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STANDARD IDEALS IN WEIGHTED ALGEBRAS OF
KORENBLYUM AND WIENER TYPES

JOSE E. GALE and ANTONI WAWRZYNCZYK*

Abstract

We introduce two types of Banach algebras of analytic functions on the unit disc which can be seen
as weighted versions of closed primary ideals of the Korenblyum and (analytic) Wiener algebras,
respectively. Such types of algebras arise in connection with convolution Banach algebras of
Sobolev type, on the positive half-line, and their discrete analogues defined in terms of higher
order differences. We show that all closed ideals are standard for algebras in the first class, and
that closed ideals with countable hull are standard in algebras of the second class.

Introduction

Let & be a (non necessarily unital) Banach algebra of bounded holomorphic
functions on the unit disc D := {z € C: |z| < 1}, endowed with the pointwise
operations and the norm ||-||. The problem of describing the closed ideals
in & is generally not a simple question, but it is possible to give a complete
classification of ideals in some important examples. In any case, a basic notion
to consider in this setting is that one of standard (closed) ideal, see [2]. Here
we widen slightly the concept of standard ideal as follows.

Fix a nonnegative integer k. Let (X,,)%_, be a family of closed subsets of
T with Xg € X| € --- € X, where T denotes, as usually, the unit circle.
Assume that for every f € % and every n = 0, 1, ..., k the derivative £
extends continuously to T \ X, (so that the spectrum of regular maximal ideals
of B is assumed to be D \ Xo, in particular). For a closed ideal 7 in & and
0<n <k, put

Z'"I):={zeD\X,: f@Q=f @) == f"2)=0Vfell,

and

E,(I):=7Z"()NT
(the set Z(I) := Z°(I) is called the hull of I). Let Q; be the greatest inner
common divisor of all nonzero functions in I (see [12, p. 85]). Then we call
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the ideal I standard in % if
I={feRB:Qdivides fand f™ =0on E,(I), (0 <n <k)}.

There are important classes of Banach algebras as the previous %, with X = @,
where all closed ideals are standard; see the introduction and references of [2].
Among them, there is the Korenblyum algebra A*(D), formed by definition by
all holomorphic functions in D such that f™ extends continuously to T for
everyn=0,1,...,k.

There are on the other hand interesting Banach algebras 2, also with X; =
), which contain non-standard ideals and where, for instance, closed ideals
with countable hull are standard [2]. Among these, we pay attention on the
Banach algebra A1 (T), which we call here the analytic Wiener algebra, formed
by all functions f in A°(D) with absolutely convergent Taylor series f(z) =
> yamz™, (|z| < 1). The norm in A™(T) is

Iflare = lawl.  f€ATD).

m=0

In the present paper we deal with weighted versions of both Korenblyum and
analytic Wiener algebras, separately. More precisely, for a nonnegative integer
k, let 2% (D) denote the Banach algebra of all functions f in the disc algebra
A(D) := A(D) such that f(1) =0,

(1=2)"f" € AD) and  lim (1-2)"f"@) =0 (I =n<k).

The norm in this algebra is given by
k
A=) 1A =" f P, f € AP (D).
n=0

We can see that the algebra 2(*’ (D) is a Korenblyum type algebra with weight
(1 — z%)" in the n-th derivative, 1 < n < k.

Similarly, we define ?fl(k)’+(T) as the subalgebra of A(D) formed by all
functions f in A(D) such that

ey (1-2"f"@eA* T n=01,...k,
provided with the Banach algebra norm

k
2) 11l = DI = 2" f ] army-

n=0
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In this case the algebra 77, l(k) "+ (T) is a Wiener type algebra with weights (1 —z)"
in the corresponding derivatives.

The algebras 2* (D) and %(k)’+(T) arise in relation with convolution Ba-
nach algebras of Sobolev type on the positive half-line and their discrete ana-
logues, respectively. This is as follows.

Let 7. J(rk) (t*) denote the Banach space obtained as the completion of the
space Cgoo) [0, 0o) of test functions on [0, co), with respect to the norm

£l = /oo|f<k>(t>| thdr,  feCI0,00).
0

The space J_ ik)(t" ) is a non-unital commutative semisimple Banach algebra
for the convolution on (0, 00), and a subalgebra of L' (R*) = 7 (:%). It was
introduced in [1], in the realm of integrated/distribution operator semigroup
theory, and its applications to ill-posed Cauchy problems. From the point of
view of the Banach algebra theory, a further study has been carried out in
[6], [7], [8], even in a fractional derivation setting. Among other properties,
we have that the character space of - J(rk) (%) can be identified with C* and its
Gelfand transform coincides with the Laplace transform .. In fact the image
of 7X(1%) by £ lies in the Banach algebra 9®) (C*) of analytic functions F
on C* := { € C: MA > 0} such that A/ F/) (1) extends continuously up to
the boundary iR of C* for j =0, 1, ..., k, and satisfies

%ir%xf FPON =0, (1<j<k); Alim AMFP0N) =0, (0<j<k).
— —00
The norm in A® (C*) is given by

IFl =) max A/ [FPG). F e u®(ch).
.:0' =

Of course the restricted Laplace transform
LT (*) - uP(ch

is a bounded Banach algebra homomorphism. Moreover, .£ has dense range:
TE k) = AP (Ch); see [8].

As regards the ideal theory in J_ frk) (%), a Nyman-type characterization of
dense ideals has been given in [7] which raises the question of whether or not
I = L7 (Z(I)), for every closed ideal I in frk) (t*) with empty zero-set
Z(F(I)), where the closure is taken in A® (C*). Such an equality holds in
the case when k& = 0, even for more general closed ideals (see [2], [S], [15]).
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In order to eventually undertake the investigation of closed ideals in I frk) (%
(a task which is not simple even for k = 0, see the above references and [3],
[10]) it seems appropriate to understand first the closed ideals of A% (C*).
This question looks interesting in its own.

The Mobius mapping p:z — (1 — z)~!(1 + z) transforms the disc D onto
the half-plane C* and D onto C+U{oo}. By composition of 1 with the functions
of AR (Ct) we get exactly the Banach algebra 2 (D) introduced formerly.
In this way, we are led to study the closed ideals of ® (D).

Analogously, the algebra %(k)’Jr(T) appears in association with a discrete
analogue of the convolution algebra J_ J(rk) (t*) which we introduce here using
difference operators of higher degree: For a complex sequence a and integers
n,m > 0 put

Aa(n) :=am); Aa):=an)—amn+1); A" :=AloA™.

