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WEIGHTED SPACES OF HOLOMORPHIC FUNCTIONS
ON THE UPPER HALFPLANE

MOHAMMAD ALI ARDALANI and WOLFGANG LUSKY

Abstract

We discuss weighted spaces Hv(G) of holomorphic functions on the upper halfplane G where
v(w) = v(@Imw), w € G, lim,,0 v(it) = 0 and v(it) is increasing in . We characterize those
weights v with moderate growth where H v(G) is isomorphic to /, and we show that this is never
the case if v is bounded.

1. Introduction

Let O C Cbe an open subset and v : O — [0, ool a given function. Then we
consider, for f : O — C, the weighted sup-norm

Il = sup |f (@)]v(2)

and the spaces
Hv(O) ={f : O — Cholomorphic : || f|l, < oo}

d
o Hvo(0O) = {f € Hv(O) : | f(z)|v(z) vanishes at co}.

(Here | f|v vanishes at oo if for any € > O there is a compact subset K C O
such that | f(z)|v(z) < eforallz € O\ K.)

Assume that limgis(z,90)—»0V(z) = 0, v(z) > O forall z € O and v is
continuous. Then, for a holomorphic function f, f € Hv(O) is equivalent
to the growth condition | f(z)| = O(1/v(z)) as dist(z, 00) — 0 while f €
Huvy(0) is equivalent to | f (z)| = o(1/v(z)) as dist(z, 00) — O.

There is a large number of publications which deal with radial weights v on
D = {z € C: |z] < 1} where v(z) = v(|z]), z € D, and v satisfies in addition
v(t) <v(s)if0 <s <t < 1andlim,—; v(t) = 0. Of particular interest here
are weights with moderate decay, i.e. which satisfy the condition (U) of Shields
and Williams ([12], [13], [14]). (U) is equivalent to sup, cy v(1 —27")/v(1 —
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271y < oo (see [4]). In [10] it was shown that for such weights Hv(D) is
isomorphic to [, if and only if infzey lim sup,_, o, v(1 —27"%)/v(1 —27") <
1. The latter condition corresponds to condition (L) of Shields and Williams
([41, [12], [13], [14]). It turns out that even without (U) the Banach space
Hv(D) is always isomorphic either to /o, or to Hs, the space of all bounded
holomorphic functions endowed with the sup-norm ([11]). Weights on D which
satisfy both (U) and (L) are called normal weights. They have been studied
extensively.

Inspired by these results about radial weights on D we consider in this paper
the upper halfplane G = {w € C: Imw > 0} and investigate the following
class of weights.

DEerINITION 1.1. (i) Let v be a continuous function on G satisfying v(w) >
0 for all w € G. Assume that v satisfies

liII(l) v(ir) =0 and v(w;) < v(w,) whenever 0 < Im(w;) < Im(wy).
Then v is called a standard weight.
(1) A standard weight v on G satisfies condition (x) if

v(2k+li)
sup ————
e v(2hi)

A standard weight always satisfies v(w) = v(i Im w) for all w € G which
is a consequence of the definition.

In contrast to radial weights on D very little is known about standard weights
v on G. We mention Stanev’s result ([15]) that there exists some b € R with
v(it) < e, t > 0, if and only if Hv(G) # {0}. This is always the case if (x)
holds. Hvy(G) is always isomorphic to a subspace of ¢y ([3]). Moreover, if v
is a bounded standard weight on G then Hvy(G) has a Schauder basis ([1]).
Finally, with the methods of [2] one can show that Hvy(G)** is isometrically
isomorphic to Hv(G) (see [5]). (The results of [1], [3], [5], [15] even hold for
a larger class of weights.)

In our paper we want to contribute to the isomorphic classification of Hv(G)
and Hvy(G). We show

THEOREM 1.2. Let v be a standard weight on G satisfying (x). Then the
following are equivalent
(i) Hv(Q) is isomorphic to |«

(i) Huvy(Q) is isomorphic to ¢
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(i) v also satisfies (xx):

- v(250)
mrsup ————— <
neN keIZ) v(2k+ni)

ExAmPLE. Let 8 > 0 > y and put

vi(w) = (Im(w))”,
v2(w) = min(v(w), 1),
(1 — log(Im(w)))” if Im(w) < 1

Imw if Im(w) > 1.

v3(w) = {

All these weights are standard weights. v; satisfies (x) and (xx) while v, and
vz satisfy only (x).

