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A NONCOMMUTATIVE GAUSS MAP

CALEB ECKHARDT

Abstract

The aim of this paper is to transfer the Gauss map, which is a Bernoulli shift for continued fractions,
to the noncommutative setting. We feel that a natural place for such a map to act is on the AF
algebra 2 considered separately by F. Boca and D. Mundici. The center of 2 is isomorphic to
C10, 1], so we first consider the action of the Gauss map on C[0, 1] and then extend the map to 2(
and show that the extension inherits many desirable properties.

1. Introduction and Notation

Florin Boca in [1] and Daniele Mundici in [6] separately considered an AF
algebra 2 that is associated with the Farey tessellation. The algebra 2l exhibits
many interesting properties, not the least of which is the connection between
9 and the unit interval [0, 1]. This connection is not merely topological, but
also number theoretic. We briefly explain this connection.

Let Z(2() denote the center of 2. As noted in [1], a general result of Bratteli
[2] shows that C[0, 1] = Z (). Moreover, the maximal ideal space of 9 is
homeomorphic (when equipped with the topology induced by Prim(2()) to
[0, 1] in a natural way [1, Corollary 12]. For each irrational 0 < 6 < 1, let
Iy denote the maximal ideal of 2 associated to 6. It was shown in [1], [6]
that %A/ Iy = [y, the Effros-Shen algebra, defined in [4], associated with the
continued fraction expansion of 6.

In other words, if we employ the topological decomposition theory of C*-
algebras and visualize [ as continuous, operator-valued functions on its max-
imal ideal space (a visualization which is usually “incorrect, but fruitful” [8,
pg. 91]), then each function evaluated at 6 takes values in the Effros-Shen
algebra . So it is not simply the topology around 6 that determines this
visualization, but also the continued fraction expansion of 6.

Given the close connection between 2l and the continued fraction expan-
sions of numbers in [0, 1], it is natural to try and extend important functions
from number theory (especially those related to continued fractions) to the
C*-algebra 2. The Gauss map might be the most fundamental such function,
hence we take it as our starting point
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Recall the Gauss map G : [0,1] — [0, 1] defined by G(0) = 0 and
G(x) =1/x—|1/x]if x # 0, where | -| denotes the greatest integer function.
One can think of G as the Bernoulli shift for continued fractions. Indeed,
given 6 € [0, 1] with continued fraction expansion 6 = [ay, as, ...] then
G(lay,az,...]) = las, as,...]. One can also recover the continued fraction
expansion of 8 by implementations of G and |- ].

We first consider the induced action of G on Z(A) = C[O0, 1]. First note
that f o G € C[0, 1] if and only if f is a constant function. Therefore we
will consider the “adjoint” action of the Gauss map on C[0, 1]. Let u denote
Gauss measureon [0, 1] definedby du = %, where d6 denotes Lebesgue
measure. Then G is p-invariant, i.e., u(G~'(E)) = w(E) for every Borel set
E C [0, 1] (see [5] for details). From this it follows that the map

Vo(£)0) = f(G®)  for feL*w),.0¢€l0,1]
is an isometry. A standard calculation reveals that

i} B ° 1 1+6
(1.1) VG(f)(Q)_S;f<9 +s)(9+s)(9+s+1)

and itis routine to verify that V3 (f) € C[0, 1] when f € C[0, 1]. We mention
that, symbolically, V is the Perron-Frobenius operator of G under p and refer
the reader to [5, Chapter 2] for details about Perron-Frobenius operators and
their connections to continued fractions.

Furthermore, if we embed C[0, 1] into B(L*(n)) as f +— JM '+ where

My (g) = fg,then
(1.2) Velly Vo = Mygy).

This defines a unital completely positive map, which we will henceforth denote
by G, on C[0, 1]. Then G is p-invariant, i.e.,

(1.3) ffdu /G(f)d,u forall f e Cl0, 1].

Furthermore G acts on the maximal ideals of C[0, 1] in the same way that
G acts on [0, 1]. Specifically, for each 8 € [0, 1] define the maximal ideal
Jo ={f € C[0,1]: f(6) = O}and fors € Nlet 6, = G~'(6) N [, 1)-
Then

(1.4) G(Jy) = Jy.

