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ON THE SPECTRUM OF THE GENERALIZED
GELFAND PAIR (U(p, q), H,), p+q =n

TOMAS GODOY and LINDA SAAL

Abstract

It is known that the spectrum of the Gelfand pair (U (n), H,) is homeomorphic to the Heisenberg
fan.

In this paper after defining a suitable notion of spectrum, we prove an analogous result for the
generalized Gelfand pair (U (p, q), H,), p + q = n.

1. Introduction

Letn € N and let p, ¢ nonnegative integers such that p + g = n. Let H, be
the Heisenberg group defined by H,, = C" x R with group law (z, 1)(z/,t') =
(z+2', t41'=5Im B(z, 7)) where B(z, w) = Y_/_, z;w; =Y ;_, ., 2;w;. For
x = (x1,...,x,) € R, we write x = (x’, x”) with x’ € R?, x” € RY. So, R*"
can be identified with C" via the map ¢ (x', x”, ¥, y") = (x" + iy, x”" —iy”),
x',y' € RP,x",y” € RY. In this setting, the form — Im B(z, w) agrees with the
standard symplectic form on R*7+9)_ and the vector fields X; = —3y; 2 + 3%,

Y, = %xj% + Biy,-’ j=1...,nand U = % form a standard basis for the

Lie algebra h,, of H,. Thus H, can be viewed as R" x R" x R via the map
(x,y,t) = (¢(x,y), t). From now on, we will use freely this identification.

Let ¥ (H,) be the Schwartz space on H, and let #'(H,) be the space of
corresponding tempered distributions. Consider the action, by automorphism,
of U(p, q) on H, given by g.(z,1) = (gz,1). So U(p, q) acts on L>*(H,),
S (H,) and ¥’ (H,) in the canonical way.

Let U (p, q) H, denote the semidirect product of U (p, q) and H,. Itis well
known that the pair (U(p, q)H,, U(p, q)) is a generalized Gelfand pair, that
is, for each irreducible unitary representation 7 of U(p, q) H,, the space of
distribution vectors fixed by U (p, ¢) is at most one dimensional. This definition
extends the notion of Gelfand pair, which in our case happens when p = 0 or
q = 0. Asusual we will write (U (p, q), H,) torefer to the generalized Gelfand
pair (U (p, g)H,,, U(p, q)). A consequence of being a generalized Gelfand pair
is that the subalgebra %y, 4)(h,) of the left invariant and U (p, ¢) invariant

Received March 26, 2008.



172 TOMAS GODOY AND LINDA SAAL

differential operators is commutative. We refer to [13] for a detailed study
of the theory of generalized Gelfand pairs. By another way, it is easy to see
that this subalgebra is generated by L and U where L = ;’:] (Xj2 + sz) -

Z}l:p—b—l(sz + sz) and U is as above (cf. [7]).

The description of the unitary dual of U(p, g)H, is given in [15]. Let
P be the cone of the bi-U(p, q)-invariant, positive-definite distributions on
U(p,q)H,. We say that T € & is extremal in & if and only if § € £ and
T —SePimply S =aT for some o € R. For S, §' € 2 we write S ~ §' if
and only if S = oS’ for some o > 0. Thus ~ is an equivalence relation on &.
For S € & we put [S] for its equivalence class.

By general theory (see [5], [13]) one knows that there exists a one to one cor-
respondence between the set of unitary representations 7 of U (p, ¢q) H, admit-
ting a cyclic distribution vector &, fixed by U (p, q) (spherical representations),
and the set of the equivalence class of bi-U (p, g)-invariant, positive-definite
distributions. More precisely, for such 7 and &, and for ¢ € C*°(U(p, ¢)H,),
itis easy to see that 7w (¢)&, is a C*-vector for . Define T, € D'(U(p, q)H,)
by

T7(p) = (&, w(¢)éx)

(T is called a reproducing distribution for 7r.) With these notations, the quoted
correspondence is given by m — [T ]. We recall also that 7 is irreducible if
and only if 7, is extremal in &. As usual, we will identify the bi-U(p, q)-
invariant distributions on U (p, q) H,, with the U (p, g)-invariant distributions
on H,.

