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ANALYSIS OF THE QUADRATIC TERM IN THE
BACKSCATTERING TRANSFORMATION

INGRID BELTITA and ANDERS MELIN*

Abstract

The quadratic term in the Taylor expansion at the origin of the backscattering transformation in
odd dimensions n > 3 gives rise to a symmetric bilinear operator B on C§°(R") x C§°(R").
In this paper we prove that B, extends to certain Sobolev spaces with weights and show that it
improves both regularity and decay.

1. Introduction and formulation of the main result

The real part of the Fourier transform of the backscattering part of the scattering
matrix associated to the Schrodinger operator H, = —A4vinR", wheren > 3
is odd, can for v in suitable function spaces be represented as a function v +
B(v)+ R. Here R is a smooth function, which is due to the negative bound states
and does not appear when v is small or nonnegative. The term B(v) is entire
analytic in v, and its Taylor series at v = 0 starts with a quadratic term S, (v).
The corresponding bilinear transformation B, is a singular integral operator
on Cg°(R") x C3°(R"). We refer to the paper [5] in which the backscattering
transform was defined in arbitrary odd dimension (see Definition 3.4 in that
paper). An explicit formula for B, is provided by Corollary 10.7 of [5], which
implies that

(I.1)  Ba(f, &)(x)
=// E(y,z)f(x-i—yTH)g(x—%)dydz, f.8 € Cy°(R").

Here E(y, z) = 47 '(im)'7"8"=2(]y|*> — |z|?) is the unique fundamental solu-
tion of the ultra-hyperbolic operator A, — A, such that E(y, z) = —E(z, y)
and E (y, z) is separately rotation invariant in both variables (see Corollary 10.2
of [5]). With this notation 8, (v) = By (v, v).
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Since E is not a function the formula (1.1) needs to be interpreted in the
distribution sense. If the trilinear form Q on C§°(R") is defined through

12 0(fig.h) = / hOB(f.9) () dx,  fg.h € CRRM,

this means that

Q(f. 8. ) =(E, P)

DP(y,z2) = /h(x)f(x + yT—H)g(x — %) dx.

In what follows we are going to use similar notation for other integrals that
have to be interpreted in the distribution sense. For definitions and basic results
in distribution theory we use [3].

The expressions for B, and E above show easily that B, is continuous
from C§°(R") x C3°(R") to C3°(R"). It commutes with translations and |x| <
Vr? + 13 in the support of By(f, g) if |x| < ry in supp(f) and |x| < r, in
supp(g). From formulas we derive in the next section it will be clear that B,
extends to a much larger domain than C§° x Cg°. In particular B> (f, g) is
defined as a distribution when f, g € Lgpt.

It was noticed in the paper [4] that, when v is compactly supported, the high
order terms Sy (v) of B(v) gain smoothness that increases with N. This result
was made more precise in the paper [1]. In particular, it was shown that 8 (v)
is more regular than v.

In this paper we focus our considerations to B, and establish continuity
estimates in weighted Sobolev spaces. Specifically, we consider the spaces

where

Hipy(RY) = {u € S'RY); (x)*(D)’u € L*(R)}

where a, b € Rand D = i~'9, hence (D) is multiplication by (£) = (1 +
|€]>)!/? on the Fourier transform side. We prove then that for certain values
of a, b > 0 it is true that B, extends to a bilinear operator on H, ;. In fact,
it happens also that there are a, b, a, b witha < a, b < b such that B, is
continuous from H, ) (R") X Hap)(R") to H 5 (R"). This means that B, in
a certain sense improves decay and regularity at the same time and therefore
shares some nice features with ordinary multiplication as well as convolution.
There are good reasons to believe that similar properties hold for higher order
terms By in the expansion of the backscattering transform, and if so, this would
have applications in inverse scattering.

Throughout this paper we use the notation m = (n — 3)/2. Our main result
is the following theorem.
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THEOREM 1.1. Assume (a’,b',a”,b", a, b) € RS satisfies
0<a<m+1/2+min(d’,ad"), a<a+ad —1)2,
(1.3) 0<b<l+mn®. b, b+m<b +b"
a+b<1/2+min(d’,a”) + min(’, b").

Then B, is continuous from H py(R") X Hgr pry(R") to Hyy p)(R").

