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RADIAL GROWTH OF HARMONIC FUNCTIONS
IN THE UNIT BALL

KJERSTI SOLBERG EIKREM and EUGENIA MALINNIKOVA*

Abstract

Let W, be the class of harmonic functions in the unit disk or unit ball in R” which admit a radial
majorant v(r). We prove that a function in W, may grow or decay as fast as v only along a set of
radii of measure zero. For the case when v fulfills a doubling condition, we give precise estimates
of these exceptional sets in terms of Hausdorff measures.

1. Introduction

Radial behavior of harmonic functions in the unit disk and unit ball in R” is
a classical topic in analysis. In this article we consider harmonic functions
bounded a priori by some radial majorant and discuss their radial growth.

It follows from a theorem of N. N. Lusin and I. I. Privalov, see [15], that
there exist harmonic functions in the unit disk that tend to infinity along almost
each radius. Moreover, a generalization of this result obtained by J.-P. Kahane
and Y. Katznelson [11], shows that such functions may be bounded by an
arbitrarily slow growing radial majorant.

Let v(r) be a positive increasing continuous function on [0, 1) and assume
that lim, ,; v(r) = +o00. Let B be the unit ball in R™, we define

(1) &) ={u:B—R,Au=0,u(x) < Kv(|]x|) for some K > 0},
and
W' ={u:B— R, Au=0,u(x)| < Kv(|x|) for some K > 0}.

Harmonic functions of the class dD% with v(r) = |log(1 — r)| were studied
by B. Korenblum in [12]. This class as well as more general classes that cor-
respond to v(r) = |log(1 — r)|* appear in connection with the related spaces
of analytic functions in the unit disk, see also [16], [3]. Two-sided estimates
and classes W2 arise when one considers invertible elements in these spaces
of analytic functions as in [2]. Radial growth of harmonic functions in the unit
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disk bounded by a multiple of | log(1 —r)| was studied by A. Borichev, Yu. Ly-
ubarskii, E. Malinnikova and P. Thomas in [4], see also [13]. In this article we
discuss to what extent the results in [4] remain true for general majorants and
higher dimensional spaces.

The main aim of this work is to estimate the size of the set of the radii along
which a function from &' or W} grows or decays as fast as the majorant v(r).
For each function u € @' we define the following subsets of the unit sphere

E-(u) = {y e S limsup Y _ 0},

r—>1— V(1)

E*(u) = !y e S liminf ) 0}.
r—>1-— U(r

Our first result is the following:

THEOREM 1.1. Ifu € W then o (E~ (1)) = o (E* (1)) = 0, where o is the
usual surface measure on the unit sphere in R™.

We give more precise estimates of the sets E*(u) when v satisfies the
following doubling condition

2) v(l —d/2) < Dv(l —d).

The constants K and D will preserve their identities throughout this article.
For every increasing continuous function A : [0, 4+00) — [0, +00) with
A(0) = 0 we denote by #; the corresponding Hausdorff measure.

THEOREM 1.2. Let v satisfy (2).
(@) If u € @ and X is a continuous increasing function, L(0) = 0 and

A0 = o™ (1 =% (¢ — 0),

forall o > 0, then 3, (E*(u)) = J6,(E~ (1)) = 0.

(b) For each B > O there exists u € V' and an increasing continuous
Sfunction Ag, Ag(0) = 0 and Ag(t) = o™ vl — 1)) (t — 0), such that
9., (E*(u)) > 0.

From (b) we see that the estimate for £~ in (a) is sharp as well, since
ue W and E~(—u) = E*(u).

In this theorem there is no difference between the size of the sets E* (1) for
u € @7 andu € W' The situation is different for positive harmonic functions
as was also noted in [4]. We generalize the result on positive harmonic functions
to a wide class of weights.
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THEOREM 1.3. Assume that A(t) = "~ 'v(1 —t) is an increasing continuous
Sfunction and A(0) = 0. There exists a positive function u € W' such that
.(ET(w)) > 0.

As the next result shows, the choice of A for given v in the theorem above
is optimal. Moreover, no a priori growth estimate is needed for the estimate of
the Hausdorff measure 77, of the set of radii along which a positive harmonic
function grows as v(r). More precisely,

THEOREM 1.4. Assume that A(t) = t"~"v(1 —t) is an increasing continuous
function and A(0) = 0. Let u be a positive harmonic function in the unit ball
of R, we define

3) Fr(u) = {yeS:limsup ”((ry)) >o}.

r—>1—- U

Then F,} (u) is a countable union of sets of finite ,-measure.

The article is organized as follows. We collect some preliminary results on
harmonic measure and Hausdorff measures in the next section. Then we prove
Theorem 1.1 and Theorem 1.2. For part (a) of Theorem 1.2 our arguments
are similar to those in [4]. In higher dimensions they are based on estimates
of harmonic measure due to B. E. Dahlberg, [6]. A new approach is used
to construct examples of functions with a large set of extremal growth in
dimension larger than two in the proof of Theorem 1.2(b).

In the last section we study the radial growth of positive harmonic func-
tions. We prove Theorem 1.4 first, then we characterize boundary measures that
correspond to positive functions in W and describe an example that proves
Theorem 1.3. Both constructions (for Theorem 1.2(b) and Theorem 1.3) em-
ploy Cantor-type sets on the unit sphere.