Hence we are looking for an extension of G to 2 that satisfies the natural
analogs of (1.2)—(1.4). Therefore, we must first consider what Gauss measure
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should mean on 9. Our first step is proving that every state on C[0, 1] has
a unique extension to a trace on 2 (Theorem 2.6). D. Mundici showed [7,
Theorem 4.5] that the state space of C[0, 1] and the space of tracial states on
A are affinely, weak* homeomorphic. But for our purposes, we will need the
extension property from Theorem 2.6.

For reasons that will become clear, we have to slightly modify the nat-
ural analogs of (1.2) and (1.3). In particular, we use Theorem 2.6 to define
two state extensions, ¢ and 7, of u and intertwine between these two GNS
representations to obtain analogs of (1.2) and (1.3). Let (74, L*(, ¢)) and
(¢, L*(2, 1)) be the GNS representations of 9 associated with ¢ and 7. Since
¢ and T are extensions of f, it follows that L>(u) € L2(2, ¢), L*(, t) and

Ty (2 = My forevery f € Z() = CIO0, 1].

This allows us to prove the main theorem:
THEOREM 1.1. There is a unital completely positive map G: U — Aand
an isometry Vg : L*(, 1) — L*(2, ¢) such that
(1) Glepo,) = G.
) 5(1@) = Iy, for each s € Nand 6 € [0, 1] (Ig € Max () defined in
(1D
(3) Velrw = Vo and Vil = Vi

(4) Viry(x) Vg = 7. (G(x)) for x € . Hence Vimy(f)Vel 2w = Mo
for f € C[0O, 1].

(5) ¢(x) = t(G(x)) forx € .
For the convenience of the reader, we briefly recall the construction of A

from [1]. Forn > 0 and 0 < k < 2" we recursively define positive integers
p(n, k) and g (n, k) as follows:

q(n,0)=¢q®n,2"), pn,0) =ph,2";
gn+1,2k)y =q(n, k), pm+1,2k)=pn, k) 0=<k<2"
gn+1,2k+1)=qn,k)+qn,k+1),
pn+1,2k+1)=pn,k)+ pn,k+1), 0<k<2m.

(1.5)

Thensetr(n, k) = ;’ Ezg . Then 2 is the inductive limit of the finite dimensional
C*-algebras
U= P Mo
0<k=<2n

with Bratteli diagram as in Figure 1 where the nodes of the nth row is labelled
with the numbers r(n, 0), r(n, 1), ..., r(n,2").
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FIGURE 1. Bratteli diagram of

For eachn > 0 let E, : A — %A, be conditional expectations such that
(1.6) E.E,. = E,E, forall n,m > 0.

The existence of such conditional expectations is guaranteed by Arveson’s
extension theorem, or since 2l is AF, one can construct such maps explicitly.
Furthermore for 0 < k < 2" let E(, 1) : A — My@ux S 2, be conditional
expectations, such that

(L.7) En,iEn = ExEqup for n>0 and 0 <k <2".
Note that for each x € U we have

(1.8) lim E,(x) = x.

We will use the following notation throughout: For a unital C*-algebra A, we
let

— Z(A) denote the center of A,
— & (A) denote the state space of A,
— 9 (A) denote the set of all unital traces of A.

M, denote n x n matrices over C,

— 1, the unital trace on M,, and 1,, € M,, the identity.

For § € QN[O0, 1] in reduced form we define

-—— —— a
Mg =M, Tei=T, € I (M,).
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2. State Extensions and Conditional Expectation onto Z (%)

In this section we will construct a conditional expectation from 2 onto Z ()
that preserves every t € J (). This will provide the key step in the proof of
Theorem 2.6.

DEFINITION 2.1. Letn > 0 and 0 < k < 2". Define 7, 1) € 7 () as

T, k) (X) = Tgn.k) © E@u,iy (X).

