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THE GENERALIZED KINETIC EQUATION FOR
SYMMETRIC PARTICLE SYSTEMS

HALYNA M. HUBAL

Abstract

The generalized kinetic equation is obtained for symmetric system of many particles interacting via
a pair potential. A representation of a solution of the Cauchy problem for the BBGKY hierarchy
is used in the form of an expansion over particle groups whose evolution is governed by the
cumulants (semi-invariants).

1. Introduction

The evolution of states of many-particle systems is described by the BBGKY
hierarchy of equations [1], [3]. A solution of the Cauchy problem for the
BBGKY hierarchy of equations can be represented in the form of the iteration
or the functional series, or the non-equilibrium cluster expansion: [3], [6], [7].
In this article we use a representation of a solution in the form of an expansion
over particle groups whose evolution is governed by the cumulants (semi-
invariants) of the evolution operator of the corresponding particle group [5].
Such a representation of solution enables us to describe the cluster nature of
the evolution of infinite particle systems with different symmetry properties in
detail.

In certain situations states of many-particle systems can be described in
terms of the one-particle distribution function that satisfies some closed evol-
ution equation, which we call the kinetic equation.

In this article, we derive the generalized kinetic equation in explicit form
from the BBGKY hierarchy of equations. For a mathematical formulation
of the problem we consider the Cauchy problem for the BBGKY hierarchy
of equations with initial data which are products of one-particle distribution
functions. Such an assumption for the initial data is natural for the kinetic
description of a gas, since its states, in this case, are described only by the one-
particle distribution function. Under this assumption we prove that the Cauchy
problem for the BBGKY hierarchy of equations in the space of sequences of
summable functions is equivalent to the corresponding initial value problem
for the generalized kinetic equation.
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Note that generalized kinetic equations were obtained for a discrete ve-
locity symmetric system of hard spheres [2] and for a symmetric system of
particles [4] by using a solution of the Cauchy problem for the BBGKY hier-
archy in another representation. For a symmetric system of particles the kinetic
equation has been obtained in non-explicit form: see [3].

In Sections 2—4, after having given the formulation of the problem we
present the main technical result (Theorem 4.1) which is necessary to derive,
in Section 5, the generalized kinetic equation (Theorem 5.1). In Section 6 we
formulate the existence theorem (Theorem 6.1) for the derived kinetic equation.
In Section 7 we formulate conclusion.

2. The BBGKY hierarchy of equations

Let us consider a symmetric system of finitely many particles of mass m = 1
interacting via a pair potential ®. We assume that the interaction potential
d satisfies conditions guaranteeing the existence an uniqueness of solutions,
global in time, for the initial value problem for the Hamilton equations of a
system of an arbitrary finite number of particles. For example, ® is a twice
continuously differentiable function with a compact support.

Each i-th particle is characterized by the phase-coordinates (g;, p;) = x; €
R x R", v > 1.

Let L' (R” x RY) be the linear space of summable functions f; (x{, . . ., X;)
defined on the phase space R** x R" and invariant under permutations of the
arguments (x, ..., xy) with the norm

Il fsl :/ dxy...dxg|fe(xr, ..., x5)].
RVS x RVS

We define the space L} (R" x R) as consisting of those functions f; €
L' (R x R") which have compact support, and which are continuously dif-
ferentiable with respect to the variables (xy, ..., x5). This space is dense in
L' (R x R¥). Let o > 1 be an integer. By

(o9}
L, =P’ L'R" x R™)
s=0

we denote the Banach space of infinite sequences f = {f;(x1,..., X5)}s>0
with the property that || f| := > oo, || 5]l < oo.
The state of such a system is determined by a solution of the Cauchy problem
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for the BBGKY hierarchy of equations:

ad
(1) EFX'(t9xl$ . '9xX) = {HY(x19 .. '$xS)9 Ft(tax19 ce 9xs)}

1 N
+5 dxe 1Y ®(qi = gesn)s Fopa(tx1, .. Xop1)
R xRV o

with initial data possessing the factorization property (the chaos property):
Fi(t, x1)li=0 = F1(0, x1),
@) Fs(t,x],...,xs)l,zo:li[Fl(O,x,-), s > 2,
i=1
where H(xi, ..., x;) is the Hamilton function, % is the density, {-, -} is the
Poisson bracket [3], F;(0, x;) € L(l)(R" x RY).
3. A global solution of the Cauchy problem for the BBGKY hierarchy