Let us recall some facts concerning the compact case p = n, g = 0, i.e.,
when U (p, g) = U(n). Since (U (n), H,) is a Gelfand pair, the convolution
algebra of the U (n)-invariant integrable functions on H, is commutative. Its
spectrum, denoted by A(U (n), H,,) can be identified, via integration, with the
set of bounded spherical functions of the pair (U (n), H,). Moreover, for this
Gelfand pair (as remarked in [2]), the set of bounded spherical functions is
precisely the set of positive definite spherical functions, and so A(U (n), H,)
is the set of extremal points in the cone of U (n)-invariant, positive definite
functions on H,. These spherical functions can be classified (see [1]) as:

a) The spherical functions of type I, i.e., those that restricted to the center
of H, are nontrivial characters. These are given by

_

. A
Dy iz, 1) = e ML (l_zllzf)e T A#£0, k=0

where ;! is the Laguerre polynomial of order n — 1 and degree k normalized
by £1(0) = 1.
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b) The spherical functions 7,, of type II, i.e., those that are constant on the
center. They are given, for w € C" — {0}, by

2"=(n —1)!

(|zl|w[)r—! In—1(zl|wl)

Nw(z, 1) =

where J,,_; is the Bessel function of order n — 1 of the first kind, and by

no(z, 1) = L.

In [3] is defined a map & - AU (n), H,) — [0, 00) x Rby E(W) = (—Z(\D),
iU(W)), where L(¥) and U (W) denote the eigenvalues of L and U re-
spectively, associated to W. The image of & is the so called Heisenberg fan
& (U (n), H,) and it is the set

{UA1@2k +n),2) 1A #0, k e NU{0}} U{[0, 00) x {0}}.

There, it is proved that & is a homeomorphism from A(U (n), H,) (equipped
with the Gelfand topology) onto the Heisenberg fan (provided with the topo-
logy induced by R?).

We assume from now on thatn > 2, p > 1, ¢ > 1 and we turn now to
the generalized Gelfand pair (U (p, q), H,), p + g = n. Let E be the set of
extremal points of . Motivated by the quoted results in the compact case, we
define

DeriNITION 1.1. A(U(p, q), H,) = E/~, equipped with the quotient
topology of the pointwise convergence topology of &' (H,,).

In order to describe A(U (p, q), H,) we need to recall some facts. For
A # 0, let, denote the Schroedinger representation of H,, realized on L*(R").
According to [10], this representation can be extended to a representation
7, of U(p, q)H, by the rule 7, (k, z, 1) = Wi (k)m,(z, 1), for k € U(p, q),
(z,t) € H,, where W, denotes the metaplectic representation of U (p, q)
(defined there) acting on L?(R"). For « = (aj, ..., a,) with a; € N U {0},
let el = Y0 ;i — Z?=17+1 o; and, for x = (x1,...,x,), let hy(x) =
he, (x1) ... hy, (x,) where h; denotes the /-th Hermite function. For k € Z, let
H;, be the closed subspace of L?(R") generated by {h, : ||| = k}. Then (see

e.g. [4]) W, decomposes in irreducible representations of U (p, q) as
L*(R") = P Hi.
kez

Let y, denote the restriction of W, to H and let ;" be its adjoint representation.
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For v € C" let also x,(z,t) = e'R¢BE@Y and let K, be the stabilizer of
vin U(p,q), thatis K, = {g € U(p,q) : gv = v}, and extends y, to
K,H, by X,(k,z,t) = x,(z,1). Then E, := Ind%f’,’,’jm" (X,) is an irreducible
representation of U (p, ¢) H,, and for v, v’ € C" it holds that &, is equivalent
to E, if and only if B(v) = B(v') (see [15]).

The spherical representations of U (p, g) H,, are given in [15]. They are

i) Those of the form y; ® ;. For them, a reproducing distribution S; ¢,
found in [14], is given by

(LD (So.k, @) = tr (@8,

ii) Those of the form E,. A corresponding reproducing distribution is given
by

(1.2) <Sa,<p>=/ / e ReBWD (2 1) dzdt dpny ()
B(u,u)=—oc J H,

where 0 = B(v, v) and d 1, denotes the surface measure on B(u, u) = o. In
other words S, is a sort of Fourier Transform of the measure d i, .

iii) The trivial representation, with reproducing distribution 1.

The above list shows that foreach [T;] € A(U(p, q), H,), T, is atempered
distribution on H,,.

