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OPERATOR SYSTEM QUOTIENTS OF MATRIX
ALGEBRAS AND THEIR TENSOR
PRODUCTS

DOUGLAS FARENICK and VERN I. PAULSEN

Abstract

If ¢ : & — T is a completely positive (cp) linear map of operator systems and if £ = ker ¢,
then the quotient vector space /¢ may be endowed with a matricial ordering through which
/¥ has the structure of an operator system. Furthermore, there is a uniquely determined cp map
¢ S| ¥ — T such that ¢ = ¢ o g, where g is the canonical linear map of & onto &/#. The
cp map ¢ is called a complete quotient map if ¢ is a complete order isomorphism between the
operator systems %’/ ¢ and J . Herein we study certain quotient maps in the cases where . is a
full matrix algebra or a full subsystem of tridiagonal matrices.

Our study of operator system quotients of matrix algebras and tensor products has applica-
tions to operator algebra theory. In particular, we give a new, simple proof of Kirchberg’s Theorem
C*(Foo) ®min B() = C*(Foo) ®max B (), show that an affirmative solution to the Connes Em-
bedding Problem is implied by various matrix-theoretic problems, and give a new characterisation
of unital C*-algebras that have the weak expectation property.

Introduction

The C*-algebra () of bounded linear operators acting on a Hilbert space 7
and the group C*-algebra C*(F,) of the free group F, with countably infinitely
many generators are both universal objects in operator algebra theory. There-
fore, it is a remarkable fact that C*(Fs,) ®min B(H) = C*(Foo) Qmax B (),
which is a well known and important theorem of Kirchberg [12, Corollary 1.2].
Kirchberg’s proof was achieved by first showing that the C*-algebra C*(Fo,)
has the lifting property [12, Lemma 3.3] and by then invoking his theorem [12,
Theorem 1.1] that states . Qmin B(H) = A Qmax B (H) for every separable
unital C*-algebra .o/ that has the lifting property. A more direct proof of Kirch-
berg’s theorem on the uniqueness of the C*-norm for C*(Fy) ® AB(H') was
later found by Pisier [17], [18, Chapter 13] using a mix of operator algebra and
operator space theory. Boca [3] made a further extension, replacing C*(Fy,)
with a free product of C*-algebras .2/; in which each of the maps id o, is locally
liftable. An exposition of the results of Kirchberg and Pisier can be found in
[13].
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One of our main results in this paper is a new proof of Kirchberg’s theorem
(see Corollary 3.3), obtained herein by reducing Kirchberg’s theorem to the
verification of a certain property (Theorem 3.2) of a finite-dimensional quotient
operator system %, whose C*-envelope is C*(F,_1).

Our study of operator system quotients of the matrix algebra .4, and of
the full operator subsystem 7, C ., of tridiagonal matrices (full in the
sense that C*(J,,) = ) allows us to formulate matrix-theoretic questions
in Section §5 whose resolution in the affirmative would result in a solution to
the Connes Embedding Problem. Our approach to this is by way of another
celebrated theorem of Kirchberg [11, Proposition 8]: C*(Fx) ®min C*(Fso) =
C*(Fo) ®max C*(Fx) if and only if every separable II; -factor can be embedded
as a subfactor of the ultrapower of the hyperfinite II;-factor. It is of course an
open problem whether these equivalent statements are true. The problem of
whether or not C*(Fso) ®min C*(Fso) = C*(Foo) ®max C*(Fso) is known as the
Kirchberg Problem, while the latter problem involving separable II;-factors is
the Connes Embedding Problem.

The methods we use in this paper draw upon recent work of the second
author and others [10], [9], [16] on matricially ordered vector spaces, tensor
products of operator systems, and quotients of operator systems.

An operator system is a triple consisting of: (i) all x-vector spaces #, (%) of
n x n matrices over a fixed *-vector space & (ii) distinguished cones ., (%) +
in /, (%) that give rise to a matricial ordering of &; and (iii) a distinguished
element e € . which is an Archimedean order unit. The axioms for operator
systems are given in [5], [14], and so we will not repeat them here. However,
recall a very important and fundamental fact [5]: every operator system &
arises as an operator subsystem of %(7#’), for some Hilbert space # . This
result is known as the Choi-Effros Theorem.

Two important C*-algebras that arise in connection with a given operator
system & are the C*-envelope C: () and the injective envelope (%) of
& . The latter algebra #(¥) is very large (usually nonseparable) and there
exist embeddings so that & C C}(¥) C S(¥) and such that C} (%) is the
C*-subalgebra of £ (%) generated by &. These are “enveloping” algebras in
the sense that C} (%) is a quotient of every C*-algebra generated by (a copy
of) &% and #(%) rigidly contains &, which is to say that if a linear unital
completely positive (ucp) map w : #(&) — F() satisfies w# = idy, then
necessarily w = id ). See [14, Chapter 15] for further details on C*- and
injective envelopes.

In contrast to progress on tensor products and quotients in operator space
theory (see [18], for example), an analogous theory in the category of operator
systems is only now emerging. In §1 we review those aspects of the theory
that are required for our work herein. In Sections §2 and §4 we study certain
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quotient operator systems that arise from quotients of operator systems of finite
matrices, and in Sections §3 and §5 we consider tensor products of these quo-
tients and obtain the earlier mentioned applications to Kirchberg’s Theorem
and the Connes Embedding Problem. In Section §6 we use complete quo-
tient maps to characterise unital C*-algebras that possess the weak expectation
property (WEP), and in §7 the injective envelope of C*(F,,) is determined.

1. Tensor Products, Quotients, and Duals of Operator Systems:
A Review

In this section we review some of the fundamental facts, established in [10],
[9], concerning tensor products, quotients, and duals of operator systems, and
introduce the notion of a complete quotient map.

Some basic notation: (i) the Archimedean order unit e of an operator system
& is generally denoted by 1, but we will sometimes revert to the use of e
in cases where the order unit is not canonically given (for example, when
considering duals of operator systems); (ii) for a linear map ¢ : & — 7, the
map ¢ : M, (L) — M, (T ) is defined by ¢ ([x;;1;,;) = [¢(xij)]; ;s (iii)
for any operator systems . and J, & ® I shall denote their algebraic tensor
product.

1.1. Quotients of operator systems

Assume that & is an operator system and that ¢ C & is norm-closed -
subspace that does not contain 1¢. Let g : & — /£ denote the canonical
linear map of & onto the vector space ¥/ #. The vector space &/ ¢ has an
induced involution defined by g (X)* = g (X™).
We will denote elements of & by uppercase letters, such as X, and elements
of #/.# by lowercase letters, as in x = ¢(X), or by “dots” as in X = ¢(X).
For each n € N, there is a linear isomorphism

(F/F) @ My = (S & Mn)](F & My).

The canonical linear surjection ¥ @ M, — (¥ M)/ (F QM) is denoted by
¢ and we shall view ¢ (X) asann x n matrix x = X of X;; € /., thereby
identifying (¥/ #)QM,, with M, (F/.#). Further, each matrix space 4, (/%)
is an involutive vector space under the involution & = [h;;]li<i j<n H> A" =
[h;fi]lg, j<n- The real vector space of hermitian (or selfadjoint elements) is
denoted by M, (F/.%)sa-

Consider the subset D,,(¥/.¢) of M, (S| ¥)s. defined by

D,(¥)%) ={H :3K € M,(F)s such that H + K € M, (F),}.
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The collection {D,(%/#)}.en is a family of cones that endow ¥/ # with the
structure of a matricially ordered space. However, this ordering will not be an
operator system on .%/_¢ in general.

DEFINITION 1.1. A subspace ¢ C & is a kernel if there are an operator
system J and a completely positive linear map ¢ : & — J such that ¢ =
ker ¢.

If # C & is akernel, then define a subset C,(¥/.¢) C M, (F/F)sa BY

Co(F)F) ={H :Ve>03K, € My(Fs
such thatel + H + K, € M, (F)}.

That is, . . .
C.(¥/#)={H :el+ H € D,(¥/#),YVe > 0}.

The collection {C,,(#/#)}nen is a family of cones that endow /¢ with the
structure of an operator system with (Archimedean) order unit 1 = ¢(1).

DEeFINITION 1.2. The operator system (/2. {C,(¥/.#)}nen, q(1)) is cal-
led a quotient operator system.

The first basic result concerning quotient operator systems is the First Iso-
morphism Theorem [9, Proposition 3.6].

THEOREM 1.3 (First Isomorphism Theorem). If ¢ : & — I is a nonzero
completely positive linear map, then there is a unique completely positive
linear map ¢ : &/ kerp — I such that p = ¢ o q.

Associated with D, (¥/#) and C,(¥/¥) are the subsets Z,(¥/.#) and
€,(L1¥F) of (¥ ® My)s, defined by
D(SL)I) = 4, (Du(F[F)) and  6,(L/F) = q, (Ca(F/F)).
Clearly D,(¥/%) < Cn,(¥/#). Examples in which the inclusion

D, (¥/#) C C,(¥/#) is proper are given in [9].

DEFINITION 1.4. A kernel ¢ C & is completely order proximinal if
D, (¥/%) = C,(¥/¥), forevery n € N.

This notion of a completely order proximinal kernel will be of importance
for the quotient operator systems we study in later sections.