The following lemma is immediate from (1.6) and (1.7):

LEMMA 2.2. Forn > 0,0 <k <2"and £ > 0, we have

Tnk)y = Tn+e,2h)-

ProPOSITION 2.3. Let x € 2. Define the function f, : QN [0, 1] — Cas
2.1 fir(n, k) =t ) for n>0and 0 <k <2".

Then f, is well-defined and extends to a continuous function on [0, 1].

PrOOF. If r(n, k) = r(n', k') with n’ > n then there is an £ > 0 such that
n' =n+ £ and k' = 2°%. Hence f, is well-defined by Lemma 2.2.

Letn > 0and 0 < k < 2". By the relationships defined in (1.5), the
following function is continuous and piecewise affine on [0, 1]:

0 if0<0 <r(nk—1)
g0 B@Gn k=10 e k1) <0 < r(n k)
By (8 —pn,k—1))
(n,k) =
q(n, k)(p(n, k+1) .
C g k+ 1)) ifr(n,k) <0 <r(n,k+1)
0 ifrnk+1) <0 <1

We first let x € 2, C U and prove that f, extends to a continuous function
on [0, 1]. Suppose first that 0 < 2k 4+ 1 < 2" and E(, 2¢+1)(x) = x. Without
loss of generality suppose that 7, 2t+1)(x) = 1. We show that f, = B, 2+1).

It is clear that fy|[o,rm,26)]ur(n,2k+2),1] = 0. We now show by induction on
£ > 0 that

(22) (VL= 0)(V22k < j <2°Qk +2)(f:(r(n + £, j))
= Buu+)(r(n + ¢, j))).
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For¢ = 0, we have f,(r(n,2k+1)) = 1 2k+1)(x) = 1 = Bpok+1y(r(n, 2k +
1)). Suppose now that (2.2) holds for £ > 0 and prove (2.2) for £ 4 1.
If j = 2i is even, then
fer(m+L+1,20) = tpqe41.20(X) = Tgen(x) = fx(r(n+ £, 1))
= Buok+1)(r(n +€,1)) = B+ (r(n + €+ 1, 20)).
Now suppose j = 2i 4 1 is odd. Since B, 2x+1) 1S piecewise affine and due to
the relationships in (1.5) we obtain,
B(,,)Zk“)(r(n + L + 1, 2i + 1))
_ qn+¢,i)
T g+ e4+1,2i+1)
gn+4e,i+1)
gmn+L€4+1,2i +1)
gn+2,i) gn+£L,i+1)
= - Tute.i)(X) + -
gn+L£4+1,2i +1) gmn+L4+1,2i +1)

= Tnte+12+) (%) = fe(r(n + €+ 1,2 + 1)),

Buoksny(r(n +£,1))

Buokn(r(n+4£,i+1))

Tie,i+1)(X)

This shows that (2.2) holds, hence f, extends to a continuous function on
[0, 1].
Now suppose that 0 < 2"k < 2" with k odd and E;, »nx)(x) = x. Then,

X = E(—m,)(*) — Er—m+1,2k=1) (X) — E(a—mt-1,2641) ().

So, by the first part of the proof it follows that f, is continuous.

When x isequalto 1 §0d --- d0or0d--- 0 1 € ¥, the proof
that f, is continuous is exactly the same as above, so we omit the proof. This
shows that for every n > 0 and each x € %I, that f, is continuous. Moreover
note that the linear map x > f, defined on [ J,;-, %, is contractive, hence f
is continuous for every x € 2.

REMARK 2.4. We note that the piecewise affine functions B, x, appearing
in the proof of Proposition 2.3 are precisely those that appear in the proof of
[6, Theorem 3.3] computing K ().

As mentioned in the introduction, we have Z () = C[O0, 1]. We now con-
struct an explicit isomorphism. For each n > 0, define &, : C[0,1] —
Z,) C Aby

(2.3) L= @ @ k)l

0<k<2"
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By [1, pg. 977], for each n > 0 we have max{|r(n,k) —r(n,k+1)| : 0 <
k <?2"} =1/(n+ 1). Hence for m > n we have

122 () = Zn (Ol < sup{l£©) — (O : 10 —0'| < 1/(n+ D}.

