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HOMOLOGICAL ASPECTS OF SEMIDUALIZING
MODULES
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(Dedicated to the memory of Anders J. Frankild)

Abstract

We investigate the notion of the C-projective dimension of a module, where C is a semidualizing
module. When C = R, this recovers the standard projective dimension. We show that three natural
definitions of finite C-projective dimension agree, and investigate the relationship between relative
cohomology modules and absolute cohomology modules in this setting. Finally, we prove several
results that demonstrate the deep connections between modules of finite projective dimension and
modules of finite C-projective dimension. In parallel, we develop the dual theory for injective
dimension and C-injective dimension.

Introduction

Grothendieck [6] introduced dualizing modules as tools for investigating co-
homology theories in algebraic geometry. In this paper, we investigate semi-
dualizing modules and associated relative cohomology functors. Foxby [4],
Vasconcelos [12] and Golod [5] independently initiated the study of semi-
dualizing modules. Over a noetherian ring R, a finitely generated R-module
C is semidualizing if the natural homothety map R — Homg(C, C) is an
isomorphism and Exti1 (C, C) = 0; see 1.2 for a more general definition. Ex-
amples include a dualizing module, when one exists, and all finitely generated
rank 1 projective modules.

Throughout this introduction, let R be a commutative ring and C a semidu-
alizing R-module. The class of C-projectives, denoted %, consists of those
R-modules of the form C ® P for some projective R-module P. These form
the building blocks of the so-called G ¢-projectives, which are studied in depth
in [13]. Every R-module M admits an augmented proper #c-projective resol-
ution. That is, there exists a complex

XtT=... 5> CQ®rP,— > CQrPy— M—0
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such that the complex
Homz(C,X")=.--- > P, - --- — Py — Homy(C, M) — 0

is exact. Despite the fact that these augmented proper %¢-resolutions may not
be exact, they still have particularly good lifting properties. In particular, they
giverise to well-defined cohomology modules Extf@c (M, N) for all R-modules
M and N; see 1.5. In the case C = R, these notions recover the projectives,
projective resolutions and the “absolute” cohomology Ext’ (M, N), respect-
ively.

Because augmented proper Z--projective resolutions need not be exact,
it is not immediately clear how best to define the %--projective dimension
of a module. For instance, should one consider arbitrary proper %¢-projective
resolutions or only exact ones? Or should it be defined in terms of the vanishing
of the functors Ext’é,c (M, —)? The next result, proved in Corollary 2.10, shows
that each of these approaches gives rise to the same invariant.

THEOREM A. Let M be an R module. The following quantities are equal.

(1) inf{sup{n | X, # 0} '

X7 is an augmented proper
Pc-projective resolution of M

X is an exact augmented pmper}

2) inf X, #0
(@ {sup{n | 7 0) ‘ Pc-projective resolution of M

(3) sup{n | Ext} (M, —) # 0}

The proof of this result uses so-called Auslander and Bass class techniques;
see 1.8.

Our investigation demonstrates a strong connection between the modules
of finite Z¢-projective dimension and modules of finite projective dimension,
which is the focus of Section 2. For example, the following is part of The-
orem 2.11.

THEOREM B. If M is an R-module, then #c-pdr(M) = pdp(Homg(C,
M)).

If R is Cohen-Macaulay and local with dualizing module D, then a result of
Sharp shows that the modules of finite #p-projective dimension are precisely
the modules of finite injective dimension. Thus, this theorem recovers part of
the Foxby equivalence from [1], namely that M has finite injective dimension
if and only if Homg (D, M) has finite projective dimension.
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Section 4 explores the connection between the cohomology functors Extg,
and Extg. These connections are used in [9] to distinguish between several
different relative cohomology theories. For example, the following is part of
Theorem 4.1 and Corollary 4.2. See 1.8 for the definition of the Bass class.