ExaMPLE 1.5. If o/ is a unital C*-algebra and if ¢ C &/ is the kernel of a
x-homomorphism, then _# is completely order proximinal and

(A F) @ My), = Dy(H | F) = Cu(A/F), forall neN.
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ProOOF. Let # = kerm, where 7 is a x-homomorphism which, without
loss of generality, we assume to be unital. Note that D,(&//_#) is precisely
the positive cone (& ® #,), of the quotient C*-algebra </ /_#. Because any
positive element h = H of (4 ) F) @ M, = (A @ M,)/(F ® M,) lifts to an
element of the form H + K, where K € $ ® M, and H € (& Q M),

D(A|F)={H+K:He(AQM)+, K € (FQMy)sa}.

Suppose now that H € 6,,(//_#). Then, foreverye > 0,e1+H € 9,(4 ] ¥)
and so every eq,(1) + g,(H) = el +his positive in (&//_¢) ® JM,. But as
i € o4/ ¢ is an Archimedean order unit for the quotient C*-algebra <7/ #,
el + h is positive for all ¢ > 0 only if & is positive, which is to say that
H e 2,(A4/5).

The proof above shows that, in the case of C*-agebras .o and ideals ;# C &/,
D (A F) = 6,(HA ] #) for every n € N. This in fact leads to the following
useful criterion for completely order proximinal kernels in operator systems.

PROPOSITION 1.6. Let ¢ be a kernel in an operator system &. Then

2) 6,(FL/L#) is the norm closure of M,(F) + M, (F) ., and

(3) _Z is completely order proximinal if and only if M, (F) + M, (L) is
closed for every n € N.

Proofr. The first statement is obvious. To see the second statement, first
note that €,(¥/#¢) = {H : Ve > 0,¢l + H € 9,(¥/ %)} = {H : Ve >
0,el+H € MNF)y+M,(F)}. Thus, if H € 6,(F/#) then forevery € > 0
there exist P, € M, (¥); and K. € M,(F), suchthatel + H = P. + K,
and it follows that H is in the norm closure of /(%) + M, (¥).

For the converse it is sufficient to assume that H = H* is in the closure of
My (L) + My (F)sa and prove that €1 + H € M, (S ) + M, ( F) for every
€ > 0. Since H is in the closure and 4, (_#)* = M, (_F), for every € > 0 we
may choose P, € M,(¥)and K. € M, (F)s, suchthat |H—(P.+K.)| < €.
This implies that Q. = el + H — P. — K. € M,(¥);,and hence el + H =
(Qc+ P)+ K. € My (L)1 + M, (F). This proves the second statement.

The third statement follows by combining the first and second statements.

1.2. Definitions: complete quotient maps and complete order injections

DEFINITION 1.7. A linear map ¢ : & — J of operator systems is a complete
order isomorphism if

(1) ¢ is alinear isomorphism and

(2) ¢ and ¢! are completely positive.
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DEFINITION 1.8. A linear map ¢ : & — J of operator systems is a
complete order injection, or a coi map, if ¢ is a complete order isomorphism
between % and the operator system ¢ (%) with order unit ¢ (1 ).

DEFINITION 1.9. A completely positive linear map ¢ : & — I of operator
systems is a complete quotient map if the uniquely determined completely
positive linear map ¢ : &/ ker ¢ — J is a complete order isomorphism.

A basic fact about complete quotient maps that we shall use repeatedly is:

PropPosSITION 1.10. If ¢ : & — T is a complete quotient map and if Ker ¢
is completely order proximinal, then ¢ maps M, (F) . onto M(T ), for
everyn € N.

The next fact is also basic.

ProprosITION 1.11. If T is an operator subsystem of &, and if ¥ is a
kernel such that § C 9 C &, then there is a complete order embedding

TP — L8

1.3. Tensor products of operator systems

1.3.1. The minimal tensor product. The matricial state space of an operator
system & is the set

Sec(&) = U S, (%), where S,(¥) = {all ucp maps & — M,}.
neN
For every p € N, let
CPMS T ={x € My(S @ T) : (@ V)" (x) € My (My ® M)+,
V@, V) € Si(F) x Spu(T),V (k,m) € N x N}.

The collection {C I‘)“i“ (¢, T)}pen induces an operator system structure on ¥’ ®
g with order unit 1 » ® 1. The operator system that arises from this matricial
order structure is denoted by & ®@min I and is called the minimal tensor product
of ¥ and .

1.3.2. The maximal tensor product. Let D™ (&', T ) C M,(¥ & T') denote
the subset of all elements of the form

als @ Ha*, where s € M (L), t € Mp(T )y, a: ck @ C" — C” is linear.
For every p € N, let

Cy"(S T)=the My(S®T):ely, +he D (S, T)forall e > 0}.
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The collection {C** (&, T)}pen induces an operator system structure on ¥’ ®
g with order unit 1 # ® 1. The operator system that arises from this matricial
order structure is denoted by & Quax J and is called the maximal tensor
product of & and I .

ProOPOSITION 1.12. If ¢ : & — T is a complete quotient map, then ¢ ®idg :
S Qumax R — T Quax X is a complete quotient map for every operator system

R.

PrOOF. Let # = ker . Because ¢ : /¢ — T is a complete order
isomorphism, so is PRidy : (L) P)Quax B — T Qmax . Therefore, ¢ Qidy
is a complete quotient map if (& Qmax £)/ ker(¢p ® idg) and (¥£/.f) Qmax %
are completely order isomorphic.

Letg : & Qmax ZZ = (¥ Qmax R)/ ker(¢ ®id ) be the canonical surjective
cp map and define a bilinear map

0 (LI X R — (& Omax )/ ker(¢p @ idg)

by o(x,y) = g(X ® y), where X € % is any element for which ¢(X) = x.
Note that o is well defined. Furthermore, o is jointly completely positive
and “unital”, and so by the universal property of the max tensor product [10,
Theorem 5.8], there is a ucp extension ¢ : (F/¥%) Qmax £ — (& Rmax
R)/ ker(¢ ® idg). We claim that o is a complete order isomorphism.

By linear algebra, the restriction of o to the algebraic tensor product is a
linear isomorphism between (/%) ® # and (¥ ® R)/ker(¢ ® idg), and
therefore o is alinear isomorphism of (/%) Qmax # and (& Qmax R) / ker (¢ Q
idg).

To show that o ~! is completely positive, select a positive element b in the
p X p matrices over (& Qmax #)/ ker(¢p ®idg). Hence, for every ¢ > 0 there is
are P € My (L), Q € Mp(R)4 anda : CKQC" — CP linear such that e1 +
b = a(q(P)® Q)a*. Hence, eo ' P (1) + o1 (b) € DY(S)F, R) forall
g > 0. Because o ™! is unital, this implies that o ~'?(b) € M,((F/.F) Rmax
R)4.

COROLLARY 1.13. If ¢ : & — T is a complete quotient map, then ¢ Q ¢ :
F Qumax L —> T Qmax I is a complete quotient map.

PrOOF. Because ¢ ® ¢ = (¢ ® idg) o (id7 ®¢) and a composition of
complete quotient maps is a complete quotient map, the result follows.

1.3.3. The commuting tensor product. Letcp(¥, I) denote the set of all pairs
(¢, ¥) of completely positive linear maps that map & and I, respectively,
into a common () and such that ¢ (x)¥ (y) = ¥ (y)¢(x), for all (x, y) €
& x . Such a pair determines a bilinear map ¢ - ¢ : & x T — RB(H)
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viag - ¥ (x, y) = ¢ (x)¥(y), and so there exists a unique linear map, denoted
againby ¢ -, of ¥ ® I into B(H’) and for which ¢ - ¥ (x ® y) = ¢ (x) ¥ (y),
for all elementary tensors x ® y € ¥ ® J . Let

Com™( P, T) ={x € Mp(F RT) : (¢ ¥)P (x) € My(B)),
V(@ ¥) € cp(¥, T}

The collection {C[C,‘)mm(y , 7 )}pen induces an operator system structure on
& ® I with order unit 1+ ® 15. The operator system that arises from this
matricial order structure is denoted by & ®. I and is called the commuting
tensor product of & and I .

1.3.4. Properties of tensor products. Evidently,
CO™NF, T) S C™( S, T) S C™(S, T),

and so the maps & @max I — L R and ¥ ®. T — & Quin I arising
from the identity map of & ® J are ucp; we denote this by

y®maxy§y®cg§y®ming-

DEFINITION 1.14. Assume that .# is an operator system.

(1) Zissaidto be nuclear or (min,max)-nuclear if & Qmin I = & Qmax 7
for every operator system J .

(2) & is (min,c)-nuclear if & @min I = & ®. I for every operator system
T.

All unital C*-algebras that are nuclear in the sense of C*-algebraic tensor
products are also (min,max)-nuclear [10, Proposition 5.15]. Although finite-
dimensional C*-algebras are, therefore, nuclear, it is not the case that every
finite-dimesional operator system is nuclear [10, Theorem 5.18].

By definition, an operator system % is endowed with a specific matricial
ordering in which the positive cone in the vector space ./#,(S) of p x p
matrices is denoted by .#,(&). Expressed as tensor products, we have

%n(y)Jr = (g Qmax /%n)+ = (y Qe /ﬂn)+ = (g @min /%n)+

1.4. Duals of finite-dimensional operator systems

For any finite-dimensional operator system .#, let ¢ denote the dual of ..
For every n € N, there are the following natural identifications:

M (S LSFY M) = (S, M) S M (S
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In the first of these identifications, and using < to denote “is identified with”,
G = [gijli; € Mo(FY) < G € L(F, My), G(s) = [gij()]; ;-
In the second of the identifications,

G e L(F, My) < g6 € M(F), v ([sijlij) = Zgij(sij)-

i,j

A linear functional on /4, (¥ )A of the form ¢g satisfies ¢g(x) > 0, for all
x € M,(F)y, if and only if G : & — M, is completely positive. Hence,
My (F?) 4 is defined to be:

M(F . =G e M(F) : G:F — Myis completely positive}
= (G € Mu(F) 1 96(x) = 0,V x € Mu(F)+}.

