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POINCARE TYPE INEQUALITY FOR DIRICHLET
SPACES AND APPLICATION TO THE
UNIQUENESS SET

KARIM KELLAY*

Abstract

We give an extension of Poincaré’s type capacitary inequality for Dirichlet spaces and provide an
application to study the uniqueness sets on the unit circle for these spaces.

1. Introduction

Let D be the open unit disk in the complex plane and let T = 9D be the unit
circle. For 0 < « < 1, the Dirichlet space &, consists of all analytic functions
f defined on D such that

. £ (@) — f)I” |dz] |dw|
@“(f)'_/T T lz—w|H* 27 2% =

The space Z, is endowed with the norm

112 = | £ O)* + Do (f).

By [7], this norm is comparable to

Y IF P+ 0

n>0

The classical Dirichlet space &, is a subspace of the Sobolev space W'2(D),
defined as the completion of €!(D) under the norm

2
IFIP = +/ IV F (P dAG),
D

/ f()dA(z)
D
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where dA(z) is a normalized Lebesgue measure. Note that the restriction of
this norm to &, becomes

112 = 17 O)P +f FQRdAR),  fed,
D

which is equivalent to the norm of &;.

Given f € W!2(D), we write Z(f) = {z € D: f(z) = 0}, the zero set
of f in D. The Poincaré capacitary inequality in W!(D) gives the precise
asymptotic behavior of the constant in Poincaré’s inequality [14], [19], [9], [1]
(see also the paper [12] by Maz’ya and the references there). More precisely
there exists a constant ¢ > 0 such that

(1) f |f (@I dA(z) < / IV f(2)]* dA(z),
D D

<
cap,(Z(f))

forall f € W-2(D), ||V fll» # 0, where

cap,(E) = inf{/ IVo|*:9p € C¥(D), ¢ > 10n E}
D

and C{° (D) is the set of all infinitely differentiable functions of compact support
in D. Our main result in this paper is to establish a Poincaré capacitary inequal-
ity for functions in the Dirichlet spaces with the zero set is contained in T (see
Theorem 2.2). We provide a sufficient condition for a set to be uniqueness set
for Dirichlet spaces (see Theorem 3.1).

Let X be some class of analytic functions in D and let E be a subset of T.
The set E is said to be a uniqueness set for X if, for each f € X such that
f*@) :=lim,;_ f(r&) =0forall ¢ € E, we have f = 0.

It is clear that 9, is contained in the Hardy space H?. So each function
f € %, has non-tangential limits a.e on T. It is known that every set £ C T of
positive Lebesgue measure is a uniqueness set for all functions of bounded type
in D (and therefore, for H?). Carleson [4] proved that a closed set of Lebesgue
measure zero £ C T is a uniqueness set for the Lipschitz class if and only if
E is not a Carleson set (logdist(-, E) ¢ L'(T)). He also proved in the same
paper that if E is not a Carleson set under capacitary condition (in particular E
has a positive C,-capacity for some s > 0), then E is a uniqueness set for the
classical Dirichlet space. Khavin and Maz’ya [9] have proved that there exists a
set of uniqueness of C;-capacity zero for any s > 0 for the classical Dirichlet
space. The proof of Khavin and Maz’ya is based on Poincaré’s inequality
in the Sobolev space (1). However, the Khavin-Maz’ya Theorem does not
allow to deduce the Carleson Theorem. Here, we give a generalization of
Khavin-Mazya’s result which works for &, spaces, 0 < « < 1, and from
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it we deduce Carleson’s result. Our proof is based on a local Poincaré type
capacitary inequality in Dirichlet spaces (see Theorem 2.2).
2. Poincaré’s capacitary inequality

2.1. Capacity

We begin with the definition of the classical capacity [5], [8]. We define the
kernel on T by

[1—¢|7%, O<a<l,

ko (€) =
© {Ilogll—ill, a=0.

Given a probability measure u on T, for 0 < o < 1, we define its «-energy by

Iy () = // ke (£8) dp(§) du (o).

Given a Borel subset E of T, we denote by Z(E) the set of all probability
measures supported on a compact subset of E. We define its C,-capacity by

Co(E) = 1/inf{ly(1): n € P(E)}.