Therefore Z, (f) is a Cauchy sequence in 2( because f is uniformly continuous
on [0, 1].
Define & : C[0, 1] — A by

2.4) Z(f) = lim Z,(f).

THEOREM 2.5. The map & : C[0, 1] — ZQ) is a *-isomorphism. More-
over the map Ez : A — Z(A) defined by

Ez(x) = Z(fx)
is a conditional expectation such that

(2.5) t(Ez(x)) =1(x)  forevery T eI ).

PrOOF. By (2.4)itis clear that & is a *-monomorphism, and since Z, ( f) €
Z () for each n > 0, it follows that Z(f) € Z(A). We now show that & is
surjective. Letn > O and y € 2,,. Then

(2.6) y€ZQ,) ifandonlyif y= @D w0 lgmn-
0<k<2"

Let x € Z(2). By (2.1) and (2.3) it follows that

gn(fx) = @ T(n,k)(x)lq(n,k) € Z(an)

0<k<2"
Since x € Z(), it follows from (1.8) that
lim dist(E,(x), Z(2,)) = 0,
from which we deduce by (2.6) that &, (f,) — x. Therefore

2.7 E2(x) = Z(f) = lim Z,(f,) = x.

This shows that & is surjective and also that Ez is a conditional expectation.
We now show that E; preserves every trace of 9. Let t € J (). By (1.8) it
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follows that 7 is the weak*-limit of 7 o E,,. Since 7 o E, |y, € I (2,), there is
a convex combination of scalars (A, k))o<k<2+ such that

TO En = Z )\(n,k)f(n,k)-
0<k=<2n

It follows that I () equals the weak* closure of the convex hull of the set
{ti 1 n = 0,0 < k < 2"}. Therefore, we only need to check (2.5) for the
traces 7, ). To this end, let x € 2 then

T(n,k)(x) = fx(r(n’ k)) = T(n,k)(gn(fx))

(2.8)
= Ty (Z(f2)) = T (Ez(X)).

THEOREM 2.6. The restriction map T +— T|zw defines a weak® homeo-
morphism from I (A) onto F(CI0, 1]). In particular, every state on Z () has
a unique tracial extension to .

ProOF. Injectivity and weak*-continuity of the inverse both follow from
(2.5). By (2.8) it follows that the restriction of 7, &) to Z(2) = C[0, 1] is the
Dirac measure §y,(, 1), which shows surjectivity.

3. Ideals of 2 and traces of A

DerINITION 3.1. Fix 0 € [0, 1]. Define ‘L’5I € J () as the unique tracial
extension of the Dirac measure 89y € ¥ (C[0, 1]) given by Theorem 2.6.

For each 6 € [0, 1], we recall the maximal ideals Iy C 2 defined in [1,
Proposition 4]. The following is a consequence of the proof of [1, Proposition 4]
and the correspondence made in Theorem 2.6.

COROLLARY 3.2. Fix 6 € [0, 1]. Then

(3.1) Iy ={xeU: rgt(x*x) =0J.

Fix ’q’ 22113 = f € QN (0, 1) in reduced form. We define the *-homomor-
phism
(3-2) ﬂg:?l—)Mg

as “evaluation along the path r(n, k), r(n + 1,2k),...,r(n + £, 2k), ... in
the Bratteli diagram?” Specifically, we have

e (x) = lm Eg,qp 008 (x) for x € .
q {— 00
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It then follows from [1, Proposition 4.(ii)] that, ker(ng) =1 L. We note that

(3.3) i (x) = T (ng (x)) forevery x € 9l.

4. Construction of G

In this section we construct our noncommutative Gauss map G: A — 9. Let
s > 1.Asin [1, (3.1)] we define

el AN

By Theorem 2.6 and Section 3 we have

4.1) fszker( D ng).

1 _»r 1
s+1 <q€Q<x

For each s > 1 the Bratteli diagram of 2(/_#; is the subdiagram of the Bratteli
diagram of 2( obtained by deleting all of the nodes

{fr(n,k):r(n, k) ¢[1/(s+ 1), 1/s]} U{r(n, k) : n < s},

and deleting all edges connected to any of these nodes. See Figure 2 for the
Bratteli diagram of 2/ _%,.

