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POINCARE SERIES OF SOME HYPERGRAPH
ALGEBRAS

E. EMTANDER, R. FROBERG, F. MOHAMMADI and S. MORADI

Abstract
A hypergraph H = (V, E), where V = {x1, ..., x,}and E C 2V defines a hypergraph algebra
Ry = klxi,..., Xnl/ iy - xi {in, - ix} € E). All our hypergraphs are d-uniform, i.e.,

le;| = d forall ¢; € E. We determine the Poincaré series Pg,, (t) = Zf’il dimy Torf” (k, k)t! for
some hypergraphs generalizing lines, cycles, and stars. We finish by calculating the graded Betti
numbers and the Poincaré series of the graph algebra of the wheel graph.

1. Introduction

In [6, Chapter 7] the Betti numbers of the graph algebras of the line graph,
the cycle graph, and of the star graph are determined. This is generalized to
certain “hyperlines”, “hypercycles”, and “hyperstars” in [2]. A hypergraph
H = (V,E),where V = {x;,...,x,} and E C 2" defines a hypergraph al-
gebra Ry = k[xy, ..., x,1/(xi, -+ x5 {i1, ..., ix} € E). All our hypergraphs
are d-uniform, i.e., |¢;| = d for all ¢; € E. A hyperline is a hypergraph with
nd — (n — 1)« vertices and n edges ey, . . ., e,, where all edges ey, . . ., e, have
size d, and e; N e; # ¥ and has size « if and only if |i — j| = 1, a hypercycle
is a hypergraph with n(d — o) vertices and n edges ey, . . ., e,, where all edges
have size d, and e; Ne; # () and has size « if and only if [i — j| = 1 (mod n),
and the hyperstar is hypergraph with n(d — o) vertices and n edges ey, . . ., e,,
where all edges have size d, and for all i, j |e; Ne;| = |ﬂl'-':1 el =a > 0.
We denote the line hypergraph and its algebra with L, the cycle hypergraph
and its algebra with C%%, and the star hypergraph and its algebra S¢-*. Their
Betti numbers were determined in [2, Chapter 3] (in the first two cases with the
restriction 2 < d). In this paper we will determine the Poincaré series for the
same algebras. The Poincaré series of a graded k-algebra R = k[xy, ..., x,]/1
is Pr(t) = Zi’il dimy, ToriR (k, k)t [5] is an excellent source for results on
Poincaré series.
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2. Hypercycles and hyperlines when d = 2«

We start with the case d = 2a. If ¢; = {vi1,..., Vig, V), ..., Vj,}, Where
{vlfj} € e;11, we start by factoring out all vyx — v;; and v, — v;,. This is a
linear regular sequence of length (n + 1) (o — 1) for the hyperline and of length
n(a — 1) for the hypercycle. The results are

Ly, =klxi, ..o X1/ (x5, x5x5, o X0 x )
and
Cho=klxi,. .., 0,/ (x5, x5x5, .o, X0y xy), X, x7).
Then el
Pua(t) = 1+ )"V P, (1)
and

Peaua(t) = (1+ 1" VP (1),

[5, Theorem 3.4.2(ii)]. Now L, , and C,, , obviously have the same (ungraded)
Poincaré series as the graph algebras

2,1
L,=0L; =k[xi,...,xp41]/(x1x2, X2X3, . . ., XpXpy41)
and .
C,=C; =klx1,...,x,]/(x1X2, X2X3, . . ., Xp—1 Xy, XpX1)
respectively.

For a graded k-algebra €;2, R;, the Hilbert series of R is defines as
Hp(t) = Z?io dimy (R;)t'. The exact sequences

0 — (Xpp1) — Ly 5 L, —> Ly/(xp41) — O

and
0— (xy41) — L, — L,/(xy41) — O

and Ln/(xn+1) = Lnfl and (xn+l) = Ln72 ® k[X] giVGS

t

He,(t) = Hy, , () + 7 HL,, ().

