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LITTLEWOOD-PALEY SPACES

KWOK-PUN HO

Abstract

We introduce the Littlewood-Paley spaces in which the Lebesgue spaces, the Hardy spaces, the
Orlicz spaces, the Lorentz-Karamata spaces, the r.-i. quasi-Banach function spaces and the Morrey
spaces reside. The Littlewood-Paley spaces provide a unified framework for the study of some
important function spaces arising in analysis.

1. Introduction and Preliminaries

In this paper, we further develop the Littlewood-Paley characterization of
function spaces by introducing a new class of function spaces, namely, the
Littlewood-Paley spaces (see Definition 2.1). This extends a line of research
which includes the Triebel-Lizorkin spaces [23], [24], [56], the Lorentz-
Karamata spaces [16], [44], [45], the Orlicz spaces [49] and their general-
izations, the rearrangement-invariant (r.-i.) quasi-Banach function spaces [5],
[42], [46], the variable Lebesgue spaces [14], [15] and the Morrey type spaces
[12], [32], [39], [52], [53].

The general theory for the Littlewood-Paley spaces is given in Sections 2
and 3. The applications of the general theory to some well-known function
spaces are presented in Sections 4 and 5. We find that the notions of the UMD
property and the p-convexification are involved in the study of the Littlewood-
Paley spaces.

Let ./ (R") be the set of Lebesgue measurable functions on R”. Let .#,(R")
be the class of functions in .4 (R") that are finite almost everywhere. Let & (R")
and .#’(R") be the classes of tempered functions and Schwartz distributions,
respectively. Let o(R") = {¢ € F(R") : [x"p(x)dx =0, y € N"}. Let
be the class of polynomials on R” and € be the class of constant functions.

DEerINITION 1.1. Let p be the Lebesgue measure on R” or the counting
measure on Z. Let .4 (i) be the set of u-measurable functions. A mapping
Il = A(e) — [0, co] is called a regular quasi-norm if for all f, g € M ()
and {fy}nen C M (), |I-|| satisfies:

(1) |I-]l is a complete quasi-norm;
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2) Igl < |f], n-almost everywhere implies || g|| < || f|l and || f]| = O iff
f=0ae;
(3) if E is a u-measurable bounded set, then || xg|| < oo; and

(4) 0= fu 1 f p-ae and sup, || f,|| < ooimply [ full T [ £

DEFINITION 1.2. We call a quasi-Banach space By € #(R") a regular
function spaceif ||-|| , is aregular quasi-norm, By = {f € MR") : || fll3, <
oo} and (1 + |x]|)™* € %, for some k > 0.

According to Definition 1.2, xg € %; when E is a bounded Lebesgue
measurable set. Hence, condition (2) of Definition 1.1 assures that %y C
Mo(R™). We need the condition, (1 + |x|)™ € % for some k > 0, to show
that %) (R") is a subset of our Littlewood-Paley spaces (see Proposition 2.2).

There are a lot of examples of regular function spaces. In fact, any Banach
function space on R" (see [S5], Chapter 1, Definitions 1.1 and 1.3) satisfying
the property: || f()ll3, = | f(- + a)lls,, forany a € R", f € By, is a regular
function space. In Theorem 4.8, we prove that any r.-i. quasi-Banach function
space on R" is a regular function space.

DEFINITION 1.3. We call a quasi-Banach space %, C {{a;}icz : a; € C}
a regular sequence space if ||-|| 5, is a regular quasi-norm, B, = {{a;}iez :
[{ai}iczlla, < oo} and
(1) forany ! € Zand {a;}icz € %y, we have {a;11}icz € By with |[{ai11}iezll 2,
= Hailiezll 3,
@) Hfitiezllz, € MR") if {fi}icz C MR").

A regular quasi-norm is a lattice quasi-norm (see [46], p. 20). Thus, regular
function spaces and regular sequence spaces are quasi-Banach lattices.

If 9B, is a Banach sequence space (Banach function space on Z with count-
ing measure) with separable associate space (for the definition of associ-
ate space, see [5], Chapter 1, Definition 2.3), then the Lorentz-Luxemburg
theorem (see [5], Chapter 1, Theorem 2.7) asserts that ||{f;(x)}iezlla =
SUD(h, ), e Yoicz Ji)bi, {fitiez C M(R") where 9 is a countable dense
subset of the unit ball of the associate space. Therefore, %, satisfies item (2)
of Definition 1.3. In particular, any r.-i. reflexive Banach sequence space is a
regular sequence space.

Item (1) in Definition 1.3 is used in the proofs of Proposition 2.2 and The-
orem 3.1. Item (2) guarantees that the vector space 2 in the subsequent defin-
ition is well-defined.

DEFINITION 1.4. Let 2, be a regular sequence space and % be a regular
function space. We define the vector space % as

B = {{fiYiez: fi € MoR"), {fi}icz € By ae. and |[{ fi}iczllz, € By}
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and equip # with the quasi-norm || fllz = IlI{fi}iezll, |l We endow
with the following partial ordering: f < g, if and only if f; < g; ae.,i € Z,
f=1{filiez- &8 = {gi}icz € B.

For any sequence of locally integrable functions f = {f;}icz, define | f| =
{l fil}iez- If By is a regular sequence space and 9% is a regular function space,
then ||| is a quasi-norm satisfying

(1.1) |fI<lgl and geB=feB and |flz =<lgllz

where f = {fi}icz and g = {gi}icz-

DEFINITION 1.5. Let 0 < p < oo. Let %, be a regular sequence space and
By be a regular function space. We define the quasi-Banach spaces %) and
%’p by the 1/p-th powers (p-convexifications) of %, and %y, respectively.
That is,

BY = {aitiez : ai € C {lai|"}icz € By}

N

and
={fedy:|fI" e B}

1 1
and |{aiiczllzr = (@il Yiczll " and || fllgp = 11 £17115]

For the basic properties of %’f and %’Jﬁ’ , the reader is referred to [46], Sec-

tion 2.2. In addition, %! and %’}’ are a regular sequence space and a regular
function space, respectively.

LEMMA 1.6. If %, is a regular sequence space and %y is a regular function
space, then there exists a p > 0 such that for any {F;}ien C B, Y,y I Fi ||"%, <
0= nFie?

PROOF. As |||, is a quasi-norm, the Aoki-Rolewicz theorem ([30], The-
orem 1.3) provides a p > 0 such that ||-||%: satisfies the triangle inequality.
Since ||| B is a quasi-norm, using the Aoki-Rolewicz theorem again, we

have a0 < p < p and C > 0 such that, for any {F;};en C A and for any
1 1
(Cier IF15)" 5, = C(Lies I1Fi15)"” (see 1421,

Lemma 6).

As |||z, is a regular quasi-norm, item (4) of Definition 1.1 and the in-
equality ",y [ Fill%; < oo imply that (3, | F; 1%, )l/p is well defined in
PBy. Since By < Mo(R"), we have Zl —o I Fi (x)llﬁ < oo almost every-
where. Similarly, in view of the fact that %; is a regular sequence space and
II- ||%_ is sub-additive, F(x) = Zl: F;(x) is well defined a.e. and satisfies

1FIG = [ (30 1EN) 715, = €7 X IF NG < oo
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THEOREM 1.7.If B, is a regular sequence space and Ry is a regular function
space, then B is a quasi-Banach lattice.

