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INCLUSIONS OF UNITAL C*-ALGEBRAS
OF INDEX-FINITE TYPE WITH DEPTH 2
INDUCED BY SATURATED ACTIONS
OF FINITE DIMENSIONAL
C*-HOPF ALGEBRAS

KAZUNORI KODAKA and TAMOTSU TERUYA

Abstract

Let B be a unital C*-algebra and H a finite dimensional C*-Hopf algebra with its dual C*-Hopf
algebra H°. We suppose that there is a saturated action of H on B and we denote by A its fixed
point C*-subalgebra of B. Let E be the canonical conditional expectation from B onto A. In the
present paper, we shall give a necessary and sufficient condition that there are a weak action of
H° on A and a unitary cocycle o of H” ® H® to A satisfying that there is an isomorphism 7 of
A X, HO onto B, which is the twisted crossed product of A by the weak action of H° on A and
the unitary cocycle o, such that F = E o w, where F is the canonical conditional expectation
from A X, HO onto A.

1. Introduction

Let A C B be an irreducible and index-finte inclusion of unital C*-algebras
of depth 2. If A and B are factors then B is isomorphic to a crossed product
of A by an (outer) action of a finite dimensional Kac (C*-Hopf) algebra ([8],
[13]). Izumi showed in [2] that if A and B are unital simple C*-algebras then
there is an action of a finite dimensional C*-Hopf algebra H on B such that
A is the fixed point C*-subalgebra B, But B is not represented by a crossed
product of A by an action of the dual C*-Hopf algebra H in general ([4], [5]).
We give an example as follows: Let 6 be an irrational number in (0, 1) and Ag
the corresponding irrational rotation C*-algebra generated by unitary elements
{u, v} satisfying uv = e*?vu. For n € N we define an outer automorphism
o by o(u) = eniuand o(v) = v and an action & of Z/nZ by oz = o* for
k=0,1,2,...,n—1.1Itis easy to see that the fixed point C*-subalgebrais A,y
generated by " and v. Then the inclusion A,y C Ay is irreducible, of depth 2
and of Watatani index n. The dual group of Z/nZ is also Z/nZ. Suppose that
Ay is isomorphic to a crossed product A,y Xg Z/nZ of A, by an outer action
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B of Z/nZ on A,y. Let w be a unitary element in A,y xg Z/nZ implementing
B,ie., w" = 1and w xwk* = Br(x) forx € Ay (k =0,1,2,...,n —1).
We can define a trace T on A,y Xg Z/nZ by T(w) =0fork=1,2,...,n—1
and T(x) = t(x) for x € A,p, where 7 is the unique tracial state on A,yg.
Put p = % ZZ;(I) wk. Then p is a projection in A,y x5 Z/nZ with T(p) = %
Since Ay has the unique tracial state and its values for projections in Ay is
(0Z+Z) N[0, 1], Ap is not isomorphic to A,g xg Z/nZ.

In factor cases, Kosaki ([7]) gave a necessary and sufficient condition for
B to be characterized by a crossed product by a finite group as follows:

(1.1) A’'N B =Cland A’ N By is commutative,

where B; is the C*-basic construction for A C B. We can see that the above
example A,y C Ay satisfies Condition (1.1). So this characterization does not
hold in C*-algebras. However, Ay can be represented by a twisted crossed
product A,s Xg ., Z/Zn of A,y by a twisted action (B, w). In the previous
paper [6], we showed that B is described by a twisted crossed product of A by
its twisted action of a finite group if and only if the inclusion A C B satisfies
Condition (1.1) and all the minimal projections in A’ N By are Murray-von
Neumann equivalent in Bj.

In [1], Blattner, Cohen and Montgomery defined a weak action of Hopf
algebras, which is a generalization of twisted group actions. Let H be a finite
dimensional C*-Hopf algebra. We suppose that there is a saturated action of
H on B defined in Szymariski and Peligrad [14]. Let A be the fixed point
C*-subalgebra B¥ and E the canonical conditional expectation from B onto
A. Let B x H be the crossed product of B by the action of H on B, which is
defined in [14]. In [14], they showed that B x H is isomorphic to Bj, the C*-
basic construction induced by E. Let p be the coaction of B; to B; ® H defined
by p(b x h) = Z(h)(b X hy) @ hp)forb € Band h € H, where we identify
By with B x H and A(h) = >, ha) ® he), A is the comultiplication of
H . Our main result, Theorem 6.4, is that B can be represented by the twisted
crossed product A x, HY if and only if p(e4) and e4 ® 1 are Murray-von
Neumann equivalent, written p(e4) ~ e, ® 1 in B; ® H, where H" is the dual
C*-Hopf algebra of H and e, is the Jones projection for A C B.