One can define these cones for any operator system . and they endow .#¢ with
a matricial ordering. However, because % has finite dimension, this matricial
ordering on % gives rise to an operator system structure on .#“ in which an
Archimedean order unit is given by e = ¢, for some faithful state ¢ of ¥ [5,
§4].

For every linear map ¢ : & — 7, let ¢¢ denote the adjoint of ¢ as a linear
map ¢ — F¢ Thatis, ¢ (Y)[s] = ¥ (¢(s)), forall y € T¢, 5 € &.

PrOPOSITION 1.15. The following statements are equivalent for a linear map
¢ : S — T of finite-dimensional operator systems:

(1) ¢ is a complete quotient map;

(2) ¢¢ is a complete order injection.

PrOOF. Assume that ¢ is a complete quotient map and fix n € N. Recall
that ¢¢ is completely positive since, for every G € #,(T?), ¢p¢™(G) is
identified with G o ¢, a composition of completely positive linear maps; thus,
¢'"(G) € My (S .

To show that ¢¢ is a complete order injection, it is sufficient to show that
if " (G) € M (S, for some G € M,(T?), then necessarily G €
M, (T %), . Therefore, it is necessary to show that G is completely positive.
Let p € Nand y € /,(J ). By hypothesis, ¢ is a complete quotient map;
thus, there is a x € J,(S); such that ‘7’ (x) = y (Proposition 1.10). Thus,
GP(y) = GV o ¢ (x) € M, (M), which shows that G € M, (T ).
This proves that ¢¢ is a complete order injection.

Conversely, assume that ¢¢ is a complete order injection. Let & denote an
arbitrary operator system. By way of the identification of .#,(€),. with the
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linear functionals ¢ on ./, (&) for which ¢(x) > 0 for all x € #,(%),, we
identify ./, (€“),. with the dual cone [/, (&), ] of the cone ./, (%)

My(EY) g = [ M (&)1 = (Y € Mu(E) Y (x) >0,V € My(E) ).

By hypothesis, ¥ € #,(T ), if and only if ¢¢™ (V) € M, (F“),.. The dual
cone of the cone ¢p?™ (M, (F)4) in M, (T) is given by

(¢ (M (FPYOT = (¥ € Mi(T) Y (y) >0,V y € ¢ (M (F)1))
=¥ € M(T) Y 0™ (x) >0, Vx € My(F)4}
= (¥ € M (T) : ¢ (W) € Mu(F) )
= [M,(T), 1" (as ¢ is coi).

Hence, by the Bidual Theorem,
¢* " (M (S ) ) = (¢4 (M ()T = [l (T) N = (T4,

which implies that ¢ is a complete order isomorphism.

REMARK 1. The use of finite-dimensional operator systems in Proposi-
tion 1.15 is not essential, as the same arguments can be applied to the case
of arbitrary % and J . What is lost is the fact that the duals ¥ and ¢ are
operator systems. However, duals of operator systems are matricially ordered
spaces and one can speak of completely positive maps between such spaces.
Thus, Proposition 1.15 holds in the category whose objects are matricially
normed spaces and whose morphisms are completely positive linear maps.

ProOPOSITION 1.16. If & and I are finite-dimensional operator systems,
then the operator systems ¢ @max T ¢ and (F Qmin T )¢ are completely
order isomorphic.

PRrROOF. Let § and ¢ be faithful states on & and J, respectively, so that
eype = & and ey« = ¢ are the Archimedean order units for the operator
systems ¢ and 7.

We first show that there is a completely positive embedding of ¢ : % ®max
Tt 5 (L Qmin T)¢. Let P € Mi(F?Y) 4 and Q € M, (T ), ; we aim to
show that P ® Q is a completely positive map & Qmin I — My Q M.
Any completely positive map of an operator system into a matrix algebra is a
matricial convex combination of matricial states; thus,

P= Z“;‘bu“w 0= Zﬂ:‘ﬁvﬁv,
i v
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where ¢, and v, are matricial states on ¥ and , respectively, and «, and S,
are rectangular matrices for which ) a;au = 1y, >, BBy = 1,,. Hence,

ﬁ &® Q = Z(CYM 2y ,BM)*(‘pu 029 ¢v)(au ® Bv)

7Y

is completely positive. Hence, every a(P @ Q)a*is  completely positive, for
every linear map « : C* ® C" — C". Identifying P® Qand P ® Q, this

proves that 4
Ot(P ® Q)O{* € '/%n((y ®min g-) )+‘

Therefore, if G € M, (F? @max T ), then for every & > 0 there are P €
M (S, Q€ My(Ty,and a : K ® C" — C" linear such that

G+ e(eyi ® egi) = a(P ® Q)™ € My (L ®min T))+.

Because G + e(equ ® egd) € My((F Qmin T)¢), for every & > 0, the
Archimedean property implies that G € ,((¥ ®min I )?),. Hence, the
canonical linear embedding ¢; : (¥? ® T9) — (¥ Qmin )¢ is completely
positive.

We now show that there is a completely positive embedding of (%¢ ®pax
THY into S @min 7. To this end, fix n and let G € M,((F* Qmax TH) .
Because Y44 = Y and T = T, G = [gijli,; for some g;; € S @ T
Having identified G as an element of ./, (¥ ® J), we need only show that G €
M (S Qumin T ). Todo so, lety : S — My and  : T — M, be any pair
of matricial states. Thus, ¢ € (Y, and ¥ € M, (9_")4r By hypothesis,
G : P @mux T — M, is completely positive, and so G *™ (¢ @) is positive
in M,(My ® M,y,). In writing ¢ and  as matrices of linear functionals ¢y,
Y.y, We note that

G (¢ @ V) = [G (e ® V)] = [dre @ V) (gi)] = ¢ @ ¥ ™(G),

which implies that ¢ @ ¥ ™ (G) € M, (My @ !/%’m)Jr Therefore, the canonical
linear embedding ¢ : (¥4 @max T 9)¢ — & @min 7 is completely p0s1t1ve

To complete the proof, the completely positive embedding ¢ : (%4 @max
TN - & Qmin T leads to a completely positive embedding

12=Ld:(y®ming_)d_)(yd®maxgd)dd:yd®maxgd

In combination with the embedding ¢; and because ¢; = t; ! we obtain a

complete order isomorphism of ¥ ®uax ¢ and (¥ Qmin I ).

REMARK 2. Since & is an operator system with Archimedian order unit
8 and 7 ¢ is an operator system with Archimedian order unit ¢, the image of
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8 ® ¢ under the above complete order isomorphism is an Archimedean order
unit for (& ®min 7). Thus, in particular, § ® ¢ is a faithful state on ¥ @uin 7 .

2. The Operator System .#,,/ %,

Assume that n > 2 and that w,, ..., w, are n — 1 universal unitaries that
generate the full group C*-algebra C*(F,_;), where F,_; is the free group on
n — 1 generators. Let w; = 1 € C*(F,_;). Throughout, tr denotes the standard
(non-normalised) trace functional on a full matrix algebra.

DEFINITION 2.1. For eachn > 2, let

(1) &, C A, be the vector subspace of all diagonal matrices D € ./, with

tr(D) = 0, and
) ‘%? be the operator system in C*(F,_;) spanned by {wiw]’f 1 <i,j<
nj}.

We first show that _#, is a kernel. To do so, consider the unital linear map
¢ : M, — C*(F,_1) defined on the matrix units of .4, by

1
(1) ¢(Ej) = —wiw;, 1=<i, j<n.
n
The Choi matrix corresponding to ¢ is
1 * 1 * *
[p(EipDli<i,j<n = ;[wiwj]lsi,jgn = ;W YW e (C*(Fm1) ® M)+,

where W =) wQ®E;; andY = Zi’j 1® E;;j € (C*(Fy—1) ® M,)+. Hence,
¢ is acompletely positive linear map of .#,, onto %/,,. Itis clear that _%, < ker ¢.
Conversely, suppose that A € ker ¢. Then,

0=¢(A) = (Zaii)l + % Y aiww)),

i=1 ji

and so a;; =0 forall j # i and tr(A) = 0. That is, ker ¢ C _#,.

Because _#, is a kernel, we form and study the quotient operator system
M,/ #,. In this section we will show that the ucp map ¢ : M, — W, is a
complete quotient map and that the C*-envelope of the operator system ., /%,
is C*(F,—1).

NotaTION 2.2. The order unit g(1) of .4,/ ¥, is denoted by 1 and ¢; j
denotes g (E;;) for every matrix unit E;; of /.

