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ADVANTAGES OF THE HAUSDORFF CENTERED
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Abstract

In this paper we study Hausdorff centered measures, a useful tool in fractal geometry. The definition
of Hausdorff centered measure is based on efficient coverings centered at the given set, playing
a dual role to packing measures. We show that, at least in the self-similar setting, it has some
advantages, from a computational point of view, over other measures based on coverings, such as
the Hausdorff measure or the Hausdorff spherical measure. We also extend our results to general
Hausdorff centered measures with gauge functions for which the measures scale.

1. Introduction

Sets with fractal dimension occur naturally in the investigation of many phe-
nomena in pure and applied mathematics, prime among them the understanding
of the chaotic behaviour of complex and real dynamical systems. The proper-
ties of such sets require the understanding of measures of fractal dimensions.
The prototypical example of fractal measures are the Hausdorff measures H*
for s > 0. For a Borel set A C R"

H*(A) = lim [inf {3 031" 1 U] < 6,
U; are convex sets such that £ C UU; }],

where |U | stands for the diameter of U.

An obstacle for the computation of H*(E) is that the infimum is taken over
a very large class of sets.

Packing measures P’ where introduced by Sullivan [27], Tricot [29] and
Taylor and Tricot [28]. In [24], Saint Raymond and Tricot, introduced the
so-called Hausdorff centered measures C’. The packing measure has been
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extensively studied in the later years. In a self-similar setting, the packing
measure may be easier to handle than the Hausdorff measure [23], however,
it is not, in a general setting, equivalent to the Hausdorff measure in the sense
that a set of null s-dimensional Hausdorff measure may well have an infin-
ite s-dimensional packing measure. Moreover, the behaviour of the packing
measure under natural operations such as projections or intersections is very
irregular unlike the one of the Hausdorff (see, for example, [6], [7], [8], [9],
[12], [13], [16], [19], [20].)

Much less is known about the Hausdorff centered measure, although it has
attracted some attention recently (for works on the Hausdorff centered measure
(= covering measure) see [3], [4], [5], [21], [25], [30], [31]). But remarkably,
opposite to the packing measure, it differs by at most a constant factor from
the Hausdorff measure (see (10)), so it may be used in the computation of the
Hausdorff dimension.

The aim of this note is to show that the Hausdorff centered measure C? is
easier to handle than the Hausdorff or Hausdorff spherical measure, at least
in the self-similar setting. This makes it a more natural candidate to investig-
ate covering-measure properties of classical fractal objects, as the Sierpinski
gasket or the Koch curve. We recall that the exact Hausdorff measure of these
fractal sets remains still unknown due to the complexity of the computational
procedures.

Let us start with the definition given by Saint Raymond and Tricot in [24].

DErFINITION 1. Let 6 be a continuous increasing function such that

. . 0(2r)
(D lim 6(r) =0 and lim sup
r—>0* r—0+ 9(”)
For A C R" we define
o
2 ‘A = lim inf BiDt,
@ CoA = limin {Zea |>}

i=1

where the infimum is taken over all coverings { F;} of A by balls with diameter
smaller than § and centers at A.
The Hausdorff centered measure CY of a set A C R" is defined as

3) CQA=sup{CgF:FCA,Fclosed}.
We will discuss first the classical case where 6(r) = (2r)*, denoting the

corresponding measure by C*. Later we will analyze for which other gauge
functions 6 our results extend.
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The first step in Definition 1 gives hope that this measure is easier to compute
than the Hausdorff measure since we take infima over a considerably smaller
family of sets. On the negative side is that we need two limiting procedures in
the construction. This is due to the fact that we are taking optimal coverings
by centered balls and hence the resulting set function, C (premeasure), is
not monotone (see Example 4). This reminds of the behaviour of the packing
premeasure (see (7) for a definition). Recall that the set function Py, defined
in a similar, dual, way to C{, by replacing optimal coverings with maximal
packings, is subadditive and monotone, but not o -subadditive. Thus we must
add an extra step to get a measure. However, Feng showed in [10] that if
K C R" is a compact set with finite packing measure, then the extra step is no
longer needed.

It would be desirable to extend Feng’s result to C*. But Example 4 shows
that the behavior of C* differs from the packing measure as it is not possible
to get such an extension for general compact sets. Surprisingly, as Theorem 3
shows, on compact subsets of self similar sets satisfying the open set condition
(OSC), we are able to show that the second step is not needed. The proof of
Theorem 3 is based on the self-similar tiling principle proved by the second
author in [23].

