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CERTAIN SUBCLASSES OF ANALYTIC FUNCTIONS
ASSOCIATED WITH FRACTIONAL ¢-CALCULUS
OPERATORS

SUNIL DUTT PUROHIT and RAVINDER KRISHNA RAINA

Abstract

We first define the g-analogue operators of fractional calculus which are then used in defining
certain classes of functions analytic in the open disk. The results investigated for these classes of
functions include the coefficient inequalities and some distortion theorems. The results provide
extensions of various known results in the g-theory of analytic functions. Special cases of our
results are pointed out briefly.

1. Introduction, preliminaries and definitions
The g-shifted factorial is defined for «, g € C as a product of n factors by

1; n=0

(LD (g = { A—a)1—agq)...(1—ag"™"): neN

and in terms of the basic analogue of the gamma function
Iyl +n)1—¢)"
(1.2) % ) = —
Ly (a)

where the ¢g-gamma function is defined by ([7, p. 16, eq. (1.10.1)])

(n > 0),

(¢ Pl —g)' ™
13 T, (x) =
(19 ¢x) (@%: oo

O<g<1).

If |g| < 1, the definition (1.1) remains meaningful for n = oo as a conver-
gent infinite product:

(@ oo = [ [(1 = ag)).

J=0
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We recall here the following g-analogue definitions given by Gasper and
Rahman [7]. The recurrence relation for g-gamma function is given by

(1.4) L, +x) = L2400 _lq_)gq(x)

and the g-binomial expansion is given by

o0

1 — n
(x —y) =x"(=y/x;9), =x" 1_[ |: (y/x)q ]
n=0

I —(y/x)g+"

=x"1Dolg™"; —: q, yq"/x].

(1.5)

Also, Jackson’s g-derivative and g-integral of a function f defined on a subset
of C are, respectively, given by (see Gasper and Rahman [7, pp. 19-22])

f@ = f(zq)

(1.6) Dy:f@ =S @04 £0)

and

(17) [ rwdwo =za-g gq"f(zq").
In view of the relation

(1.8) qL_l)Ilrl % = (),

we observe that the g-shifted factorial (1.1) reduces to the familiar Pochham-
mer symbol («),, where (@), = a(¢+1)...(¢ +n —1).

2. Fractional g-calculus operators

The fractional calculus operators have been extensively used in describing
and solving various problems in applied sciences and also in the Geometric
Function Theory of Complex Analysis (see, for example [9] and [14]). The
fractional g-calculus is the g-extension of the ordinary fractional calculus. The
theory of g-calculus operators in recent past have been applied in the areas of
ordinary fractional calculus, optimal control problems and in finding solutions
of the g-difference and g-integral equations, and in g-transform analysis. One
may refer to the book [7], and the recent papers [1], [6], [8] and [11] on the
subject.
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The Riemann-Liouville fractional g-integral operator I f (x) of a real-
valued function f (x) of arbitrary order « introduced by Al-Salam [4] (see also
Agarwal [2]) is defined by

I¢f(x) = D, % f(x)

2.1 1 x
/ = tDar fO A ) (@ > 0).
Fq(a) 0

For o = n (n any positive integer), the above operator (2.1) was also defined
in [5].

The fractional g-differential operator D7 | f(x) of a real-valued function
f(x) of arbitrary order o« [11, p. 319, eq. (19)] (see also Agarwal [2, p. 366,
eq. (4)]) is defined by

17 f(x), a <0,

(2.2) Dy f(x)= Fx), a =0,

DT (), @ >0,

where [« denotes the smallest integer greater or equal to «.
We now define the fractional ¢-calculus operators appropriately with a view

of applying these operators in the Geometric Function Theory of complex
analysis.