If « = 0, Cy is called the logarithmic capacity. Note that for a set £ C T,
Cy(E) > O means that there exists a Borel positive finite measure p supported

by E with finite energy S
Z l(n)l
. <00
n

n>1

Now we define the L?-capacity introduced by Meyers [13] see also [1], [2].
For 0 < o < 1, the harmonic Dirichlet space &, (T) consists of all functions

f € L*(T) such that
Du(f) <00

with the norm

A1, @ = 1 1E2q) + Zu(f).

This norm is comparable to

S IFIPA + ).

n>0

We have kT—\% (n) ~ |n|=% as n — oo and so llki—¢ * fllo is comparable to
| £llL2qr) for all £ € L2(T). Hence

Do(T) = {ki_s * f: f € LX)}
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For any set E C T we define the C, > capacity by
Con(E) :=inf{|| fll{s: f € LX(T). f =0, kj_z  f > L on E}.
This capacity is comparable to
inf{ || f15,m: f € Zu(T), f =0, f>1onE}.

Furthermore C, »(E) is comparable to the classical capacity C;_,, where the
implied constants depend only on «, see [13] Theorem 14, [1] Theorem 2.5.5.
We finally mention the results of Beurling [3] and Salem Zygmund [8], [5],
[4] about the boundary behavior for the functions of the Dirichlet spaces: if
f € Dy, wewrite f*(&) = lim,_,_ f(r&), then f* exists C;_,-q.e on T, that

" Ci_o({¢ € T: f*(¢) does not exist}) = 0.

Note thatif E is a closed set such that C1_, (E) = 0, then there exists a function
f € 9, with f*(¢) = 0on E (see [4]).

2.2. Poincaré’s capacitary inequality for the Dirichlet spaces
Let I, J be two open arcs of T and f be a function. We set

— 2 d d
Dap) = [ [ L]

1J7 |z—w|1+°‘ 2w 2w ’

and
gl,oz(f) = @1,1,a(f)-

We begin with a simple extension lemma.

LEMMA 2.1. Let0 <y < landlet I = (e, ¢") with 6 < ym/2. Let
f € Dy, then there exists a function f coincide with f in I and such that

(2) D1.o(f) < cD1a(f),
where J = (e 219/0+7) @20/04Y)y and ¢ an absolute constant.
Proor. Let f be such that
f(eit) eit c I,
J'F(eit) — f(ei%) el e L = (eié’ e2i9/(l+y))’
f(efi%) el e R = (efzie/(lw)’ efié))‘
We write

D1a(f) = D1a(f) + Dra(H) + Do) N 3
+2911.0(f) +2D1Ra(f) +2 DLra(f).
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Ifu,ve (21(:2;)9 9) then m > |2u — 2v| > |u — v|. By change of variable,
we get

0 9 ; oy (2
~ [f(e") — f(e™)]” du dv
Dro(f) = 4/M, o Sy €iG0-20) _ giGo-20)[14a 25 2

2(1+y) 2(14y)

@I Ol(f)

The same inequality holds for P 4 ( f~ ).

Ifue (2‘(;”)9 0) andt € (—6,0), thenw > 30 —2u —t > |u — t| and

it iuy|2
@mm—z// @) = S dvdl 5 5.

143y g |ezt 61(39 2u)|1+ot 27-[ 2
2(1+y)

The same inequality holds also for & g 4 ( f ).
Ifu € (57:56,6) and v € (=6, — ;Jj;)e) then 7w > (30 — 2u) + (36 +
2v) > u — v and

D g, (f) = 4/ / i | f(e™) — f(e™))> dvdu
143y g

|el(29 2u) __ e 1(29+2v)|l+a 27T 27-[

2(1+y)

< 49D1a(f).

Hence (2) is proved.

Given E C T, we write |E| for the Lebesgue measure of E. We can now
state the main result of this section.

THEOREM 2.2. Suppose that 0 < y < l. Let E C Tand f € D, be
such that f*|E = 0. Then, for any open arc I C T with |I| < ynm and any
0<B<a,

cl1|“=f
|:|I|/|f(§)||d$|:| = m@mx(f),

where c is a constant depending only on 8 and y .

PrOOF. For simplicity, we will assume that I = (e~%, ¢%) with§ < y /2.