2. Preliminaries
2.1. Poisson kernel and some estimates
Let o be the (m — 1)-dimensional surface measure on S and denote o (S) =
Vm—1. The Poisson kernel in the m-dimensional unit ball is
1— |x)?
Vm—1 lx =™

Assume for simplicity that x = (1,0, ...,0). Using hyperspherical co-
ordinates for ¢ € S we have ¢ = (cos ¢, ¢’), where |{’| = sin ¢. Let

P(x,0)=

1 1—r2

ﬁmr =
@) Ym—1 (1 +71% —2r cos ¢)"/2
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and

1 mr(l —r?)sin¢

Qm(r’ ¢) = _8¢Pm’r(¢) = Vi1 (1+ 2 — 2r cos ¢)(m+2)/2 :

Then P(rx, {) = ﬁm,r(‘p)‘

Letd(x, ¢) be the geodesic distance between two points x and ¢ on S. Then
let B(x,¢) = {¢ € S : d(x,¢) < ¢} be the hyperspherical cap of radius ¢
with center at x. It can be shown that for the (m — 1)-dimensional surface
measure of the cap

“4) C19"' <o(B(x,9)) < Cr¢" ",

where the constants depend on m.
We will need some estimates for integrals of Q,,.

(i) We have

1—r

r(l —r?)¢
(1 = 7)2 +2r(1 — cos ¢))m+2)/2

1-r .2
<C / rd=r¢ 4.
0

(1 _ r)m+2

1—r
O (r, $) dp < Cs f do
0

0

hence
1—r

6)) ; Qm(r,¢)d¢ic4m-

(i) Ford > 0

g g r(l —r?¢
m(r,¢)de < C d
/d On(r,d)dp < 3/d (=2 +r%¢2)m/2+1 ¢

T or(l—r?)¢
§C3/d dek

4
FF(PZ

thus
©) f On(r, @) d§ < Csr"d™" < Cod ™
d

whenr > 5.
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(iii) Furthermore, by (4),

/ o (B(x, ) On(r, $) dp < f C26™ On(r, ) db
1

—r 1—r

T 2\ 2
§C7/ A=rd 46
1

2
. rm/

< Cgr "/,

1
so for r > 3

(7 / o (B(x, ) On(r,¢)d¢ < Co.
1

—r

2.2. Harmonic measure in Lipschitz domains

A bounded domain 2 € R™ is a Lipschitz domain if there is a constant C such
that to each point g € 92 there corresponds a coordinate system (€, 1), & €
R”~!, 5 € R, and a function ¢ such that |¢(&)) —¢(&)| < C|n — 12| for which
QNV ={E&,n) : p&) < n} for some neighborhood V of ¢q. The smallest
such constant C is called the Lipschitz constant.

Let S be the unit sphere in R™. For ¢ € S and @ < 1 we use the standard
notation Fg = conv(¢, aB) for the convex hull of ¢ and the m-dimensional
ball of radius a. Given a compact set F' € S we consider the cone-domain
G=G(F,a)=J cer I'¢- Itis a Lipschitz domain, and the Lipschitz constant
of G(F, a) depends on a only. Given a Lipschitz domain €2, a subset A C 92
and a point z € 2, we denote by w(z, A, 2) the harmonic measure of A at the
point z.

A celebrated result by B. E. Dahlberg [6] says that on the boundary of a
Lipschitz domain the harmonic measure and the surface measure are mutually
absolutely continuous. We need a quantitative form of this result for cone-
domains and refer the reader to [6], [10] and [1, Chapter 4.2].

THEOREM A. Let a > 0, then there exist « and C that depend on a and m
only such that for any cone-domain G = G(F, a) in the unit ball of R™ and
any A C Q C 9G the following inequality holds

©©0,4,.6) _ (U(A))a
w(0,0,6) ~ " \n(@/ ’

where Q is a ball on G and 1 is the surface measure on 0G.
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2.3. Hausdorff measures

We will refer to generalized Hausdorff measures in R” as they are defined for
example in [14, p. 59]. Let & be an increasing continuous function on [0, 4-00),
h(0) = 0, then for any £ C R™

I (E) = lilgl)i(l)lf{z:h(dj) L EC U Fj, d; = diam(F}) < 5}.
J J

We assume in addition that 4 (z /2) > ch(t) for some ¢ > 0. Then the Hausdorff
measure is equivalent to the so-called net measure N, (E), defined with F;
being half-open dyadic cubes with sides parallel to the coordinate axis, in the
following sense: #;,(E) < Nj(E) < A(c, m)#;,(E), see [14, p. 76]. Further,
the following property holds, if f : R — R™ is a Lipschitz map and E C R¥,
then 7, (f (E)) < LI, (E), where L depends on the Lipschitz constant of f
and on c. The proofs follow readily from the definitions.
We will use Cantor-type sets having the following structure:

C=()C» CDCui,  Co=10,1],

where each set C; is a union of N, segments {/ j(s)} ; of the same length /. For

each such segment the intersection Cyy1 N/ j(s) is a union of k; non-overlapping
segments of length ;. ;. We assume, of course, that

1 ;N\ Oass — oo, (i1) kes41 <y, and (i) Ny = kok; ... ks—.

The next result is Theorem 3 in [4].