In [3], Edgar analyzes the properties of the Hausdorff centered measure (=
covering measure) C? in general metric spaces for general gauge functions
(= Hausdorff functions) 6. He shows that often C? can be defined as a fine
variation. That is, taking the infimum over all fine covers 8 of the supremum
over all packings 7 C B of the sum ), |B(x,r)|’. But this interesting
result does not help in computing the exact value of a given set.

In this work (Theorem 5) we elaborate an alternative definition of the Haus-
dorff centered measure in the self similar setting. The point of view is entirely
different from Edgar’s and instead it follows the lines of [23] where similar
expressions are obtained for the Hausdorff and packing measures. We first
show that the Hausdorff centered measure C*(E) of a self-similar set £ coin-
cides with its premeasure Cj(E), making unnecessary the second step in its
definition above. Then we show that the exact value of the Hausdorff centered
measure in fact can be found by searching a centered ball of minimal density.
Notice that the fact that the centers of the balls belong to E makes easier the
search of the ball of minimal density in comparison with the related result
for the Hausdorff spherical measure. For the Hausdorff spherical measure the
optimal balls could be centered anywhere in R” [23]. The computation of the
ordinary Hausdorff measure implies a greater degree of complexity, since it
requires the search of a convex set of minimal density.

Now we turn to the issue of the general gauge function. Notice that for
other metric measures when we replace 6(r) = (2r)* in the definition with an
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arbitrary gauge function 6(r), the properties of the resulting measure might
be entirely different. For example, in [2] Csornyei constructed a doubling
function and a compact set for which the packing measure and premeasure do
not coincide and in [25] Schechter gave an example of a gauge function of
the form 6(x, r) = r'v(B(x, r))? where the equivalence between Hausdorff
centered and spherical measure fails to hold.

In the last section we consider the general measure C? and characterize
the gauge functions for which Theorems 3 and 5 extend. This extension relies
on the scaling properties of C?. We say that a measure u scales (is a scaling
measure) if forall c > 0 and A C R”

4 w(cA) = u(A).

In [1] Csornyei and Mauldin characterize those gauge functions for which
the corresponding Hausdorff and packing measures scale. We prove that for
the same class of gauge functions C? scales as well (Lemma 7). Then, we give
a class of gauge functions so that Theorem 3 and 5 hold.

The paper is organized as follows. In Section 2 we review the needed nota-
tion and facts from fractal geometry used in the rest of the paper. In Section 3 we
prove the main theorems for C*, recalling first the self-similar tiling principle.
In this section we include also an example showing that for general compact
sets the two steps in the definition of C* are needed. Section 4 is devoted to
the study of C? for general gauge functions.

2. General facts and notations

2.1. Self-similar sets

We analyze the behavior of the Hausdorff centered measure and premeasure on
a self-similar set £ generated by asystem ¥ = {fi, f>, ..., fn} of similitudes
of R"” such that:

Al: W satisfies the open set condition (OSC), i.e., there exists an open set
O C R" such that f;(0) Cc O foralli ¢ M := {1,2,...,m} and
fiO)N f;(O) =W fori, j € M withi # j.

A2: m > 2 and R" is the smallest linear manifold that contains E.

Denoting by SW the set mapping defined by

SW(X) = U fi(X)

ieM

we can write £ = SW(E).
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Assumption A1 ensures that the Hausdorff dimension of E, dimy E, is given
by the unique real number s such that Y " | r¥ = 1, where r; is the contraction
ratio of the similarity f;,i € M (see [11]). Moreover, the Hausdorff measure
of E is finite and positive. From now on we keep this notation.

Assumption A2 avoids the case when the self-similar set reduces to a
singleton and ensures that the smooth (n — 1)-dimensional manifolds intersect
E in sets of null Hausdorff measure [17].

We now introduce the basic notation used below. We write .# for the set of
finite sequences of indices in M plus the empty sequence iy. Let f;, = id. For
i=1iiy...0i; € M, wewrite f;forthe similitude f; o f;,o0---o f;, and, for A C
R" andi € ., A; denotes the set f;(A) and r; the contraction ratio of f;. For a
given g < k, i|q denotes the truncation of i to the g-th place, ilg = ijis...i,.
Given two sequences i = iji>...ix and j = ji jo ... j, in M we write i A j for
the sequence i1l ...i; € M withk = max{l : iy = ji, | <k <l}ifi; = j;
andiAj=1pifi; # ji. We denote by i Vv j the sequence ijiz...ixjij2... jp
and, for &, ¢ C M, wewrite £V _¢ forthe setofindices{ivj:ie S, je #}.
Lastly, for # C / and A C R", #A denotes the union | ;_, Aj.

