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ON THE RATIONALITY OF SOME MODULI
SPACES RELATED TO POINTED
TRIGONAL CURVES

G. CASNATI

Abstract

For each g > 1, let 7, , € ., , be the locus of points corresponding to curves carrying a
base-point-free g31. Here we give a proof that 7 , is rational if g > 4and 1 <n <2g +7.

1. Introduction and notation

Let /, , be the (coarse) moduli space of projective, smooth and connected
curves of genus g with n marked points defined over the field C, i.e., ordered
(n 4+ 1)-tuples of the form (C, py, ..., p,) where C is a smooth and connected
curve of genus g and py, ..., p, € Care pairwise distinct points.

Let T, C M, , bethelocus of points (C, py, ..., p,) suchthat C carries a
base-point-free g31. If g <4, thelocus 7, , is dense inside ./, , (at least when
M, , actually exists) while, if g > 5, the closure of J, , is strictly contained in
M, . We say that the points of J , represent pointed trigonal curves, hence
we look at 7, ,, as a coarse moduli space for smooth and connected n-pointed
trigonal curves of genus g.

From now on we will assume g > 5. It is well-known that the locus 7 ,, is
irreducible of dimension 2g + 1 4 n. For the case n = 0 see [1], Theorem 5.3,
Formula (2.3) and the references therein. For the case n > 1, see Section 3 for
an elementary proof.

It thus makes sense to ask whether such a locus is rational, i.e., whether
there is a birational isomorphism J,, &~ C®2¢T1+" The rationality of 7,
has been proved in Theorem 5 in [12], when g = 2 (mod 4), and, when g is
odd, in the very recent paper [7].

In the present paper we focus our attention to the case of pointed trigonal
curve, proving the following theorem.

THEOREM 1.1. The locus T4 ,, © M , of trigonal n-pointed curves of genus
gisrationalifg >5and 1 <n <2g+7.
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This theorem can be viewed as a natural generalisation of the Main Theorem
of [3], when g = 4 and it is already known for n = 1 and g odd (see again
[12]). Our approach is based on an easy improvement of the description of
plane models of trigonal curves of odd genus given in [12].

It is interesting to notice that an analogous result is known for the moduli
space 7, , of n-pointed hyperelliptic curves, i.e., curves carrying a complete
base-point-free g1. More precisely, the rationality of 5, , has been proved in
[2]when1 <n <2g + 8.

With the same methods, it is also possible to give a quick and easy proof of
the rationality of J5 and J7  alternative to the one in [7] (and indeed such
a proof was part of the first submitted version of this paper).

1.1. Notation

We work over the complex field C. We denote by GL; the general linear group
of k x k matrices with entries in C and by PGL; the projective linear group,
i.e., GL; modulo the subgroup of scalar matrices.

If V is a vector space, then we denote by P(V') the corresponding projective
space. In particular, we set PZ := P(C®"*1),

For each e > 0 we define the Hirzebruch surface with invariant e as

Fe := P(Cp ® Op(—e)) —> PL.

It is a ruled surface over P{. In Pic(F,) we denote by f and by & the classes of
a fibre of 7, and of the tautological bundle O, (1).

We denote isomorphisms by = and birational equivalences by ~. For other
definitions, results and notation we always refer to [6].

2. Plane models of trigonal curves

Recall, that the points of the locus 7, o € /#, o represent curves carrying at
least a base-point-free g}. Itis well-known that 7, o = M, o when g = 2,3, 4.
It is classically known that 7, o is irreducible. Moreover, a base-point-free g%,
if any, on a curve of genus g > 5 is unique, hence complete (when g = 3 each
non-hyperelliptic curve carries infinitely many base-point-free g1, if g = 4 the
general curve carries exactly two distinct base-point-free g}).

