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ALMOST STATISTICAL CONVERGENCE IN
AMENABLE SEMIGROUPS

FATIH NURAY and B. E. RHOADES*

Abstract

The purpose of this study is to extend the notion of almost statistical convergence to functions
defined on discrete countable amenable semigroups.

1. Introduction and Background

Lorentz [9] defined the following characterization. A sequence {x,} is said to
be almost convergent to s if and only if

) 1 n
i, 2 omee =
uniformly in m.

Let G be a discrete countable amenable semigroup with identity in which
both right and left cancelation laws hold, and w(G) and m(G) denote the
spaces of all real valued functions and all bounded real functions f on G,
respectively. The space m(G) is a Banach space with the supremum norm
| flloo = sup{| f(g)| : g € G}. A mean on m(G) is a real linear functional ¢
on m(G) such that

inf{f(g): g € G} = o(f) =sup{f(g):¢g e}

for all f € m(G). Clearly ¢ > 0 and ¢(1) = 1, where 1 denotes the unity
element on G. A mean ¢ is said to be a left invariant mean if ¢(f(gh)) =
¢(f(h)) forall g,h € G and all f € m(G). There is the obvious analogous
definition of a right invariant mean; ¢ (f (hg)) = ¢ (f (h)). The semigroup G
is said to be left(right) amenable if there exists a left(right) invariant mean
on m(G) and G is amenable if it is both left and right amenable. Let G be
amenable. A function f € m(G) is almost convergent to s if ¢(f) = s for
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every invariant left mean and every invariant right mean ¢. (See, e.g., [3])
Namioka [12] showed that, if G is a discrete countable amenable group, there
exists a sequence {S,} of finite subsets of G such that

o0
i G=US,
n=1
@) S, C S41,n=1,2,3,...,and

S,g NS, . S, NS,
Giiiy Tim 28OSl 8O g e

n—00 " n— 00 "

Here |A| denotes the number of elements in the finite set A.

Any sequence of finite subsets of G satisfying (i), (i1) and (iii) is called a
Folner sequence for G.

The sequence S, = {0, 1, 2, ..., n— 1} is a familiar Folner sequence giving
rise to the classical Cesaro method of summability.

In [13] we have introduced the concepts of statistical convergent functions
for any Folner sequence as follow:

DerNITION 1.1. Let G be a discrete countable amenable semigroup with
identity in which both right and left cancellation laws hold. An f € w(G) is
said to be statistically convergent to s for any Folner sequence {S,} for G if,
for every € > 0,

1
lim —{g €S, :[f(g) —s| =€} =0.

n—o0 | S, |

The set of all statistically convergent functions will be denoted by S(G).

2. Almost Statistical Convergence
In [3] Douglas proved following theorem.

THEOREM 2.1. Let G be a discrete countable amenable semigroup with
identity in which both right and left cancelation laws hold. A necessary and
sufficient condition that f € m(G) is almost convergent to s is that, for any
Folner sequence {S,} for G,

1
lim
n—oc | S|

Y fghy=s and  lim 1 > fhg)=s
S\

n—00 |Sn| pours
n

uniformly in h.

Now we define almost statistical convergence and almost statistically
Cauchy function, for any Folner sequence {S,} for G.
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DEFINITION 2.2. Let G be a discrete countable amenable semigroup with
identity in which both right and left cancelation laws hold. An f € w(G) is
said to be almost statistically convergent to s, for any Folner sequence {S,,} for
G if, foreach € > 0,

li

n—)oo| "

w|f(gh) —s| > €} =0

and

no | f(hg) —s| > €} =0

n—o0 | S,
uniformly in /. The set of all almost statistically convergent functions will be
denoted by S(G).

DEFINITION 2.3. Let G be a discrete countable amenable semigroup with
identity in which both right and left cancelation laws hold . An f € w(G) is
said to be almost statistically Cauchy, for any Folner sequence {S,,} for G if,
for each € > 0 there exists an /(¢) € G such that

nh | f(8) — fU(e)] =€}l =0

1% 8,
and
A 21 1£(@) = FUE©) =z €} =0

uniformly in .

Also we define strongly almost convergent functions and p-strongly almost
convergent functions for any Folner sequence {S,} for G.

DEFINITION 2.4. Let G be a discrete countable amenable semigroup with
identity in which both right and left cancelation laws hold. We say that f €
m(G) is strongly almost convergent to s if, for any Folner sequence {S,} for
G’

2 |f(gh) =51 =0 and hm—Z|f(hg>—s|—0

e |S g€eS, 100 |5l 8ES,

uniformly in A. The set of all strongly almost convergent functions will be
denoted by [¢(G)].

DEFINITION 2.5. Let G be a discrete countable amenable semigroup with
identity in which both right and left cancelation laws hold and 0 < p < oo.
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We say that f € m(G) is p-strongly almost convergent to s if, for any Folner
sequence {S,} for G,

lim —— D 1f(gh)—sI” =0 and

|5| Zlf(hg)—SI”—O

8ES |S |

uniformly in 4. The set of all p-strongly almost convergent functions will be
denoted by [¢(G)],.
THEOREM 2.6. Let f € w(G) and p be a positive real number. Then
(a) f is almost statistically convergent to s for any Folner sequence {S,} for
G ifitis p-strongly almost convergent to s for the same sequence,
(®) [&(G)], = $(G) Nm(G).

Since the proof of Theorem 2.6 is similar to that of Theorem 10 in [13], the
proof is omitted.