COROLLARY 1.2. Assume that
0O<a<a, O0<b<b, a+b<1)2

Then B; is continuous from H 24a,m+b) X Ha2+am+b) 10 Hi ot asa msbri):
In particular, By is a continuous bilinear operator on H, py when a > 1/2
and b > m.

In the result above the improvement on regularity of f,(v) = By (v, v)
depends, in a certain sense, on the regularity of the potential. In particular,
there is no gain in smoothness when b = m. It can also be noticed that when
the dimension increases, the potential needs to be more regular. However, it
does not need to have better decay, since the conditions ona’, a” in Theorem 1.1
do not become more restrictive when dimension increases. Let us mention the
results in [6], where the cases of dimensions n = 2, 3 are considered. In the
case n = 3, these results imply that, for L? compactly supported potentials,
the difference between the potential and the Born series approximation of
the Fourier transform of the backscattering data belongs, modulo a smooth
function, to the Sobolev space H sy with 6 < 1/2, and thus the regularity
improves independently of the regularity of the potential. From the point of
view of regularity our results are better, in the case n = 3, only for potentials
in Hyp with b > 1/2. However, as explained above, obtaining continuity
properties for B, from which improvement both in regularity and decay can
be derived, is the main aim here, and our technique is adapted to this aim.

The proof of Theorem 1.1 relies on a duality argument applied to the trilinear
form Q in (1.2). There is a simpler expression for Q. To see this, consider the

bilinear operator
A: PR x (R - FR™M

defined through

(14) A(f, &)(x,1) = /ko(y, nfx—ygkx+ydy, x €R", 1 €R.

Here ko (x, t) is the convolution kernel of the operator Ko (t) = sin(¢|D|)/|D|
that is, Ko(¢) is multiplication by sin(¢|£|)/|&| on the Fourier transform side.
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We note here that u(x, t) = Ko(t) f(x) is, for every f € C3°(R"), the unique
solution in C'([0, 0o), L?(R")) to the Cauchy problem (8,2 —ADu(x,t) =0,
u(x,0) =0, (0;u)(x,0) = f(x). We recall (see equation (5.4) in [5]) that

(1.5) ko(x, 1) = 7 (2m) (=)™ 8" ((x, w) — 1) dw
Sn—l
when t > 0.

LEMMA 1.3. We have the identity

(1.6) o(f.g,h)y=—-4 // A(f, g)(x,t)(cost|D|h)(x) dx dt
n xR+

when f, g, h € Cj°(R").

PrOOF. By using the homogeneity of E we get

(17) O(fig.h) =4 f / f E(y, Dh(x — 2) f(x + y)g(x — y) dx dy dz.

We recall that (see Thm. 10.4 of [5])

(1.8) E(y,2) = —/0 ko(y, )ko(z, 1) dt.

Then we first integrate with respect to z in (1.7) and apply (1.8) to write

(1.9) /E(y,z)h(x —z2)dz= —/ ko(y, 1)(cos(t|D)h)(x) dt.
0

Then the integration with respect to y in (1.7) gives

(1.10) /ko(y,t)f(ery)g(x —y)dy = A(f, ©)(x,1).

The formula (1.6) is then obtained by integrating over the remaining variables
x and ¢.

The main idea is to use continuity properties of the operators cos(¢|D|) and
A in H(, ) spaces in order to get the needed estimates. To this end we need
an interpolation result for bilinear operators, which is contained in Section 2.
Continuity properties of cos(¢|D]|) and A are obtained in Section 3, and the
proof of the main result is then derived.



222 INGRID BELTITA AND ANDERS MELIN

2. An interpolation result for bilinear operators

In this subsection we consider general dimensions d > 1.
When a, b € R we define

(2.1) HipyRD = {u € S'(RY); (x)*(D)’u € L*(RD)}.
This is a Hilbert space with norm
lell sy = 114x)* (D) ul],

where the norm in the right-hand side denotes the L? norm. Since the oper-
ators (D)? (x)*(D)~?(x)~ and (x)*(D)?(x)~¢(D)~" are continuous in L2, it
follows that

HipR) = {u € ' RY); (D)’ (x)"u € L*(RY)}

and the norms ||u||,») and ||u||za,b) = |[(D)?(x)%u|| are equivalent. This in
turn implies that the Fourier transform is a linear homeomorphism from H, p)
onto H(b,a)-

Assume T: % (RY) x Z(R?) — F(RV) is a continuous bilinear operator.
Let I(T) be the setof all 0 = (a’, ', a”, b", a, b) € RS for which there is a
constant C = C (o) such that

(2.2) ITCf, )Nap < Clfll@w.ollglaprys f.g € SRY.