A solution of the Cauchy problem for the BBGKY hierarchy of equations is
represented as the expansion over particle groups whose evolution is governed
by the cumulants [5]

1
(3)  Fy @, Y)=§ ;f d(X \Y) Uy, (t, Xy)Fx/(0, X),
n:O . RWIXRUIL

where

Y = (X],...,.xs), X= (xlv"'ax‘x"x.s‘%*l’"'7x.3‘+n)’

XY :(Y,XS+1,...,XS+,Z), d(X\Y) :dxs+1...dxs+n, dxj :dqjdpj,

WUy (4, Xy) = Y (=DFIAPI=D! [ Sixi(—1, X0, 1X\Y|>0.

P:Xy=U; X; X;CP

Here ) 5., _ x, is the sum over all possible partitions of the set Xy into | P|
nonempty pairwise disjoint subsets X; C Xy and the set Y lies in one of the
subsets X;. The symbol S;(—t) is the evolution operator:

(Ss(_t)fs)(xl’--wxs)
= fi(Xq(—t,x1, .oy Xg), ooy, Xs(—1, X1, -0y X5)), s>1,

where X;(t) = X;(t,x1,...,%x5), 1 = 1,...,s is a solution of the initial
value problem for the Hamilton equations of s-particle system with initial data
Xi0,x1,....,x9) =x;,i =1,...,5[3]
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Taking into account (3) for the Cauchy problem (1), (2) in the space L é the
following theorem is true.

THEOREM 3.1. If F1(0) € Lé(R“ x R”) € L'(RY x R") then there exists
a unique strong, global in time, solution F(t) = {F(t,Y)}s=y|>0, where
Fy(t) € L'(R™ x R™), s > 1, of the Cauchy problem (1), (2), which is given
as the expansion over particle groups whose evolution is governed by the
cumulants

@) F(t.Y)=S(~t, V)] Fi(0. x)

i=1
n+s

- 'f d(X\Y)Ax, (¢, Xy)l_[Fl(O x), s=>1
U n RVYI><R\’1

n=1

The proof of this statement is straightforward. Each term of the series in (4)
is a well-defined function, since the integrand is defined almost everywhere
outside of the set %, of zero Lebesgue measure [3]. The functional series
(4) converges in the norm of the space L!(R" x R") for arbitrary ¢ € R!. The
following estimate holds

s, LIIF 0] 1

v

Indeed, denote by k the number of subsets X; in partition P and taking into

account that || Sjx,|(—1)|| = 1 in the space of summable functions we obtain
o] 11 n+1
Fn <) —— d(X\Y — 1!
IRl =) —— fRR X\ > (=D
n=0 k=1 P:|P|=k
n+s
X (k — 1)!
X;CcP i=1

11 n+1 n+s
—— dx ) k-1

U il Jroots) «goees n )!
. RV(n+s) x Ry (nts k=1 i=1

1
CH ke — DIF 0"
1
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i —||F1 O™ = —.1 i 110y )"
Z vl | ]' vt
n=0 j=0 j=0 7" n=j

J:

— |F, (0| Z <||F1(0)||> Z(”Fl(o)”>

1F O 1

| _ IEOL
v

= IFiO)’e

The symbol CX~! stands for a binomial coefficient.

4. On a solution of the nonlinear equation for the one-particle
distribution function

If the initial data (2) are assigned in terms of the initial one-particle distribution
function Fi(0) then the problem (1), (2) is not a “completely well-defined" in
the sense, that the initial data F;(0) = ]_[‘;':1 Fi(0, x;), s > 2, are not in-
dependent for every unknown function in (1). Thus, let us re-formulate the
problem (1), (2) as a new Cauchy problem for the independent unknown func-
tion, i.e. F(t), together with an infinite sequence of functionals, F;(¢| Fi(t)) =
Fs(t, Y|F1(1)),s = |Y]| > 2 (see Eq. (24) and text below).