Let J = (e~ 210/047) [ @20/(41)) g = Zfliyy)ethe midpoint of (8, 26/(1+y))

and I, = (e~'%, ¢'%). Let ¢ be a positive function on T such that supp ¢ = 1,,,
¢ =1onl and

19 (2) — ¢ (w)l <mlz—w| z,weT.

where ¢, is a constant depending only on y.
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Now let fbe the function given in Lemma 2.1 and set

eT,

F(2) =¢(z)‘1

with
1 ~
= — acl.
|Jlfjlf(é“)ll ¢l

Hence FF > 0, Fign;y = 1 C1_4-q.p and thus Fign; = 1 Ci_g-q.p, since if
Ci—«(A) =0, we have C1_g(A) = 0. Therefore,

) Cpa(ENT) ~inf{lgll3,q:g > 0,8 >1Cpr-qpon ENIJ
< sl FliZ,m

where ¢ is a constant depending only on 8.
In order to conclude, we estimate || F ”2@;; ™ First,
“) ,
IdZI |F(z) — F(w)|” |dz] |[dw|
IF 15, =/|F( i —
T

lz —w/'*f 27 2m

< [ m 17 >||2'dz' +f |F(2) — F(w)P d2] |dw
) ;7 lz—w|tE 27 2x
+—/ / m — | F )P ldz| |dw]
zeT\J Jwel, |z — w|!th 27-[ T
:27'rm2 E W
By (2),
5)

~ 1 ~ ~ 2
A:=f|m—|f(z>||2|dz| = 5 [ | [a7en - 17@piaci[az)
’ 7 1,

TreN T2
/If(()—f(Z)l Id;“IIdZI<c/ |f@)ﬁldﬂldd

IJI PNt B

< C1|J|a_ﬂ91,a(f) <alll* P2 4(f),

for some constants ¢y, ¢; independent of 8 and y.
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If (z, w) € J x J, then

|F(z) — F(w)|
=‘¢(z)(‘l— 7o) _‘1_ Fw)l )+(¢(z)—¢(w))‘l— If(w)IH
m m
1 — ~
< L@ - Fay+ 2B '| Tl
m m |J|
1 Ccy |z —w]
< L) - Fa+ 2B /If({)—f(w)lldél
m m |J|

So, by (2) again,

|F(z) — F(w)l2

2
/ 1f@) = f(w) [EACO R ACO T

|Z— |1+ﬂ

2
+m2|;|4/1/;</J|f(§)—f(w)||d§|> 1z — w|'P|dw||dz|

- 2+2€§/ 17 ©) — Faw)P?
B 7y

m2 |é- _w|1+/3

(6)

C
ld¢ || dw| < m—32|1|“-ﬂ@1,a<f),

with ¢3 is a constant depending only on y.
Finally,

ry 2
m — w
c;=/ / I = O, 4w
zeT\J Jwel, |z — w

C4 ~ 2
< i [ = 17w Pldul
IV

2
» = | 17© - Fena) 1au
Cy ~ ~ 2
< |J|—1+ﬂ/ | 170 = FanPidc iau,

. 2
// |f@) J;ff;” delldw] < eslT1“ Py, (f),
JxJ

with ¢4, c5 independent of y, 8.
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By (5), (6) and (7), we see that

®) IFIIS,m < III” P Do (1),

with ¢ depending only on y. Since

d
|II/If(’;‘)II £l,

combining (3) and (8), we get

Cﬂ,Z(EﬂI)§C|:|I|/|f(§)||d§|:| 1P Do (),

where ¢ depending only on g8 and y, and the proof is complete.

3. Set of uniqueness for Dirichlet spaces

A special case of the theorem (8 = 1 in Theorem 3.1) was obtained by Khavin
and Maz’ya [9] for the classical Dirichlet space (¢ = 1). Here we give the
generalization of their result in the Dirichlet spaces, including the classical
case.

THEOREM 3.1. Let E be a Borel subset of T of Lebesgue measure zero. We
assume that there exists a family of pairwise disjoint open arcs (I,) of T such
that E C |, I,. Suppose that there exists 0 < < o such that

|1+Ot B

Z|IH|10 = —0Q,
Ci_s(EN1,)

then E is a uniqueness set for &,.

ProoF. Since |E| = 0, we can assume that there is ¥ € (0, 1) such that
sup, |I,| < ym.Let f € &, be such that f*|E = 0. Weset & = Y |],].
Since (/,) are disjoint, C;_g is comparable to Cg . Then Theorem 2.2 and
the Jensen inequality give

2_/ . log | f(§)Idé|

n

1 2
§Z|In|1og(|1|/1 If(é)ldél)

c|L,|*~*
Lilog( —" g, .,
s? "’g(cl_ﬁwmn) I, (f))




POINCARE’S INEQUALITY AND UNIQUENESS SET 111

|1+a B

14
= Z lllog == e Ty fZ 10g(c P, o (f))

|n|l+a B

c
< Z|I |10g —EN T +flog<j2n:91n,a(f))

|1+ P
< I|log——— 4+ 1 — .
E | |OC1,3(EmI)+ og ||f|| —00

By the Fatou Theorem we obtain f = 0, which finishes the proof.