LEMMA A. Let 1 : [0, 1) — [0, +00) be a continuous increasing function
with L(0) = 0, such that for some a > 0 and s > s

MO _ rl)

(8) - for any l € [ls+la ls)
l ls+l
Then
9) liminf N,A() > J,(C) > < liminf N,A(L,).
§—>00 2 s—o0

Two slightly more delicate results that we need, give estimates of the Haus-
dorff measure of (symmetric) Cantor sets and cylinder sets in higher dimen-
sions. Note also that we are not interested in the exact value of the Hausdorff
measure but only in its positivity.

Lemma B (Hatano, [7]). Let h be a continuous increasing function with

h(0) = 0. Let {kq};il be a sequence of positive integers and {lq}z‘;o, lh=1
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be a sequence of positive numbers that satisfy kqi1ly+1 < l;. The general-
ized symmetric Cantor set E in R™ defined by the sequences {k,} and {l,} is
constructed in the following way: Let Cy = [0, 1], C; is obtained from Cy by
removing ki — 1 open intervals of equal lengths such that remaining k| closed
intervals are of length 1. Then, to get C», ky — 1 open intervals are removed
from each interval of C| such that remaining intervals are of length l,, etc.
Define C =(),Chand E=C xC x ---x C C [0, 1]™.
Then 76,(E) > 0 if and only if liminf,_ . (k; ...ky)"h(l;) > 0.

The measure used in [7] is not the classical Hausdorff measure but one
defined using coverings by all open cubes. As we mentioned above, under
our condition on & the two measures are equivalent (up to a multiplicative
constant).

The next statement is intuitively clear but we were not able to find a precise
reference, so we outline a short proof.

LeEMMA 2.1. Let h(t) = t*"'v(t), where v is an increasing continuous
function on [0, +00) and v(0) = 0. Assume also that v(t/2) > cv(t) for some
c>0.IfF C [0, 1] is compact, #,(F) > 0, and E = F x [0, 1]*"! C R,
then 76,(E) > 0.

Proor. We will use that 77, is equivalent to N,, and 77}, is equivalent to Nj,.
Assume that N, (E) = 0, then for any € > 0 and § > 0 there exists a finite
family of half-open dyadic cubes {Q,} with sides [, = 27"« < § that covers
E = F x [0, 17¥! and such that > o h(a) < €. Indeed we can find an infinite
family for which >~ h(ly) < 2 %¢, then for each cube Q in this family, take an
open cube that contains Q, has side length which is twice that of Q and can be
covered by 2% half-open dyadic cubes of the same size as Q. Then we choose
a finite sub-cover of the compact set E.

Let n = min, n, and N = max, ny, we divide [0, 1] into dyadic intervals
I; of length 27", [0, 1] = Uj I;. For each j consider cubes K; s = I; x J;, 1 <
s < 2"*=D where J; is a dyadic subcube of [0, 1]7*~! with side length 27".

Now for each s let
dis= > h(a).

a:QqCKj s

Choose t = t(j) such that d; ; = min, d; ; and replace the covering {Q,} by a
new one {Qg} such that Zﬁ h(lg) <, h(ly), and for each j the cubes {Q4}
contained in K ; can be obtained from the cubes {Q,} contained in Kj ;)
by translation. If for the new family minng > n, we repeat the procedure.
If not, we get some chains of cubes Kj i, ..., Kj r«-n» in the new family and
repeat the procedure on the complement of these chains. Anyway the size of
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the smallest cubes is always at least 2~ and after finitely many steps we find
a family of intervals I, of length [, < § that covers F' and

D vy =D kU)LY <.
14

14

Thus 7, (F) = 0.

3. Sets of extremal growth or decay

3.1. Lebesgue measure of sets of extremal growth

In this subsection we first estimate the Lebesgue measure of the sets E*(u)
for arbitrary u € ®7'.

PRrOPOSITION 3.1. Suppose that u € @7, then o (E~ (u)) = 0.

PrOOF. We have E~(u) = U, F, = U, {¢ € S 1 u@ry) < —v@r),r =
1 - %} Assume o (E~ (1)) > 0. Then o(F;) > O for some n, and F), is a
compact subset of S. Let G = U{eF,, I'fand Gy = G NaB fora < 1. We
have 0G = F,, U L, where L = G N B.

We will estimate #(0) using harmonic measure in the domain G,,. First, it
follows from Dahlberg’s theorem that w (0, F,,, G) = ¢ > 0. Now let L, =
0G NaB = L NaB and let p,(A) be the radial projection of a set A onto &S,
where 0 < o < 1. Then

0Gy = Lo UaF, U pu(L\ Ly).
Choose s > 1 — % such that

Ym—1€

®(0, L\ L,, G) < 31 and o (pi(L\Ly) <
n
Lets <t < 1. Then, since G, C G,
®(0, L\ Ly, G) < 0(0, L, \ Ly, G) < 0(0, L\ Ly, G) < 3i
n

Further,

F(p(L\ L)) < —.

w(0, p,(L\ L), G;) < w(0, p(L\ L), 1B) =
Ym—1 3n

Finally, we want to estimate w (0, ¢t F;,, G;). Note that tG C G,, then

w(0,tF,,G;) > w(0,tF,,tG) =w(, F,,G) = c.
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Now we apply the estimates for the function u, which is harmonic in G,
using that 0G, = L, U (L, \ Ly) UtF, U p(L \ L,).

u(0) < v(s)w(, Ly, G) + v (t)— _ ﬁ ¢ <v(s) — v;tn)c.

