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COMPOSITION OPERATORS ON SOME
HOLOMORPHIC BANACH
FUNCTION SPACES

A. EL-SAYED AHMED and M. A. BAKHIT

Abstract

In this paper, we study composition operators on some Mdbius invariant Banach function spaces
like Bloch and F(p, g, s) spaces. We give a Carleson measure characterization on F(p, q, s)
spaces, then we use this Carleson measure characterization of the compact compositions on
F(p, q, s) spaces to show that every compact composition operator on F'(p, g, s) spaces is com-
pact on a Bloch space. Also, we give conditions to clarify when the converse holds.

1. Introduction

Let ¢ be an analytic self-map of the unitdisk A = {z : |z| < 1} in the complex
plane C and let d A(z) be the Euclidean area element on A. Associated with ¢,
the composition operator Cy is defined by

Cof =[fod,

for f analytic on A. It maps analytic functions f to analytic functions. The
problem of boundedness and compactness of C, has been studied in many
function spaces. The first setting was in the Hardy space H?, the space of
functions analytic on A (see [21]). Madigan and Matheson (see [15]) gave a
characterization of the compact composition operators on the Bloch space 2.
Tjani (see [27]) gave a Carleson measure characterization of compact operators
C, on Besov spaces B, (1 < p < 00). Bourdon, Cima and Matheson in [7]
and Smith in [22] investigated the same problem on BMOA. Li and Wulan in
[11] gave a characterization of compact operators C4 on Qg and F(p, q, s)
spaces. In this paper we study compact composition operators on the spaces
F(p,q,s), we will define and discuss properties of these spaces, then we give
a Carleson measure characterization of the compact composition operator Cy
on F(p, q, s) spaces, see Section 2.

In Section 3, we give another characterization of the compact composition
operator on F(p, g, s) spaces.

Received July 17, 2007.
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For a € A the Mobius transformations ¢, (z) is defined by

a—7z

—, for z e A.
1—az

¢a(2) =

The following identity is easily verified:

1 —lal» —z]*
1 —az|?

(1 1— @ (2)|* = =1 - IzP)lg,(2)].

Note that ¢, (¢, (z)) = zandthusgoa_l(z) = @,(z).Fora,z € Aand0 <r < 1,

the pseudo-hyperbolic disc A(a, r)isdefinedby A(a,r) ={z € A : |¢,(2)| <

r}. Denote by
1

— 1
Z—a

|9a(2)]

az

g(z,a) =log = log

the Green function of A with logarithmic singularity ata € A.

DEeriniTION 1.1 ([30]). Let f be an analytic function on A and let 0 <
o < oo. If

1z = sup(l — 21| f'(2)] < oo,

ZEA

then f belongs to the a-Bloch space %%. The space %' is called the Bloch
space A.

DEerINITION 1.2 ([23], [24]). Let f be an analytic function on A and let
Il <p<oo.lIf

115, = SUP/ |f' @17 (1 = 2P 2 dA(z) < oo,
A

ZEA
then f belongs to the Besov space B,,.

DeriNITION 1.3 ([6], [14], [31]). Let f be an analytic function on A and
let0 < p < oco. If

f | f (I’ dA(z) < o0,
A

then f belongs to the Bergman space LY.

DerFINITION 1.4 ([21]). Let f be an analytic function on A and let 0 <
p <oo.If

2
1717 = sup | f(re’®)|" db < oo,
0

<r<l 2w
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then f belongs to the Hardy space H”. If || f|looc = sup_ca | f(2)] < 00, then
f belongs to the Hardy space H*°. Moreover, f € H? if and only if

SUP/ | ()12 (1 — |z]*) dA(z) < o0.
A

ZEA

DEFINITION 1.5 ([14]). Let f(z) = ZZOZO axz* be an analytic function on
Aandlet —1 < g < oo. If

o0
LIS, =) n'la,)* < oo,
n=1

then f belongs to the Dirichlet space D, . It is easy to see that f € D, if and
only if
sup / |f' @1 = 12177 dA() < oo.

