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ON THE REAL RANK OF C*-ALGEBRAS OF
NILPOTENT LOCALLY COMPACT GROUPS

ROBERT J. ARCHBOLD and EBERHARD KANIUTH*

Abstract

If G is an almost connected, nilpotent, locally compact group then the real rank of the C*-algebra
C*(G) is given by RR(C*(G)) = rank(G/[G, G]) = rank(Go/[Go, Gol), where Gy is the
connected component of the identity element. In particular, for the continuous Heisenberg group
G3, RR(C*(G3)) =2.

1. Introduction

For a C*-algebra A, the real rank RR(A) [5] and the stable rank sr(A) [21] have
been defined as non-commutative analogues of the real and complex dimension
of topological spaces. Several authors have computed or estimated the real and
stable rank of group C*-algebras C*(G) for various classes of locally compact
groups G [2], [3], [101, [111, [14], [18], [22], [23], [24], [25], [26], [27], [28],
[29]. In generalizing the result of Sudo and Takai [28] for simply connected
nilpotent Lie groups, it was shown in [3] that the stable rank of the C*-algebra
of an almost connected, nilpotent group G is given by the formula

(1.1) st(C*(G)) =1+ \\% rank(G/[G, G])J

and hence that the real rank RR(C*(G)) satisfies
rank(G/[G, G]) < RR(C*(G)) < rank(G/[G, G]) + 1,

with equality on the left if the rank of G/[G, G] is odd.

Subsequently, L. G. Brown [4] has made an incisive analysis of the beha-
viour of real and stable rank in CCR (liminal) C*-algebras A, partly based on
the notion of the topological dimension top dim(A) which was introduced in
his earlier work with Pedersen [6]. By using these results, we are now able to

*We are grateful to Larry Brown for helpful discussions concerning [4]. We are also grateful
to the referee for helpful comments and for suggesting a simplification in part of the proof of
Proposition 2.4.
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show that RR(C*(G)) = rank(G/[G, G]) in all cases. Furthermore, Brown’s
results allow us to give simultaneously a similar approach to equation (1.1).
This enables us to close a gap in [3, Theorem 1.5] arising from the use of
[19, Lemma 2] which omits the statement of an implicit dimensional condi-
tion. The significance of dimension is illustrated by the recent example due
to Kucerovsky and Ng [15] of a non-stable, continuous trace C*-algebra A,
all of whose irreducible representations are infinite dimensional, such that
dimA = sr(A) = oo. Accordingly, in the next section we shall estimate
top dim(C*(G)) for certain groups G.

The main result on real rank is obtained in Theorem 3.4. As a corollary,
we settle a dichotomy for the real rank of the C*-algebra of the continuous
Heisenberg group: the value is 2 rather than 3.

We conclude this section with some definitions and notation. For a discrete,
torsion-free, abelian group D, rank D means the torsion-free rank of D (see
[13]). That is, rank D is the maximal number of independent elements if this
is finite and rank D = oo otherwise. For a general locally compact group
G, let G¢ denote the set of all compact elements of G, where an element is
called compact if it generates a relatively compact subgroup. If G is a locally
compact group with relatively compact conjugacy classes, then G¢ is a closed
normal subgroup of G and G/G¢ is a compact-free, locally compact, abelian
group [12, Theorem 3.16]. As such, G/G¢ has the form R* x D where D is a
torsion-free discrete group. The rank of G is then defined to be k + rank D. In
particular, rank D < oo whenever G/ G¢ is compactly generated.

Finally, for any locally compact group G, we will denote by G the con-
nected component of the identity element, by [G, G] the closed commutator
subgroup of G and by G  the subgroup of G consisting of all elements with rel-
atively compact conjugacy classes. The group G is said to be almost connected
if the quotient group G/ Gy is compact.