PrROOF. Let p be the constant given by Lemma 1.6. Suppose that G; =
{gi,j}jez, i € N, is a Cauchy sequence in Z. There exists a subsequence of G;,
namely &; with ¥_; = 0, such that Y ;2 (|9 — Gi_1ll3)" < oo,

Applying Lemma 1.6, we assert that ) ;-(¥4; — %:_1) € 2. Due to the
fact that By C M(R"), the limit function lim;_, . % = G exists a.e. and

satisfies |G| < Z;il |9 — G;_1| € B. As R satisfies (1.1), we have G € B

. . o0 1
and im0 |G — Gz < Climiso (X2, 1% — Gi115) " =o.

Let 0 < a < o0, %, be a regular sequence space and %y be a regular
function space. Define the quasi-Banach lattice %'/¢ as

B =({filicz : fi € Mo(R"), {fi}icz € BY* ae. and ||{ f;}iezll e € B

and the quasi-norm of Rl g given by || fllgve = | ||{f,~}i€2||%,;/,, ||%}/a, f=
{fi}icz. For any family of locally integrable functions f = {fi};cz, write
A1 ={l/il"}iez- We have [[| f|*[lg1e = || f11%-

Let M denote the Hardy-Littlewood maximal operator. For any sequence
of locally integrable functions f = {fi}icz, let M(f) = {M(f;)}icz- We are
ready to introduce the admissibility condition for which we can use the pair
(By, By) to define and study the Littlewood-Paley spaces.

DEerFINITION 1.8. Let 0 < a < 1, %, be a regular sequence space and %
be a regular function space. The pair (%, %y) is called an a-admissible pair
if there exists a constant C > 0 such that

(1.2) IM()Ngre < Cli f I

for any f = {fi}icz € B'*. We call (%, B;) an admissible pair if it is
1-admissible.

The admissibility condition (1.2) can be viewed as the Fefferman-Stein
vector-valued maximal inequality on the pair of quasi-Banach spaces (.%’sl /a

B,
DerFINITION 1.9. For 0 < a < 1 and any locally integrable function g,

define the operator M, as M, (g) = [M(|g|“))] lfa, Furthermore, for any family
of locally integrable functions, f = {f;}icz, the operator M, is defined as

Ma(f) = {Ma(fi)}iez-

The following theorem is a straightforward consequence of the definition
of M,.
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THEOREM 1.10. Let 0 < a < 1, B, be a regular sequence space and B be
a regular function space. The pair B = (%, By) is a-admissible if and only
if M, is bounded on 9.

2. Littlewood-Paley Spaces

In this section, we define and study the Littlewood-Paley spaces. Let f denote
the Fourier transform of f € &' (R").

DEFINITION 2.1. Let a € R, %, be a regular sequence space and %y be a
regular function space. The Littlewood-Paley space Fj %, consists of those

f e ' (R")/P satistying
2.1) 1l , = [@71F *gilliea]l 5 < o0,

where ¢; (x) = 2/"¢(2/x) and ¢ € F(R") satisfies
(2.2) suppg C {x € R": 1/2 < |x| <2} and |p(§)] > C,

3/5 < |x| <5/3 for some C > 0.

The inhomogeneous Littlewood-Paley space Fg 2, is defined by some
standard modifications of the above definition. The results for F ;d, @, follow

from the corresponding results for Fg % with some obvious amendments.

Thus, in what follows, we present and prove the results for F 3. %, only.

PROPOSITION 2.2. Let @ € R, By be a regular sequence space and By be a
regular function space. We have the continuous embedding $,(R") — F, %Y B

ProoOF. Let ¢ € & (R") satisfy (2.2). For any g € (R") and 6 > 0, by
Lemma B.1 of [23], there exists a constant C > 0 depending on a semi-norm
of g on ¥ (R") such that when j > 0, we have |(¢; * g)(x)| < C2- 0+ 4
lx)7*, and |(g; % &) (x)| < C20F T/ (1427 |x[)™* < C27O+II(A 4 |x|)~*
when j < 0 where « is given in Definition 1.2. As (14 |x|)™* € %, itremains
to show that for any g > 0, {27l ‘}jgz € %;. Using the Aoki-Rolewicz
theorem on the quasi-norm |||, ([30], Theorem 1.3), we have a p > 0
such that |27V }iezll% < 32,2277V 11{8ij}iczll’y,» where 8;; = 1 when
i = jand§;; = 0 wheni # j. Condition (1) in Definition 1.3 assures that
[I{8ij}iczll %, is independent of j € Z. Hence, g € F;}f),m%.

Let 2 = {Q;x : i € Z,k € Z"} denote the set of dyadic cubes, where
Qix = {(x1,...,x,) € R": kj < Zin < kj +1,j=1,...,n}and k =
(ki, ..., k). We denote the Lebesgue measure of Q € 2 by |Q] and the side
length of Q by I(Q).
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DEFINITION 2.3. Let « € R, %, be a regular sequence space and %, be
a regular function space. The sequence space fj %, is the collection of all
complex-valued sequences s = {sp}geo such that

Isllgs, , = H{ > qor “/”|sQ|xQ>}

Q=2 Jez

< 00,
B

where xo = |0]7"?xo.

We define the notion of absolutely continuous quasi-norm (see [5], Chap-
ter 1, Section 3). The absolutely continuity plays a decisive role in the denseness
of H(R") in F%M%.

DEFINITION 2.4. We say that a quasi-Banach space B C . (u) has ab-
solutely continuous quasi-norm if lim;— || fillzg = O for every sequence
{filien C B satisfying f; | 0 u-almost everywhere.

With the preceding preparations, we show that f% @ is a quasi-Banach
lattice and the set of finite sequence is a dense subset of f% 2, provided that
%, and %B; have absolutely continuous quasi-norms.

THEOREM 2.5. Let o € R, By be a regular sequence space and By be a
regular function space. The sequence space fg B is a quasi-Banach lattice.