Let us consider relation (4) for s = 1 as a closed equation for the function
F1(0) in the space L'(R” x R")

(6) F1(0) = AF(0),
where

(7N (AF1(0)(x1) = Si (¢, x) Fi (2, x1)
n+1

- Z o O S W 4 X [ 1030

i=1

d(X \ {X]}) = dXQ .. .dx,,+1.

Denote S;(t, x1)Fi(t,x;) = F and let ||Fi(t,x;)|| < r < +4oc. Then
FY € L'R" x R"), [|FY|| = [IS1(z, x)) Fi(t, x1)|| < r < +o00. In the space
L{(RV x R") C L'(R” x R”) we consider a ball

S(FY, R) = {F1(0) € Ly(R" x R") : [|F1(0) — F}| < R}.

The following theorem holds.
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THEOREM 4.1. Let v, R, and r be given strictly positive numbers. Let x and
Z be real solutions of the equations

* 2R 14z—27?
¢ = +r, and ez.uzz
1 —x R+r (1 —z)?

respectively. Suppose that

1 1 .
" < Rer min{x, z}.

Put§I|Xi|(t, X)) = Ux, (¢, X;) ijex,- Si(t, x;). Then there exist a unique solu-

tion of equation (6) in the domain S(F?, R) C L'(R" xR") given by the formula

@) F1(0,x1) = S:1(¢, x1) Fi (2, x1)
n+1

o0 1 i )
+ ; o /Ranwa d(X \ {x1}) A (1) ll:! Fi(t, x)),

where
AV @) = =81, x) Ut x1, %2,
AP (1) = St x0) a8, x1, ) a8, x1, x3) + Vot 12, %))
- %Sl(tvxl)sj[S(t,xl,xb x3),
and so on.

PROOF. Let us establish that the operator A defined in (7) maps the ball
S(F?, R) into itself and is a contraction operator. Since

IF1 )] < F1(0) — FYl + | F)ll < R+,

then by definition (7) and the condition ||Sx, (¢, X;)|| = 1 in the space of
summable functions we have
IAF(0) — F}|
00 n+1
1 1
=1> == d(X\ xSt x0) A (@ X)) [ [ F10, x0)
pri n! Jron g o

n+1

l_[Fl(O, X;)
i=1

1 n+1

oo
1
<y — dX ) Gk —1)!
- vt nl /Rv(nﬂ)xR"(”” k=1 "( )
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C"”(k — DYF )"

01 1§
g3

= [F O

gMSﬂ TTM+

( —||F1<0>|| )
_ ||F1<0>||(J » Z(nmmu) 1)
(

= |F0)] ZJ—(' 15 >||> Z(' i >||) _1>
j=0 -y

m(ow 1 1 R

Thus, the operator A maps the ball S(F?, R) into itself if

1 Rtr
©) R+ e 1) <R

Let us find a simple condition on the density % in order that (9) holds.
Observe that (9) is equivalent to

1 rer 2R 471
<

- &z =Ry
and let x € R be such that
x 2R
(10) e =t
1—x R+r

Then for v such that % < x the inequality in (9) follows. Here we use the
fact that the function y 1%\ is increasing for y < 1.

Thus, the condition (9) gives the condition on the density

1 1
—_ << x’
v R+4r

where x is a solution of the equation (10).
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Let us find a condition under which the operator A is a contraction on
S(F?, R). For arbitrary elements Y, Y> € S(F?, R) we have

1 n+1

(DAY = Al <) —— 3 Gk —1)!
T k=1

n=1

X dX
Rv(n+1) x Rv(n+1)

Let us formulate a version of Duhamel’s formula as the following lemma.

n+1 n+1

[T17©.x) =] r200.xp)
j=1 j=1

LEMMA 4.2. The equality

n+l1 n+1
(12) []%©,x) =[]0, x)
j=1 j=1
n+li—1 n+1

= Y1(0, x;)(Y1(0, x;) — ¥2(0, x;)) l_[ ¥>(0,x;), neN

i 1 j=i+1

1j
is true.