THEOREM C. Let M and N be R-modules. There is an isomorphism
Extf@C(M, N) = Extiy(Homg(C, M), Homz(C, N)) for all i. If M and N
are in the Bass class with respect to C, then Extig,c (M,N)= ExtiR (M, N) for
alli.

This result and several others from this work have already proved valuable
for other investigations. For instance, they are used by the second author and
her collaborators in [11] to analyze the structure of certain categories naturally
associated to semidualizing modules, and in [9], [10] to study balance prop-
erties of relative cohomology theories and to distinguish between them. We
expect this line of inquiry to continue to shed new light on the relationship
between classical and relative homological algebra.

Finally, in Section 5 of the paper we use results from the previous sections
to demonstrate the depth of the connection between modules of finite %-
projective dimension and modules of finite projective dimension.

1. Preliminaries
Throughout this paper, let R be a commutative ring.
1.1. An R-complex is a sequence of R-module homomorphisms

ax 9x ax
X=-..- 25X, 2 X, =5 ...
such that 3% | 8X = 0 for each integer n; the nth homology module of X is
H,(X) = Ker(3,Y)/Im(3}, ). A morphism of complexes a: X — Y induces
homomorphisms H, (@): H, (X) — H,(Y), and « is a quasiisomorphism when
each H, («) is bijective. The complex X is bounded if X,, = 0 for |n| > 0. It
is degreewise finite if each X; is finitely generated.

1.2. An R-module C is semidualizing if
(a) C admits a degreewise finite projective resolution,
(b) The natural homothety map R — Hompz(C, C) is an isomorphism, and
(c) Extz'(C,C) =0.

A free R-module of rank 1 is semidualizing, and indeed this is the only semi-
dualizing module over a Gorenstein local ring. If R is noetherian, local and
admits a dualizing module D, then D is semidualizing.
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The next two classes of modules have been studied in numerous papers, see
e.g. [2] and [7].
1.3. The classes of C-projective and C-injective modules are defined as
Pc ={C ®g P | P is projective },
Jc = {Homg(C, I) | I is injective }.

When C = R, we omit the subscript and recover the classes of projective and
injective R-modules.

The next four paragraphs provide the necessary background on relative
homological algebra. The reader is encouraged to consult [3] for details.

1.4. The class % is precovering by [7, (5.10)]. That is, given an R-module
M, there exists a projective module P and a homomorphism ¢: C Qg P — M
such that, for every projective Q, the induced map

Homz(C ®x Q, C @ P) —2C@% 0D, Home(C @& Q, M)

is surjective. Dually, the class J¢ is preenveloping.

1.5. Since the class % is precovering, for any R-module M one can iterat-
ively take precovers to construct an augmented proper #c-projective resolution
of M, that is, a complex

+ Y o 3
X =——>C®RP1——>C®RP()——>M—>O

such that Homg (C ®% Q, X™) is exact for all projective R-modules Q. The
truncated complex

x+
a2

X+
X= 2 s Cc@rP 2 CQr Py— 0

is a proper Pc-projective resolution of M. For n > 0, set
n

{M ifn=0,

Xt _
Ker(@X')) ifn>1.

Note that X+ need not be exact unless C = R.
Dually, let N be an R-module with augmented proper S¢-injective resolu-
tion

0 1
Y* =0 N — Homg(C, I°) -2 Homg(C, 1) 25 ...
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For an integer n > 0, set

n

N ifn =0,
Qy+ =

| m@irh ite > 1

Proper #c-projective resolutions are unique up to homotopy equivalence;
see e.g. [8, (1.8)]. Accordingly, the nth relative cohomology modules

Exty (M, N) = H" Homg (X, N)

where X is a proper Z--projective resolution of M are well-defined for each
integer n. The cohomology modules Ext’, (M, N) are defined dually.

1.6. The Pc-projective dimension of M is

Pe-pd(M) = inf{sup{n | X,, # 0}

X is a proper %¢-projective
resolution of M

The modules of Zc-projective dimension zero are the non-zero modules in Z¢.
The Sc-injective dimension, denoted J-id(—) is defined dually.