If B, and By have absolutely continuous quasi-norms, then the set F = {s =
{so}oea : only a finitely number of so # 0} is dense in f%,]ﬁ,-

ProOOF. We first prove the completeness of f%& @ Let p be the constant
given by Lemma 1.6. For any Cauchy sequence ¢; = {c; g}pec2,i € N, in
f%% we can assume that s; = ¢; — ¢j—; € f%@f with c_; = 0 and

si = {si0}oeo, i € N, satisfy Y =, |s;]|"

{Z|Q|:2*./n(| Q|*Ot/n |Si,Q|)ZQ)}jEz’i S N» SatiSfy Z?io ”Sl ||p% = Z?i() ||si ||l]0£%;,9}f
< 00. Lemma 1.6 assures that S,, = Z?io S; exists in B. As Q1, 0, € 2

o < o0. Therefore, S;(x) =
s Bf

with | Q| = | Q»| are either disjoint or identical, we find that
o
Seo = {Z > aer s Q|xQ>}
i=0 |Q|=2- <
{ > (IQI‘“/"(lezQI)XQ)}
|Q|=2-i" <z

Since %y - Mo(R"), for any j € Z, the function
> 10i=2-n (10177 (X720 Isi.01) X o) is Lebesgue measurable and finite almost
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everywhere. Therefore, for any Q € 2, Y 72 |si. ol < oo. Thatis, > ;o si.0
is well defined and the limit of ¢; exists. Letc = lim;_, o, ¢; = {Zl —05i,0 } 0co"

We have |c — Czllf-‘%l“%f = S« - P s, < c(Xx ”Si”%)l/p
= C(X2 lsill’, )l/p — O0asl — oo.
By By

Next, we prove that & is dense in f% @, First of all, by Definition 1.2,
Xo € By for any Q € 2. Moreover, Definition 1.3 guarantees that the set
of finite sequences is a subset of %B;. If t = {tp}pco € &, then there exist a
constant C > 0, a collection of dyadic cubes {Q;}ZZL1 C 2 and a finite subset
J C Zsuchthat Y5, |Q17/ 1ol %o (x) < C Y/, xo, when j € J and
Z‘Q|:2<,‘n |Q17*/"|tg|%o(x) = 0 when j € Z\ J. By Definitions 1.1, 1.2 and
1.3, we conclude that ¢ € ff%, % and, hence, # C f%‘x‘ @,

Lets = {sgp}peo € f‘%“%,f. For any N € N, consider sy = {sg}QGQ eF

where sy = 50 if [xg| < N and 27V < |Q| < 2V; and s = 0 otherwise.
wite SV = (X0 n (01 sy 1T0)},, and SG) =
{Z‘lez,,,,qQ|—“/ﬂ|sQ|;zQ)}j€Z. We have 0 < S — Sy, < S — Sy and
(S — Sy) | 0in AB. As By is a quasi-Banach lattice and has absolutely con-
tinuous quasi-norm, we have ||S — Sy|l5, | 0in %;. Similarly, we find that
I1S—Snllzllz, 4 0because P has absolutely continuous quasi-norm. Thus,
fimy oo ls=swlljs |, = limyooo 1SSyl = limy-soc [1S=Swllz, Iz, =
0.

3. The Frazier-Jawerth theory for Fj B

In this section, we show that the ¢- w transforms [21], [22], [23], [24] provide an
association between F B, and f% By . With this connection, we can transfer

some results, for 1nstance the completeness, from f% 1o Fe BB,

Although we follow the ideas from [23], some results in our setting cannot
be directly recalled from [23] because there are some techniques in [23], for
example, the duality of the Triebel-Lizorkin spaces, which are unavailable in
our setting. However, we can derive all of our results by using the admissibility
condition (1.2) only.

The -1 transforms consist of two operators S, and T, generated by a pair
of functions ¢, ¥ € & (R") satisfying (2.2) and Zjez PRIE(2IE) = 1,
& # 0 (see [23], p. 45 (2.1)-(2.4)). We set ¢, (x) = 2" @p(2"x), Yy(x) =
2 (2x) and po(¥) = |07 20 (2% — k), Yo (x) = |01 7Y (2"x — k),
veZkeZand Q = Q.

Forany f € (R")/% and for any complex-valued sequence s = {s¢}pc2,
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we define S, (f) = {(Sy f)otoco = {{f, 9o)}oec2 and Ty (s) = >_, soVo-
It is well known that Ty oS, = id in &'(R")/Z (see [28], Theorem 6.1).
The following result is the main theorem of this section:

THEOREM 3.1. Let o € R, 0 < a < 1 and (B, By) be an a-admissible
pair. The Littlewood-Paley space F pd B is independent of the function ¢ in

Definition 2.1. The linear operators Sw Fg Wi fjé, B and Ty : f%, B =

F2 3,3, are bounded. Moreover, we have constants C; > C, > 0 such that for
an Fe ,
y f € By By

3.1) Call fllis,, < 1Se(Dljs, < CillFllis, -

Proor. We only sketch the proof for the boundedness of S,. With some
simple modifications of Peetre’s lemma (see [56] Sections 1.4.1 and 1.4.2),
the definitions of S, and M, yield Z‘lez,f,, IQI_I/Z_“/”I(Sw Dolxolx) <
CMa(Zj“(gZ)j * f))(x) where ¢(x) = ¢(—x). Therefore,

(e,

H{ > aer s, f>Q|xQ<x>>}

—=2—ijn jeZ

< C[ M 2718, * D)z -

The boundedness of M, asserts the boundedness of S,,. The rest of the proof
is similar to the proof of [23], Theorem 2.2, therefore, for simplicity, we omit
the details.

B

With the boundedness of the ¢— transforms, we show that F2 B3, is a
quasi-Banach space and F %.. 2, has S (R") as a dense subset.

THEOREM 3.2. Letx € R, 0 < a <1 and (B, Byr) be an a-admissible
pair. The Littlewood-Paley space F’ %S! 2, is a quasi-Banach space. If B, and

By have absolutely continuous quasi-norms, then %, (R") is dense in F ‘%g B

PrOOF. Let F;, i € N, be a Cauchy sequence in Fg} 2, By Theorem 3.1,
{(Sy Fi)o}pe2 is a Cauchy sequence in fé‘;% Hence, {(Sy Fi)o}geca con-
verges.to s = {sg}geo in f%m%f. Define F = Ty s. Thus, by Theorem 3.1,
F e Fg g and |F = Fllgy = [Tys = (Ty oS FE)llpg < lls =
S Fill o, 0, as i — oo. Hence, F is the limit of the Cauchy sequence
F;,i €N, in F% By Moreover, S (R") is dense in F % B because of Propos-
ition 2.2, Theorem 2.5, Theorem 3.1 and the fact that wQ € S (R") for any
Qe 9.
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We find that for any ¢ € & (R") satisfying (2.2), the inverse Fourier trans-
form of the functions |£|>¢(£) and |£]|72¢(£) also satisfy (2.2), therefore,
Theorem 3.1 yields the following result.

THEOREM 3.3. Leta € R, 0 < a < 1 and (B, By) be an a.—admissib.le pair.
The Laplacian A is a linear topological isomorphism from Fg, @, 10 F %,:%ﬁf

The Littlewood-Paley spaces possess smooth atomic decompositions and
smooth molecular decompositions (for the corresponding results for Triebel-
Lizorkin spaces, see [23], Theorems 3.5, 3.7 and 4.1).

Smooth atomic and molecular decompositions for the Littlewood-Paley
spaces can be obtained by following the corresponding arguments for the
Triebel-Lizorkin spaces as given in [23], Theorems 3.5, 3.7 and 4.1. We
state a lemma used to establish the smooth molecular decompositions for the
Littlewood-Paley spaces.