PrROOF. Let us use induction on the number of particles. It is evident that
for n = 1 the equality (12) is true. Assume that the equality (12) is true for
n = m. Let us prove the equality (12) for n = m + 1, using the assumption:

m+2 m—+2
[]70,x) =[] r200.x)
j=1 j=1

m—+1
= [ 110, x)(¥1(0. xp42) — ¥2(0. X1 12))
j=1

m+1 m+1
+ (1_[ Y10, x) — 1_[ Y2(0, Xj))Yz(O, Xm42)
j=1 j=1
m+2i—1 m-+2
=Y [[nO. )10, x) = 20, %) [] Y200, x)).
i=1 j=1 j=i+l1

Thus, the equality (12) is true for n € N.
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Using Lemma 4.2 the expression (11) takes the form

[AY, — AY:||

< ZJ;ZC,’;”(k— !

n+li—1 n+1

Y T70 x)(0. x) = Y200, x)) [] 200, )
i=1 j=1 Jj=i+l1
o0 11 n+l1 n+1
<D D G k= DY R ANV = Yl (R )
n=l1 k=1 i=1
00 11 n+1
=) S 2 G k= DI+ DR+ "Y1 = D
n=1 k=1
e’} n n
=Z(n+1)(“’") S ¥ - Tl
n=1 v j=0 J:

A condition which makes the operator A a strict contraction is of the form
> R+r\"~ 1
13 n+1)| — — < 2.
(13) S (557) >

We want to rewrite the condition on the density % in inequality (13). There-
fore we notice that, for |w| < 1,

oo n
Y hu'y
n=0 Jj=0
e D K1 d (o
_y oy _sld(s,
j=0 n=j j=0 n=j
d ilw’“ d (, w w l+w—w?
= — — = —\e = e
dw ,=o]'1_w dw 1—w (1—-w)?

Choose 0 < z < 1 in such a way that

1 _ 2
(14) g LTI,
(1-2)?
and put w = %. If 0 < w < z, then the inequality (13) is satisfied and so A
is a strict contraction for such a density %
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Thus, the condition (13) gives the following condition on the density

1 1

— < ,

v R+4r ¢

where z is a solution of the equation (14).
Thus, under condition

1 1 infx. 2)
— < —— min{x, z},
v R+4r ¢

where x is a solution of the equation (10), z is a solution of the equation
(14), there exists a unique solution of equation (6) in the domain S(F’ O'R) C
L'(R" x R"). This solution can be determined as the limit of successive ap-
proximations Fl(")(O) = AFI("_D(O), where FI(O) (0) = F) = S1(¢)Fi(t). The
limit lim, o, F\"(0) = F;(0) has the form (8).

According to (7) the first approximation of the solution, which describes
the interaction between particles is expressed by the following formula

FP0) = AF?

2
1
=F - —/ dxy S1(t, x1) Wa(t, x1, %2) [ | S1¢, %) Fi e, x)
U JRvxRY L
i=1 3
- —— dx>dx3 Si(t, x1) As(¢, x1, X2, x S1(t, xp))Fi(t, x;) — - --
D221 Jo e, 4023 18, x0) As (2, x1, X2 3)5 1, x) Fi (2, x;)
Analogously the second approximation of the solution, which describes the
interaction between particles, is expressed by the following formula

F20) = AF(0)

1 2
=F) — —f dx; Sl(taxl)912(1,)‘1’)(2)l_[Sl(t’xi)Fl(t»xi)
RY xR

v i=1
1
+— dxzdx3(51(t,xl) An (2, x1, x2) S1(7, x1)
v R2v xR2v
3
x A (t, x1, x3) [ | $1t, %) Fi(t, x)
i=1 3
+ 817, x1) A (1, x1, x2) S1 (2, x2) WAa (2, X2, X3) 1_[ Si(t, x) Fi(z, x;)

3 i=I

1 :
_ 551(1‘, x1) As(t, x1, X2, X3) 1—[ Sy(t, xi) Fi(t, Xi)) o,

i=1
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In a similar manner we construct the n-th approximation.
Denote

2
AV (@) = =816, x1) Wt x1, 1) [ [ S1t, x0) = =St x1) a2, 31, x2),
i=1

AP (1) = 81(z, x1) An(t, x1, X2)

3
x(&mxo%awhmﬂiﬁamo

i=1

3
+&0JQ%UJLQHT&@M0
i=1
3

1
= 510 x0) st x1, 50, x9) [ [ S162 )
i=1

= §1(1, x1) 9 (s, xl,xz)(?}z(l‘, x1,x3) + 9 (1, xa, x3))