2. The topological dimension of some group C*-algebras

Let A be a type I C*-algebra. It is well-known that the spectrum A is homeo-
morphic to the primitive ideal space Prim(A), via the map which sends the
unitary equivalence class [r] of an irreducible representation 7 to the prim-
itive ideal ker 7, and that both spaces are almost Hausdorff in the sense that
every non-empty closed subset contains a non-empty, relatively open, Haus-
dorff subset. It follows from [6, 2.2(v) and Remark 2.5(ii)] that the topological
dimension of A is given by

topdim(A) = sup{dim K : K a compact Hausdorff subset of A} € [0, o0],

where dim K is the covering dimension of K (see [20]).
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The next lemma is essentially a special case of [6, Proposition 2.3], but it
is convenient to express it in the following form.

LEMMA 2.1. Let A be a type I C*-algebra and let ) = Vo S Vi C V> ©
.CV,=Abean increasing finite sequence of open subsets of A. Then

topdim(A) = [max sup{dim K : K a compact Hausdorff subset of V;\V;_}.
=j=n ’ ’

Proor. For 1 < j < n, let I; be the closed two-sided ideal of A such
that IAJ = V; (so that I, = A). Then I;/I;_y = V; \ V,_; and so by [6,
Proposition 2.3]

topdim(A)
= max topdim(Z;/I;_y)

1<j<

= max sup{dim K : K a compact Hausdorff subset of V; \ V;_;}.

1<j<n

PrOPOSITION 2.2. Let G be a connected, simply connected, nilpotent Lie
group of dimension d. Then top dim(C*(G)) < d.

PRrROOF. Let g be the Lie algebra associated with G andletk : g¢* — G be the
Kirillov map, which is an open, continuous surjection. By [7, Theorem 3.1.14],
there is a strictly increasing sequence ¥ = Uy Cc Uy C U, C --- C U, = g*
of Ad*(G)-invariant open subsets of ¢* and, for 1 < j < n, a vector subspace
W; of g* of (linear) dimension m; and a homeomorphism

Wj : Uj \ Uj_l — ((U/ \ Uj—l) N VVJ) X Rd_mj
such that
(i) therestriction k; of k to (U; \ U;_;) N W; is a (continuous) bijection onto
k(Uj) \ k(Uj-1),
(i) kly)\v,_, = kj o P; o ¥;, where P; is the projection from ((U; \ U;—1) N
W;) x R*™™i onto (U; \ U;—1) N W;.

Let V; = k(Uj), an open subset of G (I < j < n). Note that V; \ V;_; =
k(U; \ Uj_y) since U;_; is Ad*(G)-invariant.

Temporarily fix j and let E be an open subset of (U; \ U;_;) N W;. Then
lpj_l(E x RI=™Mi) = F; N (U; \ U;_y) for some open subset F; of U;. Hence,
by (ii) and the fact that U; and U, are Ad*(G)-invariant,

Ki(E) = k(F; 0 (U \ Uj—) = k(F)) N (V; \ Vi),
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which is openin V; \ V;_; since Fj is open in g*. Thus k; is a homeomorphism
(and soitsimage V;\ V;_; is, in fact, Hausdorff). Let K be a compact, Hausdorff
subset of V; \ V;_;. Then kj_l(K) is a compact subset of (U; \ U;_1) N W;
and hence is a closed subset of the Hausdorff space W;. By [20, Chapter 3,
Proposition 1.5] and the fact that the linear and covering dimensions of W;
coincide, we have dim K < dim(W;) = m;. Sincem; < d and j was arbitrary,
top dim(C*(G)) < d by Lemma 2.1.

In the context of Proposition 2.2, if G is abelian then
top dim(C*(G)) = top dim(Cy(R?)) = d.

If G is non-abelian thenm; <d —2 (1 < j <n — 1) and, although m, =d,
if K is a compact Hausdorff subset of G \ V,_1 then

dim K = dim(k;l(K)) <dim(g*\ U,_;) = dim(G/[G, G])"
=rank(G/[G, G]) <d — 1.

Thus topdim(C*(G)) < d — 1, with equality in the case of the Heisenberg
group (d = 3).

COROLLARY 2.3. Let G be a connected, nilpotent Lie group. Then
topdim(C*(G)) < oo.

ProOF. Let H be the simply connected covering group of G. Then C*(G)
is a quotient of C*(H) and, in particular, any compact Hausdorff subset of G
is homeomorphic to a compact Hausdorff subset of H (see also [6, Proposi-
tion 2.4]). Hence

top dim(C*(G)) < top dim(C*(H)) < oo,

by Proposition 2.2.