LEMMA 3.4. Let O < a < 1 and (%, By) be an a-admissible pair. For any
€ > 0, the linear operators

T1({ai}iez) = {ZZ(ji)eaj} and T-({a;}icz) = {22(ij)eaj}
j=i iez j>i ieZ

are bounded on e%’sl/a.

The above lemma can be proved by using the Aoki-Rolewicz theorem ([30],
Theorem 1.3) and Definition 1.3, item (1).

The proof of the smooth molecular decompositions relies on the bounded-
ness of the almost diagonal operators. We now recall the definition of almost
diagonal operators from [23] p. 53, (3.1).

DEFINITION 3.5. Let0 < a < 1, @ € Rand (%,, %) be an a-admissible
pair. Let J = max(n, n/a). The matrix A = {app}p, peco is an almost diagonal
operator for fg 3, if there exists € > 0 such that

sup lagp|/wop(€) < 00,
0.P
where
(1Y (14 to=xrl Y

) l(Q) (n+€)/2 l(P) (n+e€)/2+J—n
min| [ —= | —= .
(&) (o) ]
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The proof of the following theorem is based on the method from The-
orem 3.3 of [23] but some ideas in [23] can no longer be used in this paper.
Even though we lack of those special techniques in [23], we manage to obtain
our results by solely using the admissibility condition (1.2). This is the reason
why we only assign (1.2) as the admissibility condition for our study.

THEOREM 3.6. Let 0 < a < 1, a € R and (B, By) be an a-admissible
pair. An almost diagonal operator for fg B, is a bounded linear operator on

f‘%s’%f'

ProoOF. Let A = {agp}p,pco be analmost diagonal operator for f% @ Let

(A()S)Q = ZI(Q)SZ(P) agpsp and (A1S)Q = ZI(Q)>I(P) apgpsp, for {SQ}QEQ €
f%x’%,f. Let/(Q) =2~'. By [23] Lemma A.2 and Remark A.3, we have

> 101 (A1) ol o (%)

(Q)=27 .
sc22<’-~f>f/2Ma( > |P|—“/”|sp|>zp)<x>.

j>i 1(P)=2-]

{ |P|—“/"|sp|;zp>> }
ieZ

by the definition of 2'/¢. As T is bounded, we deduce that

||A]S||f%.;.%f ECH{(MQ( Z |P|a/n|SP|XP>> }'eZ
J

|Pl=2-in

Hence,

1/a
” <
lAwslyy , < 0’

3 g2 (M( )

j>i |P|=2-in Bl

1/a

%I/a '
Moreover, as (%, By) is a-admissible and (M, (f))* = M(| f|*), we obtain
lAis|lf« < Cllsllf« . We apply the same method to estimate Ao. Hence,
P By ? Bs By .
A = Ag + A, is bounded on f%“%f.
Smooth molecular decompositions for F %s,%¢- can be established provided

that (%, %y) is an a-admissible pair for some 0 < a < 1. For brevity, we skip
the proof and the reader is referred to [23], Theorems 3.5 and 3.7 for details.
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4. Rearrangement-invariant quasi-Banach function spaces

In the rest of this paper, we apply our general theory to some important func-
tion spaces. We begin with the r.-i. quasi-Banach function space X. The r.-i.
quasi-Banach function spaces include a significant number of function spaces
appeared in analysis, for instance, the Lorentz spaces and the Orlicz spaces.
The main results of this section are Theorem 4.8 which offers the conditions
on X for the admissibility of the pair (%,, X) and Theorem 4.10 which shows
the Littlewood-Paley characterization of X. With the Littlewood-Paley char-
acterization of X, we can determine the condition for which r.-i. quasi-Banach
function spaces belong to the Littlewood-Paley spaces.
For any f € #((R"), let f* denote the decreasing rearrangement of f.

DEFINITION 4.1. A quasi-Banach space X C #(R") is called a r.-i. quasi-
Banach function space if there exists a regular quasi-norm pyx : ([0, c0)) —
[0, 0] so that || fllx = px(f*), f € X, where ([0, c0)) is the set of Le-
besgue measurable functions on [0, 0o). Thatis, the r.-i. quasi-Banach function
space X has the Luxemburg type representation (see [5], Chapter 2, The-
orem 4.10).

If X is a r.-i. Banach function space, the Luxemburg representation of X
arises from an integral formularelated to the associated space of X . On the other
hand, a r.-i. quasi-Banach function space does not necessarily have non-trivial
associate space. Hence, we cannot rewrite the norm ||-||x as the supremum of
some appropriate integrals (see [36], Volume II, p. 146-147 or [5], Chapter 3,
proof of Theorem 5.15). Therefore, the Luxemburg type representation gives
us an access to express the norm of f in term of f*. In Theorem 4.4, we
demonstrate the use of the Luxemburg type representation in the proof of the
boundedness of quasi-linear operators of joint weak type.

For any s > 0 and f € J#(R"), define (D, f)(x) = f(sx), x € R". Let
|| Dyl x— x be the operator norm of D; on X. We recall the definition of Boyd’s
indices for r.-i. quasi-Banach function spaces from [42].

DEFINITION 4.2. Let X be ar.-i. quasi-Banach function space on R". Define
the lower Boyd index of X, py, and the upper Boyd index of X, ¢gx, by

px =sup{p :3C > Osuchthat V0 < s < 1, | Ds|lx—x < Cs™ "7}
and
gx = inf{g : 3C > OsuchthatV1 <, | Dy|xx < Cs "4},

respectively.
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We have 0 < px < gx < oo. For example, the Boyd indices of the Le-
besgue spaces L?,0 < p < 0o, with the quasi-norm || f || .»= (f | f ()P dx)l/p
are prr» = qr» = p.

We now establish the Fefferman-Stein type vector-valued maximal inequal-
ities on X. We need some notations and preliminary results.

Let X be ar.-i. quasi-Banach function space. Recall that for any p € (0, 00),
X? is the 1/p-th power of X. Obviously, X? is a r.-i. quasi-Banach function
space. According to Definition 4.2, we find that for any p € (0, 00), pxr =
ppx and gx» = pqx.

Next, we state the definition of the B-valued quasi-Banach function spaces
where B is a separable Banach space. Let #y(R",B) = {f : R®* — B :
L(f) € My(R"), YL € B*} where B* is the dual space of B. Let || f||%(¢)
be the decreasing rearrangement of || f(x)|| . Given a quasi-Banach function
space on R”, X, and a separable Banach space B, let

Xpg={f:R"—=> B:L(f) e #(R"),YL € B*and || f| 5 € X}.

The vector space X is endowed with the quasi-norm ||-||x, = |l|l-llsllx =
px (|I-II3)- It is evident that X 5 is a quasi-Banach space (see Theorem 1.7).

Let By and B, be separable Banach spaces. A mapping T : E — #y(R", By),
where E is a subspace of #y(R", By), is a quasi-linear operator if there exists
k > 1 such that for any f, g € E,

IT(f +&)ls, <kUITflls +1ITgls) and [Tl =IAITf s,
reC.