The next theorem might be obtained as an application of Theorem 4.4.1 in
[2]. For the reader’s convenience we include here a direct proof.

THEOREM 2.1. The set I(T) is convex in RC.
We are going to use the following lemma.

LEMMA 2.2. Assume K C R is a compact set. Then there is a positive
constant C depending on K and d only such that

(2.3) 1(D)?¢x)"(D)~" + C|t])'Ret,

L2(Rd)—>L2(Rd) S (1
when b € CwithReb € K andt € R.

Proor. Choose a positive integer M such that K C [-2M, 2M] and set
Py (z.1) = (D)*M*(x)" (D)
when z € C, r € R. We have that

Dj o (x)" = (x)" o Dj + tx;(x) 2.
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It follows by induction over |«/| that

Do (x)" = (x)" oD+ Y (x)'t*prap(x) o D,
I<k<la|

1Bl<lel

where (x)”19” p 4 5 is bounded for every y € N?. Hence there is a constant
C, which depends on M and d only, such that

1Py (1, )l 22 < (14 Clep*M.
Since (D)*M1Im2 is unitary in L? it follows that
24) N Pu@Dllpsr <A+Clt)*™  when Rez=1,7€R.
One also clearly has that
(2.5) Py (z, )l12sr2 <1 when Rez=0,7r e€R.
Let f, g € (RY) satisfy || f|| = |lg|l = 1 and set
am(z, 1) = (14 Clt) M (Py (2, 1) £, g).

This is an entire analytic function, bounded on the strip 0 < Rez < 1 and, by
(2.4) and (2.5), |gm(z,t)] < 1 when Rez = 0 or Rez = 1. It follows by the
three lines theorem that |g,,(z, #)| < 1 when 0 < Rez < 1. This implies that

I Py (z, )22 < (14 Clef)*MIRes]

when 0 < Rez < 1, ¢t € R. A similar proof shows that the above inequality
holds also for —1 < Re z < 0. The lemma follows after replacing z by b/ (2M).

PROOF OF THEOREM 2.1. Assume
oo = (ay, by, ag, by, ao, bo), o1 = (a}, by, a}, by, ay, by)
are elements of 1 (T"). Define
0(z) = (d'(2),b'(z),a"(z),b"(2),a(z),b(z)) = (1 — )09 + z01, z€C.
Let f,g € S(RY) and h € F(RY) and set
F@) =@ UD)"Of G =) D) g

and
H(z) = (»)"(D)"“h.
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Then F, G and H are holomorphic functions of z with values in .#(R?) and
S (RM), respectively, and their .# seminorms have at most polynomial growth
in |z| when Re 7 stays in a bounded set.

The previous lemma shows that when Rez = 0

IF @) @by < Crll{D)?0 (x)* =D (D)o D)= 0o~ |
< Ca(1 + | Im z) 2l (D)6 =20 £
< CI1+ 2]l £11.
Similarly one gets
IG@ ey < CIL+21Mgl,  ITH@ N cag—boy < CI1+ 2™l
when Re z = 0, and
IF @6y < CIL+ 2P £1,
1G @) Ny < CIL+ 21" g,
IH @)ll(—ar,—bry < CIL+z|"A]

when Rez = 1.

Define
q(z) =(T(F(2), G(2)), H(2)).

This is an entire analytic function.

Since T is continuous from . (R?) x % (RY) to & (R") it follows (by using
commutator estimates as in the previous lemma) that g(z) is of at most poly-
nomial growth in the strip 0 < Rez < 1. Since o0y, o1 € I(T) the estimates
for F, G, H above show that there are positive constants C and y, which
are independent of f, g, &, such that [(1 + 2)"q()| < ClfIl - ligl - [IAl
when Re z = 0 or Re z = 1. It follows then from the three lines theorem that
(1 4+ 2)77q(z) satisfies the same estimate for every z in the whole strip. When
z =20 € (0, 1) we get an estimate for ¢(6), and hence the estimate

(DY@ () O ((x)= (D)@ £, (x) =" O (D) D) | < ClIf I gl
where C is independent of f and g. This means precisely that o () € I(T).