We recall some basic properties of self-similar sets satisfying the open set
condition which are used in our arguments.

In Euclidean spaces, the OSC is equivalent to the strong open set condition
[26]. This means that we may assume that O N E # (). Furthermore, if 9
denotes the boundary topological operator on R, it may be proved (see [22],
Theorem 3.3) that the Hausdorff dimension of £ N 30 is strictly smaller than
s, and therefore, H*(E N 3d0) = 0. It is easy to see that E C O [11].

A useful measure on a self-similar set is the sometimes called natural prob-
ability measure, or Hausdorff normalized measure ju, defined on the ring
of cylinder sets by w(Ej) = r{, and then extended to Borel subsets of E.
This is a probability measure which scales on cylinder sets, and therefore
H’|E = H*(E)u. Here H®| E means the restriction of the measure H*® to
the set £, H'|E(A) := H*(E N A). We shall keep this notation for the re-
striction of a measure. It is easy to see that the open set condition implies
H*(E; N E;) = 0 for any pair i, j € M withi # j, and from this it follows
that H*(E; N Ej) = 0 fori, j € # such thati A j ¢ {i, j}. The same is true for
any measure multiple of H* and in particular for p.

2.2. Densities and measures on a self-similar set

Next, we recall the definition of Hausdorff type measures obtained by means
of a Carathéodory’ s process. In what follows for A C R", |A| stands for the
diameter of A.
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Let 6 be a continuous, increasing function such that lim, ¢+ 8(x) = 0 and

5 lim sup o)
xs0  0(r)
Let € be a family of closed subsets of R" such that for any § > 0 there exists
some F € € with6(|F|) < § and € provides §-coverings of every set E C R",
that is, countable coverings { F;} of E with sets F; € € and |F}| < § for all k.
ForO0 <§ <oocand A CR"

< 400

Hg(A) = lim He5(A)  where  Hg5(A) = inf{20<m|)},
i=l

where the infimum is taken over all countable coverings {F;} of A by subsets
of € with diameter smaller than § (see [18] or [30] for details). If we take
€ as any of the classes of open subsets, closed subsets or convex subsets of
R” and 6 : Rt — R™ is a non-decreasing function with 6(0) = 0, we get the
Hausdorff measure H?. By taking € as the class of Euclidean balls of R”, we
get the Hausdorff spherical 6 measure HY, - When we choose € as the class
of Euclidean balls centered in A, we get the Hausdorff centered 6 premeasure
(see Definition 1).

The packing measure is defined in a similar way by replacing coverings
with packings. For completeness we recall the definition here.

For A C R" we define

0 .

(6) PJA = gr(l)sup{;@(l&l)}

where the supremum is taken over all §-packings of A, i.e., countable collec-
tions {B;} of disjointed balls centered at A and with diameter smaller than §. As
mentioned in the introduction, the problem that arises when changing optimal
coverings by maximal packings is that the limit in (6) fails to be a measure,
since Pg is subadditive and monotone, but not o -subadditive [30].

We define the 6-packing measure as

(7) PPA = inf{z Pg(ﬂ)},
i=1

where the infimum is taken over all countable coverings {F;} of A by closed
sets.

If0(¢r) = (2t)°, we obtain the classical s-dimensional Hausdorff, spherical,
centered and packing measures, denoted by H*, Hj), ,, C* and P*, respectively.
It is clear that H® < H;hp <2°H*,Cj < ZSH;})h and that H® < C* < 2°H°.
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In [30, Theorem 1, p. 16] Tricot notes the following relations between the
Hausdorff centered measure and the upper densities.

For any positive finite Borel measure v in R”, let d9 x) = hrn sup %
be the upper 0-density of v at a point x € R". Then
(8) CY(E) inf d’ (x) < v(E)
xekE
and
©) v(E) < C*(E)supdy (x),
xeE

provided CY(E) < oo. If we replace c?f (x) with df (x) in (8) and (9) we
obtain analogous expressions for the packing measure (see [30]). Notice that
Theorem 5 and 10 state that for self-similar sets we can get the Hausdorff
centered measure as a minimum (infimum) of the inverse density functions
_ (vB&,N\~1

fx(xJ’)—(W) . . o

Observe that for classical gauge functions satisfying (5) we have that
H(E) < CY(E) < (limsup,_,, 99%’)))H9 (E) and therefore

(10) HY(E)=0 < C(E)=0
HY(E) < 0 < C%(E) < 0.