Observe that if W is an extremal point of &, then W is a joint eigendis-
tribution of —L and iU (cf. [5]). Indeed, —L (S, x) = |A|(2k 4+ p — q)S» k>
iU(S, k) =AS, rand —L(S,;) = 0Ss,iU(Ss) = 0 (cf. [14], [7]). Following
[3], we define the map & : A(U(p, q), H,) — R* by

(W] = (—L(V), iU (V)),

where Z(\D) and U (W) denote the eigenvalues of L and U respectively, as-
sociated to W. Let &/ (U (p, q), H,) denote the image of €. Equipped with
the relative topology of R? it is called the Heisenberg fan of the generalized
Gelfand pair (U (p, g), H,) and it is given by

AU (p.q), H) ={(MQk+p—g),\): L #0,k €2} U{(0,0) : 0 € R}

Our main result is the following

THEOREM 1.2. The map & : A(U(p, q), H,) — {[11} = LU (p, q), H,)
is a homeomorphism.

REMARK 1.3. As observed by J. Faraut in [5], and in contrast with the
compact case, in the case of a generalized Gelfand pair a spherical distribution
is not necessarily an extremal point of 2. For example, in our case, the solution
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space of —L(S) = 0,iU(S) = 0 is two dimensional and a basis is given by
{1, So}. After the proof of the above Theorem, it is easy to see that [1] is an
isolate point of A(U (p, q), H,).

2. The joint eigendistributions of L and i T

We begin this section by describing the space %/ (C")Y»® of tempered dis-
tributions which are U (p, ¢) invariant. We adapt the results by A. Tengstrand
detailed in [12], for the passage from the real to the complex case.

To this end, we take bipolar coordinates on C": for (xy, ¥, ..., Xy, Yn), W€

2 2 2 2 2 2
set o = jp:](xj + y,-) - Z‘;‘lzp+](xj + yj), P = Z;';](xj + yj), ’14 =
(X1, Y1, <oy Xp, Yp) @nd U = (Xpi1, Ypt1, - -« s Xny Yn). SO U = (%)ﬁwm

1
v = ("i) > w,, where w, belongs to the 2p — 1 dimensional sphere S?7~! and

wy €S %‘1‘1.
By the change of variables theorem, we have that

Y p+o : p—0 :
(el f(Z) de= \/—oo \/|a|<p ~/SZV_1><SZ"‘1 f(( 2 ) @ ( 2 ) w”)

dw,dw,(p + ) (p—0) " dpdo

We define the map M on % (R*") by

1 1
2 — 2
Mf(p,r)zf f(("”) wu,<” ’) wv)dwudwv,
SZp—lXSZL/—l 2 2

Nf(r) = /| R

and

In other words, N f is the integral of f on the surface B(z, z) = 7 provided
with a suitable surface measure.

Let H denote the Heaviside function (i.e., H(T) = X(0.00)(7)) and let # be
the space of the functions ¢ : R — Csuchthatg(t) = ¢ ()+1" @2 (7) H(7),
1, 92 € L(R). It is proved in [12] that 7, with an adequate topology, is a
Fréchet space. Moreover, following straighforward the proof of Lemma 4.2
and Lemma 4.3 there, we obtain that

N : FZR™ —{0}) > Z(R), and N:FR"™ =

are (linear) continuous, surjective maps. Now, let u € &/(R?)V(»-@ Then,
there exists a unique 7' € &’ (R) such that

{(, fY=A(T,Nf) forevery f e #(R* —{0}).
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Indeed, let ®(x1, yi, ..., X4, Yu) = (p, T, w,, w,) the change of coordin-
ates and let J(®~!) be the Jacobi determinant. If ;& o @ is the distribution
defined by (o ®, f) = (i, (f o ®~1)J(P")), then as U(p, q) acts transit-
ively on the surface B(z, z) = 7, u o @ is independent of p, w, and w,. So, T
is well defined and the uniqueness of T follows from the surjectivity of N.

Moreover, the adjoint map of N, N’ : %' — &' (R*)V (P9 is injective and
the same lines of Theorem 5.1 in [12] prove that N’ is a homeomorphism.

For f € $¥(H,), we will write Nf (t,t) for N(f(.,t))(r). We have that
for all ¢ € F(R?)

/ f (p(B(Z),t)f(z,t)dzdt:/ / Nf(z,)e(z, t)dr dt.