3. Proof of the main result

We recall that n > 3 is odd and we have denoted m = (n — 3)/2. We define
the operator K : %' (R") — %' (R"*!) through

3.1 (Ku)(x,t) = Y4 (t)cos(t| Du(x), t eR,x eR",
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where Y, is the characteristic function of [0, 00).

ProposITION 3.1. Assume a < 0 and b < 0. Then the operator K is
continuous from H py(R") to Hig—1/2,5 (R™™1).

ProOOF. When ¢ > 0 we denote by A, the operator on & (R") which is
multiplication by the function ((1 + ¢)*> + |x|*)!/? and we consider K (t) =
cos(¢|D|) as an operator in ¥ (R"). Since n is odd the convolution kernel
l%o(x, t) of K(¢) is supported in the set where |x| = ¢. Therefore K (¢) f is
supported in the ball with centre xo and radius r 4-¢ if f € C3°(R") is supported
in the ball with centre x( and radius r.

Assume first that a is real, arbitrary. We prove that there exists a constant
C, such that

(3.2) A K (@)Af | 2jny— 2@y < Cas t>0.

Let (T,), -0 be the dilation group on % (R") defined by T, h(x) = ¢"/?h(o x).
Then 77! = T/, and T, extends to a unitary operator in L? for every 0. We
notice that

T,K(t)T, ' = K(t/o)

and
T AT, = (14 DA,

It follows that

ATKOA = T A K (t/(1+ ) A T4
Therefore, it is enough to show that for 0 < r < 1 the operator A,“ K (1)A§
extends to a bounded operator on L?(R") and that there exists C, > 0 such
that

(3.3) [Ag“ KO AG 2@y~ 12Rr) < Cas 0<tr=<1.

Take 0 < ¢t < 1. We notice that (K (¢) f, K(¢t)g) = 0 if dist(supp(f),
supp(g)) > 2, since the supports of K(¢)f and K (¢)g do not overlap. Let
0 < x € C{°(R") be supported in the unit ball and satisfy f)( (y)dy = 1. For
f € C3°(R") define f,(x) = f(x)x(x —y). Then

(KO fy, KO f)=0  when [y—z|>4.
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Since f = [ fy dy it follows that
(A“KMAYf, Ay K (AL S)

//(A YK ()AG fy, Ay K ()AL f)dydz
// ‘ 4(A0“K(I)A oSy, Ay K(t)AG f) dydz
ly—zl=<

< cf IAG K (A fylI” dy.

Since |x — y| < 1 in the support of A{ f,, we have that |[x — y| < ¢+ 1 in the
support of K () Ag fy. Hence

A KOAG Sl = CLiy)IAG Sl = ClLf L

The proof of (3.3) is then completed by the fact that

f I £ lI7dy < CIIFI%

Using (3.2) we get, when a < 0,

f A+ 1x?+ ) V2| Ku(x, t)|* dx dr
=/ (1 + x> + ) V2(K (H)u) (x))* dx dr
< c/ (1 + |x)? + )72 |u(x)|)? dx dt

o0
= C(/ (1 +z2)a—1/2d;) /(1 + |x|2)”|u(x)|2dx _ C/”u”%a,O)
—00

when u € & (R"). This concludes the proof for the case b = 0, since & (R") is
dense in H, o).

In the case b < 0 the proposition follows from the fact that K commutes
with D, and the operator (1 + |D,|> + | D«|*)?(D,)~" is bounded.

The previous proposition combined with Lemma 1.3 gives the next corol-
lary.

COROLLARY 3.2. Assume ay, as, by, by, az, b3 € R, a3 > 0 and b; > 0.
Then B, is continuous from H,, b,y X H, by) 10 Ha, by) if A is continuous from
Hea by X Hiay ) 10 Hia4172.53)-
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We turn our attention to proving continuity properties for the bilinear oper-
ator A. We will first establish some useful formulas for A(f, g) and its Fourier
transform.