DEerFINITION 1 (Fractional g-Integral Operator). The fractional g-integral
operator | ‘;’f . f(z) of a function f(z) of order « is defined by

I} . f() =D, f(2)

(2.3) 1 <
_ / (=t fOdEq) (@ > 0),
T b

where f(z) is analytic in a simply-connected region of the z-plane containing
the origin. In view of relation (1.5), the ¢g-binomial function (z — tg),—; can
be expressed as

(2.4) (2 —1q)a—1 = 2% "1 ®olg ™M = q, 1%/ 2).

Following Gasper and Rahman [7], the series | ®g[a; —; ¢, z] (which is a spe-
cial case of the series ,®,[w, B; v; ¢, z] for y = B) is single-valued when
larg(z)| < m and |z| < 1 (see for details [7, pp. 104-106]), therefore, the func-
tion (z—1q)q—1 in(2.3)is single-valued when |arg(—tq%/z2)| < m, [tq%/2)| < 1
and |argz| < 7.
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DEeFINITION 2 (Fractional g-Derivative Operator). The fractional g-deri-
vative operator Dy . f(z) of a function f(z) of order « is defined by

DS f(z) = Dy1, " f(2)
(2.5) 1

= ml)q,z/o (z—1tq)_of(®)d(t;q),

for 0 < a < 1, where f(z) is suitably constrained and the multiplicity of
(z — tq)_q is removed as in Definition 1 above.

DeriNiTION 3 (Extended Fractional g-Derivative Operator). Under the
hypotheses of Definition 2, the fractional g-derivative for a function f(z) of
order « is defined by

(2.6) D;"’zf(z) = DZZIZ;”f(z) (m—1<a <m;m e Ny=NU{0}),

where N denotes the set of natural numbers.

We give the following image formulas for the function z* under the frac-
tional g-integral and g-differential operators defined by (2.3) and (2.5).

PRrOPOSITION 1. Let @ > O and A > —1. Then

ry(+1
2.7) Y I
¢ LyO-+a+1)

Proor. Using the series representation (1.7) for the operator (2.3), we can
write

o o o - qk (qa; Q)k k

(2.8) I f@) =21 —q)* Yy ———==f(z4").

= @k

Setting now f(z) = z* in (2.8), the above relation yields

’

Io( ZA _ Za(l o q)(x i qk(qa9 Q)k (qu))L
o = (@D

o
— ZO(+)\(1 _ q)ot Z q()VH)k(q(X; ‘I)k
= @k

On summing the series with the help of the formula ([7, p. 7, eq. (1.3.2)])

o0

(a; q)n (az; 9)oo
no_ 1 ,
; (q;Q)nZ (Z;Q)oo (|Z| <D
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and performing elementary simplifications, we obtain

oo 4= (G @)oo
98 = (@ oo

which in view of (1.3) yields the desired result (2.7).

PROPOSITION 2. Let o« > Q0 and A > —1. Then

r,0+10
2.9 D¢ A _TaV T A
. + T T, —at D)

We omit here the proof of Proposition 2 as its details are similar to Propos-
ition 1.

Our aim in this paper is to introduce some new classes of functions defined
by using fractional g-calculus operators which are analytic in the open disk. We
also derive some results giving various coefficient inequalities and distortion
theorems involving the fractional g-calculus operators. Special cases of the
results are also pointed out in the concluding section of this paper.

3. New classes of functions

Let <7, denote the class of functions of the form

(3.1) f@O=2+ ) ad (@eN),

k=n+1

which are analytic and univalent in the open disc U = {z : z € C, |z|] < 1}.
Also, let &/, denote the subclass of 7, consisting of analytic and univalent
functions expressed in the form

o0

(3.2) f(Z) =7 Z aka (ap = 0,n € N).

k=n+1

For the purpose of this paper, we define (by using the above definitions of
the fractional g-calculus operators) a fractional ¢-differintegral operator €27
for a function f(z) of the form (3.1) by

S TR —-a),k+1)

2, .f(@) aiz
4.2 S TN e+ T—)

(3.3)
Iy 2—-a)

a—1 no
r,o ° Pel@
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(0o <a<2;neN;0<qg < 1;z € U)where Df]"zf(z) in (3.3) represents,
respectively, a fractional g-integral of f(z) of order « when —oco < o < 0,
and a fractional g-derivative of f(z) of order « when 0 < o < 2.