We immediately get:

COROLLARY 1.3. If v is a bounded standard weight on G satisfying (x) then
Hv(G) is never isomorphic to l .

The conditions (%) and (*x) resemble the conditions for normal radial
weights u on D, see [4], [10], [12], [13], [14] and Lemma 1.6 below. However
if we consider a Mobius transform « : D — G then v o « is non-radial on
D and we do not have lim;_,; (v o &)(z) = 0. Therefore it is not possible to
derive Theorem 1.2 directly from the corresponding results of radial weights
on D.

The main ingredients of the proof of Theorem 1.2 are the following

PROPOSITION 1.4. Let v be a standard weight on G and put
4Imw )
51 ) w E G,
(15 +il+ 15 =)
1—1z| .
i
1+ |z]

v (w) = v(

un(Z)=v<n ) z€D, neN.

Then v,(w) 1 v(w), w € G, and Hv,(Q) is isometrically isomorphic to
Hu, (D). Moreover, u, is a radial weight on D such that u,,(t) is decreasing in
t €0, 1[.

PrOOF. We only have to show that Hv, (G) and Hu, (D) are isometrically
isomorphic. To this end consider o, : D — G witha,(z) = n(1+2z)(1 —2)7 1l
Then otn_l(w) = (w/n—i)(w/n+i)~", w € G. We have v, oo, = u,,. Hence
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T : Hv,(G) — Hu,(D) with (Tf)(z) = f(x,(2)),z € D, f € Hv,(G), is
an onto-isometry.

COROLLARY 1.5. Let v be a standard weight on G and let u,, be the weights
on D of Proposition 1.4. Then Hv(G) is isometrically isomorphic to a comple-
mented subspace of (3 e ©Hu, (D))

(00)°

PRrOOF. In view of Proposition 1.4 it suffices to show that Hv(G) is isomet-
rically isomorphic to a complemented subspace of (Z;O:1 ®Hv, (G)) To

(00)”
this end define T : Hv(G) — (Zi’;l @an(G))(oo) byTf =(ff..).T
is an isometry since v, 1 v.

Now, let (f,) € (Yoo, ®Hv, (G))(oo). If K C G is compact then
inf,cx Imw > 0 and hence ¢ := inf,,cy inf g v, (w) > inf,cx v1(w) > 0.
This implies sup, oy SUP,cx | fn(W)| < ¢~V sup,, || £ v, - Fix a free ultrafilter %
on N and put (S(f,))(w) = lim, ¢ f,(w). By Montel’s theorem S( f,,) is holo-
morphic. We have ||S(f,,)|l, < sup,, || fxll,, in view of Proposition 1.4. Clearly
T S is a contractive projection from (Z;O:l ®Hv, (G)) (00) onto T Hv(G).

We complete the proof of Theorem 1.2 in Section 4. Before, in Section 2,
we discuss the space Hu(D) for a radial weight u on D and we consider special
subspaces of Hv(G) in Section 3.

Here we prove

LEMMA 1.6. Let v be a standard weight on G. Then

. okt . . ] B
(1) a = supy; ”1(}(2,(!.)’) < oo if and only lf% < c(f) whenever 0 <
s < t, for some ¢ > 0 and B > 0. In this case we can take ¢ = a? and
_ loga
ﬂ ~ log2*

(i) inf, .y SUPLez % < 1 ifand only Lf% > d(f)y whenever() < s <

t, for some constants d, y > 0.