The finite subsets Ay, Az, ..., Ay € G are called §-disjoint if there are
subsets By, B,, ..., By C G such that
(i) B, CA;,i=1,2,...,k,
1Bi| |
(11) |A; ‘ 85

We say that the finite subsets A, Az, ..., Ay € G (1 —J)-coveraset A C G

if k
AN - A
| (Ul_l )| > 1 — 5
|Al
The finite subsets Ay, Az, ..., Ay € G §-quasitile the set A, if there are

finite sets Cy, C,, ..., C;y € G such that
(iv) A;C; C Aforanyi =1,2,...,k,
(v) A;CiNA;C; =0ifi # j,
(vi) {A;c: c € C;} form an §-disjoint family,
(vi)) {A;C;:i=1,2,...,k}forma (1 — §) cover A.

The sets C; are called the tiling center (See, e.g., [5]).
The following result is due to Ornstein and Weiss [14] (see also [5]).

LEMMA2.7.Let S € S, C...and Ty C T, C ... betwo Folner sequences.
Let § € (O, 4) and N € N. Then there exist mtegers ni,Na, ..., " With
N < n; <ny < --- < ng such that Sy,, ..., Sy, 6-quasitile T,, when m is

large enough.
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THEOREM 2.8. The almost statistical convergence of the f(g) does not
depend on the particular choice of the Folner sequence.

ProoF. Let the function f(g) be almost statistically convergent to s with
respect to the Folner sequence {S,}. We shall show that the function f(g) is
almost statistically convergent to s with respect to the Folner sequence {7},}
too. Since f(g) is almost statistically convergent to s with respect to the Folner
sequence {S, } we can write for every € > 0

1
lim ——|{g €S, :[f(gh) —s| =€} =0

uniformly in /. This means that

lim sup [{g € S, : [f(gh) —s| = €}| = 0.
n—>00 |S,| heG

Let us consider the Folner sequence {7,}. Let § € (0, l) and N € N. By
Lemma 2.7, there exist integers ny, ny, ..., ny With N <nj <n; < --- < ng
such that when n is large enough S, , ..., S,, §-quasitile 7,, with tiling center
Ct,C5,...,C;. Thus when n is large enough then 7, O Uf;l Sy, Ci' and
U, S, €| = max{(1 — 8Ty, (1 — 8) Xh_, IC"|IS,,|} which implies

sup [{g € T, : [f(gh) — 5| = €}]

| T heG
| k
< sup|1g € T, \ SwCl | f(gh) —s| > €
| T, heG{ ILZJI
| k
+ ——sup {ge Sp,Cl' | f(gh) —s| > €
| T heG lejl
| k
= sup(18 € Ty \ | JSuCl i |f(gh) —s| > €
| T heG{ U

i=1

1
sup

k
+Wh p {geUSn,-C? [ f(gh) — s ze}
i=19n; & | €

i=1

1
<5+ —
= T UL s cp e

{g elJsucri1rgh) —sl = e}

i=1




132 FATIH NURAY AND B. E. RHOADES

<5+Z |G| sup,eq {8 € Su, 1 1 f(gh) — s = €}
(1= 8) Y0y 1C1ISy,|

1 Sy h) —s| >
s llg € S, 1F () = 5] = €]

<4+

a 1 — 8 1<i<k 1S,
<8+ 1 sup SupheGHgGSm:|f(gh)—s|ze}|'
I=8m=n Sl

Now letting § — 0" and N — +o00, we have

D1 f(gh) —s| = €}
Il heG 1
< sup [{g € Su : [ f(gh) —s| > €}
ISul nec
and
lim sup|{g € S, : | f(gh) —s| > €}| =0.
n—oo |T,| heG
Therefore

1
Jlim ml{g €Su:lf(gh) —sl =€} =0

uniformly in /. A similar argument holds for the other limit.

3. Almost Statistical Limit Points and Almost Statistical Cluster Points

In [8] Fridy introduced the concepts of statistical limit point and statistical
cluster point of sequences. In [13] we introduced the concepts of statistical limit
point and statistical cluster point of functions defined on discrete countable
amenable semigroups. In this section we introduce almost statistical limit point
and almost statistical cluster point of functions defined on discrete countable
amenable semigroups.

DEFINITION 3.1. Let S be a subset of G and define

T
nLoo |Sn| }|
and
lim g € S, : hg € S}
n—>oo| nl

uniformly in /2. When the above limits exist and are equal, we say that S has
almost Folner density, and this will be denoted by 6,(S). If f € w(G) and
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H C G, we write R;(G) to denote the range of f € w(G). If Ry(H) is a
subset of Ry (G) and

1
Iim —|{geS,:ghe H}|=0
n— 00 |Sn|
and . 1
lim
n—00 |Sn|

HgeS,:hge H}| =0

uniformly in &, then Ry(H) is called a subset of almost Folner density zero
for any Folner sequence {S,} for G or a almost thin subset. Otherwise we say
that Ry (H) is a almost nonthin subset of R;(G).

DEFINITION 3.2. The number s is an almost statistical limit point for an
f € w(G), for any Folner sequence {S,} for G provided that, there is an
almost nonthin subset of R;(G) that f almost convergent to s in it.

DEFINITION 3.3. The number c is an almost statistical cluster point for an
f € w(G) provided that, for each ¢ > Otheset{g € S, : | f(g) —c| < €}
does not have almost density zero for any Folner sequence {S,} for G.
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