Let 7% (n*) be the space of sequences a such that

o0
lim a(n) =0 and Y _[A*a(m)|n* < oc.
n—0o0 n:1

The space T (n*) is a Banach algebra with respect to the convolution product
of sequences, subalgebra of 7°(1n°) = £'(N), and the norm

lall :=1a@)] + ) 1a%a@m)|n*, e ti@b).

n=1

The character space of 7% (n*) is (topologically) isomorphic to the closed unit
D, and the Gelfand transform of each a € t*(1n*) coincides with the Fourier-
Taylor series of a. Moreover, the Banach algebras t*(n*) and %l(k)’+(T) are
isomorphic via that Taylor series mapping. The above facts are proven in
Sections 4 and 5 below.

The algebra ¥ (n%) seems to be of interest in its own. There are spaces of
sequences of higher (fractional) bounded variation, defined in terms of higher
fractional difference operators, which have been considered in the context of
Fourier multiplier theory, see [9] (although our space ¥ (n*) admits a direct
extension, for any positive real number k, defined in terms of fractional dif-
ference powers, we are not going further in this direction here). In this way
the convolution structure is incorporated to that framework. In a forthcoming
paper we will find out the possible links between closed ideals of T*(n*) and
those of 7 (%) (for k = 0, see [11]).
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It turns out that we can get information about closed ideals in the algebras
B = AP (D), %l(k)’Jr(T) by application of the same method in both cases. It
consists of taking a suitable multiplication operator M: % — M (2) such that
M (2B) is an easily identifiable closed ideal of a convenient Banach algebra o/
on the unit disc, and # becomes Banach &/-module isomorphic to M (%).

For % = A® (D) we take M as the multiplication by (1 4 z)¥(1 — z)¥, so
that </ is the Korenblyum algebra. Then we can derive that all closed ideals
of A (D) are standard (Theorem 3.2) from the fact that every closed ideal in
o/ = A¥(D) is standard [13]. See Section 1 below.

For B = %](k)’+ (T) the multiplication operator is realized by M = (1 —z)*.
Then the algebra .o/ is a weighted version, &/ = A,f (T), of the analytic Wiener
algebra, whence we obtain that any closed ideal in %(k)’Jr(T) having countable
hull is standard, this time because all such ideals in A,:F(T) are standard, see
[2] and Section 1 below.

The organization of the paper is as follows. Firstly, Section 1 is about
preliminaries, where we expose some material concerning Korenblyum and
analytic Wiener algebras, and their ideals. Then Section 2 is devoted to pre-
paratory results on a certain auxiliary Banach algebra, denoted by % (D),
which will be subsequently applied in Section 3 to establish the main result on
the closed ideals of the Banach algebras (D) and 2A*(C*), Theorem 3.2
and Corollary 3.3. In Section 4, we introduce the Banach space t* (n¥), give its
basic properties, and prove that it is a Banach algebra for the convolution, The-
orem 4.5. Then Section 5 contains the characterization of the range of 8 (n*)
as %l(k) "*(T), through the Fourier-Taylor series map (Theorem 5.4). The proof
relies upon the invertibility of a certain matrix, Lemma 5.2. Finally, in Sec-
tion 6 we apply the aforementioned general method, involving a (multiplication
operator) module isomorphism, to show that the closed ideals with countable
hull in 7 (n*) ~ 7(1(]‘)’+(T) are standard, Theorem 6.1 and Theorem 6.2.

At this point, an attentive reader will have already noticed that by a Banach
algebra we mean here any Banach space which, in addition, is endowed with a
jointly continuous multiplication (so the submultiplicative norm constant need
not be 1). Throughout the paper we will make use of the constant convention:
the same letter, say C, is used for possibly different constants even in the same
argument.

1. Preliminaries: Standard ideals in the Korenblyum and Wiener
algebras

Let H>*(D) be the Hardy space of bounded analytic functions on D. As is
well known, for every function f € H(D) there exists the limit f(e?) :=
lim,_, - f(re'?) foralmostall® € [-m, 7)) =T:={zeC:|z| =1}.
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Recall that a function ¥ in H>(D) is inner if |/ ||oo < 1 and |/ (e'?)| = 1
a. e. on [—m, 7). For an arbitrary family & of inner functions there exists a
unique inner function Q which divides f in the sense that f/Q belongs to
H>(D) for every f € @, and such that every inner function which divides
each element of ¥ also divides Q. The function Q is called the greatest inner
common divisor (g.c.d., for short) of the family ; see [12, p. 85] An analytic

function ¢ € is called outer if it satisfies

1 (27 oif '
¢(z) = cexp (—/ ¢tz loggb(e’e)de) , z € D,
2 0

el —z

where c is a constant of absolute value 1 and the function ¢ is measurable on T
with log ¢ integrable. Every element g of H* factorizes into g = g’ g, where
g' is inner and g° is outer.

We next recall how the above notions go into the ideal theory of the Koren-
blyum algebra. Let A (D) be the disc algebra, formed by the analytic functions
on D which admit continuous extension to all of D, endowed with the sup-
norm ||-||. More generally, we denote by A*(D) the Korenblyum algebra of
functions f on D such that ™ € A(D) for every 0 < n < k. In this case the
algebra norm is given by

k
L= 1 oo

n=0

Forg e A¥(D),n=0,1, ...,k andan arbitrary ideal / in A*(D) we define

E(@)={zeT|gr) =¢G@ =--=g"() =0}
and
E,(I) = (") En(g)-
gel
Obviously, Ex(I) € Er_1(I) € --- € Eg(I). Let us choose now an inner

function Q and an arbitrary collection of closed sets
& EyCE1CEC---CECT.
Define
J(Q;&) ={g e A¥(D) : Q divides g', E, C E,(g),0 <n <k}.

Then J(Q; &) is a standard closed ideal in A¥(D), possibly trivial. The fact
that the closed ideals of A*(D) are all standard was proved by Korenblyum in
his classical paper [13].
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THEOREM 1.1 ([13]). For every closed ideal I < A*(D) there exists an
inner function Q; such that

I'=J(Q: Eo(D), Ex(I) ... Ex(I)).

The above theorem tells us that every closed ideal in A¥(D) is completely
determined by the collection of the common zeros of its elements and derivat-
ives and by the inner function Q; obtained as the g. c. d. of 1. As a corollary
of the theorem we obtain that an ideal 7 in A*(D) is dense if and only if the
set of common zeros is empty and Q; = 1. Hence, a function f generates a
dense principal ideal in A¥(D) if and only if f is outer without zeros.