When ¢ goes to 1 we get a contradiction, since v(t) — o0.

Thus the estimate from above for u, u(x) < Kwv(|x|), implies that the set
of the radii along which u decays at least as fast as —v has zero measure.
Theorem 1.1 formulated in the introduction follows.

To deal with the set E*(u) for u € ®(v), we assume that the function v
fulfills (2). The proof follows the argument from [4].

LEMMA 3.2. Letu € @) where v satisfies (2) and assume u(x) > cv(|x|) for
some x € B. Thenthereexistst = t(K, D, ¢) > Osuchthatu(x’) > c¢/2v(|x])
whenever |x — x'| <t (1 — |x|), |x'| = |x]|.

The same statement holds if we write < in both inequalities and assume
that ¢ < 0.

PrOOF. Let y, y' € B. Assume that |y| = |y'| and |y — y'| < 71 (1 — |y|),
where 7; < 1, then forany ¢ € §

' —=¢l=ly—¢l—ly=yYI>ly—¢l—uly—¢l=U0—-1)ly—¢l
Thus [y — ¢|"(1 — 7))" < |y’ — ¢|" and
(10) P(y,s)> (1 —1)"P(,0).

Letr =|x|, R=(+7r)/2 and denote g = ¢g(t;) = (1 — t1)". We apply
(10) withy = %,y = % and |y — y'| < 71 (1 — [y[). Then

u(x) =fu<R;>P(%,;) do (¢)
S

=qM(x/)+[Su(RC)<P<%,C> —qp<%,§))d0(§)
iqu(x’)Jr/SKv(R)(P(%,;) —qP(%,§>>d0(§)

= qu(x') + (1 = ¢)Kv(R) < qu(x) + (1 — g) K Dv(r).

If ryissuchthatc—(1—¢)K D > g and |x—x'| < r7‘(1—r) < rl(l—%),then
u(x") > 5v(r). To complete the proof it suffices to choose (K, D, ¢) = 71/2.
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For the second case when ¢ < 0, we use the inequality
u(x") < qu(x) + (1 —g@)KDv(r) < (gc+ (1 —q)KD)v(r)
and choose 71 such thatgc + (1 —q¢) KD < 3.

COROLLARY 3.3. If u € ®" where v satisfies (2), then o (E*(u)) = 0.

Proor. Note that by Lemma 3.2 u is bounded from below in I'/ for any
¢ € ET(u)andsome a = a(Z). Then by results of L. Carleson [5] (see also [9],
[6]), u has a finite non-tangential limit at almost each point of E™ («). Applying
the lemma once again, we see that the non-tangential limit at ¢ € E™(u) is
infinite. Thus o (E* (1)) = 0.

3.2. Estimates of Hausdorff measures

For weights that satisfy the doubling condition we can give more precise es-
timates of the size of the exceptional sets. We now prove Theorem 1.2(a)
formulated in the introduction.

PROOF OF THEOREM 1.2(a). We start with E* (u). It is enough to prove the
statement for each set

En:{g’ES:u(r;)zlv(r),rzl—l}.
n n

By Lemma 3.2, there exists a such that u(x) > ﬁv(lx |) forany x € F? where
x| >1—1and¢ € ET(u).

Let G = U;eE,, I'f and G, = G N¢B. Clearly we may assume that u > ¢
on G for some ¢y < 0. Let b = b(a) be such that

3G, NtS =tEXND = {1tz €S :|¢ — ¢l < b(1 —t) where ¢ € E,}.
Then by harmonic measure estimate for G, when ¢t > 1 — nl, we obtain

t
u(0) > co + (0, tE2I, G,)&.
2n
By Theorem A there exists C and y > 0 that depend only on a such that
w(0, A, G;) = Ca(A),

here o is the (m — 1)-dimensional surface measure on ¢S. This implies

C
o (B 0) = —

v(t)
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where C| = C{(n, u, a). So for all ¢ > 0 small enough we get by applying (2)

o(E) = G (v(1- %))AW <G —e)7.

We cover E, by a finite collection of balls {B; : j € J} of radius § and centers
at points in E,. By the Vitali covering lemma (see for example [8, p. 2])
there exists a subcollection J* € J where {B; : j € J'} are disjoint and
Ujes Bi € U, 5B;, and we also have ;. 5B; € E;. Then E, can be
covered by N, balls {5B; : j € J'} of radius €, where

€"'N. < 5" o (ES),

thus . .
N, < 5" e ey (w1 —e)) V7.

Then

. (E,) < lim iglf N.A(e) < lim i(1)1f 5" e Oy (u(1 — €))7V A(e).

Since A(t) = o(t" ' (v(1—1))"), (t — 0), forany w > 0, we get 7, (E,) = 0.
The proof for 7, (E~ (1)) is similar; we then use the second part of Lem-
ma 3.2.

REMARK 3.4. If v(t) = (1 —¢)77 for some y > 0 and u € @', then the
theorem above implies in particular that 7 (E™ (1)) = 0 and 7, (E~ (1)) =0
when A(t) = 1" 'log % On the other hand, we will show in section 3.4 that
for any € > O there exists u € @ such that

dimET(u) >m —1—e.

3.3. Auxiliary functions

We now begin to prove Theorem 1.2(b). First we construct auxiliary functions
uy in B that resemble Im(zzk) in the unit disk.