We introduce here the following classes of functions involving the operator
QZ‘Z (defined above by (3.3)):

Qo —1
0. (@) ‘ - ﬁ}

(3.4) o (@) = {f €Ay, Qe f(z) —26+1

(o< <2,0<6<1,0<8<1,0<g<1,z€U)and
3.5) y;af(z)

S
= :f € &f,,‘,ﬂ’f((l — o) f(2) +o<—1 1 )Qg‘fglf(z)) > ﬂ}
l—gq

(—oo<a<2,0<0=<1,0<B8<1,0<qg<1,z€U).
A function f(z) defined by (3.1) is said to belong to 7, (6;) if f(z) € &,
satisfies the condition that

arg(ay) = 6 (k=n+1,n+2,...;n €N).
Further, if there exists a real number o such that
3.6) O+ *k—1)p=m (mod2m) k=n+1,n+2,...;n €N),

then f(z) is said to be in the class 7" (6; p).
Let 7, = U7 (6x; p) for all possible sequences {6} and p satisfying (3.6),
and denote by A;‘f(z) the subclass of 7}, i.e.,

B.7 A f(2)
={VfeS o f@(—0<a<2,0<p<1,0<g<1zeU)}.
We now obtain the following coefficient bounds for functions of the form

(3.1) or (3.2) to belong to the classes £;, &, and A7 (defined above).

THEOREM 1. A function f of the form (3.2) belongs to the class f;f s ifand
only if

= T,(k+DT,Q2 —a) B
(3.8) k;} FOT Gk —at p A+ Ba =281 -9).

The result is sharp.
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PrROOF. Assume that the inequality (3.8) holds and let |z| = 1. Then on
using (3.2) and (3.3), we find that

Q. f@)— 1| - B9 f@) —26+1]

_‘_ = Q2 -, (k+1) e
- - Ty, (k+1—a)

[e.¢]

Z F2—-a)Tyk+1) 2!

20 =9~ r,Q)r, Gk+1-—a)"

oo

F,2—a)ly(k+1)

<
k=n+1 Py@Tqk+1-

( + Bar — 2 = 8)

<0,

by our hypothesis. This implies that f(z) € £/;.
To prove the converse, assume that f(z) is defined by (3.2) and is in the
class #;. Then it follows that

o

S R@oalykt D
T,QT,(k+1—a)™*

Q* -1
(3.9) ‘ 7] (@) ‘ _

Q. f()—28+1

k=n+1
[

Z Le—olk+D
T, (k+1-a) iz

-1
x [2(1 —§) —

Since [N (z)| < |z]| for any z, therefore, choosing values of z on the real axis so
that Q7 _ f(z) is real, and letting z — 1~ through real values, we obtain from
(3.9) the following inequality:

= T,2-a)r, (k+1)

G-10) k_;lr(z)r k+1—a)™
o e -l k+ 1)
<261 -9) ﬁkgqu(z)rq(ﬂl_a)ak,

which yieds the desired result (3.8).
Finally, we note that the assertion (3.8) of Theorem 1 is sharp and the
extremal function is given by

280 =8I, QT —a+2) .,
@1  f) =z QAT+ T2 =) Z (n €N).
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THEOREM 2. A function f of the form (3.2) belongs to the class & ;U if and
only if

0]

5 LYk + D02 —a) 1
T,QT,(k—a+1) "

(3.12) 1-0)1—¢q) +a(l—¢""]

k=n+1
<(1-B-0)l—g)+o(l—q' ™.

The result is sharp.

ProoF. To prove Theorem 2, we apply the elementary assertion that
(3.13) MF@QYzp <= [1-B+F@Iz1+8—-F(I.