Let S: (R") x #(R") — F(R"*!) be the operator defined through

(3.4) S(f,9)(x,1) = ! fx+tw)g(x—tw)dw, x €R"Y, t eR.
Sn—l

It is easy to see that S extends to a bounded operator from L?(R") x L2(R")
to L2(R™M1).

LEmMMA 3.3. Let X(f, g)(&, ©) denote the Fourier transform of A(f, g) with
respect to both variables. Then

(z/2)"

= Figay S DE/2 T/,

(3.5) A(f, 9)(E, 1)

when f, g € S(R").

ProOOF. Let ¢ (&, t) be the Fourier transform of A(f, g)(x, t) in the variable
x. Then

6. 1) = Qm) " / / ko(y. ) FaDEE — me 2169 dy dy

— @) / / ko, r)f(g : n)§<$ - ”)e—i<"~-v> dydy
_ cpmn [ SIN|) ~(E+0\~(§ — 1
= @m)y 2 / il f( 2 )g( 2 )d"'

It follows that

A(f, 9)(E, 1)

_ —nA—n —irtemnl _e—if\ﬂl ~ ‘i:+77 —~ 5—’7
= @m) 72 //e 2] f( 2 )g< > )dtd"

R" xR

— (zn)f(nfl)i*12*(n+l) |T |71

G(Inl — ) — 8(Inl + r))f(g ! ”)?(5 R ") dy
R’l

— (27T)<n1)i12(”+l)‘17"2/ ]’[\(E + TO))?(%‘ - Ta)) dow.
gn—1 2 2
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This combined with (3.4) gives the lemma.

LEMMA 3.4. We have
(3.6) ko(x, 1) = 9" ko(x, 1),

where the smooth mapping R > t — «o(-,t) € &' (R") is given by

(3.7) (;co(-,t),q)):n(zn)(”“’/2:'"“/ ¢(tw) dw

sn—1

—l—/ p@/rr" </ o(rw) dw) dr
t gn—1
for every ¢ € C°(R"). Here

1 d m-+1
p(s>=—( ) (1 —sHm,

m!(4my 1\ ds
with the convention that p(s) = 0 when m = 0.

REMARK 3.5. When m = 0, that is, n = 3 the polynomial p vanishes.
Therefore only the first term appears in the right-hand side of (3.7). We have
used here the convention that 0! = 1.

PrOOF. We notice that p(s) is a polynomial of degree m — 1 which is odd
(even) if m is even (odd). The polynomial »™ p(¢/r) is therefore odd in r and
odd (even) in ¢ if m is even (odd). Set ¢ (r) = fs,,,, ¢(tw)dw when t € R. This
is a smooth and even function of 7. If m is even then

oo

o oo

[ pemmserar= [ pummgma == [ peiynmge e
t —t —t

which shows that the left-hand side is an odd function of ¢. If m is odd similar
arguments show that the left-hand side is even in 7. Hence, if we define «q as
in the lemma it follows that «( (-, ¢) is a smooth distribution valued function of
t which is odd (even) if m is even (odd).

Define

Up(x, 1) =/ 8D ((x, w) — 1) do.
Snfl

It follows from (1.5) that

ko(x,t) = 9w (2mw) " Up(x, 1).
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Here Uy (-, t) is a smooth distribution valued function of ¢ with the same parity
as ko(+, t). The lemma follows therefore if we prove that

ko(x,t) =7 Q2mr) "Uy(x, 1)

when ¢ > 0.
We may write

Up(x, 1) = (—3,)"*2 / Ya(x, 0) — 1) dow

gn—1

1
= ¢y_1(—0)" / Yi(lxls — (1 —s*)™ds
-1

1
= cpi(—=3)" ! f 8(|x|s — £)(1 — s*)™ ds,
—1

where ¢,_; = 27"*!/m! is the area of the (n — 2)-dimensional unit sphere.
In {r > 0} we have

(e’ 1
(Uo(-, 1), @) = cp1 (=)™ / f 8(sr — )yr" N (1 — s2)"G(r) ds dr
0 —1
1
— i (=) / (/s (1 = 25~ @(1/5) ds
0

= -1 (=3)""! / = AR dr

Set g(s) = cp,—1(—d/ds)"™ (1 —s2)" = 7~ (27)" p(s). A simple computa-
tion then gives

e¢]

(Uo(- 1), 9) = cpm!2"1" 1 5(1) +/ q(t/r)r"¢(r)dr

t
=771 21)" (ko (1), @)
This finishes the proof of the lemma.