Our next step is to compute, for o € R, the solutions S € S'(H,)Y79 of the
problem

{—L(S) =08,
@.1) .
iUu(S) =0

i.e., the U(p, g) invariant tempered joint eigendistributions of —L and iU
corresponding to a pair (o,A) € & (U(p, q), H,) with . = 0. For such a
solution S, U(S) = 0 gives S = F ® 1 with F € S'(R*"). Since

p n ) n

0 d d 0

_ 2 2 2 2 o o

L_D-’_(Z(xj_'_yj)_‘z (xj+yj))ﬁ+§' (xjayj yjaxj)’
Jj=1 j=p+1 j=1

where

r 2 2 n 2 2

a d a d
0= —+— - —+— ).
Z(asz+ i2> Z <3xj2+ ,2>

j=p+1 9

and S is U (p, ¢) invariant, from (2.1) we get

(2.2) —0O(F)=0F.

Conversely, for each solution F € S'(R*") of this equation, S = F ® 1 solves

(2.1). It is proved in [12] that N(O f) = D(Nf) for f € S(R*), where D is
the differential operator

(2.3) D=4 8_2+(2_ )i
. —4(ryz+@-my).
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Writing F = N'(T) with T € 7, (2.2) becomes D'T = —o T, where D’ is
the adjoint of D given by D'T = 4(zT” + nT’), i.e., (2.2) is equivalent to
(2.4) D'T +oT =0.

If T € 7 is a solution of (2.4) then (since D is elliptic) its restrictions
T19(0,00) and T g(—o0,0y) are functions belonging to C*° (0, 0o) and C*°(—o0, 0),
respectively. They are solutions, on the respective semiaxis, of the equation

(2.5) 4(tv"(x) +nv'(v)) +ov(r) = 0.

Consider the case o > 0. A computation shows that a function y : (0, c0) — R
is a solution of (2.5) if and only if

w((o7)?)
(o1)'T

for some w that solves, on (0, 00), the Bessel equation of order n — 1

(1) =

(2.6) 2w (1) + tw' (1) + (7 = (n — D w(zr) =0, 7> 0.

For m € NU {0}, let J,, be the Bessel function of first kind of order m,

o0

er o= St

k=

and let N,, : (0, co) — R be the Neumann function defined by

~(m—k—1)! <_>2k—m

Mz

2.8) N, (r)—%J (0) 1o (f)_l
. m _7T m g 2 =

s k! 2
1 < (=DF T\ m+2k
(2.9) _ ;;m[w(k+ D+ vk+m+1)] (§>

where y(m + 1) := —y + Z;”:l % and y is the Euler constant.
Fort > 0,0 > 0and m € N U {0}, let

(2.10) Y (T) = M Zm(T) = M
(o1)> (o7)>

We observe that, for t > 0,

k
(2.11) Ym(T) = m! Z k'((k _|l_)m)! <£>k
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and so y,, has an analytic extension to R, still denoted by y,,, given by (2.11).
Note that {J,,—1, N,—1} is a basis of the space of the solutions of (2.6) on (0, co)
and so {y,_1, z,—1} is abasis of the solution space of (2.5) on (0, c0). Moreover,
since y,_; is analytic on R, it solves (2.5) on the whole line. A suitable (for our
purposes) solution y,_1, linearly independent with y,_;, of the equation (2.5)
on (—o0, 0) can be chosen as follows. We propose y,_1(t) = ¢c(t)y,_1(1)
which gives the equation ty,_(t)c”"(t) + (ny,—1 () + 21y, (1))c'(r) =0
that solved for ¢ gives c(1) = A ffoo W ds + B with A and B arbitrary

constants (c(t) is well defined by Lemma 2.1 below). We pick A =1, B =0
to obtain

n— — Jn— ————d
@ = )/ooyn @l

So a basis of the solution space of (2.5) on (—o0, 0) is given by {y,_1, V,_1}.
LEMMA 2.1. Assume that o > 0. Then for t < 0 it holds that y,_1(t) > 0

and y,_(t) < 0. Moreover, there exist positive constants A, B such that for
T negative with absolute value large enough

1 1
(2.12) Yao1(T) = APy (1) < — AP

Proor. For t < 0, from (2.11),

0 1 olt]\*
Yn-1(r) = (n — 1! ( >
;k!(k+n—1)! 4

o0

1 olt]\*
> (n— 1) ( )
;(k+n—l)!2 4

ol "D & | \/m 2(k4n—1)
>("_1)'< 4) ga(ﬂn—l))!( 4 ) |

So, y,—1(r) > 0 and

n—1)
Yn— 1(f)>(n—l)‘< Lﬂ) (Cosh %—ﬂz( %))

where P,_, is the Taylor polynomial, around the origin, and of degree n — 2,
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of cosh. This gives the first inequality in (2.12). Similarly, for t < 0,

o0

| olt] k—1
Yp-1(T) = —=(n = D! Z 1')(k+n—1)'( )

k=

1 olt|
_(”_1)Z<k+n 1)'2( )
o olzl
- 1)Z<k+n>'2< )