When we restrict our attention to subsets of E, it is easy to see that, if two
Borel measures w; and u, satisfy the scaling property for cylinder sets (i.e.,
if u; (Ej) = rsu,(E) i=1,2,jeM,and 0 < uy(E) < 00), then u; = Ao
with A = Z;Eg The measures H*, H;,,, P* and C* defined above are scaling
under similitudes and therefore they are, on subsets of E, multiples Au of the
Hausdorff normalized measure . The constant A equals to the corresponding
measure of the set E.

3. Main results for C*

The next lemma states the self-similar tiling principle which provides the main
tool for the results in this paper. From now on E will be a self-similar set in
R" satisfying the OSC.

In this section we will refer a measure v as scaling if it is scaling under
similitudes f;, i € M. Observe that all the scaling measures (see (4)) that
appear in this note are scaling under similitudes f;, i € M. This is due to the
invariance properties of these measures.

LEMMA 3.2 (Lemma 4 in [23]). Let v be a scaling measure and p be
the natural probability measure on E. Let F C E be a closed set such that
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wF = c > 0and let U be an open set. Then there exists a subset of indices

Z C M such that

U
JFCU and vU =v ¥F = M—FvF.
7

Furthermore, ) ;. = Z—g holds, and given any § > 0, we may require that
|Ej| < 8 forallie #.

If U and F are as in Lemma 3.2 we write ;¢ € U : F and say that _£ is a
tiling of U by F. Moreover, if we require that |E;| < § foralli € ¢, we call
Z ad-tiling of U by F.

Recall that, given any open set U C E, there exists a set of indices & C M
such that U = Ujc s Ej. By deleting the redundant cylinders, we may select .#
in such a way that the collection of cylinders {E;}ic¢ is almost disjoint, i.e.,
Vv(EiN E;) =0foralli, j € 4,i # j and for any scaling measure v.

In [10] it is proved that for any compact set K C R" with finite packing
measure, the extra step in the definition of the packing measure is not needed as
P*K = PjK.Nexttheorem shows that the same result holds for the Hausdorff
centered measure in the self-similar setting. However, Example 4 shows that
the Hausdorff centered measure does not behave as the packing measure, since
there is no equivalent result outside the self-similar setting for C°.

THEOREM 3. Let A be either a closed or an open subset of E. Then CjA =
C*A.
Proor. First we show that it is enough to extend the result of Lemma 3.2 to

the premeasure Cy. Let U, F C E be an open and a closed set with uF* > 0,
respectively. Suppose that

U
(11) cu=""cF
wkF

and let A C E be closed. Now, observe that if we apply (11) first with £\ A as
open set, and then with £ as an open set, we obtain Cy(E \ A) = %CSF

and C)E = Z—?C{)F . Using these equalities and the subadditiviness of Cjj, we
get

A
(12) CIA > CSE — CY(E\ A) = “2C3F.
wF
In particular, if F C A, (12) implies that

A
CIA > “—chF > C3F.
7
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This also holds for closed subsets F' C A with uF = 0 since then CjF = 0.
Thus, by definition of C*, we get C*(A) < CjA, and the opposite inequality
is trivial. This proves the lemma for closed subsets of E.

If A is an open subset of E, then by (11) and Lemma 3.2 applied to C*,

(13) C3A = WAC)E = nAC’E = C*A.

Therefore, it is enough to show that (11) holds. To do so, we consider first
the case when F' C @ and then we extend (11) to general closed sets. We start
by repeating the construction of Lemma 4 in [23] to get a §-tiling £ e U : F
from the §-tilings ¥ € U : Eand % € (E\ F) : E. For k € N*, set
Fir1 = S v I with ¢, = £. Noting that

U= HE = HFUS(E\F)=_FFU(SVI)E

k
= HFU AFU(AHVIH)E=...= (Uj,,F) U % E
p=0

and setting ¢ = (J;—, % we obtain a §-tiling of U by F such that #F C U
and

(14) v(U) =v(fFF) = E rivF = E wU( —vF)*vF = %UF
: "
ie g k=0

for any scaling measure v and any closed set F' C E with uF > 0 (see the
proof of Lemma 4 in [23]). Observe that the first equality in (14) shows that
JF isdensein U.