A

ZEA

In [29] Zhao gave the following definition:

DEFINITION 1.6. Let f be an analytic function on A and let 0 < p < oo,
—2<g<oocand0 < s < o0.If

1F 1 pgs) = SUP / IF'@IP (1~ [21)78" (z, @) dA(z) < oo,
acA JA
then f € F(p, q, s). Moreover, if
|]}m1/ £ @17 = 12 g" (z,a) dA(z) = 0,
a|— A

then f € Fo(p, q,s).

The spaces F(p, q, s) were intensively studied by Zhao in [29] and Rittyd
in [18]. It is known from ([29], Theorem 2.10) that, for p > 1, the spaces
F(p, q, s) are Banach spaces under the norm

1A= 1fFp.gs +1FO)]

Moreover, it is known that in Definition 1.6 the Green function g(z, a) can
be replaced by the weight function 1 — |¢,(z)|?> and that for ¢ + s < —1 the
spaces F'(p, g, s) and Fy(p, g, s) bothreduce to the space of constant functions
(see [29], Theorem 2.4 and Proposition 2.12). It is sometimes convenient to
replace the parameter g by p — 2 and consider the spaces F(p, p — 2, s) and
Fo(p, p — 2, 5) instead of the spaces F(p, g, s) and Fy(p, g, s) (see [18]). If
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q =p—2ands =0, wedenote F'(p, p—2,0) = Fo(p, p—2,0) =B,. The
Besov-spaces have been studied by many authors, for example in [1], [2], [25],
[26], [31] and [32]. If p = 2 the spaces F'(2, 0, s) and Fy(2, 0, 5) are denoted
by Qs and Q; . The spaces Q; and Q; o were introduced by Aulaskari et al.
(see [3] and [4] respectively).

Zhao in ([29], Proposition 4.3) showed that all F(p, g, s) are %—Mébius
invariant spaces. The same author [29] collected the following immediate re-
lations of F(p, g, s) and Fy(p, q, s) (see also [13]):

(1) F(p,q,s) = B9D/P and Fy(p, q,s) = B fors > 1.

2) F(2,0,s) = Qs, Fp(2,0,5) = Q.0 and then an analytic function f :
A — Cdefined on the unit disk A belongs to the spaces F(p, q, s) if

11 pgs) = Sup/ |f' @17 —121*)7¢" (z,a) dA(z) < o0,
acA JA

where g(z, a) = log m is the Green function of A with logarithmic
singularity ata € A.

(3) F(2,1,0) = H*.
4) F(p,p,0) = L% forl < p < oo (see [31], Theorem 4.2.9).
(5) F(2,9,0) =D, for -1 < g < oo.
(6) F(p,p—2,0)=B),,forl < p < oo.
The following theorem is useful for our study (see [30]):

THEOREM 1.1. Let0 <o <00, 0<r <1,0<p<ooandl <s < o0.
Then, for an analytic function f in A, the following quantities are equivalent:

(A) 1| f Il g
B _ ! PdA(7),
® ilelfm(a,r)v—% /Ma,r)lf(Z)l @
©) sup / I @IP(1 = [z)P* 2 dA(z),
acA J A(a,r)
(D) sup / L @IP(1 = [z1)P*2(1 — @ (2)17)* dA(2),
acA JAa,r)
(E) Sup/ I/ ()17 (1 = |z|))P*%g"(z, a) dA(z),
acA JA(a,r)

1\
P SUP/ |f/(Z)|p<10g —> o) (2)|* dA(2).
Ala.r) |z]

acA
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We will need the following lemma:

LeEmMA 1.1 (see [27]). Let X, Y be two Banach spaces of analytic functions
on A. Suppose

(1) the point evaluation functionals on X are continuous,

(i1) the closed unit ball of X is a compact subset of X in the topology of
uniform convergence on compact sets,

(iii) T : X — Y is continuous when X and Y are given the topology of
uniform convergence on compact sets.

Then T is a compact operator if and only if given a bounded sequence (f,)
in X such that f, — 0 uniformly on compact sets, then the sequence (T f,,)
converges to zero in the norm of Y.

ProOF. This Lemma is proved by Tjani in [27].

Recall that a linear operator 7 : X — Y is said to be compact if it takes
bounded sets in X to sets in ¥ which have compact closure. For Banach spaces
X and Y of the space of all analytic functions H (A), we say that T is compact
from X to Y if and only if for each bounded sequence {x,} in X, the sequence
{Tx,} € Y contains a subsequence converging to some limit in Y.