PROOF. (i) Assume a < oo. Put 8 = loga/log2. Then fix s, t with 2% <
s < 2Kl and 2" % <t < 2"+k+1 for some n € N U {0} and k € Z. We obtain

VD) i g (2N e tNE S tNE
v(si)fa =@ = 2k+1 =2 <s) _a(s)'

If v(ti)/v(si) < c(t/s)? whenever 0 < s < ¢ then put ¢ = 28! and s = 2.
This yields v(21i) /v(2%i) < 2P,
(i) Assume there isn € N and b € 0, 1[ with

v(2ki)
W < b forall k e Z.
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We may take b < 1/2. Otherwise consider mn instead of n for suitable m € N.
Fix 0 < s <t.Thenthereis k € Z,1 € NU {0} with 2¥* < 5 < 2(+Dn apnd
U+ < ¢ < pU+k+Dn  Agsume [ > 1. Then we have

] (k+Dn; -1 kn 1/n \/n
v v@ D (1) (2T )T 22(5> "
v(ti) — vQU+n;) T\ 2 3 (I+k+1)n = ;

If/ <1 then

H (k+1)n kn 1/n 1n
visi) v@™M) s (2T _ 22a<£) n
v(ti) — v(2(l+k)nl') - = 2(+k+1n - t

Puty =1/nandd = 1/(4a).

If .

t t

v(ti) zd(—)y for 0<s <t
v(si) K

then take n € N such that 27" < 27!, With s = 2%, t = 2**" we obtain

v(2ki) 11
—— <d— < - forall ke Z.
v(2k+17) P )

For two Banach spaces X, Y put
dX,Y)=inf{|T|-IT"":T:X — Y an onto-isomorphism}

provided X and Y are isomorphic (otherwise put d(X,Y) = 00). d(X, Y) is
called the Banach-Mazur distance between X and Y ([17]).
If X C Y we define

AMX,Y) =inf{||P| : P:Y — X aprojection}

and A(X) = supy-y A(X,Y). A(X,Y) and A(X) are called the relative and
absolute projection constant of X ([17]). We have A(X) < d(X,[») and
MX) = AMX, ) if X C ly. This follows from the Hahn-Banach exten-
sion property of /o, which also shows A(l,) = 1. Moreover, using the same
argument, we can replace I, by L. If Y is another Banach space then
AMX) < A(Y)d(X,Y) ([17]). Finally, if dim X = n it is easily seen that
MX) < n. (We even have A(X) < /n, [7].)

2. Radial weights on D

Let R > 0.Forafunction f : R-D — Cand 0 <r < Rput M (f,r) =
sup|,—, | f(2)|. Using the maximum principle we obtain (e.g., see [11], Lem-
ma 3.1)
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LEMMA 2.1. Let 0 < r < s.
() If f is a polynomial of degree n then
s

Ma(f) = () Mas(Fim).

r

(i) If g(z) = > j_,, a2’ then

Maclgor) = (5)" Macte. ).

Now let u be a radial weight on D such that u(#) is decreasing in ¢ € [0, 1]

and lim;_,; u(¢) = 0. Assume
u(l —1/2")
=sup—————— < 0
G e — 120

Using induction we find integers my = 0 < m; < my < m3 < - - - such that

1 - u(l — 1/2"M1) -

1
- 2a = u(l—1/2m) =2

(e.g., let my be the smallest integer with (1 —27"%+1) /u(1 —27™) < 1/2).
For a harmonic function f(re'?) = Y, _, axr*e’*? and n € N put

2n+1 — |k
5 | |r|k|e

(Ruf)(re'®) = Y aprle™ 4 3~ o ike,

[k]<2" 21 < |k|<2nt1
Then we obtain

LEMMA 2.2.
(1) Ran = Rmin(m,n) ifn 7é m.
(1)) Moo(R, f, 1) <3My(f,r) foranyn € N and any r > 0.

Prookr. (i) follows from the definition. (ii) follows, e.g., from [11], Lem-
ma 3.3.

We need a slightly stronger result than Theorem (i) (d) and (ii) (c) for
holomorphic functions in [10].

ProposITION 2.3. Put ||| flll = supy Moo ((Rp, — Rp,_,) f, Du(1 — 277%).
There is a universal constant b > 0, depending only on a, such that

1
%Illflll < Ifllu =blfIl forany f e Hu(D).
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Proor. Fix 0 < r < 1,say 1 — 271 < r < 127" Put f; =
(Rm; — Rm,_) f (where R, _, =0)andr; =1—-27",j=0,1,2,.... Using
Lemma 2.1 and (2.1) we obtain, for j < k,

Moo (fj, Hu(r) < 2aMoo(fj, ri)u(ry)
r O\ ur)
< 2a<—> — Moo (fj, rj)u(r;)

I"j u(rj)

<2ar; 7" 2R M (f, Dury).
For [ > k we have

Moo (fi, ru(r) < 2aMec(fi, ridu(r)

2
<2 (r—") 10 o)
u(ry)

(%)
<2a|— Qa)y ™" Moo (fi, Du(ry).