M3 M>

W=

FIGURE 2. Bratteli diagram of 2/ %,

For each s > 1, define the homeomorphism g, : [0, 1] — [1/(s + 1), 1/s] as
J(6) = ——,
&) 0+s

and recall that these maps are the building blocks for the commutative Gauss
map G : C[0, 1] — CJ0, 1] defined in (1.1). Then consider the induced iso-
morphism

(&)« : C[1/(s +1),1/s] = C[O0, 1] defined by  (g,)«(f) = f o gs.
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Since our goal is to extend G to a map on 2, we first consider extensions of
the maps (gs). as maps from 2/ _%; into 2. Unfortunately, there is no hope for
these extensions to also be isomorphisms. Indeed, by considering the Bratteli
diagrams of 2 and 9U/_%; it is clear that Ko(?) = Ko(2U/_ %), but there is no
unit-preserving, positive homomorphism that implements this isomorphism.
Hence A 2 A/ .

We do the next best thing by defining a (non-unital) *-monomorphism
Hy : A — A/ g and a unital completely positive (UCP for short) map
Gy : U/ # — A such that GyH; = idy, and such that G is an extension
of (gs)«. More importantly, the maps G; and H; will provide a nice relation-
ship (see (4.9)) between I (%) and T (A/ &).

Before constructing our maps, we pause to outline our strategy for extending
the maps (g;)«-

We consider the case s = 1. The map g; shrinks [0, 1] in half and then
flips it. We want to mimic this action on the Bratteli diagrams of 2 and 2/ _#,
(see Figure 3). For example, gl(%) = %, so we would like to construct a
unital, completely positive map T : M, — M3 such that induced map T :
L*(M>, 15) — L*(Mj3, 13) is an isometry. But any map 7 that satisfies these
conditions is necessarily a unital *-homomorphism; an impossibility.

This is essentially the reason why we must consider another non-tracial state
extension ¢ of u in Theorem 1.1(5). Consider the state w € & (M3) defined
by

200
wXx)=1 0 % 0|x
0 0 O

and the *-homomorphism 7' : M, — M3 defined by

o[

Let S : Mz — M, be the cutdown map such that ST = idy,,.
Let T denote the induced map from L2(M,, 1) into L2(Ms, ). Then T is
an isometry and

T*7,(0)T = 7,,(Sx)  for x € Ms.

So, our plan is to construct maps on 2 and 2/ _#; built up from maps similar
to the maps T and S, that are as close to trace preserving as possible, and then
to take an inductive limit.

We now turn to the construction. For n > 0, let A, € Mau+14111(Z") be
the transition matrices for the connecting homomorphisms from 2(,, into 2,11
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such that
A = lim(?
4.2) A = LMy, Ap)-
For example we have,
1 0 0
1 0 1 1 0
A() = |:1 1:| € M3’2, A1 =10 1 O (S M5,3,
0 1 0 1 1
0 0 1

In an effort to keep notation to a minimum the matrices A, will stand for
both the transition matrices for the connecting homomorphisms and for the
homomorphisms themselves. For n > 0, we define

Q/In= P M_v = B Mewi)

p(n.k)+sq(n,k)
0<k=<2" 0<k=<2"

By the description of the Bratteli diagram of 2(/_%; (see also Figure 2) given
above it follows that

(4.3) A/ Jy = m(QL/ F)ns An)

Let £°°(s) denote the s dimensional, commutative C*-algebra. Consider the
C*-algebra,

() @A = li_r)n(ﬂoo(s) ® Ay, idgo(s) ®A,)

Define S=[1 1 ... 1]e€ M;,.Itiseasy to see (using only the fact that
An € M2n+l+1’2n+1(z+)) that

Ay S®1py ) = ® Iy )1 ® Ay forevery n > 0.
Hence, for each n > 0 we are able to define a *-homomorphism

o () QU = P ¢ (5) ® Moy — Mo = /I
0<k<2n 0<k<2n

given by the transition matrix S® lony1 € M4 @n41) such that the following
diagram commutes for every n > 0:

QI —2—— QP

(4.4) 4 JKHI

£°(s) @ Ay — 2B 5 120(5) @ Wyiyy
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Leter, ..., e; € £°°(s) denote the standard basis. For each n > 0 define the
UCPmap V, : (A/ %), = £>¥(s) ® 2, by

V,(x) =0, (Z on(e; ® 1y, )xo,(e; ® 1«21,,))

i=1

Define ¥, € #(£>°(s)) by

Vs <i aiei) = % ioﬁ-
i=1 i=1

It now follows from (4.4) that the following diagram commutes for all n > 0:

QU/I)n < A/ I n41
oy Va O+l \Z
(4.5) 2(s) ® U, L&A, 0°(5) ® Upp 1
1,®idy, | | ¥s®idy, 1,@idy, | |¥:®idy,,,
A Ar Ay 1

Furthermore,
(4.6) (s ®idy,) o V,, 00y 0 (15 @ idy, ) = idyy, forall »n > 0.

Now, let x € Mp(nk) CcUA,andy e M__gon  C (A/ F)n. Set p = p(n, k)

q(n,k p(n, k)+Aq(n k)

and g = q(n, k). Then by basic properties of the trace it follows that
4.7)
r%w (Gn(ls ® x)y)

= ijr’—sq (Un(ls ®x) Zan(ei & l?In)yUn(ei ® 1‘?1,,))

i=1

- pj—sq s ® ”( (G"(l ® x) ;Gn(et ® Ly, ) you(e; ® 10{,,)))
= p+ v ® 2 (1, ® ) Va(y))

= » j—qsq Tf (x(llfs ® idy, (Vp (y))))
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We now let VS : A/ #; — Abe the inductive limit of the maps (¥, ®idy, ) o V,,

which is well-defined by (4.5). We also let o, : A — 2A/_# be the inductive

limit of the maps o, o (1; ® idy, ), which again are well-defined by (4.5).
Figure 3 displays the mapping &, in terms of the Bratteli diagrams of 2 and

A/ Hr.

—o
—

-
—

1
15U — AL
_ "

FIGURE 3. The map o,

Setm = @%<ﬁ<l g and identify 9/ _#; with 7 () by (4.1). By the Choi-
Effros lifting theorem in [3], there is a UCP lifting ® : 9/ %, — 9 of . Then

let ~
Gy:=Viomr:A—A and H,:=doa,:A— .

By (4.6), it follows that
G,H; = idy .

It is also routine to verify, using the definitions of o, and V,,, that
(4.8) G,(xH;(y)) = Gy(x)y forevery x,y €.

By (4.7), we have the following relationship for every x, y € 2, and g €
QN[o,1]:

Tty Hs (03) = Tl (Hi(0)y) = T (7_o (H;(x)y))

sq
pP+sq

= > iqsq T (ﬂg(sz () =

= 58 (P/)T; (xG, ().

T3 (xGy(y))

Therefore, by Theorem 2.6, for any 6 € [0, 1] we have
(4.9) 7, 0 (H; (X)) = 58,(0)7,' (x G, ().
Therefore, by Corollary 3.2, it follows that for any 8 € [0, 1], we have

(4.10) Gs(Ig,0) = Io.
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Moreover, by the description of Z(2() given in Theorem 2.5 and (4.9) it is
clear that

4.11) Gs(f)=fogs forevery f € C[O, 1].
For each s > 1, define f; € Z() = C[0, 1] as

0+1
O+s)O+s+1)

(4.12) fs(0) =

Let us now define G : 9 — 9 as
o0

(4.13) G(x) =Y G,(x) fi
s=1

5. Proof of Theorem 1.1

In this section we will prove the five assertions from Theorem 1.1. First note
that Theorem 1.1(1) follows from (1.1) and (4.11), and (2) follows from (4.10).

First define ¢y := rg‘. Then, let 6 € [0, 1] with YJ%] <6 < % for some
s > 1. Then define

do(x) = T (Hy (1) ') (Hy (1)x) = iergl(Hs(l)x) forevery x € 9.
A

Recall that Gauss measure p on [0, 1] is defined as the probability measure
du = %, where d6 is Lebesgue measure. Let ¢ € () be the direct
integral of the states ¢y over u, i.e.,

1
¢(X)=/O Po(X)dp(0).