Let ¢ > 0. The convergence of the sum in (14) implies that, for p big
enough and v = C¥,

(15) D HCYF <) K CHF +e,

ie g ieJ,

where 7, := Up_y .

Note that from the hypothesis F C 0 and uF > Oitfollows that iNF; = ¢
foranyi, j € 7, withi # j. To see this, take t > m andleti = (iy, ..., i,) and
i=0G,....j)ed, finj=ip thenas FC O, FNF;C 0;, NO;, =0.
Ifinj=il, withg < m,then ;N F C f, (0, N0, . )=0.1fm = q,
ic fandje & withl #k, theninj=ie Fandj=: Guy1,....Ji) €
H V... VK, therefore F; C E\ F. Thisimplies that FiN Fj = fi(FNF;) = 0.
Finally, the case m = g with / = k is not possible by construction since this
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would imply the existence of sequences i, j either in # or in J/ such that
i A j =i and this is not possible because # and J7 are almost disjoint tilings.

Thus, for a sufficiently small § any covering of _# F by balls centered in
JZ F and with diameter smaller that § provides admissible disjointed coverings
of all the copies Fj,i € J,. Hence, Cj #F > Y ., CJF;. Now, as C{ is a
scaling premeasure and by (15) we have ’

CoIF =Y CiFi=Y rfCyF =Y riCiF —e.

ic7, ieJ, ie g

Letting & go to zero we get Cg #F > > .. 417 CoF. The opposite inequality
holds because Cj is o-subadditive. Hence,

(16) CIF =) CiF.
ie

Now, using that _# F' is dense in U, (16) and (14) we obtain that

U,
17) CoU = CoIF =Y riCiF = “—chF.
: Iy
ie?

Moreover, since C; is o-subadditive it turns out that
A A S MU s
(18) CoU < CofF+Cy(U\ JF) = —FC(‘)F.
n

The last equality holds because C; < P° (see [30, Theorem 1]) and P* is a
scaling measure verifying (14) and therefore Cj(U\ # F) < P*(U\#F) = 0.
Thus, (17) together with (18) conclude the case F C 0.

For the general case, consider a sequence {F} of closed subsets of E with
Fr C FNO forallk € NFand | J;2, Fk = FNO.Let U C E be an open
set. Then, by subadditiveness,

nU nU
CoU=—C)F, > —(CF —Cy(FNO)\ F) — Cy(F\ O
0 W 0= MFk( 0 0(( )\ Fi) — Co(F\ 0))

forallk € NF.As Cj(F\0) = 0and Cj((FNO)\ Fy) tends to zero as k tends
to infinity, we get that CjU > ’;—gC{)F . As C; is subadditive then, the chain
(18) also holds in this case if we replace the last equality with the inequality
<. Therefore CjU < Z—ZCSF and (11) is proved.

In [30] Tricot gave an example to show the lack of monotonicity for the
premeasure Cj. The same example can be used to show that Theorem 3 cannot
be extended to the non-selfsimilar case.
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ExampLE 4 ([30, p. 18]). Let S be the self-similar set obtained as the
invariant set of three similarities { f1, f>, f3} of contraction ratio r; = ry =
r3 = 1/3, each sending the equilateral triangle into three smaller triangles (see
Figure 1).

FIGURE 1. S is the invariant set for the similarities f;(x, y) = %(x, y),
£ ) = 5@+ (5.0), fie, ) = 5009 + (5, F)-

This invariant set is a Sierpinski triangle of dimension s = 1. Let N be the set
of all centers of the hexagons of each generation. In [30] it is shown that

Co(SUN) < Cy(S).
Therefore, if we let F = S U N and we apply Theorem 3 to S, we get
(19) C°'F =C'S =CyS > CyF.

Observe that the first equality in (19) holds trivially since N, as countable, is
a null set for C'.

In [23], the self-similar tiling principle has been used to give the exact value
of Hausdorff-type scaling measures on E by means of the minimal inverse
density in the class of covering sets. In [14] it is proved that under strong
separation condition (SSC) these optimal values are attained. We say that the
self-similar set E satisfies the strong separation condition (SSC) if the union
E = J!_, fi(E)isdisjoint. The ideas in [23] and [14] together with Theorem 3
gives readily the value of the Hausdorff centered measure.
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THEOREM 3. Let E be the invariant set of the system \V satisfying the open
set condition with dimyg E = s and |E| = R and let u be the Hausdorff
normalized measure on E. Then

@r)
n(B(x,r))

Moreover, if ¥ satisfies the SSC then

(20) CSE=inf: cx€eE,r >0} =: D'

@2r)*
n(B(x,r))

where ¢ ;= min; jey iz (iE, f;E) and R := |E]|.