In particular, y;_,(t) < 0. Proceeding as before we obtain that

y! (t)<—(n—1)’(0| ') <cosh,/a|r| 0 (“m))
n—1 4 4 n—1 4

for a polynomial Q,_; of degree n — 1, which implies the remaining assertion
of the Lemma.

IA

The following provides information about the asymptotic behavior of z,,_;
and y,_; at the origin and at —

LEMMA 2.2. Assume that o > 0. Then

_2-Ir@—1)

1) lim,%m Tnilznfl(f) = o ) 1imr%+oo anl(f) =0

i) lim;_o- Tﬂ_l%l—l (r) = —ﬁ, lim,_, _ yn—l(f) =0
iii) y,_; is integrable on (—oo, —1).
Proor. The assertions in i) are a direct consequence of the asymptotic
behavior of N,_; at the origin and at +o00. The first assertion of ii) follows
from the definition of y,_; and the L’Hopital rule. To see the second one, we

note that from Lemma 2.1 we have y,,_;(t) > 0 for t < 0. Also, for T negative
with absolute value large enough,

0<yn l(t)—yn 1( )/

0o Yo 1(S)|S|"

T 1 1
< / ———ds < Ale” BT
—00 }’nfl(s)|5|"

for some positive constants A’ and B. Thus iii) holds and also lim y,_;(7) =
T——00
0.
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LEMMA 2.3. Assume that o > 0. Then

i) there exist the limits lim_o+ "z, _,(7), lim;_o- t"y,_,(v) and they
are finite and different from zero.

i) lim; 2z, ;(r) =0andlim,;,_ 7y, () =0.

PROOF. A computation using the definition of z,_;, that 2N, _, = N,_, —
N, and the asymptotic behavior of then Neumann functions (see [8], p. 134
and 135) gives the assertions of the lemma about z,,_;. On other hand, from
the definition of y,_1,

1

ds + .
0o Vo 1(S)|SI” Yn—1(D)|T]"

@13 F_ (@ =y >/

Since y,_; is continuous and y,_;(0) = 1, from (2.13) it follows that the
limit lim,_, - ©"y,_,(7) exists, is finite and different from zero. To prove the
remaining assertion of the lemma we rewrite (2.5) as

d . ~
4E(Ty’/l (D) = —4(m - Dy,_(v) —oy,_ (7).
Now, for T < —1, an integration on (7, —1) gives

=41 (=D + 7y, (x) .
= —4(n — DGp-1(=1) = Y1 (1)) — 0/ Yn—1(5) ds

andso ¥, (t) = At '3,_1(r) + Bt ! —or7! f;] Vu—1(s)ds with A and
B independent of 7. Thus, by Lemma 2.2, lim,_, _o, 5,/1_1(1) =0.

From the asymptotic behavior of J,,_; at 400 (cf. [8], p. 134-135), we have
that lim;_, 1 y,—1(t) = 0. In particular, y, H € .

PROPOSITION 2.4. For o > 0 the distribution T = (yoH)"~V is a solution
ind' of D'T +0T = 0.

PRrOOF. We first look for distributions 7 = y,_1H + Z;';g ;8 with

co, ..., Cn—n € R such that DT +0T =0.LetS = Va—1H. A computation
shows that D'S = 4(n — l)yn,](O)(S =4(n —1)8. Also, for0 < j <n -2,

D'($V)+08V =4(n—2— j)8U*tY +68Y).So D'T + 0T = 0if and only
ifcg = 4(" D) and ¢; = 4(";#@_1 forj=1,...,n—2,i.e.,if and only
ifc; = (- i)] i+ s l)'), Let T be defined with these constants and observe
that !

n—2

(y()H)("fl) — yén—l) + Zy(()])(o)a(n72fj)’
j=0
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so the proposition will follow if we show that for some constant A # O,
yé"_l) = Ay,_; and yéj)(O) = Acy_o_j for0<j<n-2,

but, taking the corresponding derivatives in the series expansion for yy, it is

easy to see that these conditions are fulfilled by A = (—%)n_l.