1

LEMMA 2.3. For every i and j, e;; = %1 and |le;;|| = -
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Ei; Eij
Eji Ejj
M (M,), and therefore ¢ @ (Q) is positive in M- (M, | #,). However, the mat-
rix H oo

q(Z)(Q)Z |:n ’J:|

13
ej,~ ;1

PrROOF. Suppose that j ## i. The matrix Q = [ ] is positive in

is positive only if [le;; || < % Consider now the density matrix p € ., with
% in every entry and let s, be the state on ./, defined by s,(X) = tr(pX).
Then s,(#,) = {0} and so we obtain a well-defined state § on ./, /%, via
s'(X) = 5,(X). With this state §, we have $(e;;)) = tr(pE;;) = %, which
implies that |le;;|| > 1

n’

The result above shows that the norm on the operator system quotient
M, [ %, is quite different from the guotient norm of ., by the subspace _%,.
Indeed, in the usual quotient norm, one has |l¢;;|l;, = inf{||E;; + K| : K €
Z} =1, wheni # j.

LEMMA 2.4. 4, C M, is completely order proximinal.

ProOF. By Proposition 1.6, we need to prove that for every p € N,
My (M) + My(F,) is closed. To this end assume that P, = (P,.’j.) €
My(My) 4+ and Ky = (K,.kj) e JM,(#,) are sequences such that |[H — P, —
K¢l — 0, where H = (H;;). Applying the partial trace id, ® tr leads to
lI(tr(Hij) — (tr(P5))Il — 0. Consequently, the set {(tr(P}) € L, : k € N} is
norm bounded. But this implies that the set of traces of this set of matrices is
bounded, which in turn implies that the set of positive matrices P, has bounded
trace and hence is a norm bounded set. Thus, by dropping to a subsequence
if necessary, we may assume that P, converges in norm to some P that is
necessarily in /,(.,), since the latter set is closed. But then for this same
subsequence, we have that K; converges to an element K € .#,(_#,) and so
H=P+K e My(M,) ~+ M,(¥) and the result follows.

The following result gives a variety of characterisations of positivity for the
matricial ordering of the operator system .4,/ %,.

ProPOSITION 2.5. The following statements are equivalent for matrices
Aqq, Aij € /%p, with 1 < l,] <n Cll’ld] 75 i:
MHi®A;+ Z#i eij ® Ajj is positive in (My ] Fy) @ My;
2 1® A+ Zj#i 1/'/(el~~,~) ® A;j is positive in M, @ M, for everyr € N
and every ucp map \r : M, ) F, — M,;

B 1, A1 + Z#i Y (Eij) ® Ajj is positive in M, @ M, for everyr € N
and every ucp map ¥ : M,, — M, such that ¥ (¢,) = {0};
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@ 1,0 A+ Zj# VY (Eij) ® Ajj is positive in M, @ M, for everyr € N
and every ucp map ¥ : M, — M, such that y(E;;) = %1,, for all
1<i<n;

B 1,A+ Z#i Bij ® Ajj is positive in M, ® M, for everyr € N and
every collection of matrices Bjj € M,, j # i, with the property that

l1}' BlZ Bln
By i1,
Bnl ce Bn,nfl ,lllr

is positive in M, ® M,;

©6) 1, ® Ay + Zj#i %Cij ® Ajj is positive in M, ® M, for everyr € N
and every collection of matrices C;j € M., j # i, with the property that

1, Ci Ce Cin
Cy 1, :
Cnl cee Cn,nfl 1r

is positive in M, @ M,;
7N 1AL+ Zj#i(}lwiw;?‘) ® Ajj is positive in C*(F,—1) @ M);

(8) 1® A+ Ei ®Bi+ Y Eij ® Ajj is positive in M, ® M,
for some By, ..., B, € M, suchthaty |_, B; = (n —n?)Aj.

9) >} =1 Eij ® Ryj is positive in M, ® M, for some R;; € M, such that

Rij = Al‘ijTi 75 ] and R11 4+ 4 Rnn = l’lAl].

ProOF. We shall prove that (1) = (9) = (8) = --- = (1).

The hypothesis (1) is that r = 1® AL+ Zj# eij ® A;j is positive in
(My) F0) @ M,. Because §, € M, is completely order proximinal, there
is a positive R € M, ® M, such that ¢ ® id,(R) = r. In writing R as
R=),Ei®R;+ Z#i Ei; ® R;j, we obtain from r = Zi,j e;; ® R;; that
R;j = A;jforall j # i and that Ay = %Zl R;;. Thus (9) follows. To see
(8), set R;; = nA + B;, where B; = — Zk#i Ry, andsonA;; =) R =
n*Ay + Y., B; implies that ), B; = (n — n?) Ay, which is statement (8).

Now assume (8). Because 1 @ nAy; + >, E;; ® B; + > iz Eij © Ajj
is positive in .4, @ ., the image of this matrix under the map ¢ ® id,, is
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positive in C*(F,_) ® M, where ¢ : M, — C*(F,_;) is the ucp map (1) in
Lemma 2.3. That is, the following element is positive:

"1 1
1@ @A+ 1@ B+~ wiw) ® Ay
i=1 JF#
1 o 1,
=1Q®(nAn +;ZBI' +Z;wiwj ® Ajj
i=1 J#i
1
=1® A+ Z ;wiw}k ® Aij,
JF#i
because % Zl'-'zl B; = (1 — n)Ay;. This establishes (7).
Next assume (7): namely, 1 ® A} + Zj#i(%wiw]’.‘) ® A;; is positive in

C*(F,—1) ® M,. Let r € N and suppose that the matrices C;; € M, j # i,
satisfy

lr C12 C]n
C 1, :

2) c=| "7 . | el ® ).
Cnl cee Cn,n—l 1r

Let A = C!/2, the positive square root of C. We may express A in two ways:

ai

@
A=|— :A*:[a’l"|a§|...|a:],

Ay

where each g; is a rectangular block matrix, or an n-tuple, of r x r matrices.
Hence,
_ * ¥
C=AA=lag]] _ _, -
Because a;a; = 1 for each j, the rectangular matrix a; is an isometry. There-
fore, we may dilate a; to a unitary which we denote by u} by way of the
Halmos dilation:

a;'k 1- a;a.f)l/z '/%nr,n My
€
My ﬂn,nr

J

:| = '/%(nr—&-n)

0 —aj
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By the Universal Property, there is a homomorphism 7w : C*(F,_1) = M yr4n)
such that 77 (w;) = uj for each j. If j # i, then

oy a;ka]* *
n(w,wj)_[ . N

Therefore, if ¢ : C*(F,—1) = Mgr4n) is the ucp map v = v*mv, where v :
C" — C"*" embeds C" into the first 7-coordinates of C""*", then ¥ (w;w}) =
C;j . Thus,

1 1
w(p) <1 QA+ Z(;w,wj*) ® A,’j) =1, ® A + Z ;Cij ® Aij
J#L J#

is positive in .4, ® . ,, which yields statement (6).
Assume (6) holds. For any set of matrices B;; € /#,, j # i, for which

%lr BlZ e Bln
By 11

(3) B — 21 r
Bnl v Bn,n—l %lr

is positive in #, ® M,,let C;; = nB;;. Thus, the matrix B above is }lC , where
C is the matrix in (2). Therefore, from statement (6) one obtains (5).

Assuming (5), let ¢ : M, — M, be a ucp map such that v (E;;) = %1,
forall 1 < i < n.Let Bjj = ¥(E;;), j # i. Therefore, the Choi matrix
of ¥, namely [ (E;;)] € M, @ M,, is precisely the matrix B in equation
(3). Because 1 is completely positive, the Choi matrix B of i is positive in
M, @ M,. Hence, (4) is implied by (5).

Nextassume (4). If ¢ : M, — M, isucp and has the property that Y (_%,) =
{0}, then E;; — E;; € #,, forall j # i. Because ¥ is unital, this implies that
Y (E;) = %1,, for each i, which yields (3).

Assume (3) and let V : M,/ %, — M, be a ucp map. The linear map
v : M, — JM, defined by ¥ = ' o g is unital, annihilates _#,, and is the
composition of cp maps v/ and g. Therefore, (2) follows directly from (3).

Assume (2): that is, /P (h) is positive in .4, ® M,, for every r € N
and every ucp map V' : M,/ ¥ — JM,, and where h € (M,] %) ® M,
is givenby h = 1 ® Ay + Zj#i e;j @ A;j. By the Choi-Effros theorem,
there is a unital complete order embedding .#,, /%, C B () for some Hilbert
space . Thus, h € M,/ %, Qmin M, is positive if and only if & is positive
in B() Qumin My, = B(I @ CP) [10, Theorem 4.4]. In this context, the
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hypothesis (2) asserts that (¢ ® 1.4,)h(g ® 1.4,) is a positive operator for
every finite-rank projection ¢ € %(J), which in turn implies that 4 itself is
positive. Hence, (1) is implied by (2).

THEOREM 2.6. The ucp surjection ¢ : M, — W, is a complete quotient
map and the C*-envelope of M, | ¥, is C*(F,_1).

PROOF. By the First Isomorphism Theorem, there exists a ucp map ¢ :
My % — C*(F,_1) such that ¢ = d) ogq, where ¢ : M, — C*(F,_1)
is the ucp map defined in equation (1). Therefore, ¢ (e;;) = ’llw,»w]’f, for all
1 <i,j <n,and so ¢ maps .4,/ %, surjectively onto %, Hence, as J,, /%,
and J are vector spaces of equal finite dimension, the surjection ¢ is a linear
isomorphism. The equivalence of statements (1) and (7) in Proposition 2.5
shows, further, that d) is a complete order isomorphism of .,/ %, and %,,.

