ring (A, 1, k).

Every A-module M admits a minimal free resolution

o> > Fi—> Fp—>M—>0

which is unique up to isomorphism. The rank of the free A-module F, is the
nth Betti number of M; we denote it by ;' (M). The complexity of M, denoted
cx M, is defined as

cx M & inf{r € NU{0} | 3a € R such that 84 (M) < an'~" for all n > 0}.

Thus, the complexity of a module is the polynomial rate of growth of its Betti
sequence.

An arbitrary local ring may have many modules with infinite complexity. In
fact, by a theorem of Gulliksen (cf. [7, Theorem 2.3]), alocal ring is a complete
intersection if and only if all its modules have finite complexity. In order to
study modules behaving homologically as modules over such rings, Avramov,
Gasharov and Peeva defined in [2] the notion of modules with finite complete



ON THE VANISHING OF HOMOLOGY WITH MODULES OF FINITE LENGTH 13

intersection dimension. Recall that a quasi-deformation of A is a diagram
A — R <« Q of local homomorphisms, in which A — R is faithfully flat,
and R <« Q is surjective with kernel generated by a regular sequence. The
length of this regular sequence is the codimension of the quasi-deformation.
An A-module M has finite complete intersection dimension if there exists
such a quasi-deformation in which the Q-module R ® 4 M has finite projective
dimension. We shall write “CI-dimension” instead of “complete intersection
dimension”.

As mentioned, the homological behavior of modules of finite CI-dimension
reflects the behavior of modules over local complete intersections. For ex-
ample, such amodule has finite complexity. Moreover, the cohomology groups
are finitely generated over a ring of cohomology operators of degree two, a
notion we now explain (cf. [2, 4.1]). Let Q be a local ring, and let xq, ..., x,
be a regular sequence of length c. Denote the ring Q/(xy, ..., x.) by R, and
let M be an R-module with a free resolution F. The regular sequence gives
rise to chain maps {t; € Homg (F, F)}{_, of degree —2, namely the Eisenbud
operators. These are uniquely defined up to homotopy, and are therefore ele-
ments of Ext% (M, M). Moreover, these chain maps commute up to homotopy.
Thus, the Eisenbud operators give rise to a polynomial ring R[x1, ..., x.] of
operators with the following properties:

(1) The degree of y; is two for all i.

(2) There is a graded ring homomorphism R[x1, ..., xc] BN Exty (M, M)
for every R-module M, where Exty(M, M) = @32, Extr (M, M).

(3) Forevery pair (X, Y) of R-modules, the R[ 1, ..., x.]-module structure
on Ext} (X, Y) through ¢x and ¢y coincide (cf. [3, Theorem 3.3]).

(4) Forevery pair (X, Y) of R-modules, the R[;, ..., x.]-module Ext} (X,
Y) is finitely generated whenever Ext”Q (X,Y) =0 forn > 0 (cf. [6,
Theorem 3.1]).

As mentioned above, modules of finite CI-dimension have finitely generated
cohomology, as we see from property (4) above. Namely, let M and N be A-
modules, with M of finite CI-dimension over a quasi-deformation A — R <«
Q, say. Furthermore, let S be the polynomial ring induced by the Eisenbud
operators coming from the surjection QO — R. Then since pd,(R ®4 M) is
finite, the S-module Exty (R ®4 M, R ®4 N) is finitely generated.

Having defined Eisenbud operators, we end this section with the following
result. It shows that a module of finite CI-dimension and complexity one can
be “realized” by a codimension one quasi-deformation.

LEMMA 2.1. Let A be a local ring, and let M be an A-module of finite
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Cl-dimension and complexity one. Then there exists a codimension one quasi-
deformation A — R < Q withpdy(R ®4 M) < oo.

ProoOF. By [2, Proposition 7.2(2)], there exists a quasi-deformation A —
R < Q of codimension one, such that the Eisenbud operator x on the minimal
free resolution of R ® 4 M is eventually surjective. Thus, if

o> B> F—>F—>M-—0

is the minimal free resolution of M, and

> RQs Fipp —> R®u Fupy — ROu Fy —— -+

lfwz lﬁm l n

cvivo——> R F, —> RQ s F,_.1—> RQ F,_p—> ---

is the chain map corresponding to x, then f;, is surjective for large n. By [2,
Theorem 7.3], the minimal free resolution of M is eventually periodic of period
2, so that F}, is isomorphic to F,, for n 3> 0. Consequently, the map f, is an
isomorphism for large n.