21 CSE:min{ :erandcfrfR}

REMARK 6. We denote by B(x, r) the closed ball centered at x € R" and
with radius r > 0. One difficulty that we need to overcome stems from the
fact that the balls in E as a metric subspace of R”,

Bep(x,r) =Bx,r)NE={ye E:dx,y) <r},

are not invariant under similitudes f;, i € M. Here d is the euclidean distance.
The inclusion f;Bg(x,r) C Bg(x;,r;r) always holds, but it may be strict
because f; restricted to E is not a surjective mapping. In [14, Remark 3.2] it
is noted that

(22) B(x,r)NE = fi(B(f;'(x),r/r) N E)

whenever B(x, r)NE C E;. Hence for any pair (x, r) satisfying that B(x, r)N
E C E;, we have that

@2r) @2r1)°

(23) =
uB(x,r)  uB(x,r)

where r; = = and x| = fi_l(xo) (see Theorem 3.3 in [14]).

Proor. First we are going to show the inequality C*E < D, ' Lete >0
and B =: B(x, r) be a closed ball centered in E with radius » > 0 and such

that ;L?}.!;) < D. '+ ¢. Note that if, for any such B, we can find a subset
K C E satisfying that CjE < CjK < l%, then Theorem 3 implies that

C°E=CyE <CyK <D, ! + & and the inequality is proved.
Let {&x} be a sequence of positive numbers tending to zero. For k € N let
Jx € E: (BN E)be adi-tiling of E by BN E. We define K =: [, %4B.
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Letk € N. Observe that u B > 0 and that C* is a scaling measure. Hence we
can apply Lemma 3.2 to C* | E, giving that C*(E \ %4 B) = Cy(E\ % B) = 0.
Moreover, it follows from Lemma 3.2 that

St

}"i - — = —.

i uB uB

Hence

24) SiBl = Risr =
: ! uB
ic % ic %

Noticing that, for any k € N, _#, B provides a §;-covering of E, we obtain

. |B|*
Cy(K) < hm{ZwiP} =—.
k— 00 s uB
Recall that Cj is not a measure since it is not monotone. However, as it is
o-subadditive and we know that C3(E \ % B) = 0, we have

C*(E) = C}(E) < C)(E\ K) + C{(K) = cs(E \ ﬂm) + C(K)

k=1
=G (U<E \ka>) +CH(K) < Y CH(EN\ AB) + Cy(K)
k=1 k=1
= Cy(K).
So the first inequality is proved.
In order to show the reverse inequality, take any countable covering {W;}

of E by closed balls centered at E. Let k;, i = 1,2, 3, ... be the sequence of
subindices corresponding to the sets in {W;} with positive  measure. Then

o0 . o0 \ [oe) |Wki|S B o0
LD LA M(Wk)u(Wk,)zDCl}ﬁu(Wk,.)
k=1 i=1 i=1 i i=1

oo
> DEIM(U Wk,-) = D¢,

i=1

Therefore, C°E > CyE > D and (20) is proved.
The proof of (21) follows from (23) as in [14, Theorem 3.3] where an
analogous result is proved for the Hausdorff, packing and Hausdorff spherical
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measures. Denote by
= i E, iE).
¢ i’jéan’l’l}#j(ﬁ JiB)
By definition of c, it is clear that for any (x, r) € E x (0, ¢) there existsi € M

_ Q@ _ @)
such that B(x, r) C E; and thus, we can apply (23) to get o = MB(;J])

where r; = rL and x| = ffl (x0). We want to show that
. (2r)* . (2r)
inf  ———— = inf ———.
Ex(0,00) u(B(x,r))  Exle.Rl u(B(x,r))
Suppose that there exists (xg, o) € E x (0, ¢) satisfying that
(2ro)* . (2r)°
—— < inf ————.
n(B(xg,r0))  Exle.Rl u(B(x,r))

Leti € M be the address of xo andk € N. Letx; = fl&l) (xo)and ry = r’(—‘i)
Then, for some ko € N, we have ry, > ¢, ri,—1 < c and x;, € E. Thus, we can

apply (23) repeatedly to get that
Qro)' Q)

(25) = .
w(B(xo,r0))  w(B(xky, Tky))
Sorg > c. _
Finally, if ryp > R then — Q) — (2r) > (2R)*. So then, ry € [c, R]

! w(B(x0,r0))
and the theorem is proved.