We recall from [8, 4.7.12] that a generalised continuous trace C*-algebra
A of finite length has a composition series

O=hLh<chLh<ch<---Cl,=A

such that I;/I;_y = J(A/I;_y) for 1 < j < n (where the ideal J(B) of a
C*-algebra B is the closed linear span of the set of positive elements with
finite, continuous trace on the spectrum I§). Forl < j < n, write V; = I )
an open subset of A. Since I;/1;_y is a continuous trace C*-algebra, V; \ V;_;
is a locally compact Hausdorff space for 1 < j < n (where V) = ). Now
suppose that G is a group of automorphisms of A. Since I} = J(A), I, is G-
invariant and so V; is invariant for the action of G on A. Since I 1 is G-invariant,
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there is an induced action of G on A/I;. Since I/} = J(A/Iy), I/1; is G-
invaAriant. It follows that I, is G-invariant and that V5 is a G-invariant subset
of A. Proceeding by induction, we obtain that /; and V; are G-invariant for
l<j=<n

PROPOSITION 2.4. Let G be a locally compact group containing a closed,
normal, second countable subgroup N of finite index such that C*(N) is a
generalised continuous trace C*-algebra of finite length. Then

top dim(C*(G)) < top dim(C*(N)).

Proor. The group G acts on N via the restriction of inner automorphisms.
The induced action of G on N is givenby g - 7(n) = t(g7'ng) (g € G, 1 €
N,n € N) and hence g - T is unitarily equivalent to T whenever g € N.

Since C*(N) is CCR [8, 4.7.12(c)] and G/N is finite, the G-orbits

G(r):={g-t1:g€G} (teN)

are finite closed sets. Let N /G be the quotient space, consisting of all G-
orbits. Then the quotient map ¢q : N > N /G is continuous and also open
since ¢ ' (q(V))) = UgeG g -V is open in N for every open subset V of N.

If 7 € G then supp(|y) = G(t) for some T € N. Conversely, if T € N and
7 is any element of supp(indgr), then supp(|y) = G(t). Thus we have a
surjective mapping r : .G > N /G defined by r () = supp(s|y). It follows
from the continuity of restricting representations that r is continuous.

Leto € N/G and choose T € N such that G (1) = 0. Weclaim that 7~ (o)
is finite. Note first that 7 ~!(¢o) = supp(lndcr). It therefore suffices to show
that the commutant of indgr is finite dimensional. This can be deduced from
the work of Mackey and Blattner on induced representations. For the reader’s
convenience, we indicate the argument. To fix notation, given two represent-
ations  and p of G, let Homg(m, p) denote the space of bounded linear
operators from H () into H (p) (the Hilbert spaces of 7 and p, respectively)
intertwining 7 and p.

Now let 7 = indgt, where 1 is as above, and realize H (7) as the space of
all continuous mappings £ : G — H(7) satisfying the covariance condition
E(xn) = t(n~Y&(x) forall x € G and n € N. Then m(x) acts on £ by
m(x)E(y) = E(x~'y), y € G. Fix a finite set X of representatives for the
cosets of N in G, and to any T € Homy (7, p|x) associate an operator ¢(7T') :
H (7)) — H(p) by setting

P(TE =Y p0TER), £ € He).

xeX
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It is then straightforward to verify that this definition does not depend on
the choice of X and that the map T — ¢ (T') is a linear isomorphism from
Homy (7, p|y) onto Homg(r, p). Now take o = m and observe that
Homy (7, |y) is finite dimensional since supp(rr|y) = G(7) is finite. It fol-
lows that Homg (indgr, indﬁf) is finite dimensional.

Since C*(N) is a generalised continuous trace C*-algebra of finite length,
there isasequenced = Vo SV, CV,C...CV, = = N of open subsets of
N, which are invariant for the action of G on N, ‘such that Vi\ V;_1is alocally
compact Hausdorff space for 1 < j < n. Suppose that 7, 7o € V; \ V;_; are
such that g(t;) # ¢g(t2). Then the disjoint finite subsets G (7}) and G (1) can
be separated by G-invariant open subsets of V; \ V;_;. Since the restriction of
g from V; \ V;_; onto g(V; \ V;—1) = q(V;) \ q(V;-1) is open, ¢ (71) and g (7>)
can be separated by open subsets of g(V; \ V;_1). So g(V; \ V;_1) is alocally
compact Hausdorff space.