COROLLARY 3.6. With the notation in the previous lemma, we have
A(f, &) (x, 1)
=3 (n<2n><"+“/25<f, 2)(x, 1)+ f p/r)r ' S(f. 9)(x, 1) dr)
t

forevery f, g € Cg°(R").
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It has become clear that, in order to get continuity properties of A, we need
to study the bilinear operator S. We start with an elementary lemma, where
meas(-) denotes the surface measure on S"!.

LEMMA 3.7. There is a constant C such that
n—1
(3.8) meas (fw € "5 r/2 < |x —tw| < 2r, |x +tw] < s}) < c(f)
’

whenr,s >0, x € R",t € R

ProoF. It is enough to prove the lemma for s < r/4. Denote
M(x,t:r,s) ={weS"!; r/2 < |x —tw| <2r, |x +tw| < s}.

Since
meas(M (x, —t; r,s)) = meas(M(x, t;r,s))

we may assume ¢t > 0.

Ifw e M(x,t; r,s) wemusthave (x, w) < 0. Itfollowsthatr/2 < |x|+t <
2+/2r when M(x,t;r,s) #0.Also ||x]| —t] <s < r/4, hence |x|, t and r are
of the same order of magnitude. Using the fact that the push-forward of the
measure dew on S"~! under the mapping w — 7 = (x, w)/|x| € [-1,1]isa
multiple of the measure (1 — 72)" dt we easily see that

meas(M(x, t;r,s)) < C/ (1 —-1o)"dr,
N(x,t,s)

where 5 5 5
N(x,t,s) ={t € (0, 1); |x|” + ¢t —2|x|tt < s°}.

2 2y
cl(® (x| —1) 7
x|t

meas(M(x, t; 1, 5)) < C(s2/(]x]|t)"T .

Since

2= (x|=?

2ogelr?
/ (l—t)deS/ " dt
N(x,t,s) 0

we have proved that

IA

Recalling that |x| and ¢ are of the same order of magnitude as r, we see that
(3.8) holds.

LEMMA 3.8. Assume r,s > 0,9,y € C°(R"), ¢ is supported in the set
where r/2 < |x| < 2r, ¥ is supported in the set where |x| < s, and a € R.
Then there is a constant C = C(a), independent of r, s, ¢ and ¥, such that

(3.9) 1S, ¥)ll@oy < Cls/r)" max((r)?, (r + )Pl 11l
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ProoOF. It follows from Lemma 3.7 and Cauchy’s inequality applied to the
integration with respect to w that there is a constant C such that
(3.10)

IS(@, ¥)(x, D) < Ct" (s /r)2m D / P (x + to)*|¢ (x — tw)|* do.
Since 2(|x|*> + %) = |x + tw|* + |x — tw|*> when w € S"~!, one has
G.1D) A+ xS, Y (x, D

nei {S\20mtDh ) " 5 5
= Ct (;) (I+|x+tw|"+|x —tw]*)?*|¢ (x +tw)|*| ¥ (x —tw)|” dw

<! (f;)z”"“) max((F), (r + 5)9) / 6Cr + 1) PIY (x — )2 do.

An integration with respect to x and ¢ in (3.11) gives (3.9).

LEMMA 3.9. Letd’, a”, a € R satisfy
(3.12) a <m+1+min(a’, a"), a<a+d.

Then S is continuous from Hy oy X Hg o) to H,0).