For g € C(0, 400) with growth at most polynomial at 400 and such that
lim,_. o+ "' g(7) exists and is finite we define Pf*(g) € #’ by

n—2

1 @) . oo
(PFF(g), 9) = /0 g(r)(w(r)—z‘” ()Tj)dr—i- /1 ¢(De(r) dr

Jj!

j=0

Similarly, for g € C(—o00, 0) satisfying the analogous conditions at —oo and
at the origin, let Pf~(g) € J given by

0 22 L0y -1
(Pf(8). 0) = /lg(w(go(r) -y %f) ar+ [ et
— ]=0 . —00

We recall that for ¢ € 7, since ¢(t) = ¢1 (1) + 1" H(1)p2(1) with ¢y, ¢ €
S(R), ¢ has an asymptotic development, near the origin, of the form

(2.14) o) =Y Bi(@)t + Y Aj(@)T/H(r)

Jjz0 jzn—1

with Aj(p) = 0 for 0 < j < n — 2. Itis proved in [12] that if § € #" is
supported at the originthen § = 37"y ot; A;+3 7L, B; B; forsome m € NU{0}
and oy, ..., B, ---, Bn € C

If v € C%(0, 00) (respectively v € C%(—o0, 0)) is a solution of D'v4+ov =
0 on (0, oo) (respectively on (—o0, 0)) satisfying that lim;_, ¢~ (" (7)) ex-
ists and is finite (resp. lim,_o- (t"~'v(t)) exists and is finite), an integration
by parts shows that, for 0 < a < b < +o00 (resp. —o0 < a < b < 0),

b
(2.15) / v(t)(D+ol)(p)(t)dt = R(v, b, ) — R(v, a, ¢)
where, for £ € R — {0},

(2.16)  R(v,&,¢) :=45 &)@ () — V' (E)e(®)) +4(1 —mvE)p(&)

and R(v, 00, ¢) :=limg_, 400 R(v, &, ).
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LEMMA 2.5. 1) Assume o > 0. Then there exist constants cq, . .., C,—1 and
do,...,dp_1 withc,—1 # 0and d,—, # 0 such that

n—2
217 (D' +0DPf(zn1) =Y ¢;Bi + ca1(Aut + Byo),
j=0

n—2
218) (D' +0D)Pf Guo) = Y diBj +dy 1B,y
j=0

il) For o = 0 and a, b € R, the assertions in 1) hold with z,_, and y,_;
replaced by a + bt'™".

PROOF. A computation shows that for ¢ € #, P,_2(D¢) = D(P,_29p),
where P,_;(¢) denotes the Taylor polynomial of ¢ of degree n — 2 around the
origin. Then, from (2.15),

(PfT(zp-1), (D +0D)g)

1
= / anl((D + UI)‘P - Pan(D +01)§0) +/ anl(D + GI)§0
0 1

1 [
= / Zp—1(D +UI)(§0 - Pn72§0) +/ Zn-1(D + 01)(:0
0 1

= R(zp-1,1, ¢ — Posp) — lim R(z,—1, €, ¢ — P,_2¢)
e—0
+ lim R(anl, b, (,0) - R(anlv 11 (p)

b—+o00

By Lemmas 2.2 and 2.3, limp_, o R(Z,—1, b, ¢) = 0. Thus
(D' +aD)Pf(za-1), ) = =R, Pia(p)) — elirgg R(e, ¢ — Py2(9)).
A computation using the asymptotic development (2.14) gives that
R(zp-1,8, ¢ — Pusp) = —4z,_ ()" (Ay_1(9) + B,_1(9)) + 0(e)
with lim,_, o+ 0(¢) = 0. Then, by Lemma 2.3,
(D' +0DPf*(za-1), ¢) = =R(1, Py2g) = o1 (An1(@) + Buoi(9))
for some constant with c¢,_; 7 0. This gives (2.17) and the proof of (2.18) is

similar using that R(z,—1, —&, ¢ — Py,_29) = —4y, _ (—&)(—€)"B,_1(¢) +
o(¢). The same arguments give also ii).
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For S € 7 supported at the origin we have
oo o
S = ZO{J‘AJ‘ + Z,Bij
j=0 i=0

with each o}, B; € C and o; = B; = O for j large enough. So, from (2.14) a
computation gives that, for o € R,