This paper is organized as follows: Section 2 consists of preliminaries con-
taining definitions and fundamental matters of finite dimensional C*-Hopf
algebras and their weak actions. In Section 3 we define a unitary cocycle for a
weak action of a finite dimensional C*-Hopf algebra and discuss about a twis-
ted crossed product. In Section 4 we suppose that p(e4) ~ ea®1in B H. We
prove that there is a unitary elementu € B® H suchthat p(es) = u*(ea ® 1)u
and we give some properties of this unitary element. In Section 5 we construct
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a weak action of H” on A under the condition that p(e4) ~ es ® 1in B; ® H.
In Section 6 we prove the main result, Theorem 6.4. Using this theorem we
prove that B can be represented by a crossed product A x HY if and only if
there is a tunnel construction P C A for A C B (Proposition 6.8). From this
result, we can see that B always can be represented by A x H° and that any
unitary cocycle is coboundary if A C B are factors ([9], [11]).

2. Preliminaries on finite dimensional C*-Hopf algebras

Following [14], we shall state the definition of a finite dimensional C*-Hopf
algebra and its basic properties. Throughout this paper, H denotes a finite
dimensional C*-Hopf algebra.

DEFINITION 2.1. We say that a finite dimensional C*-algebra H is a C*-
Hopf algebra if H has the following properties.

(1) There exist linear maps;

(a) comultiplication A : H — H ® H,

(b) counite : H — C,

(c) antipode S : H — H, A and € are C*-algebra homomorphisms
and § is a %- preserving antimultiplicative involution. We have
A(1)=1®1,e(1) =1and S(1) = 1, where 1 is the unit element
in H.

(2) The following identities hold;

(a) (A®Rid)o A =(1d®A) o A,

b) (e®id)o A = (id®€) o A = id, where C® H and H ® C are
identified with H,

(©) (mo (S ®id)(A(h) = e(h) = (m o (id®S))(A(h)) for any
h € H,where m : H ® H — H denotes the multiplication.

We shall use Sweedler’s notation A(h) = hqy ® h) for h € H which
suppresses a possible summation when we write the comultiplications. By
[14, Theorem 2.2] or Woronowicz [16], there is the Haar trace T on H such
that (t ® id)(A(h)) = 1(h)] = 1d®T)(A(h)) forany h € H.

Let H° be the linear space of linear functionals on H. By [14, Proposi-
tion 2.3], H° has a C*-Hopf algebra structure. We regard H° as a finite di-
mensional C*-Hopf algebra by this structure. We denote its comultiplication,
counit, antipode and so on by A°, €, §° and so on.

Since H is a finite dimensional C*-algebra, H = @} M, (C) as C*-
algebras, where for each n € N, we denote by M,,(C) the n x n-matrix algebra
over C. Let {Uf‘j }?;: , be a system of matrix units of a C*-subalgebra of H iso-
morphicto My, (C)fork = 1,2, ..., N.Also,let{wfj lk=1,2,...,N,i,j =
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1,2,...,d;} be abasis of H satisfying [14, Theorem 2.2,2]. We call it a sys-
tem of comatrix units of H. By [14, Theorem 2.2] or [16], there is a minimal
and central projection e in H, called the distinguished projection such that
he = e(h)e for any h € H. By [14, Proposition 2.10] and the discussions
below it,

1 1
Ale) =) d—kv]’; ®SWH) =Y d—kS(v]’;.) ® vl

i,j,k i,j.k

Also, by the above equations and Definition 2.1,

1 1
e = Z ae(v}‘i)vl{‘j = Z ae(v]'-‘i)S(vfj).
i)k i,jk

Furthermore, we note that the Haar trace t on H is the distinguished projection
in HO.