1.7 (Dimension Shifting). Let N be an R-module. For any augmented
proper #c-projective resolution X (as above) of M, there are isomorphisms

Extl, (M, N) = Ext}; (2", N)
> Bxt}, 2, N) = - = Ext,"(QF, V)
for integers 1 < n < i.
1.8. The Bass class with respect to C, denoted B¢ or Bc(R), consists of
all R-modules M satisfying
(a) Extil(C, M)=0= Torgl(C, Hompg(C, M)) = 0, and

(b) The natural evaluation map veey: C ®g Homg(C, M) — M is an
isomorphism. We will write vy, = vecyy if there is no confusion.

Dually, the Auslander class with respect to C, denoted &/¢ or &/¢(R), consists
of all R-modules M satisfying

(c) Tor®,(C, M) = 0 = Ext;' (C, C ®¢ M), and
(d) The natural map pccpy: M — Homg(C, C ®g M) is an isomorphism.

We will write ity = (ccu if there is no confusion.

We now state some basic results about the classes /- and %Bc. These
facts are well-known when R is noetherian. In this generality, the first follows
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from [7, (6.5)], the second follows from the first, and the third assertion is
routine to check.

1.9. The following hold.

(a) If any two R-modules in a short exact sequence are in &/, respectively
B, then so is the third.

(b) The class /¢ contains all modules of finite flat dimension. The class %B¢
contains all modules of finite injective dimension.

(¢) f Misin ¢, then C Qpr M isin Be. If M is in B¢, then Homp (C, M)
isin /.

2. Relative dimensions and Auslander and Bass classes

This section has two interwoven themes. First, we explore the interplay be-
tween J¢-projective dimension and projective dimension. Second, we invest-
igate the exactness of augmented proper %¢-projective resolutions for modules
of finite #¢-projective dimension.

We begin with the following lemma, which follows from the definitions of
semidualizing modules and augmented proper resolutions, using 1.9(b).

LEMMA 2.1. Let C be a semidualizing R-module and M an R-module.

(a) If X is an augmented proper Pc-projective resolution of M, then
Hompg (C, X™T) is an augmented projective resolution of Homg(C, M).

(b) If YT isan augmented proper Ic-injective resolution of M, then CQrY ™
is an augmented injective resolution of C g M.

We now investigate exactness of augmented proper #c-projective resolu-
tions.

PrOPOSITION 2.2. Let C be a semidualizing R-module, M an R-module
and n a nonnegative integer.

(a) The following are equivalent.
(i) There exists an augmented proper Pc-projective resolution of M
which is exact in degree less than n;
(ii) Every augmented proper Pc-projective resolution of M is exact in
degree less than n;
(iii) The natural homomorphism vy : C @ g Homg(C, M) — M is an
isomorphism and ToriR (C,Homg(C,M)) =0for0 <i <n.

(b) The following are equivalent.
(1) There exists an augmented proper Jc-injective resolution of M
which is exact in degree less than n;
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(ii) All augmented proper Sc-injective resolutions of M are exact in
degree less than n;

(iii) The natural homomorphism py : C — Homg(C, C @ M) is an
isomorphism and Ext"R (C,CQ®rM)=0for0<i<n.

PrOOF. We prove only part(a). Let X' be an augmented proper %¢-projec-
tive resolution of M. By Lemma 2.1, the complex Homg(C, X) is a pro-
jective resolution of Homz(C, M). Hence, there is an isomorphism Torf(C ,
Homg(C, M)) = H;(C ®g Homg(C, X)) for all i > 0. Since each X; is in
ABc, the natural chain map C ® g Homg(C, X) — X is an isomorphism. The
result follows

From the above proposition, we obtain the following criterion for a given
module to possess exact augmented proper resolutions.

COROLLARY 2.3. Let C be a semidualizing R-module and M an R-module.