DerFNITION 4.3. Let 1 < p,g < oo and By, B; be separable Banach
spaces. Write 0 = (p, ¢, Bo, B1). A quasi-linear operator T is of joint weak
type o if there is a constant C > 0 such that ||T(f)||’l§] (1) < CS(,(||f||j§;0)(t),
t > 0, where S, is the Calder6n operator given by

! d o0 d
(Seg)@) = t_l/”/ sl/”g(s)—s +t_1/"/ sl/"g(s)—s, t>0.
0 s t N

If T is a bounded quasi-linear operator from L} to L} and from L% to
L%l, then T is of joint weak type (p, q, By, B1). The reader may consult [5],
pp. 141-154 and pp. 222-226, for the proof of the above assertion and some
other basic results for the operators of joint weak type when By = B} = C.
The proof of the above assertion for B-valued function spaces relies on the
ideas given in [55], Sections 1.18.6 and 1.18.7. We study the boundedness of
quasi-linear operators of joint weak type on Xp.
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THEOREM 4.4. Suppose that 1 < p < q < oo. Let By and By be separable
Banach spaces and X be a r.-i. quasi-Banach function space on R". If the Boyd
indices of X satisfy p < px < qx < q, then every quasi-linear operator of
Jjoint weak type (p, q, By, By) is bounded from X, to Xp,.

PrOOF. Let T be a quasi-linear operator of joint weak type (p, g, By, Bi).
By using the substitution s = ut, we have

1 00
IIT(f)II*B,(t)SC(/O u‘/’”llfll”go(ut)dwr/ u‘/‘“nfnzo(m)du)
1

0 o
=c( X st etn + 2@t )
k=0 k=0

Let « be the index given by the Aoki-Rolewicz theorem for the quasi-norm pyx
([30], Theorem 1.3) so that p} is sub-additive. We find that

IT(Pllx,,

0 o0
< C( Z ank/p[px(||f||>go(2nkt))]'( + Z2nkK/q[pX(”f”Zo(znkt))]K)

k=—00 k=0
0 [ee)
= C( > 2P Dyl £l g, Il X1 + Zz"’“/q[nDZk||f||BO||X]K).
k=—o00 k=0

In view of the Luxemburg type representation of ||-|| x, we establish the first in-
equality. We have the last identity because (D (f))* = Dy (f*). According
to Definition 4.2, there exist p < pg < px and gx < go < ¢ such that

0 00
||T(f)||§(8] S C( Z 2nkK(l/p_1/p0)||f||f§(BO + Z2’1kk(1/q_1/q0)”f”§(30>
k=0

k=—00
< ClfI,-
Our promised result follows obviously from the above inequalities.
We recall the definition of the UMD property.

DEFINITION 4.5. A Banach space B is said to have the UMD property if, for
1 < p < oo, the martingale difference sequences d = {d;};cn in L%([O, 1]

are unconditional; that is,
p 1/p 1 P 1/p
dx) SC,,,B(/ dx) ,
B 0 B

(/01 > edi @)

ieN

> dix)

ieN




90 KWOK-PUN HO

whenever €; € {1, —1} andi € N.

Next is one of the important properties for Banach spaces having the UMD
property. The proof of the following result is given in [9], Section 2 and [50],
Theorem 3.

THEOREM 4.6. Let 1 < p < oo and B be a Banach lattice of measurable
functions in a o-finite measure space. If B has the UMD property, then the
quasi-linear operator M : L% — L% is bounded.

Thus, the quasi-linear operator M is of joint weak type (p, ¢, B, B), 1 <
P, q < oo, when B has the UMD property. Another important feature of the
UMD property is given below. For the proof, the reader is referred to [50],
Theorem 4.

THEOREM 4.7. Let B be a Banach lattice having the UMD property. There
exists a €g > 0 such that BY has the UMD property when < g < oo.

1+e€p

‘We obtain one of the main results of this section.

THEOREM 4.8. Let 0 < p < 1 and X be a r.-i. quasi-Banach function space
on R" with 0 < px < gx < 00. Suppose that B is a regular Banach sequence
space having the UMD property. The pair (B?, X) is a-admissible provided
that a satisfies 0 < a < min(pyx, p(1 + €g)).

PrOOF. Let p be the constant such that ||-||'§( is sub-additive ([30], The-
orem 1.3). We see that [| (14 [x) ™ [I% < D ren K" (1 + kD)™ || 10,1 Iy < 00
when k > "%1. Thus, X is a regular function space. We consider X'/ and

BP/* Wehave 1 < X = pyie < gyxia = 4 < 00. Using Theorem 4.7, BP/a

a

has the UMD property. Theorem 4.4 yields

4.1 IMgllyve < Cliglyva . Vg € X .
Brla Bp/a

As (BP)!/¢ = BP/% (see [46], Lemma 2.20(i)), the a-admissibility of (B?, X)
follows from (4.1).

We establish the Littlewood-Paley characterization of r.-i. quasi-Banach
function spaces. We first present a lemma to overcome the obstacles appear-
ing in the use of the Littlewood-Paley analysis. More precisely, for any f €
&' (R"), we have the Littlewood-Paley representation f = ) _, f %@, * ¥, in
S (R") /P (see [29]), for some ¢, ¥ € F,(R"). Therefore, in order to use the
Littlewood-Paley representation for f € X, we have to show the belonging
X C ' (R")/P and the uniqueness of the Littlewood-Paley representation of
f e X.
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LEMMA 4.9. Let X be a r.-i. quasi-Banach function space on R". If the
upper Boyd index of X satisfies gx < oo, then X N P = {0}. Moreover, if
1 < px <gx <oo, then X C &' (R")/P.

ProOOF. Obviously, we have X N # = X N . Therefore, it suffices to
show that the constant function F = 1 does not belong to X. Definition 4.2
offers two constants C > 0 and so > 1 such that for any so < s, || 0,1y lx <

I Dsllx—xlixosrllx < Cs x| xo.s5llx. Therefore, sx|[xoipllx =<
Clixwo.sllx < C|F|x for any sufficiently large s and, hence, F' does not
belong to X.

By Theorem 4.8 with B = R and a = 1 (or Theorem 5 of [42]), the Hardy-
Littlewood maximal operator is well-defined in X. For any fixed f € X,
without loss of generality, we assume that (M f)(0) is well defined. Hence,
for any ¢ € & (R"), we have a semi-norm ||-|| y in & (R") and a constant C > 0
so that

< gl Zk—"if |f ()| dx
= 1vlv (I + T2 k" Ji<ix)<ks1

keN

fX)ex)dx
Rn

=< Cllelly(M f)(0).
Thus, f € ' (R")/%. This completes the proof.

The following result extends the Littlewood-Paley characterization to r.-i.
quasi-Banach function spaces.