T

Put
k-1

o0 omi_
by =2a <Z rjfzmﬁle_k + Z (r—k) (2a)l_k>.
=1 1= N

Then, using the Bernoulli inequality and 1 — x < e™ for x > 0, we obtain

1 [ee)

—. 16
by <2a (Z T > 2exp(=2" "™ + (log2 + loga)(l — k)))
j=1 I=k+1
o
<32a+4a Y exp (27" + (I — k)(log2 + loga)).
I=k+1

We see that there is » > 0 depending only on a with b < b for all k. Since f
as holomorphic function on D has a Taylor series which converges uniformly
on rD we obtain that f = Z;L /i and the series converges uniformly on rD.
Hence

Moo (f, r)u(r) < ZMoo(fj» ru(r) < bsup Moo (fj, Du(ry)
j=1 !
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which implies || f||, < bl|| flll. The lower estimate follows from

Moo (S, Du(r) < 772" Moo (S rpury)
<16 -6Mu(f, rj)u(rj)
< 96|/ f -

For a harmonic function f(re’?) = Y, ,our¥le®® put (Rf)(z) =
Z,fioakzk.

LEMMA 2.4. For any m,n € N with m < n, any trigonometric polynomial
of the form f(re'?) =3, _ii<n ar¥et* and any r > 0 we have

Mu(Rf, 1) < —Muo(f. 7).
m

ProoF. See [11], Lemma 3.3(b).

PROPOSITION 2.5. There are universal constants cy, ¢z, ¢z > 0, depending
only on a, such that for any sequence (my) with (2.1) we have

cysup(my — my_1) < AM(Hu(D)) < ¢y sup 2" "1,
k k

Moreover, there is an (into-)isomorphism T : Hu(D) — Il with ||T| -
1T < 3.

ProoF. To prove the left-hand inequality we can assume A(Hu (D)) < oo.
Put hu(D) = {f : D — C harmonic : || f|, < 00}. Fix € > 0 and find a
projection P : hu(D) — Hu(D) with | P|| < (1 4+ €)A(Hu(D)). For |0| = 1
put (Lo f)(z) = f(0z). Then

1 2
(Rf)(2) = 7 (Le-iv PLeie f)(2) do
T Jo

(check the Fourier series of f and Pf). Hence ||R|| < || P||. This implies
IRl < A(Hu(D)).

Consider f(z) = Y oo, k7' (z* — z%). f(€'%) is the Fourier series of the
function i(m — @), ¢ € [0,27]. Hence My (f, 1) < m. Fix k and assume
my — myi_; > 3. Put

_ (Rmk—l - Rmk_1+1)f
u(l —27m) '

8
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With the norm |||-||| of Proposition 2.3, since

0, j#k

(Rm; — R, )(Ryy—1 — Ripy_,+1) = : .
j j—1 k k-1 Rmk—l _ Rmk,l—Hv j= k

we conclude
gl = Mso(g, 1) < 6M(f, 1) < 6.

Hence || g]|, < 6bm. On the other hand,

1 1
IR llu = 5o Moo(Rs. 1>“(1 - 2—>

>1 R R Rf)(
_%(( m—1 — mk71+l) f)()

12
> — Z -
96 j:2’”k71 +2 ‘]

1
> %(10g2)(mk —my_1 — 3).

(Here we used (Rg)u(1 —27"™) = (Ryy,—1 — Rm,_,+1)Rf.) This implies

log?2
96

(mg —my—1 —3) < Rl - lIg ]l

< 6mbA(Hu(D)).