In [12] a birational model of 7 ¢ is described when g > 5. More precisely
the geometric version of Riemann-Roch theorem yields that the canonical
model C.,, C P§_1 of C lies on a rational normal scroll S swept out by the
lines joining the points in the divisors of the unique g} on C. The surface S is
the image of a Hirzebruch surface F,, via the complete linear system

g+e—=2

£+ 2

/
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and C is represented by an integral smooth element of

g+3e+2

3
‘“ >

/
that we will again denote by C. In particular, g and e have the same parity and

(g —3¢+2)/2=&-Ccy = 0,hence 0 < e < (g + 2)/3. We have natural

rational maps
g+3e+2

3+ Tf‘ -+ T 40

Pe:

and, due to the description above, 7, o = |, Im(p,). We now go to deal with
the fibres of such a map p,.

Two elements in a fibre are curves on F, representing the same abstract curve
C, thus they are obtained one from the other by composing the canonical
map with a suitable automorphism. Each automorphism of C must fix its
canonical divisor and the unique g% on C, thus it induces an automorphism
of the canonical space which must fix the surface S. The restriction of such a
projectivity to S can be viewed as an automorphism of S, hence of the abstract
surface F, sending the linear system ‘35 + # f | to itself.

If e > 1, then the elements in Aut(F,) satisfy the above restriction. Indeed
they must fix &, which is the unique integral divisor on F, with negative self-
intersection. Moreover, Aut(F,) fits into the following exact sequence of groups

(1) 1 —> Aut(Op ® Op(—e¢))/C* —> Aut(F,) — PGL, —> 1

(see [8], Lemmas 3, 6, 8), whence it is connected.

Let us look at the case e = 0 so that we have to consider the automorphisms
of Fp sending |3$ + % f | toitself. In this case Fy = P{ xP. whichis canonically
isomorphic to a fixed smooth quadric Q C P} via the Segre embedding. The
full group of automorphism of Fy is not connected, since it is isomorphic to
the group generated by PGL, x PGL, acting naturally onto the two rulings
and by the group of order 2 generated by the involution p exchanging the
two rulings. The automorphism we are interested in are those coming from
PGL, x PGL,. Indeed 1 sends |3f§ + # f | to |3 f+ %é | which is different
from |3§ + gT“f , due to the fact that (g 4+ 2)/2 > 3, because g > 5 by
hypothesis.

It follows that the fibres are, in any case, exactly the orbits of the natural
action of the connected component Aut®(F,) of the identity inside Aut(F,) on
|§ + g+3ze+2f|.

We have

6 ife =0,

dim(Aut’(F,)) =
(Aur(Fe)) {e+5 ife>1.
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The assertion for e > 1 follows from Sequence 1. The assertion for e = 0 is
trivial by the description above. Moreover, each ¥ € Aut’(F,) in the stabilizer
of a curve C induces by restriction an element of ¢c € Aut(C). If ¥ is the
identity, then % would fix three points on the general fibre of F,, thus ¢ would
necessarily be the identity. We conclude that the stabilizer inside Aut’(F,) of
a fixed curve C is isomorphic to a subgroup of Aut(C), hence it is finite. We
conclude that

2¢ + 1 ife =0,

dim(Im(p,)) =
im(im(pe)) {2g+2—e ife > 1.

The above computations prove the following well-known

LEMMA 2.1. There exists a birational equivalence

|38 + 22 £|/Aut®(Fo) if g is even
ar ~
36 + 2 f|/Aut®(F1) if g is odd.

3. Proof of the Theorem

In this section we will prove the theorem stated in the introduction, using
suitable plane models of n-pointed trigonal curves. We first recall the following
well-known result.

LEMMA 3.1. Let my: My, — My be the natural forgetful morphism. If
T C M, is closed and irreducible, then the same is true for m;l (T) < M, .