4. General Hausdorff centered measure C?

In this section we are going to extend Theorem 3 and Theorem 5 to general
Hausdorff centered measures C? associated to suitable gauge functions 6. The
key property of @ is that the corresponding C? scales. In the next lemma we
characterize the gauge functions with this property.

LEMMA 7. Let n be a positive integer. Let 0 be a continuous increasing
function defined on R such that 6(0) = 0 and 0(t)/t" is a decreasing function
of t. Then

26) 1im 20 _

lim 25 ¢ Ve>0<s ClcA) =cC’(A) Ve>0, ACR".

The proof of this lemma is inspired by [1, Theorems 2 and 3]. There,
Csornyei and Mauldin, completely characterized the gauge functions 6 for
which the measures H? and P scale with exponent s. They proved that under
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the conditions of Lemma 7 the left part in (26) is equivalent to the following
statements

(@) H(cA) =c*H?(A) V¢ >0,ACR"
(b) PP(cA) =c*P%(A) Vc>0,ACR".

In other words, the packing and Hausdorff measures H? and P? scale if and
only if () = t°*L(t), where L is a slowly varying function in the sense of
Karamata. We say that L : R — R is a slowly varying function if for every
¢ > 0 it holds that

L(cx) _1

m =
x—oo L(x)

More precisely, (a) and (b) follow from the following theorem.

THEOREM 8 (Csornyei and Mauldin [1], Theorem 2). For every function
f : R — RY, the following are equivalent:

(i) H(cA) < f(c)HY(A) Ve >0,A CR"

(i) P%(cA) < f(c)P?(A) Vc>0,A CRY

(iii) limsup, o 5% < f(c) Ve >0.

Analogously, for every function g : R — R, the following are equivalent:
(iv) H%(cA) > g(c)H?(A) Ve > 0,A CR%;

(v) P’(cA) > g(c)PY(A) Ve >0,A CRY

(vi) liminf, o 5% > g(c) Ve >0,

The proof of Lemma 7 is given at the end of the section. First, we are going
to see that Theorem 3 extends precisely to those gauge functions described in
Lemma 7.

THEOREM 9. Let n be a positive integer. Let 0 be a continuous increasing
function defined on R, such that6(0) = 0and 6(t)/t" is a decreasing function

of t verifying that lim,_, %((Ct’)) =c*Vc > 0. Let F C E be a subset of E either

closed or open. Then Cy F = CF.

PrOOF. Replace C* with C?and Cj with C{j, respectively, in the proof of
Theorem 3. Observe that the only property of C* and Cj used in the proof
of this theorem is that these measures are scaling, and this is provided by
Lemma 7. Note that, to prove (26), we have got first the results for Cg and then
for C? by taking the supremum. So, in particular, Cg scales.

In contrast with Theorem 9, for the extension of Theorem 5 to general meas-
ures, the scaling properties of C? and C g are not enough. Here the application
of the self-similar tiling principle requires some additional conditions in the
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gauge function. In particular L(¢) must be, in addition to slowly varying, non
decreasing.

THEOREM 10. Let E be the invariant set of the system V satisfying the open
set condition with dimy E = s and |E| = R, u be the Hausdorff normalized
measureon E and 0 (t) = t* L(t) where L(t) is anon decreasing slowly varying
function. Then

(27) CQE:inf{ﬂ:er,r>O} =: D'
w(B(x,r))

Moreover, if W satisfies the SSC then

6(2r)
n(B(x,r))

where ¢ ;= min; jey iz (iE, f;E) and R := |E]|.

(28) C‘QE:mini :erandcfrfR}

Proor. To show (27), replace C* and C; with C ? and Cg, respectively,
in the proof of Theorem 5 and apply Theorem 9 instead of Theorem 3. Then
observe that, in order to get the inequality C’E > D ! the chain (24) should
be replaced with

| L(|B; ‘ 6(1B
>_00Bi =) 0B L(('|B||)) < _rifB) = _(lgl)'
i€ % ief A .