Next, following Blattner, Cohen and Montgomery [1, Definitions 1.1 and
2.1] and [14, Definition 2.4], we shall define an action and a coaction of a finite
dimensional C*-Hopf algebra H on a unital C*-algebra A.

DErFINITION 2.2. By a weak action of H on A, we mean a bilinear map
(hyx)—> h-xof Hx Ato Asuchthatforhe H,x,y € A

(1) h-xy=(hq)y x)(ha -y,

2) h-1=€()1,

3) 1-x=x,

@) (h-x)*=S8Sh*) - x*.
By an action of H on A, we mean a weak action such that i - (- x) = (hl) - x
forh,l e H,x € A.

Let Hom(H, A) be the linear space of all linear maps from H to A. Then
by Sweedler [12, pp. 69-70] it becomes a unital *-algebra as follows: For any
/. g € Hom(H, A) (fg)(h) = f(ha)g(hw), f*(h) = f(S(h*))*, where €,
the counit in H is the unit element in Hom(H, A). We call it a unital convolu-
tion *- algebra. Then as mentioned in [1, pp. 163], there is an isomorphism :
of A® H° onto Hom(H, A) defined by 1 (x ® ¢)(h) = ¢(h)x for any x € A,
h € H and ¢ € H since H is finite dimensional.

DErFINITION 2.3. A weak action of H on A is inner if there is a unitary
element U € Hom(H, A) such that forany # € H and x € A, h-x =
U(h@y))xU*(h()). We say that U implements the weak action.

DEFINITION 2.4. By a weak coaction of H on A, we mean a linear map
p:A—> A® H suchthatforx,y € A,
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(D pxy) = px)p (),
@ p(H=1&1,
(3) (d®e)(p(x)) = x,
@ p(x*) = p0)".
By a coaction of H on A, we mean a weak coaction such that

(p®id)op = (1Ad®A) o p.

If H acts on A in the saturated fashion defined in [14], then its fixed point
C*-subalgebra A" of A is defined by

A" ={(x e A|h-x =€e(h)x forany h € H}.

Also, we can define a conditional expectation E from A onto AY with
Index(E) = dim(H) by E(x) = e - x for x € A by [14], where Index(E) is
the Watatani index of E. We call E the canonical conditional expectation of
A onto AH,

3. A twisted crossed product of a unital C*-algebra by a finite
dimensional C*-Hopf algebra

Modifying [14] and [1], we shall define a twisted crossed product of a unital C*-
algebra by a finite dimensional C*-Hopf algebra. Let H be a finite dimensional
C*-Hopf algebra and A a unital C*-algebra. In the same way as in Section 2,
Hom(H ® H, A) becomes a unital convolution *-algebra as follows: For any
f.g € Hom(H ® H, A) (fg)(h,) = f(hq),la)gho,l2), f*h, 1) =
F(Sh*), S(I*))*, where € ® € is the unit element in Hom(H ® H, A). We
suppose that there is a weak action of H on A.

DEFINITION 3.1. Leto : H ® H —> A be a bilinear map. The bilinear
map o is a unitary cocycle for the weak action of H on A if o satisfies the
following:

(1) In the unital convolution *- algebra Hom(H ® H, A), o is a unitary
element,

(2) o is normal, thatis, forany h € H,o(h, 1) = o (1, h) = €(h)1,
(3) (cocycle condition) For any h,l,m € H

[hqy - oy, ma)lo (h), [oyma) = o (b, lay)o(hole), m),
(4) (twisted modular condition) For any 4,l € H, x € A,

[hay - Uy - x)]o(hey, lo) = o(hay, la))(hele) - x).
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We suppose that o is a unitary cocycle for the weak action of H on A. Let
A X, H be a unital *-algebra, called a twisted crossed product of A by H,
where underlying space is A ® H. We denote by x x & the element induced
by x € Aand h € H. Its multiplication and *-operation are given by
(x xh)(y x 1) = x(hq) - y)o(he), 1) X hale
(x X h)* = O'(S(h(z)), h(]))*(hzk:;) . X*) X ha)

for any x,y € A and h,l € H. By [1, Corollary 4.6], A x, H is a unital
algebra. It is necessary to show that A x, H is a *-algebra. We shall show it.
Before doing it, we note the following:

REMARK 3.2. We identify A with the C*-subalgebra A x 1 of A x, H. Also,
if o is trivial, that is, for any h,l € H o(h,l) = e(h)e(l)1, then A x, H is
the ordinary crossed product, A x H which is defined in [14]. Furthermore, in
the ordinary crossed product, we can also identify H with the C*-subalgebra
1xHof AxH.