PrOOF. Let N :=5g—6and p(t) := (g—1)(6¢1—1). Recall that there exists
a open non-empty subset of a unique irreducible component # < Filb ) (PY )
such that /, is a geometric quotient of # modulo the natural action of
PGLy . (see [9], Propositions 5.1, 5.3, 5.4). In particular, we have a PGL ;-
equivariant morphism ¢: % — ./, o whose fibre over a point representing
a curve C is the PGLy-orbit of one of its tricanonical embeddings in PY.
It follows that such a fibre is irreducible. Moreover, the stabilizer of such a
model of C coincides with Aut(C) which is finite, thus all the fibres have the
same dimension N2 4 2N.

Let T C M, be an irreducible closed subscheme. We claim that S :=
¢~'(T) is irreducible too. Indeed it is certainly the union \U; Si of irreducible
closed components which must all be PGL y 1 ;-invariant because the fibres are
irreducible. Thus T; := ¢(S;) is closed too due to [9], Proposition 0.1 and
Remark (6) to Proposition 0.2. With this in mind the irreducibility of S follows
as in the proof of [11], Chapter I, Section 6, Theorem 8.
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At this point we can consider the incidence relation

F={(C.pi.....p) €X x P | p1,....pn € C}

and its projection i: # — J . Such a map is projective and its fibres over
a curve C are isomorphic to C*”, thus they are irreducible and of the same
dimension. It follows that the aforementioned classical result of [11], also
yields the irreducibility of R := ¥ ~1(S) = (¢ o ¥)~!(T). Since My is a
coarse moduli space for n-pointed curves of genus g, it follows the existence
of a natural rational map j: ¢ --» M, , such that j(R) = m;l(T). The
irreducibility of R finally yields that m (T is irreducible too.

Due to the above lemma, we deduce that the locus 7, ,, € #, , of n-pointed
trigonal curves of genus g is irreducible for all n# > 1, since the same is true
forn = 0.

It follows that it makes sense to consider its rationality and we will distin-
guish two cases according to the parity of g. The odd genus case was essentially
described in [12]. For reader’s benefit we insert here the obvious modifications
of the proof that one can find in the quoted paper.

To this purpose we recall the following definition (see [10], Section 2.8).

DEFINITION 3.2. Let G be an algebraic group acting on a variety X and let
H C G be a subgroup. An irreducible subvariety ¥ C X is called a (G, H)-
section of X if

(1) the G-orbits of the points of Y form a dense subset of X;
2) fyeY,ge H,theng(y) €Y;

(3) thereis an open subvariety Yy € Y suchthatify € Yyand g € G implies
g(y)eY,theng € H.

The main results on (G, H)-sections are contained in the following lemma
(see [10], Section 2.8, [4], Section 3 and the references therein).

LeEMMA 3.3. Let G be an algebraic group acting on a variety X, H C G a
subgroup and let Y C X be a (G, H)-section of X. Then X/G =~ Y /H.

3.1. The odd genus case

We know from the previous section that general trigonal curves with odd genus
g can be realised as elements of the linear system {35} + # f { onto the ruled
surface F;. Moreover, two such elements represent the same abstract curve
if and only if they are in the same orbit with respect to the action of the
automorphism group of F;. Any such automorphism must necessarily fix the
unique exceptional curve on F;. Let g := 2k 4+ 1 sothat (g + 5)/2 =k + 3.
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Contracting such an exceptional curve on F;, we obtain a plane model of C
as plane curve C of degree k + 3 with exactly one point A of multiplicity k.
With a proper choice of the coordinates xg, x1, x» /i\n P% we can always assume
that A = Ey :=[1, 0, 0], so that the equation of C is of the form

(X0, X1, X2) = Xpa + x5b + xoc + d,

wherea € HO(P, G (k)) \ {0}, b € HO(P, O (k+1)), ¢ € HO(PE, Opy(k +
2)) and d € H°(PL, Ops (k + 3)). We denote by V the subspace of H°(PZ,
Op2 (k + 3)) consisting of polynomials of the above form. We have

k+5 k+1
dim(V):( ;L >—< _; >:4k+10:2g+8.