The standard ideals are defined in the same way as above for the analytic
Wiener algebra A™(T), which, we recall, is formed by the functions in A(D)
whose Fourier-Taylor coefficient series are in £!. More generally, we denote
by A,j (T) the subalgebra of those functions f in A*(T) such that

i A

I +nb) < oo,

n=0
With pointwise operations and the norm defined by the above series, A;" (T) is
a Banach algebra. As a matter of fact, f € A (T) if and only if ) € AT(T)
forevery j =0, 1, ..., k, and the norm previously indicated is equivalent to
Yo I PN ar -

Not every closed ideal in A,j (T) is standard, see [3] for k = 0, but we have

the following partial result in the positive direction.

THEOREM 1.2 ([2, Theorem 3.11). If I is a closed ideal of A; (T) with
countable hull then 1 is standard, that is, there exists an inner function Q)

such that
I =J(Qr; Eo(]), ..., Ex(I)).

2. Banach algebras module-isomorphic to primary ideals in the
Korenblyum algebra

Fix w € T. The following simple lemma gives us the key tool for the sec-

tion. It may be well known, but we include a sketch of proof for the sake of

completeness.

LEMMA 2.1. Let ¢ € H*(D) be such that "7 extends continuously to VT
foreach j = 0,1, ...,k where V. = D N B for some disc B centered at w.
Let n < k and suppose that p(w) = ¢'(w) = --- = " D(w) = 0. Then

V@ (=
lim - = -
o =" (= ))!

forall j =0,1,...,n—1.

o™ (w).
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PrOOF. Since forevery j =0, 1,...,n—1wehavethat ™ = ()=,
it is clearly enough to show the formula for j = 0.

Take m such that 1 < m < n. Since ¢ is continuous and ¢~ (w) = 0
we have, integrating by parts,

—A n—1
9(z) = / u<p<’”<x>dx (z € V\ {w).
[w,z] (I’l - 1)'

Hence

_1)"
(wgDEZ)Z)” - n!) (p<n>(w)‘

1
<— ‘ / (z—2)" ™) — o™ (w)]dA
lw—z|" | Jiw.q)
< max [p™ Q) — ™ (w)| = 0, as 7 — w,
relw,z]

as was required.

Fix a natural number k. We define ¥ (D) as the space of holomorphic
functions f on the unit disc D such that (w — z)" f™ € A(D) for0 < n <k,

and
lim(w —z2)"f"(z) =0 for 1<n<k.
w—z

Equipped with the norm | f| = Zﬁzo (w — 2)" ™|l o), the Leibniz
rule applies to show that the space %) (D) is a unital commutative Banach
algebra which contains continuously A*(D) as a subalgebra. In fact, X (D)
is a Banach A¥(D)-module.

Let us also define the space £%~1 (D) by

ju()kfl)(D) = {g c Ak(D) | g(j)(w) =0 (] = 0, 1...,k— 1) }

Clearly, #*~D(D) is the standard closed ideal J(1; {w}, ..., {w}, ¥) of the
Korenblyum algebra A*(D), so it is in particular a Banach A*(D)-module.

PrROPOSITION 2.2. The multiplication operator
U f > (w—2)ff, P D) — A(D)

defines a Banach module isomorphism between the Banach A*(D)-modules

9® (D) and I%=V (D).

w
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PrROOF. Let f be holomorphic in D such that (1 — z") f™ e A(D) for
0 < n < k (in particular this is satisfied by functions in #*(D)). By the
Leibniz formula

3) (w=2)"NH"@) =D (-1 (’;) ('J‘) (w—2)""(w—2)"" f"(2),
Jj=0

where each term is clearly null at z = wif n < k, and if j < k whenn = k.
It follows that there exists the limit lim,_,,,((w — 2)* f)® (z) = f(w) and so
@ = (w — 2)* f belongs to L%~V (D). The continuity of ¥ also follows by
the above formula.

We are going to show that W is surjective. Thus take ¢ € %~ (D) and
define f(z) := ¢(z)(w —z) ¥ for z € D\ {w}. Obviously, each derivative f ™
extends continuously to D\ {w} foreveryn = 0, 1, ..., k. Moreover, it follows
directly from Lemma 2.1 applied to the case n = k that the function f extends
continuously to z = w as well. To show the extension of the derivatives of f
we introduce the auxiliary function

(_1)](71 (k) k
$(2) = ¢(2) + ¢ (w)(w — )", zeD.

It satisfies that ¢ (w) = ¢'(w) = --- = ¢®(w) = 0, while f — (w — 2) %
is a constant function. Hence, for 1 < n < k, we obtain

=2"f"@) =W -2 (pw-24" @

-y (") £ g0 @ — 26,
=0

(n—j)!

so that lim,_, ,(w — 2)" f™(z) = 0 by Lemma 2.1; that is, f € %X (D) and
we have that the operator W is bijective. Since W is also continuous it is a
Banach space isomorphism.

Proposition 2.2 contains implicitly the following result.

COROLLARY 2.3. Let f be holomorphic in D such that (w —z)" f™ e A(D)
forn=0,1,...,k. Then

lim(w—2)"f"z =0 for n=1,... k.
—=w
PROOF. As at the beginning of the proof of Proposition 2.2, the function

¢ = (w — )" f belongs to L&~V (D). Now, by the same proposition, f =
v l(p) € #P (D).
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REMARK 2.4. The above corollary is somehow interesting. It says that, in
the definition of the Banach algebra %) (D), the only necessary assumption
is (w—2)"f™ e A(D) for 0 < n < k, since this implies automatically that
(w — z)”f(") vanishes at w for n = 1, ..., k. Such an implication is clear
when f is analytic at w because of the local factorization principle.

Proposition 2.2 also implies that there is a bijective correspondence between
the closed ideals of the algebra %ng)(D) and the closed ideals in A*(D) con-
tained in the ideal ﬂlﬂ‘*l)(D). In particular the standard ideals contained in
F*=D(D) are of the form I = J(Q, Ey, ..., Ex_1, Ex), where w € Ej_i.
Thus we have the following.

THEOREM 2.5. If I is a closed ideal in %u(jk)(D) then (w — 2)*I is a closed
ideal in A¥(D). Conversely, if J C ﬂlf)k_l)(D) is a closed ideal in A¥(D) then
the closed ideal I generated in ¥ (D) by J satisfies (w — 2)XI = J.