Lemma 3.3. Forany h,l € H,
(D) h-o(SU2). L)) = o(hay, SUz))o(ha)SUe)), L1))
(2) h-o(y, SUe) =o(hqy, L))o (hplae), SUz))

ProoF. Forany h,l € H,
h-o(Sa),lay) = (€ho)hay) -o(SUw), 1))
=[hay -0 (SUw), la)lo(ha), 1)
=[hay -0 (SUa)), lay)]o(he), €l2))
= [hqa) - o (SUw), [a)]o (hw), SU3)la)
= o (hqy, SU))o(he)SUe), La))
by Definition 3.1(3). In the same way, we obtain Equation (2).

LEMMA 3.4. Foranyx,y € Aandh € H, (x X 1)(y xh))* = (y xh)*(x x
1*.

ProoF. By routine computations,
(v X h)*(x x )" =0 (S(h@), ha))*(hi, - y*) (hiyy - x¥)o (his), 1) x hig
=0 (S(h@), ha))"(h, - y*x*) X hiy,

= ((x x D(y @ h))*.
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LEMMA 3.5. Foranyx € Aandh € H, (1 xh)(x x1))* = (x x 1)*(1 xh)*
ProOF. By Definition 3.1(4),
(1 x h)(x x 1)* = [(S(h@) - (ha) - ) (S(ha), he)T™ X his,

= [0 (S(h@), ha)(S(h@)he) - )T X his,
= (0(S(hw))., h(]))x)* X h’é) = (x x D*(1 x h)*.

LEMMA 3.6. Forany h,l € H, (1 x h)(1 x1))* = (1 x D)*(1 x h)*.

ProOF. By routine calculations,

(1 xh)(A x)*
= [(S(hwlw)) - o (hay, L))o (S(ha)la)), hoyle)]" % (he)lis) ™

Using Definition 3.1(3),
(T3 )1 x 1)* = [o(S(halz)), hay))o (Sha)la)ha)y, )] x (he)la)*
=0 (SU@), L)) o (SUa)S(ha), ha))™ x Liyh).

On the other hand,

(A xD*1 x h)*

=0 (SU@), L) [SUs)) - o (She), ha)] o Ly, hiz)) X s hy.

Using Lemma 3.3(1) and that 6*0 = € ® €,
(1 xD*(1 x h)*

=0 (SUe). )"
x [0 (SUw), S(ha))o (SUa)Sha), ha)] o (ls), hiz) > L hs)

=0 (SU@), L) o (SU@E)S(he), ha))* x Liyh).
Therefore we obtain the conclusion.
LEMMA 3.7. Forany h € H, (1 x h)* =1 x h.

ProoF. Using Lemma 3.3(1) and that 60 = € ® €, by routine computa-
tions,

(1 x h)™ =0 (S(hw)™, hi3)[he) - 0 (S(he), hay)l X he)

= 0 (S(h(s)), hig) o (he), S(h@))o (hayStha), hay) X hes)
= e(hw)e(Sh))o(hsS(he), hay) X heg =1 X h.
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ProPOSITION 3.8. The unital algebra A x, H is a *-algebra.

PrOOF. We have only to show that forany x, y € Aand h,/ € H,
((xxh)(AD)Y =@ xD*"(xxh)*, xxh)™=xxh.

Since (1 x h)(y x 1) is a finite sum of elements in the form z x k, where z € A,
k € H, by Lemma 3.4

(G > h)(y 3 D) = ((x 3 DA X h)(y x D)
= ((1 x h)(y x (1 x D))*(x x 1.