The lines through Ej cut out on C, residually to the cycle k Ey, the unique
g% on C. Each automorphism in Aut(F;) fixing C descends to an element in
PGL; fixing the point Ej. In particular, two elements in V correspond to the
same curve if and only if they are in the same orbit with respect to the action
of the subgroup of PGL3 which is image, via the natural map GL; — PGL3,
of the subgroup G of matrices of the form

Yo,0 Yo Vo2
y=10 vix e
0 »i1 2
Now let py, ..., p, € C be pairwi/s\e distinct points and let A, ..., A, be

their images via the projection C — C. We have the incidence scheme
V, = {(f A1, ..., A) e Vx (PY" | f(A)=0,i=1,....,n}.

There exists a natural rational map V,, --» 7, ,. Due to the above discussion
the fibres of such a map are exactly the G-orbits, thus its image has dimension

dim(V) +n —dim(G) = 2g + 1 +n = dim(Jy,,).
Since I, , is irreducible (see Lemma 3.1), it follows that such a map is dom-
inant, thus we obviously have the following
ProOPOSITION 3.4.V,,/G ~ T, , forn > 0.

We are now ready to prove the Theorem stated in the introduction when
g > 5is odd.

PROOF OF THE THEOREM WHEN g > 51S oDD. Letn = 1 and consider
W, := {(f, E1) € V1 }, where E; := [0, 1, 0]. Then it is easy to check that



MODULI SPACES RELATED TO POINTED TRIGONAL CURVES 175

W, is a (G, H)-section of V|, where H is the subgroup of G consisting of
matrices of the form

voo 0 2
y=1 0 y.1 >
0 0 »o

Since W is a linear representation of a triangular subgroup of GLa3, it follows
from Miyata-Vinberg Theorem (see Theorem 2.11 of [10]) that

Te1~V1/G~W/H

is rational.
Let n = 2 and consider W, := { (f, E1, E;) € V, }, where E; := [0, 0, 1].
We can now argue as above denoting by H the subgroup of G of matrices of

the form Yoo 0 0
y=10 »via1i O
0 0 o
Finally let 3 <n < 2g + 7. Consider W,, := {(f, E1, E2, E3, A4, ..., Ap) €
V,}, where E3 := [1, 1, 1]. There exists a natural map m,,: W, — (P%)X”‘3

endowing W, with a natural structure of vector bundle with typical fibre of

dimension
dim(V) —n=4k+10—n =2g +8 —n.

As above one easily checks the birational equivalence
Ten ®V,/G~W,/H

where now H is the subgroup of G consisting of scalar matrices. H acts on W,
leaving fixed the fibres of 7, and acting on them via homotheties. Thus W,/ H
turns out to be a projective bundle over (P2)*"~* with typical fibre 2" " In
particular, W,,/ H is rational.

3.2. The even genus case

We know from Section 2 that general trigonal curves with even genus g can
be realised as elements C € |3§ + % f | onto the ruled surface Fy. Moreover,
when g > 6, two such elements represent the same abstract curve if and only
if they are in the same orbit with respect to the action of the Aut’(Fy) =
PGL, x PGL,. Recall that Fp = Q := {xox3 — x1x2} C Pg via the Segre
embedding o: PL x P < P? defined by

([s0, s11, [t0, t1]) > (sofo, Sot1, Sito, S1f1).
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Thus each automorphism in Aut®(F) is the restriction to Q of an automorphism
of P} fixing Q.

Let £ := [0,0,0,1] = o([0,1],[0,1) € Q and consider the subset
}35 + g+2f|E consisting of divisors in f| passing through E. If
(C, pi1, ..., pn) € T4 nisageneral point, then we can assume that C € Qisin
the linear system |3.§ + gTH f | Up to an element in Aut®(Fg) = PGL, x PGL,,
we can also assume that p, = E, hence we can always assume that C €
36 + 52271,

Set g := 2k > 6sothat (g+2)/2 = k+1 > 4andlet P2 := {x3 = 0} C P.
The projection g: Q \ {E} — PZ with center E is birational. More precisely it
is an isomorphism from the complement in Q of the two lines through E and
the complement in P% of the two points Ey = [1,0,0] and E; = [0, 1,0]. It
squeezes the two aforementioned lines to the two points Ey and E;.