2. Carleson measures and compact composition operators

Shapiro solved the compactness problem for composition operators on Hardy

spaces in [21] using the Nevanlinna counting function Ny(w) = > —log|z|.
P (@)=w
Madigan and Matheson characterize compact composition operators in the

Bloch space (see [15]). Tjani characterized the compact composition operators
on Besov spaces in [27] using the Nevanlinna type counting function for the
p-Besov space B), is

Nyw.¢)= > {lg@IA—zH}' ™ for weA, p>1.
d()=w

In [11] Li and Wulan gave a modification of the Nevanlinna type counting
function and they used it to characterize the compact composition operators
on F(p, q, s) as follows:

DEFINITION 2.1 (see [11]). The counting function for the F (p, ¢, s) spaces

is

) Npgsow) = > {I¢' @170 = [z21)7¢" . a)},
¢ ()=w
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forw e ¢(A),2 <p<oo,—2<qg<ooand0 < s < 0.

The above counting functions come up in the change of variables formula
in the respective spaces as follows: For f € F(p,q,s),2 < p < 00, =2 <
g <00,0<s<oocandg +s > —1,

1Co S Vg = S0P /A (f o ®) @IP(1— [z’ (2. @) dA(2)
= sup / IF @718/ @17 (1 — 28" 2. a) dA).
A

acl

By making a non-univalent change of variables as in [21], we see that

3) 1Co £ 12 as) = SUP / | )P Ny g 5.0 (w) dAw).
aeA JA

Now we consider the restriction of Cy4 to F(p, q,s). Then Cy4 is a bounded
operator if and only if there is a positive constant K such that

“4) ICs f gy = KIS Epgs)

forall f € F(p, q, s) or, equivalently by (3),

Supf |f/(w)|pr,q,x,¢>(w) dA(w) < K”f“?‘(pyqys)
acA JA
forall f € F(p,q,s).

Now,let0 <h < 1,0 <60 < 2w, and let

Qh,0)={re'" :1—h <r <1land|t—0| <h)},
S(h,0) = {re'" - [re'" —re'| < h}.

A positive measure p on A is a Carleson measure if there is a constant A with
w(S(h,0)) < Ah, where 0 <h <1 and 0 <0 < 2m.

Here, we shall show that the measures which obey a “generalized" Carleson
condition, play a role in understanding which analytic functions ¢ mapping
A into A produce bounded composition operators on certain Mobius invariant
spaces X = (F(p,q,s)or X = R).

This leads, as in [1], to the following definition of generalized Carleson type
measures. Since we are interested in characterizing the compact composition
operators, we will also talk about vanishing Carleson measures.
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DEFINITION 2.2. Let 1 be a positive measure on A, and let X = % or
F(p,q,s)for0 < p <00, -2 <g <ooand 0 < s < oo. Then p is an
(X, p)-Carleson measure if there is a constant A > 0 so that

/ |f')I” dp(w) < All I,
A

for all f € X, holds.
DEerINITION 2.3. For 1 < p < oo, u is called a vanishing p-Carleson

measure if
I u(S(h, 0))
im sup —— =0
h—06€[0,27) h?

In view of (4) above we see that Cy4 is a bounded operator on F(p, g, s)
if and only if the measure N, , ;4(w)dA(w) is a (F(p, q,s), p)-Carleson
measure. Now we give a characterization of compact composition operators
on F(p, g, s) spaces in terms of p-Carleson measures.

THEOREM 2.1. Let 0 < p < ocoand 1 < s < oo. The following are
equivalent:

(1) wisa (F(p, p—2,s), p)-Carleson measure,

(i1) there is a constant A such that u(S(h, 0)) < Ah? forall h € (0, 1) and
all 6 € [0, 2m),

(iii) there is a constant C such that

SUP/ o, (@I du(z) <C  forall ac€ A.
A

acA

ProoF. Suppose (i) holds. Then using Theorem 1.1 and Definition 2.2, we
obtain

/ @I du) < C / @I = 1227 (2, @) dAG),
A A

forall f € F(p, p— 2, s). In particular this holds for f(z) = ¢,(z) =
Hence

a—z
l—az*

Supf o, ()17 du(z) < CSUP/ 9, @I (1 = 121" 2¢" (z, @) dA(2)
A A

acA acA

p
=< C”(pa”}«‘(p’p_z, 5) < C const.,
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for all @ € A. This gives (iii). The equivalence of (ii) and (iii) was given by
Arazy, Fisher and Peetre in ([1] Theorem 13). Suppose now that (ii) holds; we
shall show that (i) is true, thus completing the implications. For z = re?, let

1—|z|

El(z):{wzlw—z|< } and Eg(z):{w:|w—z|<1—|z|}.