We now show that the C*-envelope of .4, /%, is C*(F,_;). Because there is
a completely isometric embedding of .#,, /_#, into its C*-envelope C (., /.%,)
[14, Chapter 15], we assume without loss generality that .4, /#, is an operator
system in C} (., /.#,) and that 1 is the multiplicative identity of C} (4, /.%,).
We also suppose that C*(F,_;) has been represented faithfully on a Hilbert
space 9. By Arveson’s extension theorem, the ucp map ¢ : M,/ % —
C*(F,—1) C AB(I) has a ucp extension o : Ci(M,/ %) = B(H).Let o =
v*mrv denote a minimal Stinespring decomposition of o. With respect to the
decomposition of the representing Hilbert space 9, as #, = ran v (ran v)*,
every operator 7 (ne;;) has the form

7 (ne;) = [w;w}" *:| ‘

k k)

Because ||ne;j|| = 1 and 7 is a contraction, the operator matrix above has
norm exactly equal to 1. And since w; w7 is unitary, if either of the (1,2)- or
(2,1)-entries of 7 (ne;;) were nonzero, then the norm of 7 (ne;;) would exceed

1. Thus, -
w;w;
(ne;j) = |: O] *],

which implies that ¢ is multiplicative on the generators e;; of the C*-algebra
Ci(My/ #,). Hence, o is a homomorphism that maps the generators of
Ci (M, / #,) to the generators of C*(F,_;), which implies that o is surjective.

Because ¢ is a unital complete order isomorphism, there is a unital iso-
morphism « : C (M, / #,) — Ci(W,) such that o)y, /4, = 7. o¢'5, where 7, is
the unique surjective unital homomorphism C*(F,_;) = C*(%,) — Ci(W,)
arising from the Universal Property of the C*-envelope. Therefore, m,(w;)
is unitary, for each 2 < j < n, and hence so are e;; in C;(M,/#,), for
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2 < j < n. By the Universal Property of C*(F,_;), there is a unital homo-
morphism B : C*(F,—1) — Ci(AM,/.#,) such that B(w;) =e;;,2 < j < n.
Thus, Boo(w;) = wj, for every j, which implies that ¢ is in fact an isomorph-
ism.

COROLLARY 2.7. Ifuy, ..., u, are universal unitaries, then the C*-envelope
of the operator system Span{uiu;‘ 1 <i,j <n}isC*(F,_).

PrOOF. Set w; = uju;, and note that w,, ..., w, is a set of n — 1 universal
unitaries.

Another application of Proposition 2.5 is the following theorem concerning
the factorisation of positive elements in the C*-algebra C*(F,) ® /.

THEOREM 2.8. Letuy, . .., u, be universal unitaries and let A;; € M,. Then
P = Z?,j:l uiu; @ Ay is positive in C*(F,) ® M), if and only if there exist
matrices X € My, such that P =Y} _ Yy Y[, where Yy = > 7 u; @ X

Proor. We have that the span of u;u; is completely order isomorphic to
My P, Viathemapuiu;k — ¢;; withe;; = (1/n)1. Thus, P — 1®[1/n(A+
AL+ Zi#j eij ® A;j. Apply Proposition 2.5((9)) to lift this element to
a positive element R = 3 /' ;| Eij ® R;; of M, ® M,. Now factor R = X X*
with X =" ._| E;; ® X;; and define Y, as above.

i, j=1
We have that

n n n
ZYkY,j‘ = Z win? @ Xu X5 = Z it ® Rij = P,
k=1 i, jk=1 i,j=1
and the result follows.

To conclude this section, we determine below the dual operator system of
w,.

PROPOSITION 2.9. Consider the operator subsystem &, C M, defined by
4 & ={Ae,:a;=a; =i j=<n}
Then the operator systems 7/,," and &, are completely order isomorphic.

Proor. The function ¢ : ., — W, defined in (1) is a complete quotient
map. Therefore, the dual map ¢ : #/¢ — ¢ is a complete order injection
(Proposition 1.15). The operator systems .#¢ and ./, are completely order
isomorphic via the map §;; — E;;, where {S;;}1<; j<n is the basis of ./%f that
is dual to the basis {E;; }1<i j<n Of /4, [16]. By Banach space duality, ¢ (%)
is the annihilator of _%,, namely &,.
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3. Tensor Products with %,/ %,

DEFINITION 3.1. Let & be an operator system.

(1) For a fixed n € N, & is said to have property (8,) if, for every p € N
and all Sy, S;; € M, (S), where 1 <i, j <nand j # i, for which

1 o
1@ Si+ Y (=wiw)) ® Sij = 0in C*(Fy1) @min My(F),
n J
J#i
then for every ¢ > 0 there exist Rfj e My(S),1 <1, j < n,such that

(a) R, = [Rf].]lgl-,jgn is positive in M, (M, (S)),
(b) R;; = S;; forall j # i, and

© Y R =n(Si+elu,)

i=1

(2) We say that.% has property (I8) if % has property (X%, forevery n € N.

Property (V) is suggested by Proposition 2.5 (equivalent statements (7)
and (9)), which shows that every matrix algebra ./, has property (28). To say
that an operator system % has property (28,) is equivalent to saying that the
map ¢ Q idy : My Qumin & — W Qmin & is a complete quotient map (see
Proposition 6.2 for a detailed argument).

The main results of this section are summarised by the following theorem.

THEOREM 3.2 (Operator Systems with Property (28)).
(1) An operator system & has property (18,) if and only if (M, /. %,) Qmin
S = (M| Fn) Omax S
(2) Every (min,max)-nuclear operator system has property (8).
(3) B(F) has property (L¥).

4) If an operator system & has property (13,), then C*(F,_1) Qumn & =
C*(Fn—l) ®max y

CoroLrLaRY 3.3 (Kirchberg’s Theorem). C*(Fo) ®mn BH) =
C*(FOO) ®max ‘%(%)‘

ProoF. Let {u;};cn denote the generators of Fy, and let ¢ : C*(F,) —
C*(Fs) be the canonical embedding. Let 7 : C*(F,,) — C*(F,) be the epi-
morphism for which w(u;) = u; for1 <i <nandn(u;) = 0fori > n. Thus,
7 ot = idcsr,) and 80 (7 ®max idgr)) o (1 ®max 1dg ) is the identity of
C*(F) ®max #(I ), which implies that t @max idc+,) : C*(Fy) @max B(H) —
C* (Foo) Qmax B(H') is an isometry. That is, C*(F,) @max B(H') C C* (Foo) @max
RB(I) as a C*-subalgebra. As C*(Fx) ®max B(H) S C*(Foo) Qmin B(H),
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we show below that there is a monomorphism of p : C*(Fy) Qmin B(H) —
C*(FOO) ®max %(%)’

By (3) and (4) of Theorem 3.2, C*(F,,) ®min B(H) = C*(F,) @max B(H) C
C*(Foo) ®max B () forevery n € N, and so for each n there is a monomorphism
Pn 2 C*(Fp) ®min B(H) — C*(Foo) Qmax B(I) such that p,_1 = p, 0 t,—1,
where (,_1 : C*(F,—1) Qmin B(F) — C*(F,) Qmin B(I) is the canonical
inclusion. Because C*(Foo ) ®min B(H) is the direct limit of the directed system
(C*(F,) ®min B(HK), 1), there is a unique monomorphism p : C*(Foo) Qmin
B(IH) = C*"(Fo) Qmax B(H) suchthat p, = poi,, where i, is the embedding
of C*(F,) ®min B(H) into C*(Foo) Qmin B(H') that is compatible with the
inclusions ¢,,. Hence, C*(Foo) Qmin B(H) = C*(Foo) Qmax B(FH).

The following proposition yields assertion (1) of Theorem 3.2.

PROPOSITION 3.4. (M) %) Qmin & = (M) %) Quax & if and only if &
has property (183,).

Proor. Observe thatif p € Nand H € M,(M,/ %, @ &), then H =
[Akeli<k,e<p and .
hye=1® Sf’f’e) + Z ere ® S,-(f’l)

04k
(k,0)  o(k.b) . .
for some S}, ,Sij € &, where 1 <k, < pand j # i. Therefore, we
write H as )
H=1®5S51+) e;®S;,
0£k
where

k. k.
S = [Sfl )]15k,z5p and S;; = [S;,- )]151(,45,7-

Hence, to prove that % has property (28,), any argument that shows the prop-
erty for p = 1 also shows the property for arbitrary p € N.

Assume that (A, / %,) Qmin & = (M /%) Qmax S . We may also assume
p = 1 by the observation above. Suppose that

1
1® S+ Z(;wiw}k> ® Sij S (C*(Fn—l) ®min y)_,_.
J#

The ucp map ¢ : M, — W, given by (1) is a complete quotient map, and
therefore the map

(b 02 ldy . (‘/%n/jn) Qmax S — % Qmax S
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is a complete order isomorphism. Hence, by the assumption that (#,, /%) Qmin
S = (M) F) Qmax S, we deduce that

hzi@sll‘l‘zeij@»gij
J#i
is positive in (M, /.%,) Qmin - By hypothesis, h € (M, /%) Qmax S )+ and
so, for every ¢ > 0,

h+el = <1 02 (Sll +81) + Zeij ® Sij) € D;nax(v/%n/fn’ y)
J#L
Thus, there are A € M (My) %)+, C € Mp(F)4,and o : CF Q@ C" — C

linear such that
h+el=a(A® C)a".

By Proposition 2.5, the fact that A € M (M, ) %)+ = (M) P @ My)+
implies that there exist R = [R;;] € (M, ® M) such that g®(R) = A.
Thus,

h+el=a@R) ®Cla*=qQidy(a(R® C)a*) € DI (M,, S).