In particular all closed ideals in %u()k)(D) are standard, that is, they are of
the form J(Q; €y, ..., €) where € is a closed subset of T, €, is a relatively
closed subset of T\ {w} for 1 <n <k,and €, C --- C €.

PrOOF. By Proposition 2.2 we know that for every closed ideal I € % (D)
the set (w—z)* I belongs to ﬂzf]k*” (D) and is a closed ideal of A*(D). Therefore
itremains to prove that every closed subideal of £*~1 (D) can be represented in
this form. If J is such an ideal then it is of the form J = J(Q; Ey, E1, ..., Ey)
where w € Ej;_;. Denote by I the closed ideal generated in the algebra
¢ (D) by J. All elements of / have the inner factor divisible by Q, hence
this function is the greatest inner common divisor for elements of / as well.
The elements of %) (D) are holomorphic functions of class C* on T \ {w}.
For every n = 0,1,...,k and zo € T\ {w} the condition ¢V (z9) = 0
(0 < j < n)is satisfied for all ¢ = ¢ € J if and only if it is satisfied for
allp = f € I.The set J = (w — z)*I is a closed ideal of A¥(D) with the
same data Q, Ey, E;, ..., E; as J, so J=J. Moreover, the above argument
tells us that I = J(Q; €y, ..., €) if we take &y = Ep and ¢, = E,, \ {w}
(I =n<k).

Theorem 2.5 allows us to determine also the dense ideals of the algebra
0 (D).

COROLLARY 2.6. An ideal I is dense in %U(Jk) (D) if and only if the elements of
I have no common zero in D and there is no non-trivial common inner divisor
of the elements of 1.

PROOF. An ideal [ is dense in %X (D) if and only if (w — z)*I is dense in
#® (D). This holds if and only if (w — z)*I has no non-trivial common inner
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divisor and the unique common zero of elements of (w — z)*I is the point w.
Then the elements of / have no common zero.

Denote by «/¥)(D) the maximal ideal of %% (D) consisting of functions
which vanish at w. Note that every ideal of the algebra .2/*)(D) is at the same
time an ideal of the algebra #* (D). As another application of Lemma 2.1
and Theorem 2.5 we obtain a characterization of the closed ideals of szsz‘)(D).
Details of the proof are left to the reader.

COROLLARY 2.7. If ] = J(Q, Ey, ..., Ey) is a standard ideal in A*(D)
such that w € Ey then the closed ideal generated in ﬂg‘)(D) by J is equal to
(w —2)7kJ.

Conversely, all closed ideals I in /(D) are of this form; in particular
I = J(Q; Cq, ..., EC) where €, is a relatively closed subset of T \ {w} for
1 <n <k, €yisaclosed subset of T with w € €y, and €, C --- C €,,.

Theorem 2.5 and Corollary 2.7 will be used together in the next section to
get the characterization of closed ideals in 9 (D).

3. Closed ideals in Korenblyum-like algebras

We show in this section that the closed ideals of the Banach algebra 2 (D)
are standard. Recall the definition of %A®)(D):

For a nonnegative integer k, the Banach algebra 2©) (D) is formed by those
functions f in the disc algebra A(D) such that f(1) =0,

(1—2z)"f" e AD) and linill(l — 2" W) =0 (1<n<k),
—>

and is endowed with the norm given by

k
A=) 10 =2 fPllee, f € AP(D),

n=0

and the pointwise operations. Notice that the elements of 2*)(D) behave as
functions of %ﬁﬁ)(D) in a neighbourhood of —1 and as functions of %fk)(D)

close to the point 1. Moreover, &fl(k) (D) is a subalgebra of %X (D).

Every ideal 7 in 2®)(D) is invariant under the multiplication by elements of
9™ (D) since for each f € %% (D) the function f — f(1) belongs to A®) (D)
and, for arbitrary g € I,

fe=(—-fg+ fhHgel

In particular the closed ideals of 2A*)(D) are Banach A¥(D)-modules and
Banach szl(k) (D)-modules.
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Next, we characterize the closed ideals of 2A®) (D). The proof relies upon
the existence of a Banach A*(D)-module isomorphism of the algebra with a
certain ideal of A*(D), and the Korenblyum’s description of closed ideals of
A*(D). The isomorphism is the content of the following result.

THEOREM 3.1. For A®(D) as above we have:

(a) The multiplication operator
®: f > (1+250 = 2Ff, AP (D) — A*(D)

is a Banach A*(D)-module isomorphism from A® (D) onto the standard
closed ideal $% (D) := J(1;{—1,1},...,{=1, 1}, {1}) of AK(D).

(b) The map ® determines a one-to-one correspondence between closed
ideals of U™ (D) and the ideals of A*(D) of the form J(Q; Ey, . .., Ex_1,
E;) C AX(D) such that —1 € E;_; and 1 € E;.

Proor. The Leibniz rule for derivatives implies that the space
(1 — 2)FA® (D) is contained in # %) (D). By applying Lemma 2.1 we then
have that

(1—2RAPD) ={p e ¥ D) o) =g’ 1) =--- =¥ (1) =0}.

The latter space is theideal J(1; {1}, ..., {1})in %_(kl) (D) and multiplication by
(14 z)* maps this ideal onto the standard ideal _#®’ (D) of A*(D), according to
Theorem 2.5. Since ® is continuous and bijective from 2% (D) onto the closed
ideal #® (D), it is a Banach isomorphism by the open mapping theorem. Then
® transforms closed ideals I € 2% (D) onto closed ideals of A¥(D) contained
in the standard ideal _#* (D).

Conversely, if J € _#% (D) is a closed ideal in A*(D) then by Theorem 2.5
J generates in %jﬁ)(D) an ideal J; whose elements satisfy f(1) = f'(1) =
.- = f®1) = 0 and such that (1 + z)¥J; = J. By Lemma 2.1, taking
I = (1 — z)7¥J, we obtain an ideal in 2® (D) that satisfies ® (1) = J.

To obtain a more explicit description of the closed ideals in %X (D) we refer
to the definiton of zero-sets of order k as it was given in the Introduction. So,
for g € A% (D) and an arbitrary closed ideal I of %A® (D), put

Cu(g) ={zeT\{-1,1}:§V(2)=00<j<n))} if 1l<n<k,
Co(g) :={zeT\{l}:g(x) =0}, and

Cu(l) =) Culg).

gel
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THEOREM 3.2. For every closed ideal 1 < A® (D) there exist an inner
function Q and a descending collection & 2 &1 D --- D & of subsets of
T, where €y is a relatively closed subset of T\ {1} and €, for1 <n <k, isa
relatively closed subset of T\ {—1, 1}, such that

I ={g AP (D) | Q; divides g’ and &, C €,(g), 0 <n <k}.