Making use of (3.2) and (3.3), and setting

P s
F)=(1-0)Q fQ)+o (l—q) et f(2)
s 1 —q

_ 1_qlfot
—1
(1—q> k;A"q(“ Dz,

in (3.13), it then suffices to show that

1— l—«
’2—,3—04—0( 1—qq ) (1_q) Z Ap g, )ars*!

_ gl
_‘ﬂ—f’_“(l1_q >+(1—q) Z Arg(@ a2 0,

9 k=n+1

where Ay ,(a, o) is given by

(3.15)

[(1—0)(1—¢q)+0o(l —¢")]T,(k+ D2 —a)
Lotk —a+ DI, (2) ’

Ak,q (Ol, G) =
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Now
B B _ql—oc .
‘2 B o+a< g ) (l_q)kinilAkq(a o)zt
—‘ﬁ—a—a(l_ql_a)+ Z Ay, 0)a !
l—gq -9,
> Pl—ﬂ—aXl—m+wwr—¢ﬂ>—§:f%ﬂmamuwfq
(I_Q) k=n+1
> 0.

This completes the proof of Theorem 2.
We observe that the assertion (3.12) is sharp. The extremal function is given
by
[A-p-0)d-@)+0(—-¢""] .,
Z
AVH—l,l] (Ol, 0)

(3.16) f(z2) =z—

(n €N,

where Ay , (o, 0) is given by (3.15).
THEOREM 3. Let the function f be defined by (3.1) be in the class A‘;. Then

o0

L k+1) (1 =Py (2)
3.17 4 .
G-17 k;-l TLk—atD ™ =T,0-a
The result is sharp.

PROOF. Suppose that
' Fq(z ) oz 1 po
Using (2.9) and (3.1), we get
o = T,Q2— )T,k + 1) e

(3.18) .h{l +k§ ROLATES —a } > B.

For f(z) € 7 (6x; p), we put z = re' in the above inequality (3.18) and let
r — 17, to get

oo

Eﬁ{l + >
k=n+1

Iy2—a)lyk+1)
T,k +1—a)

mwwW@+w—nmﬁ>ﬂ
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On making use of the conditions (3.6) in the process, we arrive at

2 T,Q2—a),(k+1)
1 - . - lax| > B,
kz;l T,QT,k+1—a)

which leads to the inequality (3.17).
The equality in (3.17) is attained for the function f(z) given by

(3.19)
_ (I=-BryQTlyk —a+1) . )
f@=z+ L+ D2 —a) 7" exp(ify) (k>n+1;n e€N).

4. Distortion theorems

In this section, we prove three distortion theorems for the function f(z) of the
form (3.1) or (3.2) involving the fractional g-calculus operators.

THEOREM 4. Let the function f(z) defined by (3.2) be in the class ¥
(—o<a<2,0<qg < 1).Then

“4.1) |z| —2/3(2)3(” a, @lz" < £ (@)
' 1+ T -
1-34 n+1
< |Z|+2ﬂ(m>B(H,Q,Q)|Z| (ZEU),

where

. L)y (n —a+2)
“4.2) B(n,a,q) = T+ 20,2 = %)
Furthermore

|d-—2ﬂ(1il§>uw+‘<|z9“.f@n
=< 4.z

4.3) I+p

<lz|+28 10 lzI"™ (zev).
1+ 5

ProOOE. Since f(z) € j;‘ s> then in view of Theorem 1, we first show that
the function
I,k +DI,Q2 - a)
Fy2)Cyk —a+1)

(k) = (k>n+1;n€N)

is a decreasing function of k for —co <o < 2,0 < g < 1.
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It follows that

pk+1)  Tyk+2)T k41— a)
¢pk) T ,(k+ DT,k +2—a)

(k>n+1;neN),

and it is sufficient to consider here the value k = n + 1, so that on using (1.4),

we get
p(n+2)  1—g"?

pn+1)  1—gr

0O<g<1).

The function ¢ (k) is a decreasing function of k if Pnt2) (n € N), and this

. ¢(n+1) —
gives ia

l1—¢
mfl (0<q<1)

Multiplying the above inequality both sides by 1 — g"+>~% (provided that o <
2), we are at once lead to the inequality ¢ < 0. Thus, ¢ (k) (k > n+1;n € N)
is a decreasing function of k for —oco <@ < 2,0 < g < 1.