Via g the projective space |3§ + g 2f ‘  1s mapped isomorphically onto
the linear subsystem X C |Op2 (k + 3)| cons1st1ng of curves carrying a point of
multiplicity k > 3 at Ey and a double point at E;. If we start with an n-pointed
curve (C, py, ..., pp—1, E), then it is mapped via g to (6, Al ..., A1),
where A; ;= gq(p;),i = 1,...,n—1.Thepoint E is mapped to the intersection
A, of the tangentline to C in the point £ itself with the projection plane. Notice
that A, coincides with the third intersection point of C with the line through
Epand E;. R .

Two curves in X are of the form C’ and C” for suitable C’, C” € |3§ +
g—+2f|E Let p’l,...,p;, LE el andp ...»Ph_1» E € C”. Finally set
Al :=q(pi) € c, Al :==q(p]) € C” i=1,...,n—landlet A, and A}
be the third intersections of the curves C’ and C i w1th the line through Ey and
E |, respectively.

If there exists an isomorphism W: (C', pi, ..., p,_, E) = (C", p], ...,
p._,, E) of their models on Q, then such an isomorphism must induce a pro-
jectivity of the canonical space sending the unique ruled surface containing
the canonical model of C’ to the unique ruled surface containing the canonical
model of C”. Thus it induces an automorphism ¢ € Aut(F) restricting to W
on (C’, p}, ..., p,_;, E). Inparticular, we have ¢ (E) = E and ¢ € Aut®(Fp).
Since the elements of Aut(F) are exactly the elements of the stabilizer of Q in-
side PGL4 (see [13] and [5]) and ¢(E) = E, it follows that (p/i\nduces by projec-
tion an elementg? € PGL, sending (C’, A}, ..., A,_to (C", A, ..., A)_)).
The projectivity ¢ fixes Eq and E, hence it must map Al to Al

From now on we denote by V the subspace of H 0( ¢ Op (k + 3)) corres-
ponding to X. We have

k+5 k+1
dim(V):( ;— )—( ; )—3:4k+7:2g+7.
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Let G € GL3 be the subgroup of matrices of the form

Y0,0 0 10,2
Y = 0 vi1 »2
0 0 w2

We have the incidence scheme
Vo= {(fiA1,.... A1) €V x P | f(A)=0,i=1,....n—1)}

which is trivially endowed with a natural projection rational map V,, -+ g ,,.
As in the odd genus case the fibres of such a map are exactly the G-orbits, thus
its image has dimension

dim(V) +n — 1 —dim(G) = 2g + 1 +n = dim(J,,).

As in the odd genus case, we deduce that such a map is dominant, and we can
state the following

PROPOSITION 3.5.V,, /G ~ T, , forn > 1.

We are now ready to prove the Theorem stated in the introduction when
g > 2iseven.

PROOF OF THE THEOREM WHEN g > 6 1S EVEN. Letn = 1. In this case
V; = V, thus itis a linear representation of the triangular group G. We deduce

that
gg,l ~V,/GrRV/G

is rational, again by Theorem 2.11 of [10].
If n = 2 let us consider W, := {(f, E») € V,}. We can now argue as above
denoting by H the subgroup of G of matrices of the form

0 O 0
y=10 i1 O
0 0 1y

Finally let3 <n <2g+47. Consider W, := {(f, E2, E3, A3, ..., Ay_1) €
V, }. There exists a natural map 7,: W, — (PZ)*"~3 endowing W, with a
natural structure of vector bundle with typical fibre of dimension

dm(V)—(n—1)=4k+10—n=2g+8 —n.
As above one easily checks the birational equivalence

Ten *V,/G~=W,/H
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where now H is the subgroup of G consisting of scalar matrices. At this point
one can conclude as for the odd genus case.
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