Also, we can write that (1 x h)(y x 1) = )", z; X k;, where z; € A, k; € H
for any i. Hence

(13 A)(y > DA X DY =Y (i x (1 x k) (1 x )",

Since (1 x k;)(1 x [) is also a finite sum of elements in the form z x k, where
z€ A,k € H,by Lemmas 3.4, 3.5 and 3.6,

(A xh)(yx DA xD)" = Z(l X DT X k) (zi @ D

=Y (13D (2 x D1 x k)

=0 xD"(y x D*(1 x h)*.
Thus by Lemma 3.4,
((xx )y '=AxD*(x D*(A xh)*(x x D* = (y xD*(x x h)*.
Furthermore, by the above discussion and Lemma 3.7,
(xXxh)™=xxD"Axh)™ =xxh.

Modifying [14], we shall define a C*-norm in A <, H. We suppose that A
acts on a Hilbert space 9 faithfully and non-degenerately. Let [>(t, H) be a
Hilbert space induced by the Haar trace t on H and B the C*-algebra of all

bounded linear operatros on a Hibert space % ®[?(z, H). Let # be a map from
A X, H to B defined by forany x € A, h,l € Hand & € 7,

O(x xh)(E QD = (Sthp)lw) - x)o(Sthoylay), ha)§ @ hwlas).

We shall show that 0 is a faithful representation of the *-algebra A x, H to B.
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LEMMA 3.9. Forany x,y € Aand h € H, 8((x x 1)(y x h)) = 0(x X
DO(y x h).

PRrROOF. By routine calculations, for any & € 7 and !/ € 1*(t, H),

O(x x DOy xh)(E 1)

= [S(hwlz) - x1[S(ha)le) - ylo (S(hala)), hay))é & hs)la
= [S(ha)lp) - xylo(Sholay), ha)§ & hwla)

=0((x x D(y xh)(E ®1).

LEMMA 3.10. Foranyx € Aand h,k € H, 6((1 x h)(x X k)) = 6(1 x
h)6(x X k).

PrOOF. By Definition 3.1(3) and (4) for any & € # and [ € [*(t, H),

O((1 xh)(x xk))(E D)
= [S(hekis)la) - (hay - DS hskwla) - o (h), ka))l
x o (S(hwka)lm), haka)§ & hakela)
= [S(hwkwla) - (hay - X))o (Shaka)le), ho)o (Stkela), ka)é
® hs)kes)la
= o (S(hwkwla), ha)[S(haka)le)he) - xlo (Stkaylm), kay)é
® h(s)kes)la)
= o (S(hokwla) ha)lSka)le) - xlo (Ske)lay), kay))§ @ hakis)la
=01 xh)o(x xk)ERI.
LEMMA 3.11. Forany x € Aand h € H, 0((x x 1)*) = 0(x x 1)¥,
0((1 % h)*) = 0(1 x h)*.
Proor. Forany &,n e # andl, k € H,

O((x x DHEDIN®@k) = ([SUy) - x* I IMT2)k™).
Also, by [14, Theorem 2.2],

O x D*E@DIn® k)

— E @10 x D ®K) = EIISka)) - Xt k)

= EIISGay) - xImT(elaDlakly) = EISka) SUsI T kel - x1n)
= ENT (ST k) ST ka)Is, - xIm) = EllT Uk, - xTn)

= (ISUay) - T T U k™).
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Thus we obtain the first equation in the above. Furthermore, using Lem-
ma 3.3(1) and that 60*0 = € ® €, by routine computations,

@1 xh)*)E DN k)
= ([S(hs)l) - o (S(h), hay) 1o (S(hiylay), ha)E Mt (higle)k™)
= Elo" U phs), Shwy))o (5 ke, S(he))
x o (li5hayS(h@), hay)m T (hig)lak™)
= (Elo (T (klyh)ly, hay)n)
= (lo(tkeye(kay)layhae(h)iy, hay)n)
= (&lo (Sk)) S(h@) T (haka)lo)hakaly, ha)n)-

By [14, Theorem 2.2],

O x ))E @ DI @ k) = Elo(Shaka)s ha)mTUkiyhis)
— 01 X E DI ® ).