The following result was obtained by Carleson [4] for the classical Dirichlet
space. A generalization of his Theorem was given by Preobrazhenskii in [16]
and by Pau and Pelaez in [15] for the Dirichlet spaces &, with 0 < o < 1.
Here we give another proof of this generalization.

COROLLARY 3.2. Let E be a closed subset of T of Lebesgue measure zero.
Let0 < B < o < 1. Assume that there exists m > 0 such that for each interval
I C T centered at a point of E,

)] Cip(ENT) = m|l|.

Then E is a uniqueness set for D, if and only if

(10) Y llog|l,| = —oo

where (1,), are the complementary intervals of E.

PrOOF. Note that ./ (D) := Hol(D) N €!(D) C %,.If E is a uniqueness
set for 9, then E is a uniqueness set for .«/' (D) and thus E is not a Carleson
set [4], i.e. E has Lebesgue measure zero and satisfies (10).

Conversely, we write T\ E = |, I with I = (e%*, e!®+1). Let Jo (resp.
Jok+1) be the open arc of length |I;| with midpoint ¢’®* (resp. e%*+1). By Vitali
covering lemma, there exists a sub-collection (J;'); of (Ji)x which is disjoint
and satisfies | J, /i C 3, Ji- Hence,

> 1ellog | = —
k/

Let F = E (\(Uy Ji') be the subset of E contained in |, Ji-. The set F is a
Borel set and, since F N Jy = E N Jp, by (9),

Ciop(F N Ji) = m|Jp.
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Then for 0 < 8 < @ < 1, we obtain

|l+a B

[Jr
Zukwlog eI S —ﬁ);ukfuogum—1ogm;|fkf|
= —o0.

By Theorem 3.1, the set F is a set of uniqueness for &, and so does E, which
finishes the proof.

REMARK 3.3. 1. A function ¢ € %, is called multiplier of 9, if &, C 2,
and we denote the set of multipliers by .#g,. Richter and Sundberg in [17]
proved that a set E is a zero set of Dirichlet space & if and only if it is a
zero set of # g, . On the other hand if ¢ € #g,, then by Stegenga’s result [18]
Theorem 2.7.c, we have Z; 1 (¢) = O(Co(1)), note that Cy(7) =< |log I~

2. Khavin and Maz’ya in [9] have constructed a set of uniqueness E for the
classical Dirichlet space such that C1_g(E) = 0 forevery 0 < 8 < 1. On the
other hand, Carleson in [6] has constructed a zero set E which satisfies (10)
and E N [ has a positive logarithmic capacity for all arcs such that E N[ # @.
As in [9], we can construct a closed set E which is a set of uniqueness for
Yy and such that C;_g(E) = Oforall 0 < 8 < a < 1. Let (/,),>0 be a
sequence in (0, 2;r) and let € be the associated generalized Cantor set. Then
forO<s < 1,

Ci(€) =0 < Y 27" = oo,

see for example [2], [5].
Choose [, = (2_”n)ﬁ. Then C_g(€) =0and for0 < B < «,

ZZ”Z(IO‘) ZZ" Fn=15 < oo.

Therefore, C;_,(€) > 0. Now, consider a family of pairwise disjoint open
arcs (I,,), of T be such that

D I llog L] = —o0

A possible example, I, = (eilog+)™ oillogm™) ) > 2 We reproduce the
generalized Cantor set ¥ in each I,,, which will be denoted by €. Therefore,

Cl—a((gn N In) = Cl—a((g)|ln|a-
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We set E = {1} U |, €,. It is clear that C1_g(E) = 0, forall 0 < 8 < .
Now Theorem 3.1 with 8 = « gives

|1, ]
L1
Z' nllog == ATy

~ —10g C1-o() Y |+ (1 =) Y [I,|log|I,] = —o0

So E is a set of uniqueness for &, witha < 1.

3. Malliavin in [11] gives a complete characterization of the sets of unique-
ness for the Dirichlet spaces involving a new notion of capacity, but it appears
difficult to apply his result to particular situations (see also [10]).
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