We define a sequence ¥ = Uy C U; € --- C U, = G of open subsets
of G by U; = r‘l(q(Vj)) (0 < j < n). Let K be any compact Hausdorff
subset of U; \ Uj_;. Then r(K) is a compact subset of the Hausdorff space
q(V; \ Vj_1). Since N is second countable, C*(N) is separable and so N is
second countable. Hence N /G and r(K) are second countable and so the
compact Hausdorff space r(K) is metrizable. Since r~! (o) is finite for each
o€ ]\A//G and r|gx : K — r(K) is a continuous closed surjection, it follows
from [20, Chapter 9, Proposition 2.6] that dim(K) > dim K. On the other
hand, since the action of G on N factors through the finite group G/N, C :=
g~ '(r(K)) is a compact subset of the Hausdorff space Vi\V,_i and q (o)
is finite for each 0 € N /G. Since C is G-invariant, the restriction of the
open mapping g to C is also open and so it follows from [20, Chapter 9,
Proposition 2.16] that dimC = dimr(K). Thus dim K < dim C. It now
follows from Lemma 2.1 that top dim(C*(G)) < topdim(C*(N)).

THEOREM 2.5. Let G be alocally compact group containing a closed normal
subgroup N of finite index such that N is a connected, nilpotent Lie group.

Then
top dim(C*(G)) < topdim(C*(N)) < oo.

PrOOF. Since N is a connected Lie group, it is second countable. Fur-
thermore, since N is also nilpotent, C*(N) is a generalised continuous trace
C*-algebra of finite length by [9]. So by Proposition 2.4 and Corollary 2.3,
top dim(C*(G)) < topdim(C*(N)) < oo.

If G is an almost connected, locally compact group with G nilpotent, then
the pro-Lie structure utilised in the proof of Lemma 3.2 below can be com-
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bined with the result of Theorem 2.5 to yield the fact that top dim(C*(G)) <
top dim(C*(Gy)).

3. Almost connected, nilpotent groups

In the first two results of this section, it suffices to assume that Gy is nilpotent
(rather than G itself).

LEMMA 3.1. Let G be a locally compact group such that G is a nilpotent
Lie group and G/ G\ is finite. Then

(I) RR(C*(G)) = max({l, rank(Go/[Go, GoD},
(2) sr(C*(G)) < max{2, 1 + | rank(Go/[Go, Go) |}.

PrOOF. Let A = C*(G), a CCR C*-algebra. As in the proof of [3, Lem-
ma 1.2], A has a closed two-sided ideal 7, all of whose irreducible representa-
tions are infinite dimensional, such that A /I is isomorphic to C*(G /[ Gy, Go)),
all of whose irreducible representations are finite dimensional. Since A is CCR,
it follows from [4, Theorem 3.6] that RR(A) = max{RR(7/), RR(A/I)} and
similarly for the stable rank. Furthermore, by [6, Proposition 2.2] and The-
orem 2.5, topdim(/) < topdim(A) < oo. Since all of the irreducible repres-
entations of I are infinite dimensional, it follows from [4, Theorem 3.10] that
RR(I) < 1 andsr(/) < 2. Thus

RR(C*(G)) =< max{l, RR(C*(G/[Gy, Go]))}

and
st(C*(G)) < max{2, sr(C*(G/[Go, Go]))}.