Proor. Choose x € C{°(R") a smooth decreasing function of |x| such that
x(x) =1when |x| <1, x(x) =0when |x| >2and 0 < y < 1. Set

X @) =xQ7x) = x2'x), Jz1 xo(x) = xx)

when x € R". Then f = ) x; f with convergence in % (R") when f is in that
0

space. In addition, when p € R, there is C = C(p) > 0 such that
oo oo

(3.13) CTY 22PN 1P < 1 130 < €D 27N £
0 0

Consider f,g € F(R") and denote s; = 297(|x; fIl, ox = 2|l xxgll.
These are £2(N)-sequences with £2 norm bounded from above by a constant C
times || fl(x,0) and ||glla",0). respectively. Set ¢ = m + 1 4+ min(a’, a”) — a.
Then ¢ > 0 and we shall show that there is a constant C > 0, which depends
ona,ad’,a” only, such that

(3.14) IS f 68 a0y < €27V 0.
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Hence
ISCA D@ < Y ISGGf Xl < C1 Y 271 Hsj0p
J:k=0 J:k=0
12 1/2
<G (Z sf) (Z a,f) < Cliflwollgla.o-
Jj=0 j=0

This would prove the statement.

It remains to prove (3.14). Since S is symmetric, and since the condition
(3.12) is symmetric in (a’, a”), it suffices to prove (3.14) when j > k. The
previous lemma shows that

(3.15) IS(x; fo xk8)| < C27Piksjo,

VRIS = G =l + 1) —aj +dj+ak

=(—-k(m+1+d —a)+ @ +ad" —a)k
> (j —k)(m + 1+ min(a’, a") — a)
=(j —k)e.
This proves (3.14).
LEMMA 3.10. Define

I(f, g)(x,t)Z/ p/rr~'S(f, &)x, r)dr,
when f, g € Ci°(R"). Then
IT(f, &) l@o) < 2I|§1|§>1< [P 1SS ©)llao

when a > 0.

ProoF. We recall that

p/rr ' S(f. 9)(x, 1) = p(t/r)r"r " VS(f, g)(x,r)

is an odd function of . Hence

IT(f, 8)(x, 1) <

/| p/r)r ' S(f, g)(x,r)dr

|

< c/oor—HS(f, 9)(x. ) dr
|

1|
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where C = maxs<; |p(s)|. When a > 0 we get

A+IxP+A)T(f, @) (x, )] < C/ ro A P4 218 (f, @) (x, r) dr

It

The lemma follows therefore if we notice that
o0 o0
/ H*(t)dr < 4/ h% (1) dt
0 0

when H(t) = [t 'h(t)dr and 0 < h € Cy(R). In fact, if h(s) = e*/?h(e*)
and H(s) = ¢'/>H (¢*), then

o0 ~ o0 ~
f B2 dt = [ g, / H2A(0) dt = | g,
0 0

and H = y  h, where y(s) = (1 — Y.,(s))e*’? has L' norm equal to 2.

ProposITION 3.11. (i) When d’, a”, a € R satisfy
0<a<m+1+min(a,d"), a<a+a,

then A extends to a continuous bilinear operator from H gy X Hyr o) to
H(a,—m)~
(ii) When b’, b", b € R satisfy

b <m-+1+min(®',b"), b<b+b",
then A extends to a continuous bilinear operator from Hpy X Hgpry to
H,p—m)-

PROOF. A combination of Corollary 3.6, Lemma 3.9 and Lemma 3.10 gives
(i), and (ii) follows from Lemma 3.3 and Lemma 3.9.

PROPOSITION 3.12. Let (a’, b, a",b", a, b) € RS satisfy
0<a<m+1+min(a’,ad"), a<a+ad,
(3.16) b <m+14+min@®',b"), b<b +b",
a+b<m+14+min(d,a”) + min®’, b").
Then A is continuous from Hyy py X Hyr pry to Hig p—m)-

PrOOF. If (a’,b',a",b", a,b) € RO satisfies (3.16), it is easy to see that
there is an 6 € (0, 1) such that

a <6(@m+ 1)+ min(a’, a"), b<(1—0)m+1)+min(',b").
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This shows thata’/0,a" /0, a /6, respectively b’ /(1 —0),b" /(1—6),b/(1 —6)
satisfy the conditions in Proposition 3.11, hence

(@/6,0,a"/6,0,a/0, —m) € 1(A),
0,0 /(1-0),0,0"/(1 —0),0,—m + b/(1 —0)) € [(A).
The proposition then follows by Theorem 2.1.

PrOOF OF THEOREM 1.1. Theorem 1.1 follows from Proposition 3.12 ap-
plied for (a’, &', a”,b"”, a + 1/2, b), and from Corollary 3.2.
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