If my — my_; < 3 then certainly m; — m;_; < 3A(Hu(D)). Altogether we
conclude

96
sup(my — my_1) < | ——=67b + 3 |A(Hu(D)).
k log?2

For the right-hand inequality put || f|lx = Ms(f, Du(1 —27"). Then X; :=
(Lo (D), ||-[lx) is isometric to Log. Put X = (3, ©Xy) (00)- Wehave d (X, I)
< oo since d(Lug, o) < 00. Define T : Hu(D) — X by T'f = (R, —
Ry, ) f). Then |T|| <96 and ||T~!|| < b in view of Proposition 2.3. Define
S:X — Hu(D)by S(gx) = Z,fil R(R,,, — Ry,_,) 8k (Where the polynomial
R(R;, — Ry, )8k defined on dD is extended naturally to D). We obtain with
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Lemma 2.4 and (2.1)

1S(g) e = BIIS (O

S b Sup(zmk_mklMOO((Rmk - Rmk71)gk7 ])
k

(o1 5 Y1 (1 5))

< 6ab sup 2" 7" sup || gk llx-
k k

Here we used
(Rm; — R, ) (R, — Ry, )) =0 if j#£k—1,kk+1

(see Lemma 2.2(1)).
We have TST = T which is a consequence of the definition of S and T'.
Hence TS is a projection from X onto 7 Hu (D). We conclude

A(Hu(D)) < 96b A(T Hu(D))
< 96b d(Leoo, o)\ (T Hu(D), X)
< 96b d (Lo, Lso) || TS ||
< 6-96ab* d(Loo, lso) sup P

3. A special subspace of Hv(G)

Let v be a standard weight on G and assume there are constants ¢ > 0 and
B > 0 with

ti t\B
(3.1 o( l.) < c(—) whenever 0 < s <t.
v(si) s

By perhaps increasing 8 we may assume that § is an even integer. We consider
the subspace
U,={f e HvG) :w’ f(w) = f(-1), weaG}

w

Note that any f € Hv(G) has a representation of the form

> 1 w—i\*
f(W)zg“k<w+i>2ﬂ <w+i>
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where the series converges uniformly on compact subsets of G. (Apply the

Mobius transform a(z) = (1+z)(1—z)~'i wherea ™' (w) = (w—i)(w+i)~'.

The function 2% (1 — z)=?# f(a(z)) is holomorphic on D. Hence f(a(z)) =

Y roo k27 (1 — 2)?P z* for some oy which yields the above representation.)
It can be shown that U, consists of the functions f € Hv(G) with

= 1 w—i\*
f(w):kg(;ak(w+i)2ﬁ <w+i)

for some a. For example, it is easily seen that (w+i)~# (w —i)* (w+i)~2f
U, for all k € N U {0} (in view of (3.1)).

ProposITION 3.1. Let

u(z)—v(l_lzli> zeD
1+1z ) ’

Then d(U,, Hu(D)) < 238¢3 where c is the constant in (3.1).
PrOOF. Put (w) = (w + i) ?v(w). Then

v(w) . v(w) -
U(—=1/w)  wPu(=1/w) ~

it w|>1

inview of (3.1). Define T : U, — H(G) by (T f)(w) = (w+i)* f(w). Then
T is an isometry onto {g € Hv(G) : g(w) = g(—1/w), w € G}. Forany g €
TU, and w € G with |w| > 1 we have |g(w)|v(w) < |g(—1/w)|v(—1/w)c.
Hence

(3.2) lglls <c sup [g(w)lv(w).

wegG,|w|<1

We use the Mobius transform o : D — G with a(z) = (142)(1 —z)~'i. Here

l(z)| < 11is equivalent to Re z < 0. We have, for z € D,

1—|z] _ 1—|z
<

I+z] = 1=z

Ima(—|z]) = =Ima(z).
Hence,

(3.3) %5(06(2)) <v(a(—lz]) =u(z) <2P(a(z)) if Rez<O.

Indeed, in view of (3.1),

B(e(2) <C(1—|z|2)’3(1+|z|)'~“|1—z|2ﬂ<C
via(lz) ~ \IT=zP) \1=lz)) 226 =
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On the other hand,
28

v(a(=[z) = v(a) = 5(01(1))m < 0(@(2))2”

since Re z < 0. This shows (3.3).