THEOREM 4.10. Let X be a r.-i. quasi-Banach function space on R". If the
Boyd indices of X satisfy 1 < px < qx < 00, then we have the quasi-Banach

. . . O _
space isomorphism. F12, v =X

PrOOF. Letgp € $(R") be afunction that satisfies (2.2). Define the operator
G,a39,(f)(x) = {(f*¢;)(x)}jez. According to [25], Chapter V, Theorem 5.3,
%, is a bounded operator from L” to Lﬁ when 1 < p < oo.Since 1 < py <
gx < 00, there exist 1 < pg, go < oo such that pg < px < gx < qo. Thus,
9, is of joint weak type (po, g0, C,1?). As X C S'(R")/P, f x¢j, j € Z,
and ¥, (f) are well defined for f € X, we are allowed to apply Theorem 4.4

. 172
and obtain a constant C > 0 so that ”f”Fzg_x = ||(Zjez | f * g0j|2)
190 (NIx, = Cll fllx-

Next, we prove the other direction. Since ¢ satisfies (2.2), we have a ¢ €
Fo(R") also satisfying (2.2) such that (see [23], (4.13)) Zjez PRIE(2-TE)
= 1, & # 0. The adjoint operator of ¥, fﬁ;; is given by ?4:;({]‘]-}]-62) =
Yz Wi * fi-As (Lp)* = L, 1 < p < 0o, where p' is the conjugate of p,

I«
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&), is abounded linear operator from LI[; to LP,1 < p < co. Therefore, & is
of joint weak type (po, qo, ! C) 1 < po, qo < 00, and, hence, it is bounded
from X2 to X. Forany f € F, 12 yolet fi = f*¢;, i € Z. There exists a constant
C > 0 independent of f such that | Zlez Yk x fllx = ||f€* {fitienlx <

Cl{e:i * fliezllx, = CIfI . . The Littlewood-Paley analysm yields the

identity f = ), , Vi % ¢; * f 1n S’ (R")/P. Therefore, our promised result
follows from the condition 1 < py < gx < oo and Lemma 4.9.

We investigate some important r.-i. quasi-Banach function spaces, namely,
the Lorentz-Karamata spaces [16], [44], [45] and the Orlicz spaces [49].

Let0 < p,g < 00,0 < r,u < oo and b be a slowly varying function
(see [16], Definition 3.4.32). Let [, , and L, ,., denote the Lorentz sequence
spaces (see [55] Section 1.18.3) and the Lorentz-Karamata spaces (see [16],
Definition 3.4.38), respectively. When0 <r < land 1 < p < 00, L, are
examples of r.-i. quasi-Banach function spaces with Boyd’s indices located
strictly in between one and infinity. Next, we show that (L, ., [;,) is an
a-admissible pair if 0 < a < min(p, g, r, u).

PropoSITION 4.11. Let 0 < p,q,u < oo and 0 < r < oo. The pair
(Ugu> Lp r,p) is a-admissible when 0 < a < min(p, g, r, u, 1).

ProoF. As !, ,, 1 < q,u < oo, are reflexive r.-i. Banach sequence spaces
and (lq’u)l/ @ =14 /a,u/a» the discussions after Definitions 1.3 and 1.5 conclude
that [, ,, 0 < g,u < o0, are regular sequence spaces. Furthermore, [, ,,
1 < g,u < oo, are interpolation spaces of [7, 1 < p < o0. Proposition 1
of [50] guarantees that /, ,, 1 < g,u < oo, possess the UMD property. In
addition, the Boyd indices of /, , equal to ¢ and the Boyd indices of (L)'
equal to p/a. So, Theorem 4.8 shows that (I, ,,, L, ;) is a-admissible.

Define the Triebel-Lizorkin-Lorentz spaces F,‘i 2 to be the Littlewood-
Paley spaces F v L, . The Triebel-Lizorkin-Lorentz spaces include some of the

1nterpolat10n spaces of the Triebel-Lizorkin spaces. Forinstance, (Fpc? Fp?)g.,
= Fp, po # pi, 1 < r < ooand (Fp®, Fpi™g, = Fpi”, qo # qu,
where 1/p = (1 —60)/po+0/p1and 1/q = (1 — 0)/q0 + 6/q1 (see [56],
Section 2.4.2). Moreover, the Triebel-Lizorkin-Lorentz spaces also include
the Hardy-Lorentz spaces [17], weak-H 1 [19] and weak-H?” [35] as special
cases. By Theorem 4.10, L, ,.;, has the Littlewood-Paley characterization and,
hence, L, ., is a special case of F;a) % when 1 < p < oo. The Lorentz-
Karamata spaces include the Lorentz- Zygmund spaces [4] and the generalized
Lorentz-Zygmund spaces (see [16] p. 113).

Next, we turn to Orlicz spaces. Let L® be the Orlicz space associated
with the convex function, ®. As the Orlicz space L? is reflexive if and only
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if 1l < pre < gro < oo (see [36], Volume II, Proposition 2.b.5 and [49]
Chapter 1V, Corollary 12), we have the Littlewood-Paley characterization of
the reflexive Orlicz spaces FIQ Lo = LY.

We now generalize the Triebel-Lizorkin spaces by replacing L? (R") and /4,
1 < p, g < oo, by the Orlicz function spaces and the Orlicz sequence spaces,
respectively.

PROPOSITION 4.12. If I® and L® are reflexive Orlicz sequence space and
reflexive Orlicz function space, respectively, then the pair (1°, L®) is admiss-
ible.

PROOF. We are going to show that (/©, L?) satisfies (1.2) witha = 1. As
is a reflexive Orlicz sequence space (see [36], Volume I, Propositions 4.a.4
and 4.b.1), it is a regular sequence space and, moreover, [® has the UMD
property (see [20], [26], [27]). We have ||[[M f|l;ellLe < C| fl;ell e because
1 < pro < gre < oo. Finally, as the Boyd indices of [€ satisfy 1 < pje <
g < oo when [€ is reflexive, Theorem 4.8 concludes that the pair (1€, L®)
is admissible.

l(-)

From the previous result, for any & € R and &, ® satisfying the above con-
ditions, the Triebel-Lizorkin-Orlicz spaces Fg o are defined as Fg o = Fl% Lo
The Triebel-Lizorkin-Orlicz spaces are extensions of the Triebel- Lizorkin

spaces F,*? and the Orlicz spaces L®.

5. Morrey type spaces

The results in Section 4 may give a wrong impression to the reader that the
sequence space component and the function space component of an admissible
pair are restricted to the sequence spaces having the UMD property and r.-i.
quasi-Banach function spaces on R" with Lebesgue measure, respectively. In
fact, the admissible pair ({>°, L°°) provides a counter example on the sequence
spaces and the admissible pairs (19, L? (w)) and (19, LP™), 1 < p,q < oo,
where w is a Muckenhoupt A, weight and L”™ is a variable Lebesgue space
(the exponent function p(x) must satisfy certain conditions, see [14]) provide
counter examples on the function spaces. The reader is referred to [1] and
[14] for the admissibility of (1, L?(w)) and (19, LP™)), respectively. We offer
another important example of non r.-i. function space that satisfies the admiss-
ibility condition, namely, the class of Morrey spaces [12], [32], [39], [52],
[53].