The exact sequences
0— (x1,x,-1) — C, N C,— L, »—0

and
00— (x1, xp-1) — C, —> Cp/(x1, Xy—1) —> 0O
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and C,,/(xy, xp—1) =~ L,—4 ® k[x] gives

He,(t) = Hp, ,(t) — Hyp, ().

t
(I—-1)
Now C, and L, are (as all graph algebras) Koszul algebras [3, Corollary 2], so
Pc,(t) =1/Hc,(—t) and Pr (t) = 1/Hp, (—t). Since Ly = k[x;] and L; =
k[xy, x2]/(x1x2), we have Hy (1) = 1/(1 —¢) and Hy, (1) = (1 +1)/(1 —1).
We give the first Hilbert series:

Hp, (1) = (141 —1%)/(1 = 1)%, Hp,(t) = (1+20)/(1 1),

Hy, ()= (42t —> =) /(1 —1)°, Hp () =A+3t+1> =)/ —1)°,
He (1) = (14+20)/(1 = 1), He, () = (1421 —1%)/(1 = 1)%,

He,(t) = (1 +3t + 13 /(01 — 1), He (1) = (143t =23 /(1 — 1),

Thus we get

Pr() =1 +0*/(1 =1 —=1%), P(t)=(1+0%/(1-20,

P (t)=(14+03/0 =2t =>4+, P (t)=(14+0)>/1 =3t +1>+1%),
Pe,() = (1+0D/(1=20), Pe,()=(1+1?/(1 =2 —17),

Pe,(t) = (1 +1)2/(1 =3t +1%), Pc,(t) = (1 +1)°/(1 =3t +2¢°).

We collect the results in

THEOREM 2.1. The Poincaré series of L, and C,, satisfy the recursion for-

mulas P () = _LFDPL O, L
L, (1) =
(I +0)P, (1) — 1P, (1)
where Pr (1) =14+t and P, (t) = (1+1)/(1 —t) and

A+0)pL, )P, (1)
Pr () + (1 +0P, (1)

Pc, (1) =

Furthermore . )
Ppaa(t) = (140" 0P (1)

and .
Peawa(t) = (14 1)" "D P, (1).

3. Hypercycles and hyperlines when 2« < d

Next we turn to the case 2o < d. Now each edge has a free vertex, i.e.
a vertex which does not belong to any other edge. Then the Taylor resolu-
tion (cf e.g. [4]) is minimal. In that case there is a formula for the Poincaré
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series in terms of the graded homology of the Koszul complex [4, Corollary
to Proposition 2]. Let R be a monomial ring for which the Taylor resolution
is minimal. Then the homology of the Koszul complex H (Kg) is of the form
H(Kg) = k[uy,...,uynl/I, where I is generated by a set of monomials of
degree 2. Define a bigrading induced by deg(u;) = (1, |u;|), where |u;| is
the homological degree. Then Pr(t) = (1 + t)¢/Hg(—t,t), where e is the
embedding dimension and Hg(x, y) is the bigraded Hilbert series of H (Kg),
see [4].

We begin with the hypercycle. The homology of the Koszul complex (which
computes the Betti numbers) is generated by {z;}, where I = {i,i +1, ..., j}
corresponds to a path {e;, e;;1,...,¢;} in C,‘f"" (indices counted (modn)).
Thus there are n generators in all homological degrees < n and one gener-
ator in homological degree n. We have z;z; = 0if I N J # @. Thus the
surviving monomials are of the form m = z;, ---z;, where I; N [; = @ if
i # j.The bidegree of m is (r, 3 J;_; |I;]). Let }7;_; |I;| = i. Then m lies in
H(K); gi—(i-r)a- The graded Betti numbers are determined in [2, Chapter 3].
The nonzero Betti numbers are B; gi—(—rja = %(:i) ("r_:l) ifl<r<i<n
and B, n—a) = 1. (As usual (Z) = 0if b > a.) This gives the Poincaré series.

Next we consider the hyperline. The homology of the Koszul complex
is generated by {z;}, where I = {i,i + 1,..., j} corresponds to a path
{ei,eiy1,...,e;} in L(n,d, o). Thus there are n + 1 — i generators of ho-
mological degree i. We have z;z; = 0if I N J # §. The graded Betti
numbers are determined in [2, Chapter 3]. The nonzero Betti numbers are
Bidi—(i—rya = (i_l)("_i“) if 1 <r < i < n.The same reasoning as above

r—1 r
gives the Poincaré series. We state the results in a theorem.