PrOOF. Let I be a closed ideal in 2© (D). By Theorem 3.1,
J =1+ - 2" = J(Q; Eo(J), Ex(J), ..., Ex(])),

for some inner function Q, where 1 € Ey(J),—1 € E,_(J).PutE, = E,,(J)
and €, .= E, \ {—1,1}for0 <n <k

Note that (1 + z)*(1 — z)* is an outer function. Thus for any function g in
®) (D) we have that

gel o=+ -2fges
& Q divides ¢’ and E,(¢) 2 E, (0 <n <k)
& Q divides g' and €,(g) 2 €, (0 <n <k),

as we wanted to show.

The above result tells us that 2(¥)(D) is another example of a (non-unital)
Banach algebra on the unit disc with all closed ideals of standard form, see
[2].

Next we translate the previous results to the setting of the right-hand half-
plane, which was one of our initial motivation to write this paper.

The Mébius map 7: A — (L —1)(A+1)~! transforms C* onto the disc D and
C+ U {oo} onto D. The superposition with 7 converts function algebras on the
disc into function algebras on the half-plane. For a given space of functions
Z (D) we denote by % (C") the space of functions f o t, f € (D). In
particular, let define A% (CT) := AP D) o r and FX(Ct) := FOD)or.
Note that, via composition with 7, the functions 1 + z and 1 — z on the disc
correspond to the functions 2A(A + 1)~! and 2(A + 1)~! on C* respectively.
Then, itis straightforward to give an internal description of the functions which
belong to A®) (C*): The Banach algebra 2* (CT) consists of all holomorphic
functions F: C* — Csuch that A" F™ extends continuously to iR for0 < n <
k, and

PI%A"FW(A) =0 (1<n<k) and )\lim MFPQ) =0 (0<n<k).
— — 00
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The norm in AKX (C*) is given by ||F|| = Zﬁ:o SUpP, cc+ AT F™ )], (F e
A®(CH)), and, as a straightforward calculation shows, the mapping f >
F = for, APD) - AN (CT) is a Banach algebra isomorphism.

Recall that a holomorphic function F on C* is called inner (resp. outer)
if F o t is inner (resp. outer) in D, see [12]. The subsets &,(F) < iR, for
F € AM(C), in the following statement are defined in a similar manner to
the subsets €, (g) C T, for g € AX (D).

COROLLARY 3.3. Foreveryideal I C A% (C) there exists an inner function
G and a descending collection &y 2 &, D - -- D &, of subsets of iR, where &,
is closed in iR and &,, for 1 < n <k, is a relatively closed subset of iR \ {0},
such that

[ ={F e AP ) | G, divides the inner
factorof F, &, C &,(F), 0 <n <k}.

From here we can give descriptions of the dense ideals in A®) (C*).

COROLLARY 3.4. An ideal I C AW (C") is dense if and only if the elements
of I have no common zero in C+ and the only common inner divisor of the
elements of 1 is the function 1. A function F € A® (Ct) generates the algebra
if and only if F is outer and never vanishes.

The preceding corollary can alternatively be derived from [7, Theorem 3.1].

COROLLARY 3.5. An ideal I C AL (Ct) is dense if and only if the elements
of I have no common zero in Ct and for every a > 0 the space ¢**1 contains
unbounded functions.

PROOF. Suppose that / is a dense ideal in AR (CT). Obviously Z (1) = 9,
where Z(I) := {A € Ct : f(A) =0 forall f € I}. Suppose that for some
a > 0 the space e**[ is formed exclusively by bounded functions. Every
element F of [ is of the form F' = ¢~ f where f is analytic and bounded in
ct.

Now, notice that, if F, = e~ f, — G in A® (C*) then the sequence (F,)
converges uniformly on ¢ in particular, so it is a Cauchy sequence uniformly
on C'. Thus we have
0= lim suple” ™ f,(ix) —e " f(ix)| = lim sup|fu(ix) — fu(ix)|.

m,n—o0 xeR m,n—>00 xeR

Since f, — fw is bounded on C", a version of the maximum modulus principle
inC" (for instance, the Phragmen-Lindel6ff theorem for sectors) applies to
obtain that ( f;,) is a Cauchy sequence uniformly on C". Hence (fn) converges
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uniformly on C* to a bounded and analytic function, say g. Obviously, g =
€e*G(z), so that e**G(z) is bounded . Then by the density of / we obtain that
€29 M (C*) is formed exclusively by bounded functions, which is clearly false
(take G(z) = (1 +2)7").

Conversely, if for an ideal 7 in A®)(C*) the set Z (1) is empty and the ideal
is not dense then the inner parts of the elements of / have a common inner
divisor Q. The inner function Q is nowhere vanishing, so it is of the form e~%*
for some a > 0, see [12]. Every element of 7 is then of the form ¢™**Q; f,
where Q; is an inner function and Q; f is bounded. Hence ¢“*I consists of
bounded functions. The proof follows.

4. Sequences of higher order bounded variation and convolution

In this section we introduce a discrete version of the algebras ' (") referred
to in the Introduction. Let (a(n));°, be a complex sequence. Throughout the

section we shall consider the so-called difference operators A¥ defined on
(a(n));Z, by

(AO a)(n) :=a), (Aa)(n) . =an) —an+1)

and
A=A, A= Ao AR = AFo Al

for every non-negative integers n and k. As a matter of fact A* is explicitly
given by
k K
Ata(n) =3 (1) (j)a(n + ).
j=0

The operator A is invertible on the space of sequences with finite support ¢,
with inverse

oo
A lan) = Zaj, a € cy-
j=n

An expression for the inverse A~ of A* will be given later.
We begin with a reproducing formula involving higher differences.