For any R-module N and integer 7, the action of x on Extz(R ®4 M, N)
is induced by f,,. Therefore, there exists an integer n¢ such that

X Ext2(R ®4 M, N) = Exts™?(R®4 M, N)

for all n > ny. Consequently, the R[x ]-module Ext, (R ®4 M, N) is Noeth-
erian, and so it follows from [2, Theorem 4.2] that Ext”Q (R®4 M, N) vanishes
for large n. In particular, this holds if we take N to be the residue field of Q,
hence de(R ®a M) is finite.

3. Vanishing of homology

We start by showing the following special case of the main result. It shows that
when a module has finite CI-dimension and complexity one, then the vanishing
of a single homology group with a module of finite length implies the vanishing
of all higher homology groups.

ProOPOSITION 3.1. Let A be a local ring, and let M be an A-module of
finite CI-dimension and complexity one. Furthermore, let N be an A-module
of finite length. If Tor® (M, N) = 0 for some n > depth A — depth M, then
Tor (M, N) = 0 for all n > depth A — depth M.

ProoF. Choose, by Lemma 2.1, a codimension one quasi-deformation
A — R < Q for which the projective dimension of the Q-module R ®4 M is
finite. Thus R = Q/(x) for a regular element x in Q. Denote the R-modules
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R®s M and R ®4 N by M’ and N’, respectively, and note that N’ has finite
length.
The change of rings spectral sequence

Tory (M, Tor(N', R)) = Torj’,, (M', N')

degenerates into a long exact sequence

Torf(M', Ny — Tor?(M’, N’y — Torf(M’, N') —
Torf (M, N’y — Tor®(M’', N') — TorR(M', N') —

in homology. Let
0— Qﬂf(M/) — e Qﬂf?(M/) - M -0

be a minimal Q-free resolution of M’. Localizing this resolution at x, keeping
in mind that x M’ = 0, we see that Y- (—1)/ € (M’) = 0. Now £(Tor2 (M’,
) = ,BiQ (M), where [ is the residue field of Q. Moreover, the Euler char-
acteristic 370, (—1)'¢(Tor? (M’, —)) is well defined and additive on the cat-
egory of finite length Q-modules. Therefore, induction on length shows that
Zzo(— l)iE(ToriQ (M', X)) = 0 for every Q-module of finite length.

By the Auslander-Buchsbaum formula, the projective dimension of M’ over
Q is given by

depth, Q — depth, M" = depth; R — depth, M’ + 1
= depth, A —depth, M + 1.

Let m > depth, A — depth, M be an integer, and consider the long exact
sequence in homology starting in Torng (M, N') =0, ie. the long exact
sequence obtained from the above spectral sequence. By taking the altern-
ating sum of the lengths of the terms, and identifying Torf(M’, N’) with
Tord (M’, N'), we see that £(Tor® (M, N')) = &(Tor®, | (M’, N")).

Suppose that Tor? (M, N) = 0 for some n > depth A — depth M. Since
Tor,f(M’, N’) is isomorphic to R ®4 Tor,f(M, N), the above shows that
Tor®(M’, N') = 0 for all n > depth A — depth M. Then by faithful flatness,
the homology group Tor;:‘ (M, N) vanishes for all n > depth A — depth M.

Having proved the complexity one case, we now prove the main result,
the case when one of the modules has finite CI-dimension and complexity c,
and the other has finite length. In this situation, the vanishing of ¢ homology
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groups implies the vanishing of all higher homology groups. Moreover, the
“vanishing gap” can be any odd number. This result therefore generalizes [4,
Theorem 3.5] to rings which are not necessarily complete intersections.

THEOREM 3.2. Let A be a local ring, and let M be an A-module of finite
Cl-dimension and complexity c. Furthermore, let N be an A-module of finite
length. If there exist an odd number ¢ > 1 and a number n > depth A —
depth M such thatToriA(M, N)=0forie{n,n+q,...,n+(c—1)q}, then
Tor (M, N) = 0 for all i > depth A — depth M.