We temporarily write N = [Gg, Gg]. Since [G/N : Go/N] =[G : Go] <
oo and Gy/N is abelian, Go/N is contained in (G/N) r with necessarily finite
index (where (G/N)F is the subgroup of G/N consisting of all elements with
relatively compact conjugacy classes). It follows from [2, Lemma 2.8] that
rank((G/N)p) = rank(Go/N). Since G/N is a Moore group [17], it follows
from [2, Theorem 3.4] that

RR(C*(G/N)) <rank((G/N)Fr) = rank(Go/N)

and also |
st(C*(G/N)) <1+ b rank(Go/N)J ,

as required. (This estimate for sr(C*(G/N)) can also be obtained from [22,
Corollary 3.3].)
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LEMMA 3.2. Let G be an almost connected, locally compact group such
that Gy is nilpotent. Then

(1) RR(C*(G)) = max({l, rank(Go/[Go, GoD)},
(2) sr(C*(G)) < max{2, 1+ |4 rank(Go/[Go, Go)) |}.

ProoF. By [16, Theorem 4.6], G is a projective limit of Lie groups G/K,,
where the K, are compact normal subgroups of G, and by [3, Lemma 1.1]
RR(C*(G)) = sup, RR(C*(G/K)) and similarly for the stable rank. So let
K be any compact normal subgroup of G such that G/K is a Lie group. It
suffices to show that

RR(C*(G/K)) < max{l, rank(G/[Go, Gol)}

and that sr(C*(G/K)) < max{2, 1 + | 1 rank(Go/[Go, Go)) | }.

For this, we use some facts from [3, p. 94]. Firstly, (G/K)o = (GoK)/K
and this is nilpotent since it is a quotient of Gy. Then (G/K)/(G/K)y =
G/GoK and this is finite since it is both discrete and also a quotient of the
compact group G/Gy. Finally,

rank((G/K)o/[(G/K)o, (G/K)o]) =< rank(Go/[Go. Gol).

It follows from Lemma 3.1 that

RR(C*(G/K)) < max{l, rank((G/K)o/[(G/K)o, (G/K)oD}
< max{1, rank(Go/[Go, Gol)}

and a similar argument applies to the stable rank.
The following corollary is an extension of [3, Proposition 2.6].

COROLLARY 3.3. Let G be alocally compact group such that G is nilpotent
and each compact subset of G/ G generates a compact subgroup of G/G.
Then

(1) RR(C*(G)) = max{l, rank(Go/[Go, GoD)}
(2) sr(C*(G)) < max{2, 1+ | § rank(Go/[Go, Gol) |}.

ProOOF. Let 7 denote the collection of all compactly generated open sub-
groups H of G. Then G = |J,.5 H and, for each H € #, Hy = G, and
H /Gy is compact. Since C*(G) is the inductive limit of the C*-subalgebras
C*(H), RR(C*(G)) =< supy.yRR(C*(H)) and sr(C*(G)) <

Sup o ST(C*(H)) (see [14, Lemma 4.1] and [21, Theorem 5.1]). Statements
(1) and (2) now follow by applying Lemma 3.2 to each H € 7.
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In the next result, we will use the fact that if G is an almost connected,
nilpotent, locally compact group and Gy is the connected component of the
identity element then rank(G/[G, G]) = rank(G(/[Go, Go]) [3, Lemma 1.4]
and furthermore rank(G/[G, G]) > 2 if Gy is not abelian [3, p. 95]. We
will also use the fact that if G is an abelian locally compact group then
RR(C*(G)) = dim G = rank(G) and sr(C*(G)) = 1 + | 1 rank(G) | (see,
for example, the discussion in [2, p. 2170]).

THEOREM 3.4. Let G be an almost connected, nilpotent, locally compact
group and let G be the connected component of the identity element. Then

(1) RR(C*(G)) =rank(G/[G, G]) = rank(G(/[Go, Go))
= RR(C"(Gy)) < oo,

(2) sr(C(G) =1+ {% rank(G/[G, G])J

=1+ L% rank(G/[Go, Go])J = sr(C*(Gp)) < o0.

PrOOF. Since G is almost connected, it is compactly generated. So
G/[G, G] is a compactly generated abelian group and therefore has finite
rank.

(1) Suppose firstly that rank (G /[Go, Gol) > 1. Then it follows from Lem-
ma 3.2 that

RR(C*(G)) < rank(Go/[Go, Go]) = rank(G/[G, G])
= RR(C*(G/[G, G])) = RR(C*(G)),

where the final inequality follows from the fact that C*(G /[ G, G]) is aquotient
of C*(G). This establishes the first two equalities of (1), and the final equality
follows from replacing G by Gy.