(a) The following are equivalent.
(1) M admits an exact augmented proper Pc-projective resolution;
(ii) All augmented proper Pc-projective resolutions of M are exact;
(iii) The natural homomorphism vy: C @ g Homg(C, M) — M is an
isomorphism and Tor§1 (C,Homg(C, M)) =0.
(b) The following are equivalent.
(1) M admits an exact augmented proper Sc-injective resolution;
(ii) All augmented proper Jc-injective resolutions of M are exact;
(iii) The natural homomorphism j1y;: M — Homg(C, C @ M) is an
isomorphism and Exti1 (C,C®rM)=0.

From the definitions of the Auslander and Bass classes, we have the fol-
lowing.
COROLLARY 2.4. Let C be a semidualizing R-module and M an R-module.

(a) Assume M is in Bc. Then every augmented proper Pc-projective resol-
ution of M is exact. In particular, every Pc-precover of M is surjective.

(b) Assume M is in . Then every augmented proper S¢-resolution of M
is exact. In particular, every Jc-preenvelope of M is injective.

The next few technical results build toward the following fact, which follows
from Corollaries 2.3 and 2.10: if M has finite #¢-projective dimension, then
every augmented proper c-resolution of M is exact.

LEMMA 2.5. Let C be a semidualizing module and M an R-module.

(@) The composition Homg(C, Vi) o WHomg(c,m) IS the identity map on
Hompg(C, M). Hence, Homg(C, vy) is a split epimorphism and
WHomp(C,M) IS a split monomorphism.
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(b) Assume that vy isinjective. The composition [xom,c,myoHomg(C, vyr)
is the identity map on Homg (C, C ® gk Homg (C, M)). Hence, Homg (C,
V) is an isomorphism and [LHom,(c,m) IS the inverse isomorphism.

(¢) The composition veg,m © (C @r Wuy) is the identity map on C Qg
M. Hence, C ®@g [y is a split monomorphism and vcg,y is a split
epimorphism.

(d) Assume that [y is surjective. The composition (C Qg [ty) © VM IS
the identity map on C @ g Homg(C, C @ M). Hence, C Qg Ly is an
isomorphism and vcg, p 1S the inverse isomorphism.

PrOOF. Part (a) is straightforward to check. For part (b), set p =
MHomg(c,m) © Homg (C, vyr). Note thatif § € Homz (C, C @ g Homz(C, M)),
then p(§) sends z € Cto z ® (vyy 0 &). Thus, vy (7)) —z2 R (v - &) =
v (E(2)) — v (E(z)) = 0. Since vy, is injective, there is an equality £(z) =
7Q® (vy - £), thereby showing that p is the identity. Parts (c) and (d) are proved
similarly.

LEMMA 2.6. Let C be a semidualizing R-module and M an R-module.

(a) Assume Ext}e (C,C ®gr Homg(C, M)) = 0. If vy, is injective, then it is
an isomorphism.

(b) Assume that Tor{e (C,Homg(C, C®r M)) = 0. If 1y is surjective, then
it is an isomorphism.

PrOOF. We prove only part (a), as part (b) is dual. Set L = Coker vy,.
Applying Homg (C, —) to the exact sequence

0 — C ®g Homg(C, M) =% M — L — 0
induces an exact sequence

0 — Homy(C, C ® Homg(C, M))

Hom€un, Hompg(C, M) — Homg(C. L) — 0

where right-exactness follows from the equality Ext}e (C,C ®r Homg(C,
M)) = 0. By Lemma 2.5, Homz (C, vy,) is an isomorphism. Hence, the above
exact sequence implies that Homz(C, L) = 0, and it follows from [7, (3.6)]
that L = 0.

COROLLARY 2.7. Let C be a semidualizing R-module and M an R-module.

(a) Suppose Hompg(C, M) isin Slc. If vy is injective, then it is an isomorph-
ism.