1 N
— 5510, x1) As(t, x1, x2, X3),

and so on, where Ql\x |, Xi) = Apx, (1, Xi) [1,ex, S1(t, x;). Then we obtain

2
1 -
ﬂ@w0=&&mﬁmw0+—/ dxy AV [T P x)
U JRUxRY il

3
1 ~
+ — dxrdx; ?I(z)(t)l_[Fl(t,xi)+"'
v R2v x R2v i=1
= S1(¢, x1) F1 (2, x1)
n+1

+Zj ﬁwwda\um%WmIlﬂa%

5. The generalized kinetic equation

The one-particle distribution function which is a solution of the initial value
problem (1), (2) can be represented as the following expansion (Theorem 3.1):

(15)  Fi(t, x1) = Si(=t, x1) F1(0, x1)

u) n+1

1wm/ O (1) Wy, 1 X)) [ ] F10, 300,
|7l><RV’7

i=1
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THEOREM 5.1. The strong derivative with respect to t of relation (15) has
the form

d 0
(16) —Fi(t,x1) = —p1—Fi(t, x1)
ot 9q1

1
+;f dxo{®(q1 — q2), Fo(t, x1, 2| F1()} + -+,
RY xRV

where the functional F,(t, x1, x| F1(t)) is given by the following formula:

2

(17)  Fy(t.x1, %2 Fy (1) = SyCer, x0) [ [ Fie, i)
i=1
n+2

o0 1 .
4 —/ dX\ fr, D A @ X T Fi(r, 0.
Xz; V" Jgon g b} 11:!
Here

2
$5(x1, x2) = Sp(—t, x1, x) [ [ $12, 1),

i=1
AD (1) = =8 (x1, x2) (Yo (2, x1, x3) + a2, x2, x3)) + Az (8, x1, x2, X3),

QVI(z)(l‘) = (Si[z(t, X1, X4) + QAIQ(Z‘, X2, X4) + Sj[z(l‘, X3, )C4))
X (S’é(xl, X2)(§12(l‘, X1, x3) + Si{z(t, X2, X3)) - §I3(t, X1, X2, X3))

1
2,52(?61,?62)(%{20 x1, x3, x4) + 9o (2, x2, X3, x4))

1 4
+ 5?{3(& X1, X2, X3, x4)
and so on.

Proor. Let us consider relation (15) in the form
Fi(t) = U@)F(0),
where

(U@ F1(0)(x1) = Si(—t, x1) F1(0, x1)
oo n+l

U" n! / d(X \ {x1}) 9[|X(x1)\(t X{xl})l_[Fl(O Xi)
Vﬂle”

i=1
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Thus, using the group property [5], [6] of the operator U (¢) and the expres-
sion (15) we obtain

aF(t )
JR— , X
Y 1 1

%(U(I)Fl(O))(m)

= lim é((uu + A8 = U@)Fi(0))(x1)
= lim i(U(’)(U(A’) — DF(0)(x)
= lim i«umo — DU@F0) (1)

1
= lim —[(Sl(—At,xl) — DU @) F1(0))(x1)

At—>0 A
2
+1 li 1/ dxy Ay (At YU (¢ )]_[F(o )+
— llm — XY , X1, X s X1, X y Xi
0 A0 AL S 2 ¥ 1, X2 1, X2 1 i

i=1

Taking into account the equality [3]
li 1S(At )—1)={H, "}
A}EIOE( 1 » X1 - 15 "S>
the expression [5]

Wy (AL, x1, x2) = So(—=At, x1, x2) — Si1(—At, x1)S1(—At, x2)

and using the Liouville theorem, we obtain
(18)

0
— Fi(¢,
5 1(2, x1)

= {Hy, Fi(t, x1)}

1 1
+ — lim —</ d)CQ(Sz(—Al,xl,)Q)—])
RY xRY

—(Si(=Afx) — ) x / dxz>F2<t,x1,x2|F1(r)> 4o

R

d
=—p1—Fi(t, x1)
9q1

1
+—(/ dx){H,, -} — {Hy, -} dxz)Fz(l,xl,x2|Fl(f))+"'
v RY xR” RY xRY
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Let us calculate the difference of the terms between the parentheses in the
final of the equality in (18). Recall that the function ® stands for the pair
potential of our problem. A calculation shows:

/ dxy{Hy, Fo(t, x1, x2|F1 (1))}
RY xRV
2 p2
= ./vaRv dxz{; 71 + ®(q1 — q2), Fa(t, x1, X2|F1(f))}
=/ 4@ (g — ). Falt,x1. 12 FL (1))
RV xRY

0
—P1/ dxo — Fo(t, x1, x2| F1(2))
R” xRY g1

0
_ / dxs pr=" F(t, x1, 3l F1 (1))
RY xRY 36]2

(19)
= / dxo{P(q1 — q2), Fa(t, x1, x2| F1(2))}
RV xRY
d
— D1 dxo Fo(t, x1, x2| F1(2))
3611 RY xRV

oo o0 8
—/ dpzpz/ dgy — F>(t, x1, x2| F1 (1))
- - g2

o0 o0

= / dx2{®(q1 — q2), F2(t, x1, x2| F1 (1))}
RY xRV

d
- pi— dxy Fo(t, x1, x2| Fi(1)).
9q1 Jrexr

In the ultimate equality of (19) we used the fact that the probability of state
with infinite distance between particles is equal to zero:

o0 o0 a
/ dpgpg/ dqy ng(l,xl,xﬂFl(l)) =0.
_ _ 2

oo oo

We also have

(20) {Hl»/ dx; F2(t»x1’x2|Fl(t))}
RV xRY

0
=—-p1— dxy Fo(t, x1, x2|Fi(1)).
0q1 Jroxre
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By substituting (19) and (20) into (18) we obtain
(21) 9 Fi(t, x1) 0 Fi(t, x1)

. ) = - ~ y X

P 1, X1 p1 9, 1 1

1
+;/ dxo{®(q1 — q2), Fo(t, x1, x2| F1(£))} + - - -
RY xR
The explicit construction of the functional F» (%, x;, x2|F(¢)) goes as fol-
lows. The solution (4) for Y = {x;, x»} has the form
(22)
Fy (1, x1, x2)

2
= Sz(—[, X1, x2) 1_[ Fl(ov xi)

i=1

3
1
+—/ dx39130,361,362,363)1_[}71(0,361')
RY xRY il

v
11 4

— = dxsdxs Wa(t, x1, X2, X3, X FiO,x)+---.
220 Jo 3d x4 Wa(t, x1, X2, X3 4)111 100, x;)

We rewrite the solution in (8) as follows:
(23)
F1(0, x1)

= 81(t, x1) F1(z, x1)

2
1
- = / dxy Si(t, x1) An(t, x1, x2) l_[ Si(t, xi) Fi(t, x;)
RV xRY

v
i=1

1
+ 7 dxodxs (51(% x1) An(t, x1, x2)S1 (2, x2) Ao (2, X2, x3)
RZVXR2"

+ S1(t, x1) An(t, x1, x2)S1 (1, x1) An(t, x1, X3)
3

1
- 2—!Sl(l, x1) As(t, x1, x2, x3)> 1_[ Si, xp)Frt, xi) +---.

i=1

By substituting the solution (23) into the solution (22), taking into account the
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interaction between particles we obtain

Fo(t, x1, x2| F1(2))

2
= Sa(—1, x1, Xz)[l_[ Si(t, x) Fi(t, x;)
X i=1
- ;(Sl(t7 x2)Fi(t, x2) . dxz Si(t, x1) An(t, x1, x3)
x Si(t, x1) Fi(t, x1)S1(t, x3) Fi (¢, x3)
3
+ St x) Pt x) | dxs Si(t x) Wt x0, x3) [ [ S12, x) Ft, xi))

RYxRY o

1
+ —2<51(l‘, x) Fi(t, x1)
v R2v x R2v

4
X S1(1,x3) Wa(t, x3, x4) [ | 12, x) Fr (2, x:)

i=2

dx3dx, (51 (t, x2) An (2, x2, x3)

4

+ S1(t, x2) An(t, x2, x3)S1(2, x2) Ao (2, X2, x4) 1_[ Si(t, xi) Fi(t, x;)
i=2

4
1
= 551 ) W1, 32, x5, x3) ]‘! Si(t, x) Fi (1, x,-))