Let V be a linear map from H to A x, H defined by V (k) = 1 x h for any
h € H.By easy computations V € Hom(H, A x, H). Moreover, we have the
following properties:

LEMMA 3.12. (i) The element V is a unitary one in Hom(H, A x, H).
(ii) Forany x € Aand h,l € H,

(h-x)x1=V(ha)x x1)Vi(hg),
U(h, l) X1 = V(h(]))V(l(l))v*(h(z)l(z)).
PrOOF. Since ¢ is a unitary element in Hom(H ® H, A x, H),
(V*V)(h) = o (h(s), S(hw)) o (S(hw), hs)) X S(hayhe = €e(h) x 1.
Furthermore, by Lemma 3.3(2),

(VV*)(h) = (S(h{})) - o (hiyy, S(h)) o (b, S(ha))) 1
= o (S(hiyhi, ShE) o (S(hEy), his) 0 (), S(hay) 1
=e€(h) x 1.

Hence V is a unitary element in Hom(H, A X, H). Also, since 00 = € @€,
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by Lemma 3.3(1)

V(ha)(x x 1)V*(h@)
= (hqy - X)[S(h(y) - o (hisy, S(hig))] o (ha), S(ha)) x 1
= (hqy - )0 (S(h3), he)o (S(hp)hi), Shg )] o (hay, S(hes)) 1
=(h-x)xl.

Furthermore, since 0 *0 = € ® €, by Lemma 3.3(2)

VhapVIa)V*(hele)
=o(hq), laplo (S(hp)l)*, (hele)™)
x o (Sthole) (hala)™, Sthele) )] o (hwla), Sthe)ls)) %1
=0 (hay, la))o (S(he)le) (hs)ls)*, Sthele)*)*
x (070) (h@)l@), S(hala)) x 1
=o(h,1l) x1.

This lemma means that the action of H on A is innerin A X, H. Using the
above lemmas we shall show the following proposition:

ProPOSITION 3.13. The map 6 is an injective representation of A X, H to
B.

Proor. Itisimmediate by Lemmas 3.9, 3.10 and 3.11 that 6 is a represent-

ation of A x, H to B. We have only to show that 6 is injective. Let {wl’.‘i} be a
. .

system of comatrix units of H and let x = ) ik i

We suppose that 6(x) = 0. Then for any & € 7,

Xijk X W where Xijk € A.

0=0WE®D =Y [SWf,) xiuloSwf,). wh)E @ wy;

i,j.k.ti,t2,t3

by [14, Theorem 2.2,2]. Since {wf.‘j} is a basis of H and A acts on # faith-
i SWE ) - xijdo (Swf ), wf,) = 0 for
[S(wk ) -x,-jk]o(S(wk ), wk ) %1 =0 for any j, k,s.

tys L ity

fully and non-degenerately, )
k,t3, j. Thus )
By Lemma 3.12

i1t

0
=Y V(SWE) @i x DVF(SWh, NV (S, DV (wh,) x V(e(wy,,))

i,11,0,13,14

= Z V(Swp ) (xije < DV ().

i,h
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Since s is arbitrary and V*V = ¢, for any r

0= V(S@)V(S@Wi))xije x DV wf) =Y Crgje x DV (w},).

i,t1,s i

Since r is arbitrary and VV* = ¢, for any p

0= (xijk X DV @)V w,) =Y (xije x De(wh,).

ir i

Sincee(wfp) = §;p by [14, Theorem 2.2,2], x,,jx ¥ 1 = O forany p, j, k, where
8 is the Kronecker delta. Hence 6 is injective.

Let F be a linear map from A x, H to A defined by F(x x h) = t(h)x for
any x € A and & € H. In the same way as in [14, Proposition 2.8], we can see
that F' is a conditional expectation from A x, H onto A.

LEMMA 3.14. The conditional expectation F is faithful.

PrOOF. We show this lemma in the same way as in [14, Proposition 2.8].
Let {h;} be a basis of H such that f(hih;f) = §;j, where §;; is the Kronecker
delta. Letx = ), x; x h; in A x, H, where x; € A for any i. We suppose
that F(xx*) = 0. Then by Definition 3.1(4) and [14, Theorem 2.2,1]

0= F((xi ¥ hi)(x; x hy)*)
iJ
= Y xtluwhis)lhia) - o(Shi), i)'l
i,J,(hi),(hy)
x [hi) - (K5, - X))o (hiy, hja))
= Z X T(hiyhis)IS(hiyy) - o (S(hj@), hja)] o (hie), b))
i,J,(hi),(hj)
X (hi(3)]’l7(4) -Xj)
= Z X T(hiyhiw)S(hiyy) - 0 (S(hj@), hja)] o (hiey, h}g)x;

i,J,(hi),(hj)

Since 0*0 = € ® €, by Lemma 3.3(1) 0 = Zi’j t(hih})xix; = Do xix]
Hence x; = 0 for any i. Thus F is faithful.