Now (3.8) gives the following inequality:

1 = > 1
UED s, o ZB(+’3) =250 =),

B(n @, Q) =n+1 k=n+1

which implies that

> a <Zﬂ<1+ﬁ>3(n @),

k=n+1

and this last inequality in conjunction with the following inequality (easily
obtainable from (3.2)):

o0 o
(4.4) 2l =12 Y a < If@QI < e+ 12 ) a
k=n+1 k=n+1

yields the assertion (4.1) of Theorem 4.
Next, on using (3.2) and (3.3), we observe that

e e]

F,2—a)lyk+1) «
E ai|z|
T, T,k +1—a)

1zQg  f(@)| = |z| —
k=n+1
o0

v 5o L@yt D)
2l Z T,Or,k+1-a™

> |z| =
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which on using Theorem 1 gives

o 1-46 n+1
4.5) 1282, . f(D)| = |z| — 28 <m) lzI".

Similarly, it follows that

o 1-4 n+1
(4.6) 282,  f(@)| = |z| +28 (m) lz"™,

which establishes the assertion (4.3) of Theorem 4.

In view of (3.3), Theorem 4 gives the following distortion inequality for the
function f(z) € &, involving fractional g-derivative operator Dy :

COROLLARY 1. Let the function f(z) defined by (3.2) be in the class f;‘ 5
Then

@) F‘f—(z)m‘“{l —m(ﬂ)m"} < 1D*.£(2)|
T, —w 1+ B =1V

', | 1-46 "
=i e (e

where 0 <o <2,z € U.

Also, in view of (3.3), Theorem 4 gives the following inequality involving
fractional g-integral operator If :

COROLLARY 2. Let the function f(z) be in the class #; . Then

Te@  vafy o128 ,
(4.8) —Fq(2+a)|2| {1 2/3(—1+’3>|Z| }Sllq,zf(Z)l

r,2) lﬂ{] 5 (1—5) }
SFq(2+a)|Z| +2p 1+ SN

where o > 0, z € U.

THEOREM 5. Let the function f(z) defined by (3.2) be in the class &,
(oo <a<2,0<qg <1). Then forz € U:

4.9) |zl — B(n, o, @)Clz|"™ < | f(2)| < |z| + B(n, o, ¢)Clz|"*".
Also

(4.10) [z|=CDz|""" < |29} _f(@)] < |z|[+C D" (o0 < A <2),
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where C and D are the expressions given, respectively, by

A==l -g)+o(—-¢""

D T ted g
and
4.12) _ Fyn—a+2),2—-1)

T, —A+2)T,2—a)
and B(n, o, q) is defined by (4.2).

PRrROOF. Since f(z) € y;g, then under the hypotheses of Theorem 2, we
have

i _ [A-B-0)1-¢@)+0(—¢")]|T,QT,(n —a+2)
= [(1=0)(1=g)+0(l —g"*+)]T,(n +2)[y(2 - @)

k=n+1

ie.,

oo
(4.13) > @ < B(n.a,q)C,
k=n+1

where B(n, «, ¢) and C are given by (4.2) and (4.11), respectively. On using
the inequality (4.4), we arrive at the assertion (4.9) of Theorem 5.
From the relation (3.3), we obtain

N v =ML k+D
(4.14) 2 ()] = Izl k; O EEERTC

and we observe (as in the proof of Theorem 4) that the function v (k) defined
by
Fy2—-MCyk+1)

@15 ¥k = T, (k—r+1)

(o< A <2,0<g<]

is nonincreasing for k > n 4+ 1. Therefore, we assert that

T2 =My +2)

(4.16) O<yk)<ym+1)= r,Q)T,(n—x1+2)
q q

and the desired distortion inequality (4.10) follows now from (4.13)-(4.16).