(b) Suppose CQr M isin Be. If 1y is surjective, then it is an isomorphism.
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We now prove our first theorem, which leads to some of the main results of
this section.

THEOREM 2.8. Let C be a semidualizing R-module and M an R-module.
Then the following hold.
(a) M € B¢ if and only if Homg(C, M) € Sc.
(b) M e ¢ ifandonly if C Qg M € Bc.

PrOOF. We prove only part (a), as part (b) is proved similarly. Accord-
ing to 1.9(c), it is enough to assume Homg(C, M) € /- and show M €
Bc. The definition of /- implies that Tor§ 1(C,Homg(C, M)) = 0 and
Extil(C, C ®g Homg(C, M)) = 0. We will show that the evaluation map
vy 1s an isomorphism. Using the above vanishings, it will then follow that
Extil(C, M) =0and M is in Bc.

By Lemma 2.5(a), the composition Homg (C, vs) o ttom,(c. ) 1S the iden-
tity map on Homz (C, M). Since Hom (C, M) is in %/, the map fixom (c, m)
is an isomorphism, and so Homg(C, vys) is also an isomorphism. Setting
K = ker(vy), it follows that Homg (C, K) = 0, and so by [7, (3.6)], K = 0.
Thus, the map vy, is injective, hence an isomorphism by Corollary 2.7(a).

Recall that the class % contains all modules of finite injective dimension
and the class /¢ contains all modules of finite projective dimension; see 1.9.
By virtue of Theorem 2.8, we now obtain additional examples of modules in
&fc and e%’c.

COROLLARY 2.9. Let C be a semidualizing R-module and M an R-module.

(@) If Pc-pdr(M) is finite, then M is in Bc.
(b) If Fc-idgr (M) is finite, then M is in .

PROOF. We prove only part (a). Assume Pc-pdg (M) is finite, and let X+

be an augmented proper #c-resolution of M. By Lemma 2.1(a), the complex

Homg(C, X™) is a bounded projective resolution of Homg (C, M). By 1.9(b)
Homg (C, M) is in ¢ so Theorem 2.8(a) implies that M is in %Bc.

This yields the following key result.

CoOROLLARY 2.10. Let C be a semidualizing R-module and M an R-module.

(a) The inequality Pc-pdr(M) < n holds if and only if there is an exact
sequence

with each P; a projective R-module.
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(b) The inequality Sc-idgr(M) < n holds if and only if there is an exact
sequence

0 > M — Homg(C, I°) — --- — Homg(C, I") — 0

with each I' an injective R-module.

ProoF. The “only if” direction of each statement follows immediately from
Corollaries 2.4 and 2.9. For the other implications, use dimension shifting 1.7
to see that any exact sequence of the given form is an augmented proper Zc-
projective or S¢-injective resolution of M.

We now investigate how Z--projective and projective dimension relate.
THEOREM 2.11. Let C be a semidualizing R-module. The following equal-
ities hold.
(@) pdg(M) = Fc-pdg(C Qr M)
(b) Jc-idr(M) = idr(C ®r M)
(¢) Pe-pdr(M) = pdr(Homg(C, M))
(d) idr(M) = Fc-idg(Homg(C, M))

ProOF. We prove only part (a). Assume pdz (M) = s < oo and consider
an augmented projective resolution of M

X=0—>P—>P_1—>--—>P—>M-—0O.
By 1.9(b), one has M € &/ and so Torgl(C, M) = 0. Thus, the complex
COrX= 0> CQrP;—> CQrP_1 —> ---—> CQrPy—> COrM — 0

is exact and thus an augmented proper %¢-projective resolution of C ®p M.
Note that properness can be shown by using 1.7, or as a special case of [13,
(4.4)]. This provides an inequality s > Z¢-pdg(C ® g M). Conversely, assume
that Zc-pdzx(C ®g M) =t < co. By Corollary 2.10(a), there is an augmented
exact proper Pc-resolution of C @ g M

XtT=0>C®PL>CQrP_— - —>CQrPy—>CRx M — 0.