THEOREM 3.1. If 20 < d, then

(1 + t)n(d—a)
PC,, (1) = o (i=1\ (n—i—=1\ 4y n+1’
1 + Zl§r§i<n(_1) 7(r—1)( r—1 )t -t
and
(1 _}_t)n(d7a)+a
P (1) =

S SRS () e e

4. The hyperstar

We conclude with a hypergraph generalizing the star graph. Suppose |e;| = d
foralli, 1 <i < n,and thatif i # j, thenle; Ne;| = |, el = a < d.
Then the ideal is of the form m (m, . .., m,), where m is a monomial of degree
«. Then the hypergraph ring S%* is Golod [5, Theorem 4.3.2]. This means that
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THEOREM 4.1.

Pgio (1) = (1 +t)'V‘/(1 -y ﬁn"“) = +t)”<"‘“>+“/<1 —Z(’Z)z"“).

5. The wheel graph

Finally we consider the wheel graph W,,, which is C,, with an extra vertex (the
center) which is connected to all vertices in C,,. We let W,, also denote the
graph algebra k[xg, ..., x,]/(X1X2, X2X3, ..., Xu X1, X0X1, - - -, X0Xp)-

THEOREM 5.1. Let W, be a wheel graph on n + 1 vertices. Then the Betti
numbers of W,, are as follows:

W) Ifj > i+ 1, then B; j(k[Aw,1) = Bi,;j (Ch) + Bi—1,j—1(Cp).

(i) If j =i+ 1, then B i1 (Wy) = Bi.is1(Co) + Bi—1.:(Cn) + ().

PrOOF. Assume that V(W,) = {xg, x1,...,x,} and C,, = W, \ {x0}. Itis
easy to see that Ay, = Ac, U {xo}, where Ay, and A, are the independence
complexes of W, and C,,. It implies that for any i > 1, H;(Aw,) = H;(Ac,).
Thus, if j > i 4+ 1, from Hochster’s formula ([1, Theorem 5.5.1]) and the
observation above one has the result. Now assume that j = i 4 1. Then

Buimi(W) = Y dim(Hy(As))

SCSV(Wy),|S|=i+1

= > dm@E@An+ Y. dim(H(Ay)).

SCV(Cy),|SI=i+1 SCSV(Wy),8=8"U{xo}

Forany S € V(W,) and Sy € V(C,), let rg and r/SO denotes the number of
connected components of Ag in V(W,,) and Ag, in V(C,) respectively. Then

we have ZSQV(W,,),S:SOU{XO} dim(Hy(Ay)) = ngV(Wn),S=Sou{xo}(rS —1). For
any S € V(W,) such that § = Sy U {xo}, we have rg = rgo + 1. Therefore

Y dim(Hy(As) 3 dim(ﬁo(Aso>>+(’Z)

SCSV(W,),5=SoU{xo} SoSV(Cu),[Sol=i

= Bi1i(Cy) + (’:)

The term (?) is the number of subsets Sy of V (C,) of cardinality i.

Substituting the B; ;(C,) from of [6, Theorem 7.6.28] we have the following
corollary.



10 E. EMTANDER, R. FROBERG, F. MOHAMMADI AND S. MORADI

COROLLARY 5.2. Let W, be the wheel graph on n + 1 vertices. Then the
Betti numbers of W, are as follows:

(i) Ifn =3, then By 3(W3) = 8, B34(W3) = 3. Ifn = 4, then B3 4(Wy) =9,
Bas(Wy) = 2. Otherwise B i1(W,) = n(,2)) + ().

1

(ii) Ifn = 3m, then Bonn(Wa) = 3m+2, ot nst (W) = 2. Ifn = 3m+1,
then ﬂZm-l—l,n(Wn) = 3m + 2, ,32m+2,n+1(Wn) =1 Ifl’l = 3m + 2,
then Bomn(Wy) = Bomt1.nr1(W,) = 1. Otherwise, if j > i + 1, then

_ _ n n—2(j—i)\ (j—i—1
lgi»j(Wn) - n—2(j—i)( j—ji )(jZi—j )
We can also determine the Poincaré series for the wheel graph algebra. This
is also a Koszul algebra, and Hy, (t) = Hc,(t) +t/(1 —t). Since Py, (t) =
1/Hw,(—t) and P¢,(t) = 1/Hc,(—t), this gives

THEOREM 5.3. Pe. ((1 +1)

Py (t) =
w, () 1+t —tPc (1)
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