PrOOF. We argue by induction on the complexity ¢ of M. If ¢ = 0, then
pd M = depth A — depth M by the Auslander-Buchsbaum formula, and the
result follows. The case ¢ = 1 is Proposition 3.1, so we assume that ¢ > 2.

By [5, Lemma 3.1], there exists a faithfully flat extension A — R of local
rings with the following properties:

(1) There is an exact sequence
0> RRUM— K — QLR®sM)— 0

of R-modules.
(2) The R-modules R ® 4 M and K have finite CI-dimension.
(3) The complexity of K is ¢ — 1.
(4) depth, R — depthy K = depth, A — depth, M.

As in the previous proof, denote the R-modules R ®4 M and R ® 4 N by M’
and N’, respectively, and note that N’ has finite length. Since TorX(M’, N') is
isomorphic to R ® 4 Tor (M, N) for all i, the vanishing assumption implies
that Torf(M', N') = 0 fori € {n,n +q,...,n+ (c — 1)q}. From (1), we
obtain a long exact sequence

... — TorR

fgi(M' N') — Torf(M', N')

— Torf(K,N') — Torf, (M',N") — -
of homology groups, from which we obtain that Tor® (K, N') = 0 fori €
{n,n+gq,...,n+ (c — 2)q}. Therefore by induction and properties (2), (3)
and (4), the homology group Tor? (K, N’) vanishes for all i > depth, A —
depth, M. The long exact sequence then shows that TorX(M’, N') =~
Torl.RJrj(qH)(M’, N') forall i > depth, A — depth, M and j > 0.

By considering the pairs (i, j) € {(n,c),m +qg,c—1),...,(n + (c —
g, 1)}, we seethatToriR(M/, N') = 0forn+cq+1 <i < n+cq+c. Faithful
flatness then implies that Tor,A (M,N)=0forn+cqg+1<i<n+cqg+ec.
Thus we have reduced to the case when ¢ consecutive homology groups vanish.
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Now we use [5, Lemma 3.1] once more: there exists a faithfully flat local
homomorphism A — § and an exact sequence

0= S M— K — QLS ®4s M) — 0

of S modules, in which S ®4 M and K’ satisfy properties (2), (3) and (4).
Arguing as above, we obtain an isomorphism

TorS (S ®a M, S ®4 N) = Tor’,,(S @4 M, S ®4 N)

for all i > depth, A — depth, M. Since Torf(S RaM,S ®s N) = 0 for
n+cqg+1 <i < n+cq+ cand c is at least two, we conclude that
Torf(S ®aM,S®4N) =O0foralli > depth, A —depth, M. Finally, faithful
flatness implies that Tor? (M, N) = O for all i > depth,, A — depth, M.

We record the special case ¢ = 1 in the following corollary, i.e. the case
when ¢ consecutive homology groups vanish. Note that the case when the ring
is a complete intersection follows from [8, Theorem 2.6].

CoOROLLARY 3.3. Let A be a local ring, and let M be an A-module of
finite Cl-dimension and complexity c. Furthermore, let N be an A-module
of finite length. If there exists a number n > depth A — depth M such that
Tor (M, N) = O forn < i < n+c— 1, then TorA(M, N) = 0 for all
i > depth A — depth M.

We also include the cohomology versions of Theorem 3.2 and Corollary 3.3.
We do not include a proof; the proofs of Proposition 3.1 and Theorem 3.2 carry
over verbatim to the cohomology case.

THEOREM 3.4. Let A be a local ring, and let M be an A-module of finite
Cl-dimension and complexity c. Furthermore, let N be an A-module of finite
length. If there exist an odd number q > 1 and a number n > depth A —
depth M such thatExt’A(M, N)=0forie{n,n+q,...,n+(c—1)q}, then
Ext), (M, N) = 0 for all i > depth A — depth M.

COROLLARY 3.5. Let A be a local ring, and let M be an A-module of
finite Cl-dimension and complexity c. Furthermore, let N be an A-module
of finite length. If there exists a number n > depth A — depth M such that
Ext"A(M, N) =0forn <i <n+4c—1, then Ext'A(M, N) = 0 for all
i > depth A — depth M.
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