LEMMA 4.1. Let a(n) be a sequence of complex numbers withlim,, a(n) = 0.
Then

o0 o0
(@) Z |Aja(n)|nj < Z |Aj+1a(n)|nj+l, forevery j >0.

n=1 n=1
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If, moreover,

oo
Z |Aka(n)|nk <oo  forsome k>1,

n=1

then

o

'm—-—n+k
6 an)= Z F(m(n—1 - z I)F)(k) Ara(m), forevery n > 0.

m=n

Proor. To show (4), notice that for every j, n > 0 we have

Alan) = Z(A/“a)(m)

m=n

since A/t a(N) tends to 0 as N — oo. Hence,

S adamin’ < 305 14 atmin! = i(i ! )i aon)
n=1

n=1 m=n m=1 “n=1

oo
<Y a7 a(m)m!
n=l1
since Yo nd <mi (30 1) =mIit
Next, we prove (5). First notice that, by induction on N, it is readily seen
that
N .
L(j+k) C(N+k+1)
© 2 =

. = (N >0:k>1).
FG+DCk) TN+ DIk+1)

j=0

Now we proceed by induction on k. Take n a nonnegative integer. As before
(for j =0, 1),

a(n) =) (Aa)(m) =Y _ Y (Aa)(p),

m=n m=n p=m

SO
00 p

a(n) = Z(Z 1)(A2a)(p> = (p—n+D(A%)(p).

p=n “m=n p=n
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Let assume that (5) holds for fixed j with 0 < j < k. Then

Cm—n+j)
C(m —n+ D)

Fm—n+j) 41
T (m —n+1)r(j)p§N a(p)

" Tm—n+)) N
(; (m—n+1>r(j)> )

F'p—n+j+1)
I‘(p—n—l—l)F(]-l-l)

a(n) Ala(m)

Il
MS ||M8

3
I

n

||M8 ||M8

where (6) has been used in the last equality (note that the exchange of sum-
mation order in the above calculation is justified by (4) and the finiteness
assumption of the statement). The induction process has been completed.

The above result suggests introducing an operator, say A ¥, in the following
way.
For each sequence (b(n));2, such that Zn | |b(n)|n* < oo, put

—k > —l’l+k)
(A™*b)(n) = Z:j (m_n+1)r<k)”(’")’ (m > 0),

Clearly, A% o A¥ = Id = A¥ o A=F (for the second equality note that
Ao A =1d), where we are assuming tacitly that both operators act on suitable
sequences and Id is the corresponding identity operator.

DEFINITION 4.2. Let 7%(n*) denote the vector space of complex sequences
a(n) such that lim, .« a(n) = 0 and Y oo, |Afa(n)|n* < cc.

Then ¥ (n*) is a normed space with respect to the norm

lalles == 1la(@)] + ) |A*am)n*,

n=1

Since '(n + k + DI'(n + 1)~! ~ Cyn*, as n — oo (for fixed k), the norm
la]|.« can be equivalently expressed by

ir(n+k+1)

k
ot (2aml

lallze ~
n=0
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We shall use this fact freely in the sequel.

By Lemma 4.1 and the remark prior to the above definition, the operators
AR Tk — 1'((1 + n)*) and A% 1 ((1 + n)*) — ¥(n*) are inverse one
of each other (continuous) mappings. In particular T (n*) is a Banach space.

From the estimate given in (4) one obtains the continuous inclusions

Y et e clm) <) =1 forall k> 1.

Also, the space cq of sequences with finite support is dense in t¥(n*) since
A*(cp) = coo = A (cgp). So the sequences 8, n € Ny := N U {0}, defined
by 8,(m) = 1,if m = n, §,(m) = 0, if m # n, generate the space t*(n*). The
norm of each §, in t¥(n*) is

n k
k k .
whe= 5 (2 =3 (Gt
m=n—k n m j=0 J

forn > 1, and ||6g||+ = 1.

ReMARK 4.3. The following sequences are relevant in our setting. For m >
0, put

k=1 ._ N I'(m —n+k) koo k
rk ‘_gr(m—n+1)r(k) 8, € Th(nh).

The family (I'*~1),,-¢ is to be considered in the present setting as a version,
on Ny, of the Riesz means on (0, 00), see [7] for instance. Let us find the norm
of I'*=1 for each m.
Note that, for every p > 0,
'm—p+k)

r1p) = if 0<p<m,
G Y 7 B

whereas F,’;l_l(p) =0, if p > m. From this,

_ — T(—p+k
r~=l(p) = Sm 0),
() ;F(n_pﬂ)r(k) () (p=0)

and therefore I'*~! = A7k§,, or, equivalently, A*T"*~1 = §,,, (m > 0). Hence
ITE e = Y02 o 18 (n) In* ~ Cym*.

The previous estimate is important because it enables us to express any
a € T8 (%), in the norm of T (n*), as

X
a= Z Aka(m)anfl.

m=0
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In fact, for a given p > 0, we have that T*~!(p) = 0if0 <m < p — 1, and
M“=l(p)=[T(n—p+ DI K)]"'T'(n — p + k) whenm > p. It follows that
i T(m—p+k)

k — k k-1
= Tm—p+ DIk Aa(m) = mX_; Ata(m)T, " (p).

a(p) =

Finally, the last series converges in the norm of ¥ (n%).

Next, in the second half of this section we prove that the Banach space t* (n*)
is a Banach algebra for the convolution. This result relies on the following
formula.

LEMMA 4.4. For everya,b € t*(n*), k > 0andn =0, 1, ...,

n

r(p— k
L) Ak (@ % b)(n) = ZA"b( »y FEi_ZiZiI;Aka(p)

p=n—m

. N T(p—n+m+k)
_ A
(7 mglA b<m>p=2nj+1 T per——— )

=: h(n).

Proor. First of all note that

X N T(p—n+m+k)
hn) = ZA bm) D T —nmana®

p=n—m

« > F(p—n+m+k) ,
— A
ZA olm )an;l F(p—n+m+1) “p)

= Z A*b(m)T (k)a(n — m)

m=0

> T(p—n+m+k)
_ AFK Ak
Z b(m )p;l T —— a(p),

where in the last equality we have used (5). Thus
h(n) = T (k) (A*D * a)(n)

B r Flg+m+1+k)
ZAb( )Z TG tm D) Afa(g+n+1).
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On the other hand,

AK(A*D % a)(n)

1 Z '(m—n +k)(Akb*a)(m)

Tk ZTm—n+1)
D) mi; EEZ :Zj:]](; 2;) A*b(m — p)a(p)
o B s
T pil mX; ?EZ oD 113 A*b(m — p)a(p)
= (bra)n) + %p;ﬂmzp ?EZ _Zi’;; A — pra(p)

Now, let pay attention to the second term of the last member in the the above
set of equalities. By expressing a(p) using (5) and then rewriting indexes, we
obtain

AK(A*D % a)(n) = (b % a)(n)

oo
Fr+qg+k+1) C(s + k)
+ > Afb(r Aas+qg+n+1)——

ro? &, Trrqra ~o0td Te1

In summary, we have

A *h(n)
=T'(k)(b*a)(n)
Lo ta kD), (s + k)
F(k)qus:O Trtq+2 Sa@tatntDre

—k o k F(q+m+1+k) .
<m%=:oA b C(g+m+2) A“(‘IJF(-)Jrl))(n)
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Moreover,
= I(g+m+1+k)
Ak AR AF )41
(mézo (m) Fg+m+2) a(g + () + ))(n)
1 S Tg+m+1+k
— 2 A
Fh) 2 T@+m+2) bm)

T4k
(;—F(r+l)A a(r+q+n+1)>.