For each positive integer k let S; and 7} be subsets of the interval [0, 27)
defined by

2k—1
Se=(JR2jm27*, @j + hr2™h),
j=0
261
T = [ J1@Qj + /4727, @) + 3/9)m274].
j=0
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Then on the unit sphere S in R” we define
Er={neS,n=(cosp,tsing,n3,...,nm),t>0,¢ € S},
and
Fr={neS,n=_(~_cosp,tsing,ns,...,nm),t =3/4,¢ € Tp}.

Let fy = 1l on E; and f; = —1 on S \ Ej. Further, let uy = P x f; be the
corresponding harmonic function in the unit ball B.

LEMMA 3.5. The function uy has the following properties
(@) |uxl <1onB;
(b) ur(rn) > 0whenn € Ey;
(c) Foreachd e Nthere exists cq , suchthat |ug(x)| < cd,m2_kd(1 —|xD74;

k

(d) There exists a,, > 0 such that uy(rn) > 1/4 whenr > 1 —a,,27" and

n € Fy.

ProOOF. By the maximum principle (a) follows immediately. Note further
that fi(x1, x2, ..., xm) = — fr(x1, =X2, ..., X;), and thus

1 1—|x|?
e (x) = / |x||m fey)dy
S

Ym—1 |)C -y
satisfies uy(xy, X2, ..., Xp) = —ur(xy, —Xx2, ..., X;). In particular,
(1D up(x1,0,...,x,) =0.

Let oy = 72 % and

cosey —sing O ... O
siney cosar O ... O
Ap = 0 0 ,
: : )
0 0

where 1,,,_, is the identity matrix. Then A is an orthogonal matrix and the
corresponding transformation of R”™ maps the unit sphere to itself, moreover
Ar(Ey) = S\ Ei. Then

fe(Apx) = —fi(x)  and  w((A)™'x) = —ug(x).
Now, taking into account (11), we get

up(scosloy, ssinloy, x3,...,x,) =0
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forany/ =0, 1,...,2¥"! — 1. Fix / and consider the set

Gri={xeB,x=(scos¢,ssing, x3,...,x,), ¢ € (logg, (I + Dep)}.
The boundary of G ; consists of a part of the unit sphere and of subsets of the
hyperplanes

{(sinlotg)x; — (coslay)x, = 0}

and
{(sin(l + Day)x; — (cos(l + Doay)x, = 0}.

On both subsets of the hyperplanes u; = 0, and on the corresponding part of
the sphere all boundary values of u; equal 1 if / is even and —1 if / is odd.
Anyway, u; does not change sign in G ; and (b) follows.

To prove (c) assume first that d = 1. We write

1 1—|x|? 1 1—|x]?
ug(x) = / wdy — f —d
Ym—1 JE; |)C - y| Ym—1 S\ Ex |)C - y|

R /(1—|x|2 1—|x? )d
Ym—1 JE, \|x — Y™ |x — Agy[™”

We want to estimate the difference under the integral sign. Note that

max |y — Agy| = 2sino /2 < o
y€eB

and assume that 1 — |x| > oy, then

1 _ 1 - mly — Aey|(Ix — Agy| + )™ !
lx —y[™  |x — Agyl™| lx — y["|x — Agy|™
makzm—l

(= xDlx = yIm

We obtain |ug(x)| < cum27¥(1 — |x|)~' when 1 — |x| > a, otherwise the
inequality follows from (a).
In general, for d > 2, we define V,(y) = |x — y|~™ and notice that

f VX(A,{y) dy = / V.(y)dy, when j is even, and
E; Ex

fvx(A,{y)dy:/ Vi(y)dy, when j is odd.
E; S\E
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Further, we have ijo(—l)f(j) =(1-1)?=0and Y7, @ =a+1!=
2¢. Thus

m—1

1— |x? 1— |x?
up(x) = / Vi(y)dy — / Vi(y)dy
Ym—1 E S\Ex
1 — xP? 4 qd .
_ Ly f (—1>f( ) Vi(Aly) dy.
Ym—1 E; =0 J

To estimate the sum under the integral sign let

y = (yocos ¥, yosinr, y;) € R x R x R" 72,

We have Aly = (ocos(y + jar), Yosin(W + jew), ) and Vi(y) =
Ry yo,y (). Then we write the Taylor polynomial of order d — 1 for h, ,, ,, at

v,
Ve (ALY) = hyyo (U + o)

d—1
hO 1 h@ ' + B;
S W) o B B

d
I d! A

A straightforward estimate of the derivatives of 4 shows that
1,5 @) < Clx = (vocos ¢, yosing, y)| ™"~
< C(x =yl = yolp =D,

where C depends only on m and d. Applying the difference relation

d
Sy (4)1’ 0,
j=0 J

when [ < d (see for example [18, p. 42]), we get

d

> (=1’ (‘Jl) vx(Aiw‘ < C27%(lx = y| = da) ™.

j=0

Now for 1 — |x| > 2doy and |y| = 1 we obtain

d /d ;
Z(—l)f( .)VX<A-,<y>
j=0 /

< 2tk 71— |x)7Y,
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and the integration over E; gives
up(x) < cam2 (1 —x7.

Note also that for 1 — |x| < 2day the inequality above (with a large enough
constant) follows from |uy| < 1, so (c¢) holds.