Thus, the complex Homg(C, X ) is exact. Corollary 2.9 implies that C ®x
M is in B¢ and Theorem 2.8 then implies that M is in &/c. Thus, pyy is
an isomorphism. Since each pp is also an isomorphism, Homg(C, X*) is
isomorphic to an exact sequence of the form

O— P —>P_ 11— --—>P—>M-—NO0.
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Thus, pdg (M) < t = Pe-pdp(C @ M).

Note that by assembling the information above, we get the following ex-
tension of the Foxby equivalence [1].

THEOREM 2.12 (Foxby equivalence). Let C be a semidualizing R-module,
and let n be a non-negative integer. Set ¥c(R)<,, P(R)<n, Ic(R)<n, and
F(R) <y to be the classes of modules of C-projective, projective, C-injective
and injective dimension of at most n, respectively. Then there are equivalences
of categories C®p—
P(R) ~ Zc(R)

Homg (C,—)

~ CQpr— ~
'@(R)én i @C(R)gn

Homz (C,—)

CRr—
e (R) ~ PBc(R)

Homg(C,-)

J J

~ CQRr— ~
Fc(R)<n ~ F(R)<n

Homg(C,—)

J J

Je(R) . I(R)

Homg(C,—)

3. Vanishing of relative cohomology and consequences

In this section, we investigate how vanishing of the relative cohomology func-
tors Extf@c (M, —) and Ext"jc (—, N), respectively, characterizes the finiteness
of #c-pdgr(M) and Sc-idg(N). Our proofs use specific properties of semi-
dualizing modules and so do not carry over directly to other relative settings.

THEOREM 3.1. Let C be a semidualizing R-module and M an R-module.
(a) The following are equivalent.
(i) Ext) (M,—) =0
(i) Ext; (M, —) =0
(iii)) M is C-projective
(a) The following are equivalent.
(i) Bxty (— M) =0
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(i) Bxt;! (=, M) =0
(iii) M is C-injective
PrOOF. We prove part (a); part (b) is dual.
(iii) = (ii): If M is C-projective, then the complex

0> M —>M-—>0

is an augmented proper %-resolution of M and so Ext?i (M, —)=0.
(i) = 1) is immediate.
(1) = (iii): Let

X=- % corP 25 Cor P2 M0

be an augmented proper %--resolution of M. Let K, be the kernel of dj,
and let B: Koy — C ®r Py be the inclusion map. There is a homomorphism
a:C ®r Py — Ky such that d; = Ba. Noting that fad, = dijd, = 0, the
injectivity of B implies that «d, = 0. Since Extlg,c (M, Ko) = 0, the induced
sequence

Homg (C ®r Po, Ko) = Homg(C ®r P;, Ko) — Homp(C Qg P>, Ko)

is exact. Hence, there exists £ € Homz(C ®r Py, Ko) such that « = &€d| =
&Ba. There is an equality Homg(C, ) = Homg(C, &) o Homg(C, B) o
Homz(C, o) and so Homg(C, &) oHomg (C, B) = idnom,(c.ky)> @ Homg (C,
«) is surjective. Therefore, the exact sequence (which is exact by properness
of X)

0 — Homg(C, Ko) —22*CP, Homg(C, C ® Py) — Homg(C, M) — 0
splits. Since Homg (C, C ®g Py) = Py is R-projective, so is Homz (C, M).
Theorem 2.11 and Corollary 2.10(a) now imply that M is C-projective.

Using dimension shifting, we have the following extension of the previous
result.

THEOREM 3.2. Let C be a semidualizing R-module, let n be a non-negative
integer, and let M, N be R-modules.
(a) The following are equivalent.
(i) Ext}' (M, —) =0
(i) Ext;!*'(M, =) =0
(iii) Ze-pdp(M) < n.
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(b) The following are equivalent.
(i) Ext}f'(—, N) =0
(i) Ext;""'(=.N)=0
(iii) Fe-idgr(N) < n.