That is, n + ¢l = g ® idy(R,), where R, = a(R ® C)a* € (M, Rmax
L)y = My (FL) . Therefore, we have proved that for every ¢ > 0 there exists
R. € M, (&), such that

1® (S +81)+Zeij®sij =Zeii ® R;; +Zeij®RiEj,
J#F i J#

which yields R;; = S;; for j # i and %Zl R{, = Si; + ¢l. Hence, ¥ has
property (28,).

Conversely, suppose that & has property (28,,). To prove that C;“i“ M) %,
S) C C;na" (M, %, S) forall p € N, we may, as mentioned earlier, restrict
ourselves to the case p = 1.

Suppose that i € (M, /1 Qmin &)+ Thus,

h=i®Sll+Zeij®Sij
J#i

forsome Sy, S;j € &, wherel <i, j <nandj #i.Let¢ : M, — C*(F,—_1)
be the ucp map defined by (1). Thus,

(b ®idy : t/”n/agn Omin S — C*(Fn—l) ®min S
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sends /& to

1® S+ Z(%wiw7> ® Sij € (C*(Fyz1) Omin S )+-
J#
By hypothesis, .# has property (28), and so forevery ¢ > 0 there exist Rfj e,
1 <i,j <n,suchthat R, = [R};]i<i,j<n € Mn(F )+, R}; = S;j forall j #1i,
and Y ' RS, = n(S); + €ly). The cone M, (SL)y is (My @max S)+ and
therefore the ucp map

q® ldy : ﬂn & max S — (/%n/jn) Qmax S

sends R, to the positive element

Y ey @R =e(i® Ly) +h € (M) F3) O P

i j=1

As this holds for all ¢ > 0, this implies, by the Archimedean property of the
positive cone in operator systems, that &1 € (M, /%) Qmax ) +.

By definition, an operator system % is (min,max)-nuclear if & Quin I =
& Qmax I for every operator system J . Thus, statement (2) of Theorem 3.2
follows immediately:

COROLLARY 3.5. If & is (min,max)-nuclear, then & has property (28).
We now prove statement (3) of Theorem 3.2.

PROPOSITION 3.6. B() has property (I8).

PrOOF. Suppose that Sy, S;; € B(H), 1 <i, j <nand j # i, and that

1® S+ Z(%wiw}k> ® Sij € (C*(Fu=1) Omin B(H))+.
J#

(We are assuming, as in the proof of Proposition 3.4, that p = 1.) Let ¢ > 0.

Because % (J) is nuclear for all finite-dimensional Hilbert spaces J7, if
Py € B(I) is a projection onto a finite-dimensional subspace .#¥ C ', then
there exist Rfjfg € BI), 1 <i,j <n,suchthat R, y = [Rigjg]lgi’jsil €
Mo (BG4 R = pySijpyforallj #i,and Y |_ R =n(psSiipy
+¢epy). Therefore, # = {R, ¢}« isanetin M, (PB (7)), under subspace in-
clusion. Moreover, the fact that ) ;_, Rfi’g =n(psSupy+epy) <n(Si+
¢1) implies that the diagonal operators of each matrix R, ¢ are bounded. By
the positivity of R, ¢, the off-diagonal operators are also bounded, and hence
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& is a bounded net of positive operators. Let R, = [Rfj] € My(B(I))y
be the limit of some weakly convergent subnet #’ = {R, ¢} of %. Then
py — lstrongly and, therefore, Y '_, Rf, = n(S;; +¢1). Because Ri; =S
for all j # i, the proof is complete.

The proof below of statement (4) of Theorem 3.2 is the final step in the
proof of this theorem.

ProposiTION 3.7. If & has property (%8,), then C*(F,—1) Quin & =
C*(anl) ®max y

ProofF. By [9, Theorem 6.7],C*(F,_1)®.% = C*(F,_1) Qmax 7L ; therefore,
we aim to show that if x € 4,((C*(F,—1) ®min ¥))+, then ¢ - Y™ (x) €
M (B(H)), for every pair of completely positive maps ¢ : C*(F,_;) —
RB(H) and 1 S — RB(H) with commuting ranges. Let ¢ = v*7v be a
minimal Stinespring representation of ¢, where & : C*(F,_1) = B(H;) is a
unital representation. By the Commutant Lifting Theorem [2, Theorem 1.3.1],
there is a unital homomorphism § : ¢ (C*(F,_1)) — B () suchthatd(z)v =
vz. for all z € ¢(C*(F,_1))". Because ¥ (%) lies within the commutant of
¢ (C*(F,_1)), we obtain a completely positive map U =80y : L — BH)
such that the range of 1 commutes with the range of 7.

By hypothesis, & has property (28,) and so, by Proposition 3.4 and by
the fact that ./, / %, and %, are completely order isomorphic, #; Qmin & =
Wy Qmax L. Consider the ucp map 7 - 1} W, Qmin & — B(I;). Because
W, ®min < is ucp mapped into C*(F,_1) ®min C} () and because B () is
injective, there is a ucp extension y : C*(F,—1) ®min Ci(S) — B(H7;) of
T - lﬁ Foreachi,y(w; ®1) =7 - &(wi ®1) = m(w;), and so w; ® 1 is in the
multiplicative domain ), of y. Hence, C*(F,_1) @ {1} = C*(¥,,) ®{1} € M,
and, therefore,

y@a®s)=y(@®@DH(1®s))=y@®)y(1®s)=mr@is),
forall a € C*(F,_y), s € &. Thus, on elementary tensors,
¢ Y(@®s) =p@y(s) = vm(s)vi(s) = v T ()P (s)v =v*y(a @ s)v.
Therefore, ¢ - ¥ = Ad, o Y+, )z, and 50 (¢ - )P (x) € M, (BI)).

4. The Operator System 7,/ %,

DEFINITION 4.1. Let 7, = {A € M, : A;jj =0,V |i — j| > 2}, the operator
system of tridiagonal matrices.

Observe that 7, = Span{E;; : |i — j| < 1} and that J, contains the
kernel ¢, = {D € M, : D isdiagonal and tr D = 0} of the ucp map
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: I — C*(F,—1) defined in (1) by ¢(E;;) = w w . Our interest in this
section is with the quotient operator system 7, /fn
We begin with a useful fact about the operator system 7, itself.

PROPOSITION 4.2. I, Quin & = T, Q. & for every operator system & .
That is, 9, is (min,c)-nuclear.

Proor. Let G = (V, E) be the graph with vertex set V = {1,...,n}
and edge set E = {(i, j) : |i — j| = 1}. Thus, G is simply a line segment
from vertex 1 through to vertex n. The operator system ¢ C ., of the
graph G is the span of matrix units E;; € ./, for which (i, j) € E, and so
Sc = J,. Because G is a chordal graph, 9, = % is (min,c)-nuclear [10,
Proposition 6.10].

THEOREM 4.3. Assume that uy, ..., u,_; are n — 1 universal unitaries that
generate the full group C*-algebra C*(F,_1). Letuo =1, u_; = uj, and
S :Span{l,uj,u;‘ 1<j<n-1}=Spanfu;: —n+1=<j <n-—1}.

Consider the function ¢ : I, — %, _1 defined by

(5) ¢(Elj)_ u_] i Vll_.”fl
Then:
(1) ker ¢ = _&,, the vector subspace of all diagonal matrices D € M, with
tr(D) =0,
) %, C I, is completely order proximinal, and

3) ¢isa complete quotient map.

ProoF. Because ¢, is akernelin.#, and ¢, C 9, C M, Proposition 1.11
shows that we may assume without loss of generality that 7,,/.%, C M,/ %,.
The function ¢ defined in (5) above is simply the function ¢, , the restriction
of the the function ¢ defined previously in (1) to the operator subsystem &, but
where we identify each product w;wy, ; with u;, forall 1 <i < (n —1). (As-
suming that wy, . .., w, are n — 1 universal unitaries, thensoare uy, ..., u,_;.)
Therefore, the restriction of ¢ from ., to I, preserves complete positivity.
The proof of Lemma 2.4 shows that jn T, is completely order proximinal,
and it is evident that the restriction of ¢ from 4, /%, to T, /%, is a complete
order isomorphism of 9,/ %, and &, _;.

COROLLARY 4.4. The following statements are equivalent for A; € M,
—n+1<i<n—1:

ey ZI 1—n Wi ®A; € ‘/%p(yn—l)ﬁ-;
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(2) there exists R = [R;;] € My(My)+ such that R;; = 0 if |i — j| > 2,
Ri,i-‘rl = A; and Ri+1,,' = A_i,fOI’ alll <i <(m-—1), and Z:‘lzl R, =
Ao.

PrOOF. By statements (7) and (9) of Proposition 2.5, the element

n—1
Y wi®A; —1®AO+Z( Wis W] )@(nA,)+Z( ;“H)@(nAi)
i=1—

is positive in C*(F, 1) ® ., if and only if there isaR =[R;lij € My(My)y
with R,j =0if |i — j| = 2, Rijy1 = nA; and R,+1, = nA_;, for all
l1<i<@®m-1),and Zi:l R” = nAy. This last statement is equivalent to the
matrix R = %Ié having the properties in (2) above.