Finally, we prove (d). Let n € F; and x = rpn. It is easy to check that
B(n,27%=1) C E. A direct calculation shows that for a,, small enough

1 / 1—72 3
T gy <2,
Ym—1 Js\B(y 261y [rm — y|™ 8

when 7 > 1 — a,,27%. Thus uz(x) > 1 — 2% = }‘.
It will be more convenient to use functions like Re(zzk), so we define

2k—1

he(x) = w(Agnx);  Be= (JIQ@j —1/4m27, 2j + 1/47 274,
j=0

It is easy to check that (d) implies Az (rn) > 1/4 when
(12) neH.={yeS, y=(tcose,tsing,ys,....ym). 1 =3, € B}
andr > 1 —a,,27%.

3.4. Construction of u € V" with a large set of radial growth

Now we can prove Theorem 1.2(b).

ProoOF oF THEOREM 1.2(b). First we construct vg(t) = O(tv(l — ).
The assumption on v implies

d d\* d 3
—v(l—=) <=D%(1—-d) <-dv(l —d)*
2 2 4

when o < «p.
For simplicity we define a new function g such that v(r) = g(ﬁ) We will
keep this notation throughout the paper. Then (2) is equivalent to

(13) g(2x) < Dg(x).
We choose o < min{ag, B}, and define vg by

V(T2 = w21 =27 = 727"g (2D, n =2,
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and vg is linear on [727"=, 727"]. Then lim,_ ¢ vg(t) = 0 and vg is continu-
ous and increasing. For ¢ € [727"~!, 727") we have

v _ 2N s

t1g(Hf ~ m2n=lg2n/m)F T g(2n/m)P

82 g8
g@F =TT @) =

when n > ng, so vg(t) = O(tv(l — £)?) when t — 0. We also define a new
function Ag(1) = " 2vg(1).
Fix Ay > 1 and define b; =1,

byy1 = min{l : g2 > A;g(2™)},  n=2,3,....

By assumption, g(2%+1) < Dg(2”+1~1), and by the way the b,’s are defined,
g(2b+171) < A,g(2%). Then

(14) g2y < DA g(2b) = Ayg(2™).

Let o
u(x) =y g™y, (x).

n=1

We want to check that # converges uniformly on compact subsets of B and
u € O, Since g fulfills (13), there exists y such that

1}
(15) 8@ _ pya-i
g2h) ~

forly,l, € N, justlet y = log, D. Choose d > y and note that (15) implies

bn _bn d
8227 4y pr—b) < =)

16
1o g@2hd =

whenn > ng. Assume that 1 —27°% < |x| < 1—27%¥+ then by Lemma 3.5(a)
and (¢),

N 00
)| <> @) +eam Y g@M27(1 —|x)7
n=1 n=N+1

The first sum is bounded by C; g(2°V), and for N large enough (16) implies that
the second sum is bounded by C,g(2°¥+1)27bveid(1 — |x|)™¢ < C,g(2bV+).
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Then by (14)

1
lu(x)| < C3g(2"+1) < C4g(2") < Cug (1 | |) .
— |X

Finally, we show that F = (|, H,, C E *(u), where H; are defined by
(12). Letx = |x|n, n € F C S,and | —a,,27% < |x| < 1 —a,,27"¥+', where
a, is as in Lemma 3.5; we may assume also that x{ + x5 > 1/4. Then by (b)
and (d) in Lemma 3.5 (see also the definition of %, above), we obtain

> 1 1
u(x) =Y 8"y, (x) = g™y, (x) = 82") = Csg (1 - M) :

n=1

Let C = (), By, C [0,27) and C; = ()_, Bp,. Then C; is a union of
N; intervals of length [; = %2"7/, where some of the intervals are next to
each other, and C is a set as in Lemma A. Intervals of length /; are called
intervals from j-th generation. Each of them contains k; | intervals from the
next generation. It is easy to show that k;;; = 1if bj;; — b; = 1, and
kjpy = 12670 if by — by > 1. S0 kjyy > 1254175 and N; > (3)728.

Let0 <!/ < % and pick 7 and j in N such that /; > %2" > ] > %2"‘1 >
li+1. Then

vpd) vp(3277) w2 P2

1

— > _ 2}7_,'+3a>_ 217_7‘0[

N VA 72712 - 2g( )y z 2g( )

. _ 1 vg(ig)

bjs1\ bjy _ BUj+1
= 54282 2 gt ) = e

2 2 2 J+1
Lemma A with vg defined as above and a = W now yields

I, (C)

A%

©limint Mgy > Ltimin (L) 220 (T2
2 e =R REG) TG

j—o0o j—oo

1 J 1 J .
- %liminf (Z) g2V > %liminf (Z) Al g(2Mye,

By choosing A{ > 4 we obtain #,,(C) = oo.
Then by Lemma 2.1 for Ag(t) = t’”*zvlg (t) and the remark on the behavior
of the Hausdorff measure under the Lipschitz map, we have

%, (E* ) = 9,,(F) > 0.
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4. Positive harmonic functions

4.1. Proof of the Theorem 1.4

We will now consider extremal growth on subsets of radii of the unit ball in
R™ for positive functions. Let v be a positive increasing continuous function
on [0, 1) and assume A(t) = " 'v(1 — t) is increasing. Let u be a positive
harmonic function on B and let F," («) be defined by (3). For positive u € W,
clearly E*(u) C F,"(u). Theorem 1.4 is a generalization of Theorem 2 in [4],
where the result is proved for v(r) = log(ﬁ) and m = 2. Note that we no
longer assume that u € W;".