(2.19) D'S+oS = oagAg + afoBy
o0 oo
+Y @G+ 1 =maj +oa)A;+ Y (4j(j+1—n)Bi1 +0B)B;
j=1 Jj=0
LEMMA 2.6. Let S € ' supported at the origin and let o # 0.
) If

n—2

(2.20) (D' +0D)S = "¢;Bj+ cao1An_y + du_1 By
Jj=0
with cg, ¢y, ..., Ch—1,dy—1 € C, then ¢c,—1 =d,—; = 0.

i) If D'S+08S =0, then S = 0.
PRrROOF. 1) From (2.20) and (2.19) we get, for j > n,

(2.21) 4j(j+1—-—nma_1 +oa; =0

and also oat,—1 = ¢,—1. SO ¢,—1 # O implies «,—1 # 0 and thus o; # O for
Jj = n which is a contradiction. Then ¢,_; = 0 and similarly d,,_; = 0.

ii) If D'S+0S = O then, from (2.19), 09 = Oand also 4 (j +1—n)oj_; +
oa;j = 0for j > 1 Thus «; = 0 for all j and similarly 8; = O for each j.

The following lemma is a direct consequence of (2.19) and the fact that
A,2=0

LEMMA 2.7. Let S € ' supported at the origin,

i) If D'S = 0 then S = ¢B,,_, for some ¢ € C.

i) If D'S = c¢By and S # 0 then ¢ = 0.

For T € 7, let T given by (T, ¢) = (T, ¢") where ¢" (1) = ¢(—1).

THEOREM 2.8. i) Foro > 0, T € 7 isa solutionof D'T +oT = 0 if and

only if T = c(yoH)"~V for some c € R.
i) Foroc =0, T € ' isasolutionof D'T = OifandonlyifT = c14+dB,_»

for some c,d € R.
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iii) Foro < 0, T € ' solves (D' + o I)T = 0 if and only if TV solves
(D' —o)TY =0.

ProoOF. iii) is immediate. To see i) consider a solution T € ' of D'T +
oT = 0. Then T\p© 400) = aY¥n—1 + bzp—1 and T\p—00,0) = AYu—1 + BYn—1
for some constants a, b, «, . From Lemma 2.3 and Proposition 2.4, and since
T is a tempered distribution we get @ = 0. Thus

S:=T —a(yoH)"™V —bPf*(z,_1) — BPf~ Fu_1)

is a distribution supported at the origin and, by Lemma 2.5, it satisfies

n—2
D'S +oS= Z/’Lij - bcnfl(Anfl + an]) - IBdnlenfla
j=0

with ¢,_1 # 0 and d,,_; # 0. Thus Lemma 2.6 gives bc,,_; = 0 and bc,_; +
Bdy.1 =0.S0b=B=0,S=T —a(yH)" " and D'S +0S = 0.
Now, Lemma 2.6 implies S = 0, i.e., T = a(yoH)" . Reciprocally, by
Proposition 2.4, each distribution T of this formis a solution of D'T 4o T = 0.

To see ii) observe that the solutions of Tv”(t) + nv'(tr) = 0 on (0, +00)
(resp. on (—o0, 0)) are generated by 1 and t!™". If tT” 4+ nT = 0, then
Tip©.+00c) = @ + bt'™ and Tip(_oo0) = o + Br!™" for some constants
a,b,a, B. Consider S = T — Pf*(a + bt'™") — Pf~(a + Bt'™"). Pro-
ceeding as in the proof of i) we get b = B = 0. Then Tjp(.+o0) = al and
Tip(-oo0) = al.Let § =T —aH — a(l — H). Since D'H = By, we have
D'S = (0« — a)By and so, by Lemma 2.7, a = « and S = dB,_, for some
d € R.Then T = al + dB,,_,. On the other hand it is clear that 1 and B,,_»
are solutions of D'T = 0.

For o € Rlet S¥ € '(H,) be defined by

(St fy=(=n! /OO /Oo Jo((GD))NF(, )" D(x)drdt foro >0,
—00 JO

(S*, f) =/Oo /Oo Jo((=oT)D)(NF(, )" V(=1)drdt foro <O.
—o00 JO

Foro € R, S* is ajoint eigendistribution in 5’ of —L and U (cf. Theorem 2.8).
On the other hand, S, is a joint eigendistribution (cf. [5]) of —L and U which,
as stated in the introduction, belongs to 7. Thus, for o # 0, S, is a multiple
of Sﬁ and so [S,] = [S:f]. Since S, converges in ' to S; as o tends to zero,
we get, that also [So] = [S{].