Put X ={h € Hu(D) : h(z) = h(—2), z € D}. (3.2) and (3.3) imply
(3.4) d(U,, X) <28,
Now, for h € Hu(D) let (Sh)(z) = h(z?). Then, by (3.1),

v(a(—|z]))

[(Sh)(2)|u(z) = Ih(zz)lv(a(—IZIz))m < 17l

since
1—lz|  1—1z?
<

_ 2
R Imoa(—|z|7).

Ima(—|z]) =

Hence Sh € X.
Conversely, if 7 € X then h(z) = k(z?) for some holomorphic function
k :D — C.Hence S™'h = k. We have, with z = 73

u(z)
u(zo)

(ST ) (@) u(z) = [k(z5)lu(z) = [h(z0)|u(zo)

v(a(=lz*)

v(a(—lzol))

B B
1= 120\’ (14 2ol
< ||h||uc( .
1+ 1z ) \1= Tzl

< 2%,

< 17l

Hence d(X, Hu(D)) < c2f. This together with (3.4) implies the proposition.
We show next that U, is complemented in Hv(G).

PrOPOSITION 3.2. There is a constant d which depends only on 8 and ¢ such

that
AUy, Hv(G)) < d.

Proor. Let wy, kK = 1,..., 8, be the zeros of w? 4+ 11in G, i.e. wy =
exp(i(2k — 1)(2B8)~'w). Then Im wy > sin((28) ') for all k. Let Oy be the
open disc with center w; and radius

L (Sin(ﬂ/(2ﬂ)) . {|wk — wj|
r = min , min
2 2

:k,j:l,...,ﬁ,k;éj}).
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Then the Oy are mutually disjoint. Finally let § = inf{|w® + 1| : w €
G\ UL, O} Put
={feHvG): f(w) =0, k=1,...,B}.

Then V is B-codimensional in Hv(G) and the codimension of U, NV in U,
is< B.For f € V put

1 1
Tnw = (r+ s (-1)).

Then T f is holomorphic. This follows from the fact that —1/wy is a zero of
w?® + 1 in G for all k, too. We claim Tf € U,.Indeed, (3.1) implies

(3.5) v(w) - { 1, lw| <1

v(=1/w) = lefwl®, |w| > 1.

Consider w € G with |w| > 2. Then, in view of (3.5),

-1 -1
o i s gl (D)

22ﬁc+1
=% 1 ”f”v

Next, letw € G\Uf=1 Oy such that |[w| < 2. Then |(Tf)(w)|v(w) < 8§~ '(1+
c2?")|| f1lv- (Again, we used (3.5).) Finally, let w € Ule Ok, say w € 0O;.
Since T f is holomorphic, by the maximum principle, there is wy € 3 0; with
[(THHw)l = [(Tf)(wo)]. Hence, with (3.1),

|avmme)<7QMavxwmum>
I
< YA T ) g o)

v(Im w; —r)

1 Imw; +r p
~(1+2%0)c | ——) Ifl
) Imw r

i —

3 o3 T
1 2 sm(—) p
Z(1 028 i) )
8( + C)C<%Sm(2j;) I

3p 5
=§w0+2%Wﬂm

IA

IA
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Thus

2B B
(3.6) HTfHuSHMX(%zg;%u%;dl4-?ﬂd)Hwa
Clearly, w* (T f)(w) = (Tf)(—1/w) which shows Tf € U,.If f e U, NV
then Tf = f.

Let Q; : U, —- U, NV and O, : Hv(G) — V be projections with
101l <B,j=1,2.Then QT Q5 is a projection from Hv(G) onto U, NV
and dim (id — QT Q,)U, < B. Hence we find a projection Q3 : Hv(G) —
(id — O\T 02)U, with || Q5] < B. Finally put

P = 03(d - 01TQ>) + 01T Q>.

Then P is a projection from Hv(G) onto U, with ||P| < B(1 + B2|IT|) +
B2|IT||. This together with (3.6) completes the proof of Proposition 3.2.