Now suppose that rank(Go/[Go, Go]) = 0 (<2). Then Gy is abelian and
hence, since the rank is zero, it is compact. Since G/ G is compact, we obtain
that G is compact and hence that RR(C*(G)) = 0 = RR(C*(Gy)), asrequired.

(2) Suppose firstly that rank(Gy/[Go, Go]) > 2. Then it follows from
Lemma 3.2 that

st(C*(G)) <1+ {% rank(Gy/[Go, GO])J =1+ \‘% rank(G/[G, G])J

= st(C*(G/[G, G])) < sr(C*(G)).
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This establishes the first two equalities of (2), and the final equality follows
from replacing G by Gy.

Now suppose that rank(Gy/[Go, Go]) < 1 (< 2). Then Gy is abelian and
o)

st(C*(Gp)) =1+ {% rank(Go)J =1+ \‘%rank(G/[G, G])J =1.

So it remains to show that sr(C*(G)) = 1. Let K be a compact normal sub-
group of G such that G/K is a Lie group. Then, as in the proof of Lemma 3.2,
it suffices to show that sr(C*(G/K)) = 1. As observed in the proof of
Lemma 3.2, G/ GK is finite and so GoK /K is an abelian normal subgroup
of G/K with finite index. Thus G/K is a Moore group [17, Theorem 1] and
furthermore GoK /K 1is contained in (G/K)F with necessarily finite index. It
then follows from [2, Theorem 3.4 and Lemma 2.8] that

1 <sr(C*(G/K)) =1+ B rank((G/K)F)J

=1+ {% rank(GoK/K)J <1+ {% rank(Go)J =1,

where the third inequality holds because Gy K /K is a quotient of the abelian
group Gy (see, for example, [3, p. 91]).

The following corollary concerns the ‘threadlike’ nilpotent Lie groups G y
(N = 3), which have been studied by several authors (see [1] and the references
cited therein). The group G5 is the continuous Heisenberg group. The result
for the stable rank is already known as a consequence of [28], but the value of
the real rank appears to be new since the rank of Gy /[Gy, Gy] is even (cf.
[3, Corollary 1.6]).

CoROLLARY 3.5. Let Gy be a threadlike nilpotent Lie group (N > 3). Then
RR(C*(Gy)) =2 and st(C*(Gy)) = 2.

ProoF. Since Gy /[Gy, Gy] = R?, the result follows from Theorem 3.4.

In view of Lemma 3.2, the question arises as to whether parts (1) and (2)
of Theorem 3.4 remain true if only Gy is assumed to be nilpotent. We show
below that, even when G is abelian, in both (1) and (2) no two of the first
three numbers need be equal.

ExAMPLE 3.6. Let G = R" x Z, where n > 1 and —1 € Z, acts on R"
by x — —x. Then the irreducible representations of G are either 1— or 2-
dimensional and R" = Gy = [G, G] = Gp. In particular, rank(G/[G, G]) =
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rank(Z;) = 0 and [G : GFr] = 2. In the following, we apply the results of [2]
on the real rank and stable rank of C*-algebras of Moore groups.
Let n = 4. Then rank(G ) = 4 and it follows from [2, Theorem 3.4] that

2 < RR(C*(G)) < RR(C*(G)) = 4

and
2 < sr(C*(G)) < sr(C*(GF)) =3.

On the other hand, since rank(Gr) = 4 and G% = {0}, it follows from
[2, Theorem 4.3] that RR(C*(G)) # RR(C*(GF)) (and in fact the proof of
[2, Theorem 4.3] shows that RR(C*(G)) is 2 rather than 3) and it follows
from [2, Theorem 4.4] that sr(C*(G)) # sr(C*(G r)). Thus the three numbers
RR(C*(G)),RR(C*(Gy)) andrank(G/[G, G]) are distinct and so are the three
numbers sr(C*(G)), sr(C*(Gy)) and 1 + |_% rank(G/[G, G])J.

We note in passing that, for the real rank alone, it suffices to take n = 2.
For then similar arguments show that RR(C*(G)) = 1 and RR(C*(Gy)) = 2.
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