Let € J () be the unique tracial extension of x provided by Theorem 2.6.
By uniqueness we have

1
T = / 7' d (o).
0
Notice that for every f € C|[0, 1] and x € 2, we have

(5.1 do(fx) = f@)p(x) and 7,'(fx) = f(O)7} (x)

It also follows from (5.1) that ¢ restricted to C[0, 1] is Gauss measure .
For any state » € % (20), let (L2(2(, /), my ) denote the GNS representation
of ¥ and (-, -) the inner product on L>(, ). For x € ¥, we will denote
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by xy the image of x in L?(%, ¥) and denote by 2, the dense subspace of
L?(2, ) consisting of the Xy
By the definitions of ¢ and 7, we can decompose

1 1
L2(91,¢):/ L*(, ¢p)djn(0) and L2(91,z):/ L*Q, tHdu ).
0 0

Furthermore, by (5.1) we have
L*([0, 1], w) € L*(A, ¢) and L*([0, 1], ) C L*(Y, 1)

via the identifications
1 1

(5.2) fZ/ S(O)1p,dp(9) and fZ/ FO) 1 wdn(0)
0 0

for f € L?(w).

We now define an isometry ‘70 : L2, 1) — L%(%, ¢) that satisfies (3)—
(5) in Theorem 1.1. As short hand notation, for each vector n € L2(2(, ¢) and
Borel set E C [0, 1] we will write

1
nlg ::f 1(6)d1(6) 6/ L2, ¢9)dn(6)
E

0

For each s > 1, define operators on 24 and 2, respectively as

(53)  H(x) = Hy (041 and G (xg) = (G,(x) fo)--

Gl
Clearly these maps are contractive, so they extend to operators on L2(2, ¢)
and L%(%, t) respectively. Now define

o

Vo = WOT — > H.

s=1
We now show that \7G is an isometry. Let us first recall f; from (4.12) and note
that

o0
Zfs(e) =1 forevery 6 € [0, 1].
s=1

We will implicitly use this fact throughout the rest of the proof of Theorem 1.1.
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Let du denote Lebesgue measure. Then

(Vo (xo), Vo (o)

1
s

=Y | ¢e(H(x)" Hy(x)) dp(0)
s=1

1
s+1

e} 1 1
=) / — 7 (Ho(x"x)) du(6)
s=1 H]TI S9

=Y [ L6t du) Gy @)
s=1 " s+1

1 1, u+1 du
(5.4) :—2/ o (x*x) (withu = L —)
1n2S:l 0 uu+s)u+s+Du+1

1 o]
= /0 rj‘(x*x)(z fs(u)) dps(u)
s=1

= (X7, X¢)z.
We now calculate \76* Let x, y € U, then
o Ll
(Vo (x0), ypho = Z/] $o(y* Hs (x)) du(6)
s=1 "% s+1

1

=> / 5T O H, () dp®)

We now show (3). By (5.2) let f = fol fO)1,du@) e L?(uw) C L*(%, 7).
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Then
- © 1
Ve (f) = 2/1 f (5 —s) (Hs(1)g, dpu(6)
s=1 % s+1
:Z/S f(l—s> 1y, du(6)
s=1 94%1 o
(5.5) = foG e L%, ¢).

Similarly, one shows that VG* |, = V. This proves (3).
We now show (4). It follows from the definition of G, that for every s > 1
we have

/[ _ L2(U. ¢9) du(9) C ker(G,)

s+17s

From this and (4.8) it follows that for every x, y € 2l we have

Vo) Ve (o) = Vg (Z(M(y)»lm,;])

s=1

= Z(GS(XHs(y))fs)r

s=1

= _(G)yf)r  (By (4.8))
s=1

= 7. (G(x))y:.
By (5.5) we have Vg (1,) = 14, from which it follows that

P(x) = (x4, 1g) = (x4, Vo(10)) = (G(x)z, 1) = T(G(x)).
This proves (5) and finishes the proof of Theorem 1.1.
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