Then
E(z) € Ex(z) € S2(1 — [z]), 0).
Further, if w € E(z), then

I —|w|
1—|z|

1 3
- < < Z.
2~ -2
Let f € F(p, q, s); because f is analytic we have

@)= f'(w)dA(w).

m(l —|z])? Ei(z)

Therefore by Jensen’s inequality (see [20]),
/ p 4 4 p
If @I < ————3 |f ()" dA(w).
(1l —|z]) E(2)

Thus,

4
INGCRICEY) —2( / If/(w)l”dA(w)) dn)
A A —|z]) Ei(2)

i/(/ |f’(w)|”<#)2d,4(w)> du(z)
7 Ja\JE 2(1 — wl)

9
2 / / @)1 110 (W) (1 — Jw]) 2 dA(w) die(2)
T JAJA

IA

IA

IA

9
—f If/(w)l”(l—lwl)_zf XE (W) di(z) dA(w).
T JA A

However, XEl(z)(w) < XS(Z(I—IzI),G)(w)> = |Z|€i9, since w € E1 (Z) implies
that .
lw— e < 2(1 — |w]).

Now applying (ii) we have

/ XE @ dp(@) = n(SQ2(1 = |w), 0)) < A2°(1 — [w])”.
A
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Therefore,

IA

9
/If/(z>lpdu(z> —Azf’/ |f ) (1 — |w)P~? d A(w)
A s A

IA

C_/Alf’(w)l”(l—le)”_sz(w),

where C is a constant. By Theorem 1.1 the quantities (C) and (E) are equivalent
so, for ¢ = 1, we have

/ @I du) < € / L @)IP (1 = [w)?2g* (2, @) dA(w)
A A

=< C”f”F(p,p—Z,s)y
which is (i). This finishes the proof.
Hence, Theorem 2.1 yields:

THEOREM 2.2. Let ¢ be an analytic function on A, 0 < p < 0o, and
1 < s < 0o. Then Cy is a bounded operator on F(p, p — 2, 5) if and only if

sup ”Cgb (pa”F(p,p—ZS) < 0.
aeA

The following proposition comes from ([5], Lemma 2.1):

PrOPOSITION 2.1. For(Q < p < 00, a positive measure i on A is a bounded
p-Carleson measure if and only if

Sup/ lg, (2)|P dpu(z) < oo;
A

acA

u is a compact p-Carleson measure if and only if
lim / 0, ()17 dpu(z) = 0.
la|=>1 J A

Arazy, Fisher, and Peetre in [1], Cima and Wogen in [8], Tjani in [27] gave
the characterization of the p-Carleson measure on Besov spaces.
We will prove the following lemmas on F(p, g, s) spaces:

LEMMA 2.1. Let X = F(p,q,s) where 2 < p < 00, 0 < g < o0,
0<s < oo Then

(i) Every bounded sequence (f,) C X is uniformly bounded on compact
sets.
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(i) For any sequence (f,) on X such that || f,llx — 0, f, — f,(0) — 0
uniformly on compact sets.

PRrROOF. In [29] it is shown for @ = (¢ + 2)/p that,

”f”%"’ = M(p» q, s)“f”F(p,q,s)v

where M(p, g, s) is a constant depending on p,q and s. If z € A(0,r),

0 < r < 1, then we have
b ' Jzldr
[fn — fu(0)] = So@Dzdt| < || full e
0 0

(1 — |z]2t2)e
= fillge —>
(I —|r)
< I full M( ) 1
= nllF(p,q,s) p.4q,S (1 _ |I"|2)a'

Hence the result follows.