The preceding two results imply the following.

COROLLARY 3.3. Let C be a semidualizing R-module, M an R-module and
n>0.

(a) The following are equivalent.
(i) There exists an augmented proper Pc-projective resolution X of
M such that fo+ is C-projective.
(ii) Every augmented proper Pc-projective resolution X of M has
the property that QnX+ is C-projective.
(b) The following are equivalent.
(i) There exists an augmented proper Jc-injective resolution Y of
M such that 2, is C-injective.
(ii) Every augmented proper Yc-injective resolution Y of M has the
property that Q' , is C-injective.

We conclude this section by showing that if any two of three modules in
a short exact sequence have finite #--projective dimension then so does the
third. Note that the standard constructions (using Horseshoe Lemmas, mapping
cones, etc.) that show this result when C = R can be used in this setting.
However, we offer a shorter proof that uses the classical result.

PROPOSITION 3.4. Let C be a semidualizing R-module. Consider an exact
sequence of R-modules

O0->M —>M-—> M —0.

If any two of the modules have finite Pc-projective dimension, respectively
Sc-injective dimension, then so does the third.

PROOF. Assume that two of the modules M, M’, M” have finite #¢-projec-
tive dimension. By Corollary 2.9, these two modules are in B¢. By 1.9(a), this
forces all of the modules M, M’, M" to be in Bc. Thus, the complex

0 — Homg(C, M) — Homy(C, M) — Homz(C, M") — 0

is exact. By Theorem 2.11(c), two of the above Hom modules have finite
projective dimension and hence so does the third. Theorem 2.11(c) implies
that all of M, M’, M"” have finite Pc-projective dimension. The other assertion
is dual.
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4. Comparing relative and absolute cohomology

In this section we investigate the interplay between absolute Ext and the relative
cohomologies Extg,. and Ext .. Under certain circumstances, they agree with
their corresponding absolute counterparts.

THEOREM 4.1. Let C be a semidualizing R-module, and let M and N be
R-modules. There exist isomorphisms.

Ext}, (M, N) = Ext},(Homg(C, M), Homg(C, N))
Ext!, (M, N) = Exty(C @ M, C ®g N)

ProoF. We prove only part (a). Let Xt be an augmented proper Zc-
resolution of M. By Lemma 2.1, the complex Homg(C, X ™) is an augmen-
ted projective resolution of Homg (C, M). Thus, the equalities below hold by
definition

Ext (Homg(C, M), Homg(C, N))
= H' (Homg (Homg(C, X), Homg(C, N)))
=~ H'(Homg (C @ Homg(C, X), N))
= H' (Homg (X, N))
= Ext} (M, N),
while the isomorphisms follow from adjunction and the containment % C
Be.

With appropriate Auslander and Bass class assumptions, the aforemen-
tioned relative cohomology modules agree precisely with the absolute Ext.

COROLLARY 4.2. Let C be a semidualizing R-module, and let M, N be
R-modules.

(a) If M and N are in Bc, then Exty, (M, N) = Exty (M, N) for all i.
(b) If M and N are in ¢, then Extfﬁc (M,N) = Ext’k (M, N) foralli.

ProOF. We prove only part(a). Let Tot X denote the total complex of a
double complex X. Let P be an augmented projective resolution of Homg (C,
M), and let [T be an augmented injective resolution of N. Since M and N
are in B¢, the complexes C ® P and Homg(C, I") are exact. There is an
isomorphism

Homgz(C ®r P, I) = Homg(P, Homy(C, I))
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of double complexes. This provides the second isomorphism below
Ext, (M, N) = H' (Tot Homz(C ®z P, I))
= H'(Tot Homg (P, Homg(C, 1)))
= Exth (Homg (C, M), Homg(C, N))
= Extly (M, N),

while the last isomorphism follows from Theorem 4.1.