—n

THEOREM 4.5. Let U, and V;, be the operator subsystems of @Z;i M
defined by

n—1 Clk Clk
© V= EB[ ¢ ,'3} a=aif' V1i<k<(n-1)

iy L91 42

and

n—1
%) %,,:{ [“ “12]-a§; H,V1<k€<(n—1)1]_12}
k=1

921 azz

Then
(1) T and ¥, are completely order isomorphic, and

(2) S, and U, are completely order isomorphic.

Proor. The canonical linear basis of 7, is given by the subset {E;;}i— <1
of the matrix units of .. Let {S;;}i—jj<1 C ¢ be the basis of 7,¢ that is
dual to this canonical basis of 7,

Consider the operator system @Z;i My and foreach 1 < k < (n—1) define
aucp map py : @Z;i Mr — M, by projection onto the k-th coordinate. Let
{ fj}z" ~2 and {e;, e} be the canonical orthonormal bases of C¥*~2 and C2,
respectively, and let y, : C**~2 — C? be the linear map defined by y; (for) =
e1, Vi(fa+1) = e, and v (f;) = 0 for all other j. Let 6 : @Z;i My - T,
be the ucp map defined by 6 = ), ¥, oxv«. Thus,

n—1 2
O((ADD) =Y > afiErsk 1 ko1,

k=11i,j=1



OPERATOR SYSTEM QUOTIENTS AND TENSOR PRODUCTS 235

where A; = [af‘j]i,/- € M. The dual map 6 : ?nd — @Z;i M, is given by

n—1
d gk A ke+1
0 Z a,~,~S,~j :® .
k+1k  Ak+1k+1

li—jl<1 k=1

Now let ¢/ = 69 and observe that the range of v is precisely %;,. Thus, ¥ is
a completely positive linear isomorphism between ¢ and 7;,. We now show
that ¥ ~! is completely positive.

To this end, suppose that X € #,(7,%) and Y = ¢ P (X) € M,(V})+.
Our aim is to prove that X is positive, which is to say that X is a positive linear
functional on /,(7,). The matrix Y is a p x p matrix of n x n tridiagonal
matrices; hence, y is an n x n tridiagonal matrix of p x p matrices yfj €My

n—1
Y=@|: Ykk Yk k+1 ]

*
1 Yik+1  Yk+1k+1

The pull back of ¥ to X € JM,(T ) is

yir Y2
Vi Y2 3

X = Y33 Y33 Y34

Ynn

View the matrix X above as a partial matrix in the sense that outside the
tridiagonal band the entries are not specified. The only fully specified square
submatrices of X are the ones corresponding to 2 x 2 principal submatrices
[ Vik Yk k+1

y;:k+1 Vi1 k+1
Y. Hence, the partially specified matrix X can be completed to a positive matrix

X (see, for example, [15, Theorem 4.3]). The action of X on ./, (M) as a
linear functional is given by Z > tr(ZX), and so X is a restriction of X as
a linear functional on ,. Therefore, X is also positive, which completes the
proof that ¥ is a complete order isomorphism.

By Theorem 4.3, ¢ : 9, — %, is a complete quotient map; therefore,
vo¢?: S | — ¥, is acomplete order injection. We need only identify the
range of Y o ¢?. Since .#,_; is completely order isomorphic to 7, /.%,, the
dual of .,_; is the annihilator of _#, in /%f,’. Hence, ¥ 0 ¢ (L)) = U,.

], each of which is a direct summand of the positive matrix
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5. The Kirchberg Problem and the Connes Embedding Problem

Recall that the operator systems &, 7;,, and %,, of n x n matrices are defined in
(4), (6), and (7) respectively. In this section we show that some matrix theory
problems involving these operator systems, if solved affirmatively, would lead
to an affirmative solution to Kirchberg’s Problem and, hence, to the Connes
Embedding Problem as well.

The following lemma is a proof technique that we shall require.

LEMMA 5.1. Suppose that R, &S, T, and U are operator systems and that,
for linear transformations \, 0, u, and v, where v is a complete quotient map,
W is a complete order isomorphism, 0 is a linear isomorphism, and 6~ is
completely positive, the following diagram is commutative:

R —L s q

1]

S =T

Then  is a complete quotient map if and only if 6 is a complete order iso-
morphism.

PrOOF. Suppose that ¥ is a complete quotient map. Thus, if y € /,(S) 4,
then there is a hermitian x € .4, () such that for every ¢ > O thereis a k, €
ker ¢ such that x" = elp + x + k. € M,(R);. We have ker ¢ C ker(v o p),
asf oy =vopu;thus,evopu(l)+vou(x) =vou(x') € My(T);.As this
is true forevery ¢ > 0, vou(x) =6 oy (x) = 6(s) € M,(T)4, which proves
that 6 is cp and, hence, that 6 is a complete order isomorphism.

Conversely, if 6 is a complete order isomorphism, then ¥ = 6! o v o .
Because v is a complete quotient map and #~! and u are complete order
isomorphisms, one easily deduces that ¥ is a complete quotient map.

‘We show in Theorems 5.2 (3) and 5.4 (2) below that an affirmative solution
of two problems concerning the tensor products of operator systems of matrices
will result in an affirmative solution to the Kirchberg Problem.

Consider the following commutative diagram of vector spaces and linear
transformations:

‘/%n ®min ﬂn ;) =/%n ®max ﬂn
9) ¢®¢l l¢®¢ (complete quotient map)
Wn ®min % 1(1;;"—(8)%) Wn ®max %
Above, the identity map on #, ® ., is a complete order isomorphism
between M, Qmin M, and M, Qmix M., and the map ¢ ® ¢ : M, Qmax
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My — Wy max Wy is a complete quotient map by Corollary 1.13. The map
0 = idy; g, is a linear isomorphism of %}, @min W, and W), Qmax W, with
6~! completely positive. Therefore, Lemma 5.1 asserts that leftmost arrow on
the diagram is a complete quotient map if and only if the bottom arrow is a
complete order isomorphism. The following result captures this fact and two
additional equivalences.

THEOREM 5.2. The following statements are equivalent:

(1) the map ¢ @ ¢ : My, Ruin My — Wy, Quin Wy is a complete quotient
map;

(2) % Qmin % = Wn Qmax Wn;
(3) & min & = &) Omax &us
4) W, has property (18,).

If any of these equivalent statements is true for everyn € N, then the Kirchberg
Problem has an affirmative solution.

Proor. The equivalence of (1) and (2) is, as mentioned above, a con-
sequence of Corollary 1.13 and Lemma 5.1.

Statements (2) and (3) are equivalent by duality. Indeed, by Proposition 2.9,
the operator systems %4 and &, are completely order isomorphic. Therefore,
the hypothesis &, Qumin &, = &, Qmax &, is equivalent to %d & min %d =
W @max W,? and, by passing to duals (Proposition 1.16), is equivalent to
% Qmax % = % Qmin Wn

Theorem 3.2 (4) asserts that %), has property (8,) if and only if
(M) %) Qumin Wy = (M) $) Qumax Wr. Since M,/ F, is completely order
isomorphic to %;,, we deduce that statements (2) and (4) are equivalent.

Suppose now that any one of the equivalent conditions holds, for every
n € N. By Theorem 3.2 (4), C*(F,—1) ®min #;, = C*(Fy—1) ®max #;. But
this means that C*(F,_) has property (28,) and so again Theorem 3.2 (4) is
invoked to conclude that C*(F,_1) ®min C*(F,—1) = C*(F,_1) ®max C*(F,_1).
As this is true for all 77, we obtain C*(Fsg) ®min C*(Fao) = C*(Foo) ®max C* (Fxo)
by the direct limit argument used in the proof of Corollary 3.3.

In moving from the operator system %/, to the operator system %, it is
interesting to contrast Theorem 5.2 above with Theorem 5.3 below.

THEOREM 5.3 ([9]). The Kirchberg Problem has an affirmative solution if
and only if &, Qmin Fn = Fn Q¢ S for everyn € N.

ProoF. If &, Quin S = S ®c &, for every n € N, then C*(Fy,) has
the weak expectation property [9, Theorem 9.14] which in turn implies that
C*(Foo) ®min C*(Foo) = C*(Foo) ®max C*(Fxo) [11, Proposition 1.1(1)].
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Conversely, if C*(Foo) ®min C*(Fso) = C*(Foo) ®max C*(Fso), then C*(Foo)
has WEP [11, Proposition 1.1(iii)], and s0 %, Qmin S = S Q. S, for every
n € N [9, Theorem 9.14].

We now turn to our second multilinear algebra problem.

THEOREM 5.4. The following statements are equivalent:
1) ¢®¢: Ty Omin Tn = Fn—1 @min Sn—1 is a complete quotient map;
(2) %n @ max %n Ceoi 7/;; @ max %

If either of these equivalent statements is true for every n € N, then the
Kirchberg Problem has an affirmative solution.

PrOOF. Assume (1) and let u = ¢ ® ¢p. Thus, u is a complete quotient map.
By Theorem 4.5, 7, nd = 9, and (%f_l = ¥,, are complete order isomorphisms.
Thus, if u is a complete quotient map, then

/’Ld : (ynfl Qmin ynfl)d - (‘Gj_n Qmin g_n)d
is a complete order injection, but
(yn—l Qmin yn—l)d = %n Qmax %n

and
(.7” Qmin gn)d = 7/;1 & max %L

Conversely, assume (2). That is, %, ®max Uy Tcoi Vi Qmax ¥n» and so

y:’_l Qmax yj_l = %n Qmax %n Ceoi %1 Qmax %1 = gnd Qmax gd.

n

Denote this complete order injection ynd_l Qmax y,f_l — 9. nd Rmax 7, nd by .
Hence, in passing to duals, we obtain a complete quotient map

ﬁd : *%z®mingn = (gnd®max*7nd)d - (t%ld_l®maxyf_1)d = t%l—l®minyn—l-

Since 9¢ = , statement (1) follows.