DErINITION 5.1. Let X be a quasi-Banach function space on R”, B be a
separable quasi-Banach lattice and w(x,7r) : R* x (0,00) — (0, 00) be a
Lebesgue measurable function. A B-valued function f € .#,(R", B) belongs
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to the Morrey-type space associated with X g if it satisfies

||f||/ﬂg(3) = sup | XBxo.r) fllxy < 00

Xx0€R™ r>0 w(xo, }")
where B(xg,r) = {x e R" : |x — x¢| < r}.

For brevity, when B = R, we write /% (R) and I-1l.azx vy Y MX and (RIF7ZE

n

respectively. Let 1| < u < p < oco. If X = L*(R") and w(x,r) = i r,
then /%jf is the “classical” Morrey space in [12], [48]. When w satisfies the
conditions in Theorem 5.8 and B = R, then ./ is the generalized Morrey
space studied in [43]. When X is a general r.-i. quasi-Banach function space
and v = 1, then #X = X. Let X’ denote the associated space of the r.-i.
Banach function space X (see [5] Chapter 1, Section 2).

If X is a Banach function space, it is evident that Xy is a Banach space
and, hence, /X (B) is also a Banach space. The proof for the completeness of
MX (B) follows from the corresponding proof for the classical Morrey spaces,
see [33] Section 4.4.

THEOREM 5.2. Let X be a r.-i. Banach function space on R" with 1 < px <
gx < ooand B be aregular Banach sequence space having the UMD property.
If there exists a constant C > 0 such that for any x € R" and r > 0, w fulfills

(5.1) D 2 g QUED g (1M (x, 27 ) < Coo(x, 1),
j=0

where ¢x and ¢y are the fundamental functions of X and X', respectively
(see [5], Chapter 2, Definition 5.1), then there exists C > 0 such that for any
f = {fi}iez € ‘//la))((B)J

(5.2) IMCO x 8y < CILF Lz )

ProoOF. For any z € R" and r > 0, write f;(x) = fio(x) + Z;’il fﬂ(x),

where f0 = xgeonfi and f/ = xgeoittneeoin fio j € N\{0}. Applying
Theorem 4.8 to 0 = {f}icz, we obtain [[[M(fO)Izllx < ClIIfOll5llx. We
have

Ixeen IMCfO) Illx < C I xez2n Il flBllx

1
w(z,2r)

< C sup
yert @ (¥, 7)
r>0

w(z, 1)

I xeen L flIBllx
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because inequality (5.1) and [5], Chapter 2, Theorem 5.2 yield w(z, 2r) <
Cw(z, r) for some C > 0 independent of z € R” and r > O.
Since we have a constant C > 0 so that forany j > 1 and i € Z,

Xy (M ) (x) < C27"r ™" xgey (%) |/ ()| dy
B(z,2/*1r)

and B is a Banach lattice, applying Theorem 3.29 of [51], we find that

Xee.ry O f1)(0))iezll

< C27"r " Yo (X) I{fi M}iezlls dy.
B(z,2/%1r)

Let ©®(x) = xge.rn)(®)|{M f,'j)(x)}iGZ”B- The Holder inequality on X (see
[5], Chapter 1, Theorem 2.4) yields

O) < Cxaie.ry )27 r ™ xae.2iin x| Xae. 210 D I D Yiczll 81l x -
By the definition of fundamental function, we assert that

O) < C27"r " xg(n ()x QYT ) | xa e 2ivtm D I (D }iezll 81l x -
Applying the norm ||-||x on both sides of the above inequality, we deduce that

1©lx < C277"r "y QU rM) x (r™) I xe 2ty D I D Yiezll 811 x-
Thus,

1©1x < C277"r gy QUM px (M (2, 27 1r)

1
sup ——— | xsr.p I £ 1151l x
verr @(y, R) PR

R>0
Using inequality (5.1), we obtain
: [ IMflsllx < : ill IMf7 1l
oz e P o) =0 e o
=< C sup el f Bl x
yeR” o(y, R) B0
R>0

where the constant C > 0 is independent of r and z. Hence, this finishes the
proof of (5.2).
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The following corollary considers a special case of condition (5.1), that
special case is a well-known condition on the study of Morrey spaces.

COROLLARY 5.3. Let X be a r.-i. Banach function space on R" with 1 <
Px <qgx <oo. If0 <A < qix and w(x, r) satisfies

(5.3)  wkx,2/r) < C2w(x,r), forany x eR", jeNand r >0

for some C > 0, then inequality (5.1) holds.

Proofr. Using Definition 4.2, we find that for any o > 0, there exists a
1

constant C, > 0 such that ¢y (2U D1y < €, 200D (55 49) ¢y, (7). By [5],
Chapter 2, Theorem 5.2, we assert that ¢x UV <

1

C,2"U+D(G5+9)pn Thus, condition (5.3) yields

D2 g QU gy (e (x, 27 r)

JjeN . : .
—jn(l—)——a>+(1+l)x
< C, E 2 P! w(x,r).
JjEN
Since A < & =n(1—%),wecanchoseaa > Osothato < qu

— Hence,
. qx n
w satisfies (5.1).

DEFINITION 5.4. Let X be a r.-i. quasi-Banach function space on R" with
gx < o00. The function w belongs to the set #Y if it satisfies (5.3) with 0 <
A< ix and there exist constants C;, C; > 0 such that for any x € R",
w(x,r) > Cqy,Vr > 1 and

(5.4) Gyl <w(x, t)/o(x,r)<Cy, 0<r<t<2r

‘We now show the first main result of this section, the admissibility of /%a’f .

THEOREM 5.5. Let O < p,q < 1 and X be a r.-i. Banach function space on
R"with1 < px < gx < 00. Let B be a regular Banach sequence space having
the UMD property. If o € W», then for any 0 < a < min(p, g(1 + €p)),
(BY, MX") is an a-admissible pair.

PrOOF. We first show that .#X" is aregular function space. As demonstrated
in the proof of Theorem 4.8, it suffices to prove that there exists a constant C >
0 so that Ixellgxr <C for any xg € #(R") with |E| = 1. Let Sy = B(0, 1).
Using (5.3) and the definition of Boyd’s indices, for any S = B(x, 27%) with
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ke N,wehavea0 < € < ﬁ — % and constants C;, C, > 0 such that

l xsnellxr - lxsllxr - Clz—kn(ﬁ—e) ll sl x7
w(x,27%) T wkx,27% — w(x,27%)

khfkn(ﬁfe) Il x5l x»

<C2
=1 w(x, 1)

< C2.

As w € Wy, for any S = B(x,2%), k € N, — = |lxsnellx» < C. Thus,

> w(x,25)
condition (5.4) ensures that .#X" is a regular function space. Since w® € Wy /a

and (MX")'/* = X", Theorem 5.2 shows the admissibility of (B4, /X").

Letl <u <v <o0.When0 < p,g < 0o, B, =19, By = L"(R")
and w(x,r) = rﬁ_ﬁ", then F% % and its Besov space counterparts are the
Triebel-Lizorkin-Morrey spaces and Besov-Morrey spaces; and Morrey type
Besov-Triebel spaces in [39], [52] and [53], respectively.