LEMmA 2.2. Let X, Y = F(p,q,s) 2 < p < 00,0 < g < 00,0 <
s < o0)or B.Then Cy : X — Y is a compact operator if and only if for
any bounded sequence (f,,) C X with f, — 0 uniformly on compact sets as
n— 09, |[Cys fully = 0asn — oo.

Proor. We will show that (i), (ii), and (iii) of Lemma 1.1 hold for our
spaces. By Lemma 2.1 it is easy to see that (i) and (iii) hold. To show that (ii)
holds, let (f;;) be a sequence in the closed unit ball of X. Then by Lemma 2.1,
(f») 1s uniformly bounded on compact sets. Therefore, by Montel’s theorem
(see [9]), there is a subsequence (fy,), n1 < ny < ---, such that f,, — h
uniformly on compact sets, for some & € H(A). Thus we only need to show
that h € X.

@QIf X =F(p,q,5),2<p<o0,—-2<q<00,0<s < 00),then

/ WP = 2P g a) dAR)
A
_ f lim |, P (1~ 128 . @) dAG)
A k—oo
< liminf / @I = 2P . a) dAG),
— 00 A

T . p
= Hminf || fu llp(p,q.5 < 00,

where we used Fatou’s theorem and our hypothesis.
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(b) If X = A as in [27] we have that
W' @11 = [z*) = lim | £, ()|(1 = [z[>) < lim [|f; [z < oo,
k— 00 k—00

this by our hypothesis. Therefore, Lemma 2.1 yields that Cy : X — Y isa
compact operator if and only if for any bounded sequence (f,) C X, with
fn = O uniformly on compact sets as n — oo, | /,(¢(0)| + |Cy fully — O,
as n — oo, which is clearly equivalent to the statement of this lemma. This
completes the proof of the lemma.

We prove a similar theorem for compact composition operators on F (p,q,s)
spaces.

THEOREM 2.3. Let2 < p < p* <00, =2 < q < 00,0 < s < 00. Then
the following are equivalent:

(i) Cy: F(p,q,s) — F(p*,q,s) is a compact operator.
(ii) Np g.5.¢(w)dA(w) is a vanishing p-Carleson measure.

(i) |Cp@allF(p.q.5) = Oasla| — 1.

Proor. By (3)

1Co@alllpe.g s = SUP / (0L (W) Ny g6 (w) dA(w)
aeA JA

Thus Proposition 2.1 yields (ii)<>(iii). Next we show that (i)=(iii).
We assume that Cy : F(p, q,s) — F(p*, g, s) is acompact operator. Note
that {¢, : a € A} is abounded setin F(p,q, s). Since

l9all F(p.g.5) = 12 © @allF(p.g.),
the norm of ¢, in F(p, g, s) is
lpa (0)] + ||§0a||F(p,q,s) <1+ ||<.0a||F(p,q,s) < Q.
Also (¢, —a) — 0 as |a| — 1, uniformly on compact sets, since

1—laf

11 —az|’

o — al = |z| where |z|]=r < 1.

Hence by Lemma 2.2, we obtain that

”Cqb((pa - a)”F(p*,q,s) — 0, as |a| — 1.
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Finally, let us show that (ii)=>(i). Let ( f;;) be abounded sequence in F (p, g, )
that converges to 0 uniformly on compact sets. Then the mean value property
for the analytic function f, yields that

4
_ dA
Ty /|w o Q124G

Therefore by Jensen’s inequality (see [20], Theorem 3.3) and (5), where

£ . ] 1 — |w|
(w)=1z:lw—-z| < 5 ,

®) faw) =

, . 4 , .
©) Fiw)? < —2/ Q@I dAG).
77(1 - |U}|) Ei(w)
Then by (6) and Fubini’s Theorem (see [20], Theorem 8.8),
1Co Full e g0

= Sup/ | fr )" Ny g 5.9 (w) dA(w)

acA JA

4
=298 72 O 940 Porasacortacon

Then,

(7) ”Cd)fn”f?(p*qs)

=< —SHP/ | @1 (/ 1= )QXEl(w)(Z)NP qs¢(w)dA(w)) dA(z),

acA

Note that if |w — z| < =, then w € SQ2(1 — [z]), 6), where z = [z[e”,
since

— lwl
2

<

|z]

lw—e? <|z—w|+1e? —z] < + z| <2(1 = |z)).