Here we are using that L(#) is a non decreasing function. The rest of the proof
is the same.
To get (28) note that, whenever B(x,r) N E C E;, (22) implies

0Q2r)  H'(E)0Q2r) H(E)6(2r)
wB(x,r)y  HY(ENB(x,r) riHS(ENB(xi,11))

_ HY(E)Q2r)  L(Q2r) - 6(2ry)
" HS(ENB(x1,r)) L2r) ~— uB(x,n)’

Therefore, the same arguments used in the proof of (21) are valid in this case
by replacing the equality (25) with
0 (2rp) - 0(2ry,)
u(B(x0,70)) — (B (Xkys T'ky))

Finally, since 6(t) is increasing, if ryp > R then % =0(2ry) > 6(2R).
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Now we turn to the proof of Lemma 7. Our aim is to follow Csornyei and
Mauldin’s strategy for the Hausdorff centered measure. Thus, we need to show
that statement (iii) in Theorem 8 is equivalent to

(29) C%(cA) < f(c)C’(A) Ve>0, ACR"
and that (vi) is equivalent to
(30) CY(cA) = g(e)CP(A) Ve >0, ACR"

A modification of the proof given in [1] works also in this case. Namely,
we will need to modify their construction since we need to keep control on
the centers of the covering balls. We are going to describe only these changes,
referring the reader to [1] for the complete argument.

ProoOF oF LEMMA 7. Following [1], we just need to show that (iii) implies
(29) and (30) implies (vi). The first part is equivalent to the proof of (iii)
implies (i) in [1] by changing the coverings by centered coverings (so we get
Cg (cA) < f (c)Cg (A)) and then passing to the supremum to obtain (29). The
main changes are needed in the proof of “(30) implies (vi)”.

Take ¢ > 0 and choose z; > z, > --- — 0 such that

. O0(cz,) . . _O(c)
lim = lim inf
n—o00 Q(Zn) t—0 9(1‘)

It is enough to show that for all € > 0, there exists a set K, a probability
measure j4, a positive finite number M and an e-covering of K by balls centered
in K, G, such that

() n(K) =1

(2) 6(diam A) > Mu(A) forall A C R"
(3) Y peg. O(diam B) - M ase — 0

(4) diam(B) € {z1, 22, ...} forall B € G..

To see that we can reduce to this construction, we refer the interested reader
to [1]. There is a minor modification needed due to the two step definition of
the Hausdorff centered measure, but it can be done by standard arguments.
Thus, we just need to construct K, u and G, verifying (1)-(4). The main
difference between the Hausdorff and the Hausdorff centered measure stands
on the nature of the coverings, in our case the balls in G, must be centered in
K. As K is given by (31) and, for each € > 0, G, will be given in terms of
Uf‘il B;,,, then to change the nature of the coverings we need to modify the set
K. Also note that, since we are just interested in the Euclidean case, we take
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n-dimensional cubes instead of the regular bricks considered in by Csornyei
and Mauldin.

In what follows, we will explain the basic steps and changes needed for this
construction.

For all n € N choose a finite set

Cn = {Clna ceey CM,,H}

of cubes of size x,, € {z1, z2, ...}, such that UC"T! € UC" and there is %
cubes of generation n + 1 inside each C;,. Let B}, be the ball of diameter )'é,,
such that B, C Cj,. The diameters x,, and the constants M, and M are taken
such that {x,} is a subsequence of {z,} (so x, — 0) and M, 0(x,) —> M.

Suppose x,, and C" has been defined, x,,; and C"*! are defined in the
following way. Put a regular grid N x N x --- x N onto each of the cubes
C;, and choose those small cubes determined by the grid that are inside Bj),.
Observe that if N is an odd number then, one of the chosen cubes must be
centered in the center of B;,. To get C" ! we need to shrink the chosen cubes.
In this way, C"*! is the set of smaller cubes with the same midpoints as the
chosen cubes and of size x,,; (in [1] one can see that x,,; must be much
smaller than XN to be precise, x,,+1 = €, XN where €, is “small enough”)

The measure pu is taken as the unique probability measure verifying that

W(Cin) = 3,

n

31) K= ﬁUBm

=1i=1

=

and G, = {B1,, Ba, ..., Bu,n} with n = n(e) big enough so |B;,| < € for
alli =1,..., M,.

As noticed before, since N is an odd number, then there is always a cube in
C"*! centered in the center of Bj,. This, the definition of G, and (31) ensures
that the center of any ball B;, belongs to K and hence G, is an admissible
covering for the Hausdorff centered measure. So then, to get our result, we
just need to take N in [1] to be odd. And this extra condition does not change
the proof, because the only property of N used in [1] is that it has to be a big
number. Hence, Cg (cA) > g(c)Cg (A) forall c > 0 and A C R" and (30)
holds by taking the supremum.
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