The distributions S, ; can be explicitly written using Laguerre polynomials.
For a non negative integer m let L be the Laguerre polynomial of degree m
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and order zero, defined by LY (7) = Z;":O (r:') (—1)/ ’]—: We have (cf. [14], also
[7D) ' '

(2.22) Six=Fi®e ™,
where fork > 0, A # 0,
(2.23) (Fix 8)

2 2
= <(L2_q+n_1H)("l), T — me*f/zNg (mr)>, g e

andfork < 0,1 #0
(224) (Fux &)

2 2
= <(L(lk—p+n—1H)(n_l)’ T me_rﬂNg <_mf)>v g e L ().

Using the Leibnitz rule and the change of variable T = 'g—ls we get, fork > 0,
A #0Oand f € S (H,),
(2.25)

A" Sk f)

2
= =
]

o0 " 00 0 dnf] . 2

- L —— (e INf| —7z,t | |dr dt
I e R D) L
1 -1
2n_12( . )4,(_1), Al

=0~ 7

o [T 0 AL\ g W)
x [ e LYyt (s ) BV ds di
—00 0

and similarly, fork < 0, A # 0 and f € ¥ (H,),

n—1
1 n—1\ . .
(2260 "N Sk ) =55 D ( ; >4f|x|””

Jj=0

o [T 0 AL\ g ()
x/ e / L_k_ern_1 75‘ e (Nf(, 1)V (—s)dsdt.
—00 0
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3. &€ is an homeomorphism

REMARK 3.1. The following result is a Mehler type formula (see for example
[6], page 92, or Corollary 4.2 in [3]) :

x2 X2
lim L) ( ———— |e™ 0 = Jy(x)
m—0""\2(2m + 1)

uniformly on compact subsets of [0, c0).

PrOOF OF THEOREM 1.2. Let E, A(U(p, q), H,) and & be as in the in-
troduction and let ¢ : E — E/ ~ be the quotient map. The map &:E—
& U(p,q), H,) given by ?5(\1!) = (— L(\D) zU(\IJ)) is continuous. Indeed,
since E is equipped with the pointwise convergence topology, if W, converges
to ¥ (and we set W,, — W) then LW, — LW. So, denoting by y,, and y the
eigenvalues associated to W,, and W, respectively, we have that y,\,, — yW.
Choosing some f such that (¥, f) # 0, we conclude that y,, — y.

Thus the bijection &€ : A(U(p, q), H,) — {[11} = LU (p, q), H,) is also
continuous.

For (o,1) € &/ (U(p, q), H,), we say that it is of type I if A % 0 (and so
o = |A|(2k 4+ p — q) with k € Z). In this case we set S 5) = ‘2; 11 Syk- We
will say that (o, A) is of type ITif A = 0, and we set S¢,;), = S*.

To see that €~! is continuous it enough to show that if {(0,,,, A)}men 1S @
sequence in &/ (U (p, q), Hy), either of type I or of type II, and if lim,, _, o (0},
Am) = (0, A), then

(3.1) Jim S, = Sion)

with convergence in %' (H,,).

Consider the case when o > 0, A = 0. If {(0},, Ap) }men 18 Of type I then
om = |Am|Cky + p — q) with k,, € Z. Since X, — 0 and 2|1, |k, — o we
have k,, > 0 for m large enough.

Fix s > 0 and let Xm = (Qky + DA, |s)2 Then lim,;, 0 X, = (os)z
Since MZ”" m the uniform convergence in Remark 3.1 and dominated
convergence gives that for j =0,...,n — 1,

00 Al
lim LY s e_‘ l
m—oo [ kn—gq+n—1 2

_ / J(@) DN 1) (s) ds
0

Thus, taking into account of (2.25), we obtain (3.1). If {(0};, Am)}men 1s Of
type II, since Jy is continuous, dominated convergence gives lim,,—, oo S(s,,.1,)
— st
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The case 0 < 0, A = 0 follows the sames lines: in this case k,, < O for m
large enough, and so (2.26) and the definition of S* for o < 0 imply (3.1).

The origin ¢ = 0, > = 0 has not additional work. As above, by (2.25) and
(2.26), we see that lim,, 00 S(s,,.2,,) = Sg- In particular this shows that the
equivalence class of 1 is an isolated point of AU (p, q), H,).

The proof for the cases where A #~ O are obvious.
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