The proof of Theorem 1.4 is similar to the one in [4], but the proof of
Lemma 4.1 is new.

Let

F, = {; € S : limsup u(rs) > %}
r—1 U(I”) n

It suffices to prove that 7, (F,) < oo for all n.

Clearly u = P * p for some positive Borel measure y on S. Leth : § —
[0, ] be given by h(cos ¢, ') = ¢ and define ameasureon [0, 7]by v = h,pu,
which means that v(A) = u(h~'(A)) for any measurable set A C [0, ]. The
formula

/Of(tlf)dV(tlf)=/0 (@, 7] do

is valid for f € C'[0, 7] that is non-decreasing and fulfills f(0) = 0 and
S (&) > 0fort > 0 (see for example [17, p. 84]). By using it with f(¢) =
P, (0) — P, ,(¢), we get the following integration by parts on S

/P(rx,é)du(é“) =/13m,r<h<c>)du(;> =/0 P, (¢)dv
S S
- / (B (0) — Py (8)) dv + B (O)0(10, 1)
0
__ /0 O (2 DIV((h, 71) dp + Py (OYL(S)

— By (OOW(S) + /0 O (r, )00, $1) d,
thus
(17 / P(rx, ) du(c) = By ()(S) + /0 O (r. &) (B(x, $)) dg.
S

We need the following lemma:
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LEMMA 4.1. For each n there exists k = k(m,n) > 0 such that for any
x € F, there is a decreasing sequence {A;}, A; — 0as j — o0, which
satisfies

(18) W(B(x, Ap) = ko (B(x, Ap)u(l — Ay).

Suppose this lemma is already proved. Let K be a compact subset of F;,
and let B; = B(xj,a;), where x; € K and a; < €. For each ¢ > 0 we
can cover K with a finite collection of such balls {B; : j € J} which satisfy
w(Bj) > ko (Bj)v(1 — a;). By the Vitali covering lemma (see for example [8,
p. 2]) there exists a subcollection J' € J where {B; : j € J'} are disjoint and
Ujes Bi € U, 5B;. Using (4) and Lemma 4.1 we obtain

Y A5a;) = C Y o (B(xj, 5a))w(l —ap) < 5" o (Bv(l — ap)
jeJ’ jel’ jed’
m m—1

-1
=C— ;M(Bj)SC —H(S),

which yields 9, (K) < C¥— u(S). Thus %, (F,) < C¥~ () < 0.
PrROOF OoF LEMMA 4.1. Assume that x = (1,0, ...,0). Then by (17) and
(6),

u(rx>=fP(rx,odu<;) sms>+f0 HW(B(x, ) On(r, ) db
S
d T
< u(S) + /O H(B(x, ) On(r, $) d + 1(S) /d O (r, ) db

d
< un(S) + / (B (x,9) Qu(r,¢)d¢ + n(S)Ced ™
0

Letk < [(C2C4+ Co)3n]~!, where the constants are from (4), (5) and (7). For
x € F, there exists a sequence {r;}{° such that r; / 1 and u(r;) > nlv(rj).
We may assume that r; > % Now choose d; = d;(rj, v) > 1 — r; such that

m 1
Cdj < zv(rj)

and d; — 0 when j — oo. For j > jo, u(S) < %v(rj).Then

dj 1
/ (B 9)Qn (17, 8 d > 5 0.
0 n
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We claim that this implies that for any j there exists A; € (0, d;) such that
w(B(x, Aj)) = ko (B(x, Aj))v(l — Aj),
and the lemma follows. If not, there exists j such that
w(B(x, ¢)) < ko (B(x, )v(l — ¢)

for any ¢ € (0, d;). Using (4) and the fact that t"'v(1 — 1) is increasing, and
then applying (5) and (7), we obtain

d;
/0 W(B(x, $))On(r;. $) db
dj
- k/o o (B, )0(1 — §) O (rj, ¢) dob

lfrf
< kCy(1— r;)'"‘v(r,-)/o On(rj, ) do

T

+ kv(r;) o (B(x,9)On(rj, ¢)d¢

l—rj

1
< k<C2(1 — )" () Cy + C9v(1’j)) < —v(r)),

(1 —l"j)m_l 3n

and we have a contradiction.

COROLLARY 4.2. [fv(r) = (ﬁ)yforO <y < m—1, then for any positive
harmonic function u, the Hausdorff dimension of F, (u) is less than or equal
tom—1—y.

We will show in section 4.3 that this estimate is sharp, i.e. there exists u

such that )
dim Ff(u) =m — 1 —y.

4.2. Measures that correspond to positive functions in V)"

Let
OF ={u:B—>R Au=0,0 <u(x) < Kv(]x])}.

We want to characterize all functions in @' by their corresponding measure
on S.