1—|w|

Moreover, if |w — z| < Therefore, (5)

1 1
, then T < const. e
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yields
p*
1Co fallFpr q.5)

/ p*
Z
< const. sup M

Ny, (w)dA(w)) dAG)
acaJa (1= 2)? </S<2<1z>,9> rrae

= const. sup (/
acA |z|>17%

| £
* ./|z|<1g (1 —1z? (./S(z(lm),e) Norg.0000) dA(w)) dA(Z))

= const. sup( + II),

acA

forany 0 < 6 < 1. Fix ¢ > 0 and let § > O be such that for any 6 € [0, 27 ]
and any & < §,

(8) sup / Ny g5.6(w) dA(w) < eh?".
S(h,0)

acA

By (8) we have

’ @1 ,
! 2" (1 - P dA
= /|z|>1g (1- |z|)2( 1z (@)

= Szp*/ £ @17 (1 = |z)” 2 dA(z)
|z|>1—%

< e const. || f,|I» . < & const.,

"
p*

and

/ p*
Il < const. sup/ L%(/ Npe.q.5.0(W) dA(w)) dA(2)
zi=1=2 (1= 12D* \Jsea-pzp.0)

acA

= const. sup(/ Ny 45,6 (W) dA(w))/ |fn/(z)|p* dA(z) < const.,
A lz|]<1—

acA

o

2

for n large enough, since f, — 0 uniformly on compact sets. We obtain that

||C¢f,,||’;(p*’q’s) < const. sup(/ 4+ I1) < ¢ const.,

acA
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for n large enough. Therefore, ||C¢fn||f,1p*)q)s) — 0, as n — oo and Lem-
ma 3.2 yields that Cy : F(p, q,s) — F(p*, q,s)is a compact operator. This
finishes the proof of the theorem.

3. F(p, q,s) compactness of C4 versus Bloch compactness of C

Several authors have obtained some characterizations of composition operators
(see e.g. [7], [10], [11], [12], [16], [19], [21], [28] and others). Recall the

characterization of compact composition operators on the Bloch space that
Madigan and Matheson obtained in [15], Theorem 2.

THEOREM 3.1 (see [15]). Let ¢ be a analytic function on A. Then Cy is a
compact operator on Bloch space if and only if

I 9" ()I(1 — |z]%) _
m — = 0
-1 1 — ¢ ()]

Tjani gave another characterization of compact composition operators on
Besov spaces and Bloch spaces in [27].

THEOREM 3.2 (see [27]). Let ¢ be an analytic self-map of A. Let X = B,
1 <p<oo,orB. Then Cy: X — R is a compact operator if and only if

ICspullz > 0  as |a| — 1.

Now we give another characterization of compact composition operators
on the F(p, q,s) spaces and the Bloch space.

THEOREM 3.3. Let2 < p < 00,—2 <q <ooand (0 < s < oo and let
X = F(p,q,s) or B. Let ¢ be an analytic self-map of A. Then Cy : X — &
is a compact operator if and only if

I1Cp0allz — 0  as la] — 1.

Proor. First, we suppose that Cy : X — 2 is a compact operator. Then
{¢a(2) : a € A}isaboundedsetin F(p, g, s) or B, and ¢, —a — O uniformly
on compact sets as |a| — 1. Thus by Lemma 2.2,

lim [|Cyp,llz = 0.
lal—1

Conversely, as in [27], we suppose that

‘l}ml 1Cspullz =0 as J|a| — 1.
al—
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Let (f,,) be abounded sequencein F(p, ¢, s) or & such that f, — 0 uniformly
on compact sets, as n — 00. We will show that

lim [[Cy | = 0.

Lete > Obe givenand fix 0 < § < 1 such thatif |a| > §, then ||Cyp.llz < €.
Hence for any zg € A such that [¢(z0)| > 8, |[Cy szl < €. In particular,

95 (20 (@ D19 (20) [(1 — 201?) < &,
that is,

¢’ (z0)]
1 =19 (z0)I?

Then (9) yields that for any n € N and z¢ € A such that |¢(z0)| > 6,
|(fa 0 #) zo)|(1 = |z0l*) = | £ (@ (zo)I¢' () |(1 — |20]*)
< el f1(d I — [P (z0)*)

<ell fullz < € const.