In conclusion, A~%h = I'(k)(b % a); that is, I' (k) A*(b x a) = h as we wanted
to show.
Note that, in the calculations of the above proof, we do not need to check

the validity of exchanging the order of sums since it can be assumed that we
work with sequences in the space cpy, which is dense in 8 (n%).

THEOREM 4.5. The space T (n*) is a Banach algebra with respect to the
convolution product of sequences.

PrOOF. Forn > Qletm, p suchthateither0 <m <nandn—m < p <n,
orm,p>nPutyl, =T(p—n+m+1)"'T(p—n+m+k).
From (7) we obtain

L) ) 1A @ b)) ln*

n=0

= (ZZ IDEDBDIDS )y,i‘,m,,,lA"b(mn|A"a<p>|n’<

n=0 m=0 p=n—m  n=0 m=n+1 p=n+1

00 m+p oo min{p,m}—1
= ( X X tX X )y,f,m,p|A’<b<m>||A"a<p>|nk,
m,p=0 n=max{p,m} m,p=1 n=0

where, to obtain the equality, we have applied Fubini’s rule twice.
Since, moreover,

m+p m+p
k k k k k k
E Yam ' = (p+m) E Yam.p ~ Cem"p
n=max{p,m} n=m
and min{p,m}—1 m+p

k k . k k k. k
Z Y plt = min{p, m} Z Vamp ™~ Cim” p~,
n=0 n=0
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one gets

Y 1A @xb)(m)n* < C(Z |A"a(n>|nk) (Z |A"b<n>|n’<)
n=0 n=0 n=0

for all a, b € t*(n*), which means that t* (n*) is a Banach algebra.

5. The image of 7¥(n*) in the Wiener algebra

Since t¥(n) is densely contained in /! and this inclusion is also continuous,
each character of /! gives rise to a character of t¥(n¥) of the form

Xia x(a)=a@ =)y amz, ") —>C
n=0

where |z| < 1. We are going to see that every character of 7¥(n") is like the
above one. Recall that the sequence Ff,‘l‘l in % (n*) is defined as

—— Z”: T'(m—n+k)
" =~ Tm-n+ DLk "

n=0
where the convergence is in the norm of ¢ (n*).

PROPOSITION 5.1. The set of characters, or equivalently the spectrum of
maximal ideals, of T*(n*) is identified with D, and its Gelfand transform 9 is
given by

Gar> Ga)=a, 0" —> AT(T),

where ~ ~
a(z) =Y AamDy ') =) amz", [zl <1
m=0 n=0

ProoF. We only need to show that any character is of the form y,, for some
z with |z| < 1. This is standard but not obvious. So, let x be a character of
t%(n*) and take z := x(8;). From the multiplicativity property, we have that
[x(n)| = |x(61)"| = |z|" for every n € Ng. On the other hand, |x (5,)| <
Cll8, I« ~ n*. It follows that |z|” < Cn* for all n > 1, whence |z| < .
Hence, for all m > 0,

m

i Tm—n+k)
X )_;F(m—wrl)r(k)z'
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Recall now that a = anozo Aka(m)an_l in the norm of ¥ (n*). Thus

m

3 Fm—n+k
x(a) = 2:: a(m)zl“(m—n+l)r‘(k)z
o~ Tm—n+k L - .
=2 D Ty prg A = L e = @),

as we wanted to show.

Now we characterize the range of the Gelfand transform ¥: *m*) —
AL (T).

LEMMA 5.2. Let xo, X1, ..+, Xk, Y0, Y1, - - - » Yk € C. Then

14
p
yP=Z(m>xm (p:()’ls’k)
m=0

if and only if
X,y = Z(_l)mﬂ’(m)yp m=0,1,...,k)
p=0 p

PrOOF. Let (a)), (Bpq) be the lower triangular matrices defined by

(). ifp=gq;

Bpg = (=D ey and %pg = { i
0, if p <gq.

Then the product matrix (y,4) = (cq) - (Bpg) turns out to be the identity
matrix: For p < g, y,q = 0 clearly; for p > g > 0,

P—q '
ypq=2(qﬂ)< 1)/(“’) Z(— T

= Jtat(p—gq = !
p (P—4 p -
—1)/ = 1—1)P¢
9>§( )< j) (q)( )
_ 1, if p=gq;
_{0, if p>q.

Analogously, (By) - (apg) = (—=1)7™(apq), (Bpy) is also the identity matrix.
This of course implies the statement.
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For a complex sequence a and n, p > 0, put
by(n) = (" * p)A”a(n).
n

For a natural number k and a € t*(n*) we know that Zflo:() |b,(n)] < oo
provided p =0, 1, ..., k.

PROPOSITION 5.3. Let k, a and b, be as above. Then

!
m: m=0

1 - p m A (m) .
®) by(2) = Z(m)<z—1) am@), i ld <1,
(p=0,1,...,k)and
) %(z—l)'"a“")(z) Z( 1)”’"( )b @, i ld<1,
m=0,1,...,k).

PrOOF. We begin with proving (8). For a in t¥(n*), z € Csuch that |z| < 1
and0 < p <k,

P oo
=) (=1 (f) > (n : p)a(n +j) 2"

j=0 n=0

1 p (p o (02)
= — ZH)’( ) (Za(n + ) z"”)

p: j=0 J n=0

p 00 (p)
S () a2
j=0 J n=0

1 P AP P p . i . (m)
= Z(—l)-’( ) > ( )( Py (Za(n +J) z"*f)

P I/ o N n=0

1 <& . b .
2 () ()



STANDARD IDEALS IN WEIGHTED ALGEBRAS 315
"1 2\ — m
=2 —.< ) Z(—l)’( .)Z'"_’fl(’")(z)
—ymli\m s J

P
_ 1! <p>(z —1ymam (z).
m

m! =
So we have proved (8). Moreover, (8) is exactly the first equality of Lemma 5.2
fory, :==b,(z) and x,,, := (1/m!)(z — 1)™a"™ (z). Hence (9) follows now by
Lemma 5.2.