PROPOSITION 4.3. Suppose v satisfies (2) and let u(x) = fs Px,8)du(g)
where w is a positive Borel measure on S. Then u € ©7' if and only if

(19) W(B(x. ) < Co(B(x. $)g(Z)
for each ball B(x, ¢) C S.
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PROOF. Assume u € ©7' and let x € S. Then

(1-2) = 2((-2)) = o [ e s

1 / 26— & du) > — 1 HB&.9)
KJT)/m1 By (P Kayn—1 2mgm-!
1
> Cu(B(x, ¢))m,

thus 1£(B(x, ¢)) < Co (B(x, $))g (%)
Conversely, suppose that (19) is fulfilled. Without loss of generality we may
assume that x = (1,0, ..., 0). Then by (17),

u(rx) =/SP<rx,¢)du(c> su(S>+/0 W(B(x, $))On(r, $) do
1—r
< u(S) + /0 W(B(x, $))On(r, $) do
+ / W(B(x, ) On(r, $) do
1—r
1—r

< wS) +uBE 1= [ Qur.d)do
+ cflﬂr(r(B(x ) (¢) 0, (r, ) dp
< 1(S) + Co(B(x, 1 —r)g (1%) fo T 0 0y d
+Cg (171 )f:row(m))gm(r, $) d¢.
Furthermore, by (5) and (7), u(rx) < Cg(:%) < Civ(r).

4.3. Proof of Theorem 1.3

First, note that v satisfies (2), in fact

¢ 2m=I) (L m=1) (¢
v[(1=-=)= (2)< ()zzm"v(l—t).
2 tm—l tm—l
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Consider the set A = [0, ] x ... x [0, w] x [0, 27r] and the hyperspherical
coordinates on S, i.e., we consider the function f : A — § defined by

f(d1,..., Pm—1) = (cos @y, sinp; cos ¢y, ..., sin¢;...sin@,—1).

This function is bilipschitzon [1, 2]"~!. We will use a Cantor-type construction
togetasetC C[1, 21™~' ¢ A. We first construct a set in [1, 2].
Let Fy = [1, 2]. Define d;. as

dy = min{n € N : g(2") > 20"~ Dky, k=2,3,...
Then di| > d; for all k. By (13) we also have

dy di—1 (m—1)k
g% _ Dg2) _ D2

T R (N T

=D2" ' =3,

We construct by induction sets F; C Fy_; such that Fy consists of n; = 2=k
closed intervals of length 2~ each. To obtain F; we divide each of the intervals
of F;_; into 2%~%-1 equal subintervals and choose each second of them for
F..Now let C;, = Fi X --- X Fi, C [1,2]"'. The number of squares in Cy is
Ny = 2@&=00m=D et also C = NCy.

Let v; be the measures defined by dv, = 20~Y*y (Cy)dy on [1,2]" !,
where x (Cy) is the characteristic function of C;. We also define the measures
i = fivg on S. Denote G, = f(Cy) and G = f(C), clearly G = (") Gy.

LEMMA 4.4. The sequence {ui} converges x-weakly to a measure u and
u="~PxuecO).

ProoF. The x-weak convergence of {1} follows from the *x-weak conver-
gence of {v;}, which we will prove now. Note that v (Cp) = 1 for each k. Let
{J,»}fvil be the squares of Cy. For each square J; the limit v (J;) as k — o0
exists because all values v (J;) are the same when k > s. For squares in
S\ Cy the limit will be 0. Now each continuous function on [1, 2]"~! can be
uniformly approximated by linear combinations of characteristic functions of
small squares. Thus for each continuous function f on [1, 21"~! there exists

lim fdvy
k— 00 [1,2]m~!

and vy converge weakly to some positive measure v.
By Proposition 4.3 it suffices to check that

g

r

u(BGx, 1) = Ca (B0, g ()



RADIAL GROWTH OF HARMONIC FUNCTIONS IN THE UNIT BALL 295

for each ball B(x, r) C S, in order to prove that u = P * u € O This is true
if a similar estimate is true for v.

Let y € [1,2]"! and let B.(y, r) be a Euclidean ball. Choose s such that
27% <y <2 %1 Now take a square Q D B,(y, r) that is a union of dyadic
cubes with side lengths 27% and let the side length of Q be 274 for some
I € N such that 27%] < 4r. Then |Q| < A|B,(y,r)| where A = A(m). By
using (20), we obtain

Vi (Be(y, 1)) < uk(Q) = v5(Q) < 2”1 Q| < A|B.(y,r)|g(2%)

1
< Abu|B(y,r)|g2%") < Asu|B.(y,r)lg ( ) ;

r
which is the desired inequality.

To finish the proof of Theorem 1.3 we will show that G C E*(v) and
7,.(G) > 0. We have

u(rx) = /S P(rx, ) dp(c) = / W(B(x, ))On(r, $) db.

0
Let x € (VGr = G and r € [0, 1). Choose ko such that 2"~ Dtko=D <
g(:) < 2Dk Then it is not difficult to see that u(B(x,¢)) >

1—r

c2m=Dkogm=1 for ¢ < 1 —r and

1—r
u(rx) = f W(B(x, ) Om(rx, p)de
0
1—r

1
> 2m=Dhko " Qrx, p)dg > 2R > ¢ g (1—) :
0 —r

when r > rg. Thus G = (G C E*(u).
Finally we use Lemma B to estimate 74, (C). We have

lim inf NyA () = lim inf 247k~ dg (2%) > liminf 727 *H12% = ¢ > 0.
— 00 —> 00

k— 00

Then 9, (C) > 0 and 96,(G) > ¢,94,(C) > Osince C = f~'(G) and f~'is
Lipschitz. We use also that

A (E) — <£>m_1 v (1 - 5) > Myl =27t =27 )
2 2 2)~ '

see Section 2.3.
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