+ / dxs Si(t, x1) Ao (t, x1, x3)81 (¢, x1) Fi (¢, x1)S1 (¢, x3) F1 (¢, x3)
R xRY

X / dxs Si(t, x2) Ao (t, X2, x4)S1(t, X2) F1 (2, x2) 51 (2, x4) F1 (2, x4)
RY xRY

3
+/ s 810, 62) W, 52, 6) [ 10, x) Fi (8, x7)
RY xRV

i=2

X / dxyg Si(t, x1) W (t, x1, x4)S1(t, x1) F1 (2, x1)S1(2, x4) F1 (2, x4)
RY xRV

+ S1(t, x2) F1 (2, x2) dxzdxy (Sl (t, x1) A (2, x1, x3)

2v 2v
R xR 4

x S1(t, x3) Ao (t, x3, x4)S1(t, x1) F1 (2, x1) 1_[ Sy, xp) Fi (¢, x;)
i=3
+ S1(t, x1) W (2, x1, x3) 81 (2, x1) An(t, X1, Xa)
4
x S1(t, x1) Fy (e, x) [ [ S16e, %) Fie, xi)
i=3
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4

1
- 551(& x1) Az (t, x1, x3, x4)S1(2, x1) Fi (¢, x1) 1_[ S, xi) Fi(2, xi)>>i|

i=3

3

1

+;/ dx3 9‘3(1,)61,)62,363)[1_[ Sy, xi) Fi(t, x;)
R” xRY i

2
1
_;HSI([,xi)Fl(tsxi) dxs Si(t, x3) An(t, x3, X4)
i=1

RY xRY

4
< []si@ xR x

i=3

RV xRY

3
1
_;l_[sl(t»xi)Fl(taxi) dxs S1(t, x1) A (2, X1, X4)
i=2

x Si(t, x1)Fi(t, x1)S1(t, x4) F1(2, x4)

1
- ;Sl(l,xl)Fl(I,xl)Sl(l,x3)F1(t,x3)

X / dxs S1(t, x2) Wn(t, x2, x4)S1(t, x2) F11 (2, x2) S1 (¢, x4) F1 (2, X4):|
RV xRV

11

4
_ d d QI t, y , y S t, . F t, .
v2 2! S x3dxg Ny(t, x1, X2, X3, X4) 1_[ 1@, x)Fi(t, x;) +

i=1
In terms of the operators S‘é (x1, x2), 9AI| x,1(t, X;) we obtain
Fo(t, x1, x2| Fi (1))

2
= |:.§‘§(x1, X7) l_[ Fi(t, x;)

i=1

3
1 /4 A
- ;(Sa(xl, x2) dx3 Aa(t, x1, x3) [ [ Fie, xi)
RYxRY iz
3
+ S5 (x1, x2) dx3 912(f,x2,x3)nF1(l,xi))
RY xRV iz

4
dxgdx4<§12(t, X2, x3) U (8, X3, x4) l_[ Fi(t, x;)

1 [
+ —2<S§(X1,Xz)
v i=1

R2V><R2V
4
+ p(t, x2, x63) a1, x0, x0) [ [ P12 x)

i=1
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4
1 4
~ 3 As(t, x2, X3, X4) l_[ Fi(z, xi))

i=1

4
+ 85 (x1, x2) dx3 Ay (t, x1, x3) dxy 9Aiz(l,9627964)1_[F1(f,xi)

RV xRY RV xRV i=1

4
+3’§(x1,x2) dx3 As(t, x2, X3) dxy 912(l,x1,x4)1_[F1(l,xi)
RYxRY RYxRY Pl

4
+ Sé(xl,xz) dx3dxy (ﬁz(h x1, x3)90 (2, x3, X4) l_[ Fi(t, x;)

RZ\)XRZU im1
4
+ An (2, x1, x3) WAn(t, x1, X4) l_[ Fi(t, x;)

i=1

4
1 ~
- 5%30, X1, X3, X4) 1_[ Fi(t, Xi)))]

i=1

3
1 ~
+ [—f dxs 31, x1, %2, x3) [ | Fi (2, xi)
RV xRY

v i=1
4
1 A ~
- —2(/ dx3 As(1, x1, x2, X3) dX4?Iz(t,x3,x4)l_[F1(t,x,-)
U v v v v
RV xR RV xR i=1
4
+/ dx3 As(t, x1, X2, X3) dxy ?Iz(t,xl,m)l—[Fl(f,xi)
RY xRV