4. Proof of Theorem 1.2

Consider a standard weight v on G satisfying (x). Put

1 — |z )
u,(z) =vln 1], ze€D, neN,
@ ( 1+ |z
and assume
u, (1 —277)
p 1= SUp ——————~ < 00 for each n.
jen tn (1 —27771)

Fix integers 0 = m, o < m,, | < m,, < --- with

1 Uy (1 — 27 1
< - = <,
2a, = up(l —2-mi) ~ 2

Then we have

LEMMA 4.1.
(1) v satisfies (x) if and only if sup, a, < oo.
(1) Let v satisfy ().
Then v also satisfies (»x) if and only if sup, sup, (M, x — My f—1) < 0.
ProoF. (i) Fixn € N. Letm € NU {0} such that 2 < n < 2”*!. Then we
h 4 . .
e u(1=27) v =17 _ et
up (1 —277=1y  v@Q2i+2 — 1)=1i) = v(@m=i=2i)




258 MOHAMMAD ALI ARDALANI AND WOLFGANG LUSKY

and

up(1 =277 wv@@ =17 v@"i)
Uy (1 =275 v+ — D~1) = v@mi-t)’

From this we infer (i).
(i1) Assume (**). Then there is j € N with

A v(2ki)
=Sup ————
ez v (2T
We can assume b < 1/2, otherwise take /j instead of j for suitable / € N.
Hence if n € N and 2 < n < 2"*! then

u,(1—277772) _ v(nRH — D7) - p(2m-I=1=0)
u, (1 —271 - v — D) T p@mitlg)

<b<

N =

for all / € N. From this we obtain sup; (m, x — mpx—1) < j + 2.
Now assume sup,, sup; (m,  — my, x—1) < 00. A simple calculation shows
that there is j € N with

u,(1 =277y 1
S~ <—  forall I,neN.
u,(1=2-1 =2
Hence 0
v (i) _ 1
sup — ==
v (zE=i) T2

and we easily infer from this condition (xx).

CONCLUSION OF THE PROOF OF THEOREM 1.2. Let Hv(G) be isomorphic
to /. Consider the standard weights v,(w) = v(nw), n € N. Define T, :
Hv(G) — Hv,(G) by (T, f)(w) = f(mw), w € G. The T, are onto-
isometries. (x) implies

Uy (2k+1 )
sSupsSup ———
neN kez  Up(240)
Hence, by Lemma 1.6 there are constants ¢, § > 0 with
B (1) _
Un(s1) —

t\B
c(—) whenever 0 < s <t forall n € N.
S

Consider the spaces Uz, C H1,(G). According to Proposition 3.1 and Propos-
ition 3.2 we have

sup AM(U;,, Hv, (G)) < oo and supd(U;,, Hu, (D)) < oo.
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Since d(H1,(G), loo) = d(Hv(G), ) we conclude sup, L(U;,) < oo and
hence sup, A(Hu,(D)) < oo. Proposition 2.5 then shows sup, ,(m, —
My x—1) < 0o. By Lemma 4.1, v satisfies (xx).

Now assume (xx). With Lemma 4.1 and Proposition 2.5 we see that
sup, A(Hu,(D)) < oc. Hence (Zn EBHun(D))(OO) is isomorphic to a com-
plemented subspace of /. In view of Corollary 1.5 Hv(G) is isomorphic to
a complemented subspace of /. Hence d(Hv(G), ) < oo (see [9], The-
orem 2.a.7).

It is known that Hvo(G)** is isomorphic to Hv(G) ([2], [5]). Hence if
Hvy(G) is isomorphic to ¢ then Hv(G) is isomorphic to /o

Conversely, if Hv(G) is isomorphic to /, then Hvy(G) is a £, —space ([8]).
Hvy(G) is always isomorphic to a subspace of ¢y ([3]). By [6] this means that
Hvy(G) is isomorphic to ¢g.

CONCLUDING REMARKS. It is known that, for any radial decreasing weight
u on D, the space Hu (D) is either isomorphic to [, or to Hu,, the space of all
bounded holomorphic functions on D (with the sup-norm), see [11]. It is very
likely that, for a standard weight v on G which satisfies (x) but not (xx), the
space Hv(G) is isomorphic to Hy,, too. Even without condition (x) there might
be only two isomorphism classes for Hv(G), namely [/, and H.,. However,
we mention again that in any case v must satisfy v(ti) < e”,t > 0, for some
constant b € R. (This is always the case if (x) holds.) Otherwise, according to
[15], Hv(G) = {0}.
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