(1 — 1|z <e.

9)

we obtain that

(10) |(fu 0 ) (z0)|(1 — |z0|*) < & const.

Since the set A = {w : |w| < &8} is a compact subset of A and f, — 0
uniformly on compact sets,

sup | f1(w)| — 0 as n — oo.
weA

Therefore we may choose n large enough so that | f, (¢ (z))| < ¢, for any
n > ng and any z € A such that |¢(z)| < . Then, for all such z,

I(fu0®) @I = 121%) = [(fL(p @I @)I(1 — |z]*)
< el (@1 —|z*)

<¢llolla < € const.,
then, where n > ny
(1D |(fu 0 #) (2)I(1 —|z|*) < & const.
Thus (10) and (11) yield

(12) I fuo@llz =1Csfullz < €const.  for n = n.
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Thus (12) yield that |Cy f,l# — 0 as n — oo. Hence by Lemma 2.2, Cy :
F(p,q,s) — 2 is a compact operator.

ReEMARK 3.1. Theorem 2.1 and Theorem 3.3 show that the compactness of
Cy on F(p, q,s) spaces, and its upper limit the Bloch space, depend on the
behavior of the norm of the image under Cy4 of the conformal automorphisms
@q, for |a] — 1. An immediate corollary of the two theorems is that if Cy is
compact on F(p, g, s) spaces, then it is compact on some F(p, g, s) space
with a larger index, and it is compact on the Bloch space. The converse holds
if we suppose that Cy is bounded on some F(p, g, s) space with a smaller
index (see Proposition 3.3).

REMARK 3.2. The proof of Theorem 3.3 yields that

. . : @I =1z
Iim [|Cy@ulla =0 if and only if Iim ——= =0
dm, 1Coallz T pae 1-lp@P

An immediate consequence of Theorem 2.1 and Theorem 3.3 is the follow-
ing proposition:

PROPOSITION 3.1. Let2 < p < p* <00, -2 < g <ooand( < s < o0.
Then Cy : F(p,q,s) — F(p*, q,s) is a compact operator, and so is Cy :
B — B.

Recently Rittyé (see Proposition 3 in [19]) gave a characterization of com-
position operators acting from the weighted Bergman or Dirichlet space into
the BMOA space, the space of analytic functions of bounded mean oscillation.
For F(p, g, s) spaces we give the following result:

PROPOSITION 3.2. Let2 < p < p* <00, -2 <qg <oocand0 < s < oo. If

Ny g
lim sup ;’q’ ,¢(w1) =0,
wi=Taen (1 = w|*)7g% (¢~ (w), a)

then Cy : F(p,q,s) — F(p*, q,s) is a compact operator.

ProoF. Let (f,) be a bounded sequence in F(p, g, s) such that f, — 0
uniformly on compact sets as n — 00. Let ¢ > 0 be given and fix § > 0 such
thatif 1 — § < |w| < 1, then

13) Ny gs.p(w) < e(1 = [w*)? g*(¢~" (w), a).
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By (3) we have

”C(t)ﬁz”fr(p*,q‘s) = Sup/ |fy:(w)|p*Np*,q,s,¢(w) dA(w)
acA JA

= SUP/ +/ | f QI N 45,6 (w) dA(w),
1-é<lw|<1 lwl<1-§

acA

which implies that,

(14) IIC¢ﬁ1||€f}p*,q,S) = sup(/ + 1I).

aeN
As in ([29] page 33) we determine b € C such that ¢ ' (w) = €'%¢, (_w)_. Then
it is easy to check that ¢,(¢~'(w)) = e’ ¢;(w), where ¢/” = flf;bejs and

a = gp(ae). So, g(¢~'(w), a) = g(w, @), hence

(15)  sup / | f2 )P (1 — |w*)g* (¢~ (w), a) dA(w)
A

aeA

= Sup/ | i @)IP" (1= w7 g (w, @) dA(w).
A

aeA

By (14) and (15), we obtain that

I <e¢ SHP/ | fr )P N .59 (w) dA(w)
1-d<|w|<1

acA

acA

<ssup/18 . llfn’(w)l”*(l — lw*)g" (¢~ (w), a) dA(w)