RY xRV izl

4
+/ dxs Us(t, x1, X2, x3) dxy S512(1,)62,364)l_[Fl(t,xi))i|
RY xRV R"xRY i=1

11

4
27 dx3dx4%I4(t,xl,xz,x3,x4)1_[F1(t,x,-)+---.
. RZVXRZU

i=1
In the representation of the functional F,(z, xi, x»|F1(¢)) we collect the

terms of the same order in the density % This yields the more compact form:

Fy(t, x1, x2| F1 (1))
2

= Sé(xl,xz)nFl(l,xi)
i=1

1 . . .
+ ;/ dm[—Sé(xl,Xz)(?Iz(t, x1, x3) + A (1, X2, X3))
RV xRY



158 HALYNA M. HUBAL

3
+ 9AI3(t,x1,x2,x3):| l—[F1(t,xi)

i=1

1

+ — dx3dX4|:<§I2(t, X1, X4) + ?Alz(t, X2, x4) + 5512(1, X3, x4)>
v R2v x R2V

x 84 (x1, xg)(?AIz(t, x1, x3) + 95 (t, X2, x3)) — As(t, x1, X2, X3)

1 R ~
— ESé(xl, x0) (As(t, x1, x3, X4) + As(t, X2, X3, x4))

4
1 ~
+ 2—!914(t,x1,x2,x3,X4)i| nFl(l,Xi) +---

i=1
Denote

AV (1) = _S‘é(xl, x2)(§12(t, x1, x3) + s (2, X2, X3)) +3(t, x1, X2, X3),

AP (1) = (Ua(t, x1, x4) + U (t, x2, x4) + Ua (1, X3, x4))

x 85(x1, x2) (3a(t, x1, x3) + U (t, X2, x3)) — s (1, X1, X2, x3)

1 . R ~
— 553()61, XZ)(%[3(Z, X1, X3, X4) + 9130, X2, X3, X4))

1 ~
+ 3 Aq(t, X1, X2, X3, X4)
and so on. Then we obtain
(24)
Fo(t, x1, x2| F1 (1))

2
= 8!(x1, x2) 1_[ Fi(1, x;)

i=1

3
1 o
+_/ dxs 91<1>(z)| |F1(t,xl~)
RY xRV

v
i=1

4
1 v
+— dxsdxs WO [ [ Fite, x) + -+

2
v R2v x R2v i=1

2
= 8% (x1, x2) 1_[ Fi(t, x;)
i=1
n+2

oo 1 o
+ZF/R dX\ L, D A X, [ Fi2 50
n=1

vn vn
xR 1
i=1
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We call equation (21) the generalized kinetic equation.

In view of estimate (5) and Theorem 4.1 the functional series in (17), and,
more generally, the functional series for Fyy|(¢, Y|F;(t)) converges with re-
spect to the norm of the space L'(R" x R"), i.e., these functionals exist.

We omit, here, for the sake of conciseness, to write the explicit form of the
n-th approximation 9™ (¢) in (17), since, to the aims of the present paper we
only need the strong convergence of series (17).

6. The existence theorem for the generalized kinetic equation

The next theorem follows directly from Theorems 3.1 and 4.1.

THEOREM 6.1. Let v, R, and r be strictly positive real numbers, and let x
and z, 0 < z < 1, be solutions to the equations
e* 2R +r 14+z—7?

= , and & ——=2
1 —x R+r (1 —z)?

respectively. Suppose that F1(0) € S(Flo, R) C L(')(R“ x RY) and
1

- <
v R+r

min{x, z}.

Then there exist a unique strong, global in time, solution of the Cauchy problem
for equation (21), which is given by strongly convergent series (15).

7. Conclusion

For low densities the Cauchy problem (1), (2) for the BBGKY hierarchy of
equations with initial data satisfying the factorization property is reduced to
the corresponding initial value problem for the generalized kinetic equation
21).

Thus, the generalized kinetic equation in explicit form is obtained for sym-
metric system of many particles interacting via a pair potential by using a
solution of the Cauchy problem for the BBGKY hierarchy in the form of
cumulant representation.
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