The following is the second main result of this section, the Littlewood-Paley
characterization of ./X. It includes the Littlewood-Paley characterization of
the Morrey spaces associated with Lebesgue spaces (see Proposition 4.1 of
[40]) and Theorem 4.10 (when X is a Banach function space) as special cases.

THEOREM 5.6. Suppose that X is a r.-i. Banach function space on R" with
l<px <gx <oo. Ilfwe W, then we have the Banach space isomorphism
FR yx = M.

2

To prove the Littlewood-Paley characterization of 4%, we have to surmount
the same difficulties we encountered in Lemma 4.9 for r.-i. quasi-Banach func-
tion spaces.

PROPOSITION 5.7. Let X be a r.-i. Banach function space on R" with gy < 0o
and w satisfy (5.3) with0 < A < qix We have //ljf N P = {0}. Moreover, if
1 < px < qx < oo, then M* C &' (R")/P.

PROOF. It only needs to show that F = 1 does not belong to .#X. We prove
by contradiction. If F € X, then for any k € N, x(9.2ty € JMX. Therefore,
for any € > 0, Definition 4.2 indicates that there exist C;, C, > 0 so that

kn(--—
2 x0.1y llx < Call .20 llx, Yk > Ci, k € N. Hence,

kn( L —€) X0, 1x | x0,2¢0 Il x
2 (‘IX ) . < . <C n < G||F < 00.
00,29 = 00 = 2l x,29 llax 2 F Nl
... . . kn(ife) K
Thus, condition (5.3) produces the inequality 2" \¢x < C2** for some
C > 0.As € > 0 and k € N are arbitrary, we have qlx < A which contradicts
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to the assumption 0 < A < Z~. We obtain the inclusion 4X C %'(R")/P by
using Theorem 5.5 and the arguments in Theorem 4.10.

We now derive a boundedness result for the singular integral operators on
/%a)f(B). It is a well-known result if B = Rand X = L?, 1 < p < oo (see
[43], Theorem 2).

Let By and B; be Banach lattices. We call a linear operator T : Xp, —
X, a singular integral operator if there exists K(x,y) : By — B, such
that (Tf)(x) = fK(x, yv)f(y)dy, x € R"\supp f, and K (x, y) satisfies
IK e, )-8, < Clx —y|™", V(x,y) € R"\{(x,x) : x € R"}, for some
C > 0 independent of x and y, where ||-|| g, , 1s the operator norm of linear
operators from B) to B;.

THEOREM 5.8. Let X be a r.-i. Banach function space on R" with gx < 00,
By and B; be separable Banach lattices. Assume that there exists a constant
C > 0 such that for any r > 0 and xy € R", w satisfies (5.4) and

/oo w(xo, 1) w(xo, 1)

(5.5) dt <C

[n—H - n

If T is a singular integral operator which is bounded from X, to Xp,, then T
is also bounded from ./%jf(Bl) to //la)f(Bz).

Note that if w satisfies (5.3) and (5.4), then w satisfies (5.5). Theorem 5.8
generalizes the corresponding results for the Morrey spaces associated with
Lebesgue spaces in [43], [47], [54]. We state a supporting lemma for The-
orem 5.8. For brevity, the proof of Lemma 5.9 is omitted. The proof for the
case where X = L” and B = R s given in [43], Lemma 1.

LEMMA 5.9. Let 0 < § < 1. Let X be a r.-i. Banach function space on
R"with gx < oo and B be a separable Banach lattice. If w satisfies (5.4) and

/00 (xo, 1) w(xo, 1)

(5.6) dt <C

o+l - yné ’
then there exists a constant C > 0 such that for any xo € R* and r > 0,
If M Xwo.n) llxs < Ceo(xo, PILf ILacx s)-

With the above lemma, we are ready to prove Theorem 5.8 and, then, The-
orem 5.6.

PrOOF OF THEOREM 5.8. Let f € /%a’f(Bl). For any xo € R" and r > 0,
write fi = f Xs(x,.2r) and fo = f — fi. Since f; € Xp, and B, is a Banach lat-
tice, the boundedness of T from X p, to X g, ensures that || (xg(x,.r)) 7T f1 ||X32 <
1T llw(x0, 27) || fl.ax B,y Where | T| is the operator norm of 7' from Xp, to
Xp,.
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For f, and x € B(xg, r), we use the representation (7 f)(x) = fR,, K (x,
¥) f (y) dy and the definition of M xg(x,.-) (), V¥ € R*\B(xo, 2r), to conclude
that

1A I
1T < C / L,y o o2 / £ )5, M oo () -
re X =yl re Jre

Forany 0 < § < 1, the Holder inequality on X assures that for any x € B(xo, ),

IT 2008, = Cr™" | I1fD)ls M Xaxo.r (¥) dy
Rﬂ

< Cr[ M Xecror) llxs, IOV XB(xor) '~ llx-

By Lemma 2 of [43] (with € = n — né in that lemma), we find that o satis-
fies (5.6). Lemma 5.9 leads to || xg(x,.r) szlle2 < Cr™"w(xo, NI fllux,) -

(M Xe(ro.r)' 2 x| Xe (o) | x - Finally, we estimate [|(M Xg(xp.r)' °llx'. As
M Xe(ro,y) < 1 and M xg(xy,r) < C27% on Dy where Dy = B(xg, 2Kt1r) \

B(xo, 2%r), k > 1, and Dy = B(xy, 2r), we assert that

o0
1M Koo)'~ lxr < ) 1o, (M Xewo.r)' e
k=0

o
—kn(1-48
<CY 27 g0l x
k=0

By Definition 4.2, for any o > 0, there exists a constant C, > 0 such that

oo
1—s —kn(1=8)+(k+Dn( ——+o
1M Koo)' llx < Co Y2 ) ool
k=0

Let§ and o satisfy § +0 < - =1~ i Using [5], Chapter 2, Theorem 5.2,
we have our desired result.

PrROOF OF THEOREM 5.6. Let ¢,¢¥ € & (R") satisfy (2.2) and

>z #QIE(2778) = 1, & # 0. The operator G, (f) = {¢; * f}jez is
a singular integral operator because the kernel K (x,y) = {¢j(x — y)}jez
satisfies

) 1/2 22jn 1/2
(Z lgj (x = )| ) < (; (sz'x_y')w)

Jjez

<Clx—y|™, x,yeR',x#y
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for some C > Oindependent of x and y. Therefore, Theorem 5.8 concludes that
||f||fr]g P Hej * fliczlxay = 19 (O laxay < ClUflax, Vf € MY

X (2]
M

and, hence, the embedding ./ a))‘ — Flo is valid.

2%

Similarly, for the reserve direction FI(Z) x> M X we consider the operator
fﬁ;;({ fitier) = jez Vi * fj. Theorem 4.10 ensures that fﬁ:; is bounded from
Lﬁ to L?, 1 < p < oo. Therefore, Proposition 5.7 and Theorem 5.8 yield our
promised result.
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