Inview of (2.3), (2.5) and (3.3), the distortion inequality (4.10) of Theorem 5
gives the following corollaries involving the g-fractional calculus (derivative
and integral) operators:
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COROLLARY 3. Let 0 < A < 2, n € N and the function f(z) defined by (3.2)
be in the class & ,. Then for all z € U:

FF&MP—A{I — CD[z|"} < ID} . f(2)]
g(2—2)
(4.17)
Fq—(2)|Z|H{1 + CD|z|"}
“Ir,2-2 .
and

COROLLARY 4. Let .. > 0, n € N and the function f(z) be in the class &7 ,.
Then for all 7 € U:

r,Q2
o 1@ |1~ epal) < 117 f ()
2+ A)
(4.18) r 2
q 1+x n
< —Fq(zﬁ)m {1+CDz|"}.

where C is the expression given by (4.11), and D is the expression given by
(4.12) (with A replaced by — A therein).

THEOREM 6. Let the function f(z) defined by (3.1) be in the class Ag
(oo <a<2,0<qg <1). Thenforz € U:

Izl — (1 = B)B(n, a, Q) lzI"™ < | f(2)

4.19
@19 <lzl+ (1= BB, a, 2",

where B(n, a, q) is given by (4.2). Furthermore

|zl = (1 = B)DIz"™ < |29} _ f ()]

(4.20) Ny
< lzZl+ 1 —=pB)Dlz|" (-0 <1 <2),

where D is given by (4.12).

The proof of the above distortion theorem is similar to Theorem 5, details
are hence omitted.

Using (2.3), (2.5) and (3.3), the distortion inequality (4.20) of Theorem 6
gives the following corollaries involving the g-fractional calculus (derivative
and integral) operators:
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COROLLARY 5. If 0 < A < 2, n € N and the function f(z) defined by (3.1)
is in the class A‘;, then

I'y(2) I=Ag1 1 _ n A
4.21) —Fq(z_k)lzl {1 -1 —=p)DIz|"} =Dy . f(2)]
Fy2) o _ n
_—Fq@_k)lzl {1+ (1 —pB)D|z|"}.
and

COROLLARY 6. If A > 0, n € N and the function f(z) is in the class A%,
then

Py@ gy _ g n x
@22) e L= A= A < 11 £ )
e

1+1 1 1— n
< Fq(2+)»)|Z| {1+ - pB)DIz|"},

for all z € U, where D is the expression given by (4.12) (with X replaced by
—\ therein).

5. Concluding observations and remarks

We briefly consider now some consequences of the results derived in the pre-
ceeding sections. If we let ¢ — 17, and make use of the limit formula (1.10),
we observe that the function class j;f s defined by (3.4), and the inequalities
(3.8) of Theorem 1, (4.1) of Theorem 4, (4.7) of Corollary 1 provide, respect-
ively, the g-extensions of the known class and the related inequalities due to
Srivastava and Owa [16] (see also Srivastava and Aouf [12], for p = 1). Also,
the function class & ;‘ . defined by (3.5), Theorem 2 and the distortion inequal-
ities (4.17) of Corollary 3 and (4.18) of Corollary 4 are the g-extensions of
the corresponding known function class and related results due to Altintas,
Irmak, and Srivastava [3, p. 2, Theorem 1; p. 4 Theorems 3 and 4]. Further,
the function class A7 defined by (3.7), and the inequalities (3.17) of Theorem
3, (4.21) of Corollary 5 and (4.22) of Corollary 6 provide the g-extensions of
the known function class and related results due to Raina and Srivastava [10,
p. 76, Corollary 1; p. 77, Corollaries 2 and 3].

We conclude with the remark that the fractional g-calculus operators defined
in Section 2 can fruitfully be used in investigating several other analytic, mul-
tivalent (or meromorphic) function classes and their various geometric prop-
erties like, the coefficient estimates, distortion bounds, radii of starlikeness,
convexity and close to convexity can be studied for such contemplated classes
of functions.
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