= ssup/l |f@)[” (1 — [w) g (¢ (w), @) dA(w).
aeA J1-5<|w|<l

Now f; is bounded in F'(p*, ¢q, s), and then

(16) I < el full 7 pr.q.s) < € CODSL.
Since |f,:|1’* — O uniformly on {w € A : |w| < 1 — §}, we can find a positive

integer ng such that

acA

a7 II < 8Sllp/ Ny g.5.0(w) dA(w) < & const.
lw|=1-8
for n > ny, since

SHP/ Np g.5.6(W) dAW) < (1@l p(pr.q.5) < 00
lw|<1-8

acA
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By (14), (16) and (17)
1Cy fnllf(p*,q,s) <egconst.  for n > ng.

Therefore, o
ICo fullF(prgs) = O as n — oo.

Hence Lemma 2.2 yields that Cy : F(p,q,s) — F(p*,q,s) is a compact
operator. This finishes the proof of the proposition.

THEOREM 3.4. Let ¢ be a univalent analytic self-map of A. Then for 2 <
p<00,0<qg<ooand0 <s < oo, Cy: F(p,q,s) - F(p,q,s) is
a compact operator if and only if Cy : B — 9B is a compact operator with
limy ;)1 19" (2)| = K, where K is a constant.

Proor. First we suppose that Cy is a compact operator on the Bloch space.
Then a sufficient condition for F(p, g, s) compactness in Theorem 3.4 for a
univalent function is
i ¢/ (@ (w)[P2(1 — [p~ ' (w)P)g* (9~ (w), a)

li
[w]—1 (1 —w®)igs (Y (w), a)

0.

Then

li { ' (2)|72(1 — |z]*) }
m
()1 (1—1p@2)»)9

= I w ! / (1’;2))_
= ¢(lzl,)m—>1{ 1— |¢(Z)|2 } <|¢ (@)1 =0,

’ {W(Z)I(l —lzI*) }_
im {—— =0,
b@l-1| 1 —|¢(2)]?

by Theorem 3.1 which is a compactness condition for the composition operator
on the Bloch space. Hence, by our assumption, F(p, ¢q, s) is a compact op-
erator. For the converse suppose that Cy is a compact operator on F(p, g, 5).
By Proposition 3.1, then Cy : B — 2 is a compact operator too.

or, equivalently,

MacCluer and Shapiro showed that if Cy is bounded on some weighted
Dirichlet space D,, then the compactness of Cy on larger weighted Dirichlet
spaces is equivalent to ¢ having no angular derivative at each point of dA
(see [14]). Tjani showed that if Cy4 is bounded on some Besov space, then the
compactness of Cy, on larger Besov spaces is equivalent to compactness of Cy
on the Bloch space (see [27], Proposition 4.5). We show that if Cy4 is bounded
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on some F(p, g, s) space, then the compactness of Cy on larger F(p, q, s)
spaces is equivalent to the compactness of Cy4 on the Bloch space.
The theorem above is a special case of the following proposition.

PrOPOSITION 3.3. Let2 <r < p* < 00,2 < p < p* <00, =2 <
g < ooand 0 < s < oo. Suppose that Cy : F(r,q1,s) — F(r,qi,s) for
q1 = q/(p* —r) is a bounded operator. Then C4 : F(p,q,s) = F(p*.q,s)
is a compact operator if and only if Cy : B — R is a compact operator.

Proor. First, suppose that Cy is a compact operator on the Bloch space.
Foranya € A

1Co0allfipegs) = S“E/A @, (@@ 1" @17 (1 — [2*)1g" (2, a) dA(z)

SUP/A<|¢;(¢(Z))I’I¢’(Z)I’(1 - Izlz)q‘gs(z,a)>

aeA

5

p —r
x (I(ﬂ;(¢(z))l(|¢/(z)|(1 — |z|2))> dA(z)

A

< NCo@allp gy ICo0ally ™

for g; = q/(p* —r) by Theorem 2.2 and since Cy : F(r, q1,5) — F(r, q1,5)
1s bounded, then

(18) 1Co@alllpegs) < cODSL 1Coallly "

Therefore (18) and Theorem 3.3 yield that ||Cy @ullF(p g5y — 0 as |a| —
1. The converse follows from Proposition 3.2. This finishes the proof of the
proposition.
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