5. Further parallels between the classical and relative theories

The results of the previous sections demonstrate that there is a tight connection
between modules of finite Z--projective dimension and modules of finite pro-
jective dimension. In this section we indicate how the machinery developed
above allows us to extend many classical results to this new setting. We begin
by showing that Z¢-projective dimension has the ability to detect when a ring
is regular.

PrOPOSITION 5.1. Let (R, m, k) be a noetherian, local ring and C a semi-
dualizing R-module. The following are equivalent.

(1) Pc-pdgr(M) is finite for all R-modules M.
(il)) Pc-pdg (k) is finite.
(iii) R is regular.
PrOOF. (i) = (ii) is trivial.
(ii) = (iii) Since Pc- pdy (k) is finite, Lemma 2.1 implies pd , (Homg (C,
k)) 1s finite. Since Homz (C, k) is a nonzero k-vector space, pd, (k) is finite.
Thus, R is regular.

(iii)) = (1) Since R is regular, the only semidualizing R-module is R itself.
Thus, C = R so this follows from the Auslander-Buchsbaum-Serre theorem.

Our methods also apply to bounded complexes of C-projective modules, as
the next result shows.

ProprosiTION 5.2 (New Intersection Theorem for complexes of C-projective
modules). Let (R, m) be a noetherian local ring and C a semidualizing R-
module. If there exists a non-exact complex

X=0->C%—>C*»'—>...>C"—>C"—>0

with €g(H; (X)) finite for all i, then s > dim(R).
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ProoF. First, note that the complex
Homz(C,X)=0—- R* - R*' - ... > R - R* = 0

is non-exact. Indeed, if it were exact, then it would split, forcing the complex
C ®r Homp(C, X) = X to be exact, a contradiction.

Now fix a prime p # m. Since the homology of the complex X has support
equal to m, the complex X, is exact. This forces the complex Homg, (Cy, X)) to
be exact, as Extil (C,C) =0.This forces H; (Homg (C, X)), = H; (Homg, (Cy,
Xp)) = O for all i. Thus, £z(H;(Homz(C, X))) < oo for all i. The New
Intersection Theorem now implies that s > dim(R).

Next, we extend Bass’ result that a ring is noetherian if and only if the class
of injective R-modules is closed under direct sums.

PROPOSITION 5.3. Let R be a commutative ring and C a semidualizing R-
module. The ring R is noetherian if and only if the class ¢ is closed under
direct sums.

PrOOF. Assume R is noetherian. Let {/,} be a collection of injective R-
modules. Since C is finitely presented, there is an isomorphism

| [ Hom(C. 1) = Homy (c, 11 IA>
A A

and the desired result follows by Bass’ result.

Conversely, assume the class ¢ is closed under direct sums. Let {I;} be
a collection of injective modules so that {Homg(C, I,)} is a collection of C-
injective modules. By assumption, there is an isomorphism

]_[HomR(c, I,) = Homg(C, J)

for some injective J. This provides the third isomorphism below. The first and
fourth isomorphisms follow from the fact that any injective module is in Bc.
The second is by the commutativity of tensor products and coproducts.

]_[IA = ]_[C ®g Homg(C, I,)

= C ®x [ [(Homg(C, 1))
=C Qr HomR(C, J)
= J.

In particular, | [ 7, is injective.
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Finally, we provide an example in which this technique does not seem to
provide a straightforward way in which to extend a classical result. Consider
the following:

QUESTION 5.4. Let (R, m, k) be a local, Cohen-Macaulay ring admitting
a dualizing module D. Let C be a semidualizing R-module. If there exists
an R-module M of finite depth with finite #--projective dimension and finite
SFc-injective dimension, must R be Gorenstein?

Note that, as we try to apply the aforementioned techniques, we see that
Hompg (C, M) has finite projective dimension, while C ® g M has finite injective
dimension. To apply the classical result, we need a single module that has both
finite projective dimension and finite injective dimension.
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