The above proposition allows us to obtain the image of the Gelfand trans-
form of ¥ (n*) almost immediately. Let ?ffk)’Jr(T) denote the (pointwise mul-
tiplication) subalgebra of A(D) formed by those functions f such that

(10) 1 —2)"f™ () e AT(T) m=0,1,...,k),

and provided with the algebra norm

k
(11) A=)l = D™ " llasm.

m=0

Note that the above condition implies that the value of each (1 —z)™ £ at
z=1,form =1, ...,k,isindeed 0, according to Corollary 2.3. In particular
we have that %l(k)’+(T) is a subalgebra of the algebra %l(k) (D) introduced in
Section 2.

THEOREM 5.4. The Gelfand transform is a topological isomorphism betwen
the Banach algebras T (n*) and %fk) ’+(T).

PrOOF. Ifa € t¢(n%) then (9) implies that a € %l(k)’+(T) and that the norm
of @ is dominated by a constant times the norm of a in t¥(n*). Conversely,
given an element f in %l(k)’+(T), if we take a(n) := f (n) foralln > O (where
f is the n-th Fourier coefficient of f), then (8) entails that a € t¥(n*) and
that the norm of a is dominated by the norm of f. This implies the required
isomorphism (and that %1(k)’+(T) is complete, in particular).

REMARK 5.5. The preceding results provide us with another way to show
that 7% (n¥) is a convolution Banach algebra. In fact, the multiplicative struc-
tures are not needed here in order to prove the underlined (topological) linear
isomorphism given in Theorem 5.4, for we can think of ¥ just as the Taylor
series mapping associated with the sequences of t*(n*). Since conditions (10)
and (11) yield by themselves, and automatically, a Banach algebra (that one
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denoted here by 7] ).+ (T)), and pointwise multiplication in 7] .+ (T) corres-
ponds to convolutlon in % (n*), the linear version of Theorem 5 4 is enough to
imply that T (%) is a Banach algebra. However, formula (7) or the introduction
of elements like I'*~! seem to be of interest in their own.

6. Standard ideals in Wiener-like algebras

In this section we show that closed ideals in 7¥(n*) with countable hull Z (1)
are standard, by following a discussion similar to that one of Sections 2 and
3. The role that the Korenblyum algebra played in Section 2 is to be played
here by the weighted Wiener algebra A (T) defined in Section 1. Recall that
F e A+(T) means that Z —0 |F(n)|(1 +n*) < oo, and that it is equivalent to
have F(f) € AT(T) forevery j =0, ..., k.

Put £VH(T) == (F € A} (T) : FO(1)=0, 0 < j <k — 1). Clearly,
ﬂl(k_l)’Jr(T) is contained in the ideal ﬂl(k_l) (D) defined in Section 2.

THEOREM 6.1. For every non negative integer k, we have

R A O A

PROOF. The fact that (1 — 2)ff e S5 DT if £ e %" (T) is an
obvious consequence of the Leibniz’ rule for derivatives.

Conversely, let F be a function of ﬂl(k_l)’“L(T). Take f(z) = F(z)(1 —2)7*
for |z] < 1. Then f is holomorphic in D. We are going to show that f lies in
AT (T). Fix r with 0 < r < 1. Then, for each n,

1 f(z) 1 F)

T = ) o = i ) G
1 Tm+k) ,
- "y
i ). ()ZF( T ¢
1 Ton+k)
1 g
27'[1 |zl=r ( )Z F( + 1) <

- Tm+h . o Te—m+k) .
_mgr( T fe—m= X:;)r(n—mﬂ)F(m)‘

On the other hand, we have

o0
. A m
FO@)=>"F(m) j! (j.)z'", lz] <1,
m=j
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forevery j =0,1,...,k—1.Hence 0 = FU(1) = j! 3" . I:"(m)(’;’).From
this we readily obtain that

oo
> Fm)P(m) =0
m=0
for every polynomial function P of degree strictly less than k. For every n,

take the polynomial P,(x) = (n —x +k —1)...(n —x 4+ 1). Then

n

* i F'n—m+k) ~
;If(n)l =;m§—m_m+l)ﬂm>'
= Z ZPn(m)I:"(m)‘ = Z - Z Pn(m)ﬁ(m)‘
n=0"'m=0 n=0 m=n+1
ad — C(m —n) -
zg (- 1m;+1 F(m—n—k+1)F(m)‘
oo ,m—1 F(m—n) R
= ;(; 'm—-—n—k+ 1)>|F(m)| =

. 1 (-
since Y ', % ~ Cr(m + k.

In short, we have shown, for all nonnegative integer k, that
(12) it Fes ""(T) and f=(1—-z2)F then fe AT(T).

To conclude, we must prove that (1 — z)" f™ e A*(T) for 1 <m < k. So,
fix m such that 1 <m < k and set f,, := (1 — )" f. Then, forz € T\ {1},

m - ' ' '
fn(2) = Z (’7)%(1 _ Z)—(k—m—i-j)F(m—j)
j=0 '

where F"=i) ¢ g/~ for j =0, ..., m. From (12) we have that each
(1 — z)~k=m+)) Fn=j) ip the finite sum belongs to A*(T). This means that
fm € AT(T), and so the proof is over.

The theorem enables us to perform the kind of argument given in Section 2
to conclude that the closed ideals of %l(k)’J“(T) can be described in terms of the
closed ideals of A; (T). In general the closed ideals of A;" (T) are far from being
completely understood, but we can determine them in some cases, see [2]. In
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the following result J(Q; €y, ..., &) has the same meaning as in Theorem
2.5, only that now the elements of J(Q; &, ..., €;) belong to %l(k)’Jr(T).

THEOREM 6.2. Every closed ideal I of %l(k)’+(T) has the form
I=G-D*y

for some closed ideal of A,:r (T) contained in ﬂf"il) ’+(T). Hence, if I has (at
most) countable hull then it is standard, that is, of the form

I =J(0;C,...,E).

PROOF. The mapping f — (1—2)*f, % T (T) — £5 7 (T) is clearly
continuous and injective, and is also surjective by Theorem 6.1. Thus it is a
Banach A,:“(T)-module isomorphism, so that J := (z — 1)*I is a closed ideal
of A,j (T) contained in ﬂl(k_l)’+(T). It follows that I = (z — 1) J.

Now assume that the hull Z (/) is at most countable. Then Z(J) is at most
countable as well, and therefore it is standard in accordance with Theorem 3.1
of [2]. It follows that [ is standard as in the statement.
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