Assume that one of (1) or (2) is true for all n € N. By hypothesis, each y €
My (S 1 @umin Fn—1)+ is given by u'P) (x) for some x € M, (T Omin Tn)+-
Recall from Proposition 4.2 that ,, is (min,c)-nuclear; therefore, in particular,
gn Qmin g~n = gn Qe L07‘11- Thus, since ‘%p('%l Qmin e9—11)4- = ‘%p('%l Qe e9—n)—i-
and because u : I, . I, = L1 Qc F_1 is completely positive, y €
'/%p(yn—l R yn—l)+, which implies that Gl Omin L1 = L Qc Fn_1.
As this is true for all n € N, Theorem 5.3 completes the argument.
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6. C*-Algebras with the Weak Expectation Property

By considering the positive liftings in Proposition 2.5 in the case of the operator
system J,,, we are led to consider a special case of property (28,), which we
call property (&,,).

DEFINITION 6.1. An operator system . is said to have property (&,)) for a
fixedn € Nif, forevery p e Nand all §; € #,(¥), where ] —n <i <n—1
and j # i, for which

n—1
D ui®S =0 in C*(Fy1) ®uin Mp(S),
i=l—n
then for every ¢ > 0 there exist Rfj e My(S),1 <1, j < n,such that
(1) R, = [Rf].]ls,-,jg,, is positive in M, (M ,(S)),
2) Rfj =O0forall i — j| >2,R;,, = Si,and R/, ; = S_; forall i, and
(3) Xioi R = So + &L,
We say that % has property (©) if it has property (&,) for every n € N.

PROPOSITION 6.2. The following statements are equivalent for an operator
system & :

(1) & has property (&),
Q) ¢Qidy : T, Quin & = Fn_1 Quin & s a complete quotient map.

PrOOF. To setup the argument, note that /4, (R Q@minI ) and R Qumin M, (T")
are completely order isomorphic operator systems for any p € N and operator
systems Zand 7. If Z € S, @M, (F) is arbitrary, then Z = 3/~ u;®S;
for some S; € M,(F). In this case Z = [¢ ® idy]”(X), where (one choice
of) X € 7, @ M, () is given by

X = Z E;j; ®So+ Z Eiiv1®nS; + Z Eif1,®@n5_;.
=1 i—1 i—1

Via the First Isomorphism Theorem, Z is the image of the quotient element X.

Choose p and suppose that Z € &1 ®min M, (&) is positive. By definition,
the element X is positive if and only if for every ¢ > O there is a K, =
(K1 =) € Tn ® M,(F) such that (i) K is diagonal, (ii) )/, K}; = 0, and
(iii) R, = el + X + K, is positive in F,, ®min #,(F). But R, is positive if
and only if R, = %Iéa is positive. Note that R, = [Rfj],; ; 1s tridiagonal with

2 Ry = el o) + S0, Ri iy = Si;and R,y = S
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Thus, if % has property (&,), then the positivity of R, for every ¢ > 0
implies that X is positive. Conversely, if ¢ ® idy is a complete quotient map,
then the positivity of Z implies that of X and, hence, the positivity of R, also,
for every ¢ > 0.

THEOREM 6.3. The following statements are equivalent for a unital C*-
algebra S :

(1) & has property (S);
(2) < has WEP.

PrOOF. Assume (1) holds and consider the following commutative diagram
of vector spaces and linear transformations:

gn@minﬂ ;) gn@maxﬂ

¢®idl ltb@id

Lynfl ®min o —_— > Lynfl ®max .
idy, e«
The top arrow is a complete order isomorphism by Proposition 4.2 and [10,
Theorem 6.7], and the leftmost arrow (¢ ® id) is a complete quotient map, by
hypothesis. By Proposition 1.12, the righthand arrow is also a quotient map.
Now apply Lemma 5.1 to conclude that the bottom arrow is a complete order
isomorphism.

Thus, %,_1 Qmin & = F_1 Qmax &, for all n € N. By the direct limit
argument of Corollary 3.3 we arrive at C*(Fso) ®min & = C*(Foo) Omax &,
which is equivalent to ./ having WEP. Thus, statement (1) is established.

Next assume ((2)). Thus, C*(Fs) Qmin & = C*(Fx) Qmax &, by [11,
Proposition 1.1(iii)], and so C*(F,) ®min & = C*(F,) Qmax <, for every n [9,
Lemma 7.5]. Therefore, for every n,

yn ®min 5 Ceoi C*(Fn) Qmin A = C*(Fn) Qmax .
By the inclusion and equality above,
yn@minﬂzyn@)c&f:‘spn ®max<§f-

Every unital C*-algebra is (c,max)-nuclear [10, Theorem 6.7]. Thus, using the
fact that , is (min,c)-nuclear, we deduce that

gn®min%:gn®c&f:gn®maxﬂ'
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We are therefore led to the following commutative diagram:
Ty Oin A ——=— Ty Omax A
¢®idl l{l)@id (complete quotient map)
Fn—-1 Omin A ——=—> Sn—1 Omax A.

Hence, by Lemma 5.1 the map ¢ ® id : I, Quin & —> F—1 Omin « is a
complete quotient map for every n, and so .2/ has property (&), which proves
(D.

By similar methods we can also prove:

THEOREM 6.4. If ¥, has property (&,) for every n € N, then Kirchberg’s
Problem has an affirmative solution.

7. Injective Envelopes

In the earlier sections we have seen that operator system quotients of matrix
spaces can have large C*-envelopes. In this section, we examine their injective
envelopes.

Recall that the injective envelope [14, Chapter 15] of a unital C*-algebra
&/ is denoted by #(A). An AW*-algebra is a unital C*-algebra # with the
property that, for any nonempty subset 2 C 2, there is a projection ¢ € %
such that anng (Z) = {ey | y € A}, where

anng(Z) = {be B |xb=0,Yx € Z}.

Like von Neumann algebras, AW*-algebras admit a decomposition into direct
sums of AW*-algebras of types I, II, and III. An AW*-factor is an AW*-algebra
with trivial centre. The theory of AW*-algebras is relevant to the study of
injective envelopes because every injective C*-algebra is monotone complete
and every monotone complete C*-algebra is an AW*-algebra.

THEOREM 7.1. If &/ # Cis a unital, separable, prime C*-algebra with only
trivial projections, then its injective envelope ¥ (A) is a type IIl AW*-factor
with no normal states.

Proor. Under the hypothesis given, the injective envelope of &/ cannot be
a W*-algebra (that is, a von Neumann algebra): for if #(A) were a von Neu-
mann algebra, then the separability of &/ would imply that .2/ has a nontrivial
projection (see [1, Theorem 2.2(v)] or [8, §3]), contrary to the hypothesis.

As ¢ is separable, .o/ has a faithful representation as a unital C*-subalgebra
of B() for some separable Hilbert space # . The injective envelope of .o/
is obtained as follows [14]: there is a ucp projection ¢ : B(H) — RB(H)
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mapping onto an operator system .# that contains .2/ as a subsystem and such
that . is an injective C*-algebra under the Choi-Effros product x oy = ¢ (xy),
x,y € #[5],[14]. The injective envelope S (A) of o/, when £ (A) is viewed as
a C*-algebra, is precisely the operator system .# with the Choi-Effros product
O.

Because # is separable, Z(7) has a faithful state w. Let ¢ be the state
on J given by ¢(x) = w (¢(x)). By the Schwarz inequality, ¢(x* o x) =
w(Pp(x*x)) > w (¢ (x)*¢(x)), which implies that ¢ is a faithful state on the
AW*-algebra S (A).

The hypothesis that &/ is prime (that is, no two nonzero ideals can have
zero intersection) implies that the injective envelope #(A) is an AW*-factor [7,
Theorem 7.1]. We show that the only type of factor that #(A) could possibly
be is a factor of type III.

If #(A) were a factor of type I, then .#(A) would be coincide with ZB(#)
for some Hilbert space #, implying that #(A) is a von Neumann algebra,
which we have argued is not possible. If .#(A) were a factor of type II (finite)
or I1, then the fact that #(A) admits a faithful state implies that #(A) is a
von Neumann algebra [6], which again is not possible. Therefore, #(A) must
be of type III.

Finally, if #(A) were to have a normal state, then # (A) would have a direct
summand which is a von Neumann algebra. But the fact that #(A) is a factor
discounts the existence of a nonzero direct summand, and because .#(A) is not
a W*-algebra, we conclude that #(A) has no normal states.

COROLLARY 7.2. The injective envelope of C*(F,), where n > 2, is a type
111 AW*-factor with no normal states.

ProOOF. If n > 2, then C*(F,) is unital, separable, primitive (and therefore
prime), and has only trivial projections [4].

COROLLARY 7.3. The injective envelopes of M, /%, and T,/ %, coincide.
When n > 2, their injective envelope is a type Il AW*-factor with no normal
states.

ProoF. The injective envelope of an operator system & and its C*-envelope
Ci(¥) coincide. Because C:(7,/.%,) = Ci(M,/ %) = C*(F,—1) (Theo-
rem 2.6), the result follows.
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