PrROPOSITION 3.15. The unital *-algebra (A x, H) is closed in B.

PrOOF. We note that forany x € A X, H, ||F(x)| < ||0(x)|]. Indeed, we
canwritex = ) . x; x h;, where x; € A, h; € H forany i. Since id ®7 can be
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regarded as a contractive linear map from % ® I>(t, H) to ¢, forany & € ¥,

10(x)¢E ® DIl =

Z[S(hi@)) - xilo (S(hi@), hi1))§ @ hi)
i, (hi)

D 1Sy - xilo (S(hiey). hi1)E @ T(hiw)
i,(h;)

= IZ(r(hi)xié) ® IH = [|[F(x)&|l

Y

by [14, Theorem 2.2]. Hence || F(x)|| < ||6(x)| for any x € A x, H. Thus
we can obtain this proposition in the same way as in [14, Proposition 2.15].

By Proposition 3.15, we can regard A x, H as a C*-subalgebra of B and
A %, H is independent of the choice of a Hilbert space #. We call it the
twisted crossed product of a unital C*-algebra A by a weak action H on A and
a unitary cocycle o. Following [14, Definition 2.7], we define the dual action
of Hon A x, H.

DEFINITION 3.16. There is the dual action of H° on A x, H defined by
¢-(xXh)=xx(¢p—h)

forx € A, h € H, ¢ € H°, where — is the Sweedler’s arrow which is the
action of H° on H defined in [14, Example 2.5].

It is necessary to check that the above is an action. But we can easily do it.
Also, we have the following lemma:

LEmMA 3.17. The following statements hold.
(1) Fxxh)y=t-(x xh)foranyx € Aandh € H,

2) A= (A X4 H)HO, where (A X4 H)Hn is the fixed point C*-subalgebra
of A x, H for the action of H® on A x, H.

Proor. This is immediate by routine computations.

By Lemma 3.17(1), we can see that 1 X 7 is the Jones projection induced
by F.

ProrosiTION 3.18. Let {wlkj} be a system of comatrix units of H. Then
/7 kN* k
{(( di % wij) - Vg X wij)}i,j,k

is a quasi-basis for F and Index(F) = dim(H).
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PROOF. For any x € A x, H, we can write that x = Y, Xijx X wj;,
where x;;x € A forany i, j, k. Since F is an A-A-bimodule map, in order to
prove the first statement, we have only to show that for any i, jo, ko,

F 1 k() 1 k \* 1 k — 1 ko
D F(xwi ) (13wl x ) = 2= X wig,.
i)k 0

By routine computations and [14, Theorem 2.2,2],

D F w1 = wi) (1 x wh)
i,j,k
1 * *
= D oIS ot ST (. Swi,)) x wi.
i,t1,,51,52

We change the sufixes as follows: We change f,, #; and i to s3, s4 and ss,
respectively. Then since 0*0 = € ® €, by Lemma 3.3(2) and routine compu-
tations,

D OF w1 wi) (1 x wh)
i,j.k
1
= 30 ISl ) ol Sk, ol St )
0

S15eeesS S5
1 k
k k k k
= D oS ) wi Sweh)) o (Sw,)" wi)
s dko ‘
S15eeesS 57
k k k
X a(wsf‘%, S (wxfm)) X ws;’ o
1 k
J— 0
= d_ X wiojo.
ko

Furthermore, since 1 x wfj = V(wf‘j) forany i, j, k, by [14, Theorem 2.2] and
Lemma 3.12,

Index(F) = Y diV(wi)*V(wh) =Y diV*wh)V(wf) = dee(wf))
i,j.k ij.k J.k
= dim(H).

We denote by B the twisted crossed product A X, H. Then we can define
the dual action of H° on B in the same way as in Definition 3.16. Also, we
can define a coaction p of H? on B x HO by p(x x ¢) = (x x o) ® P
forany x € B and ¢ € H°. We can easily check that p is a coaction of H° on
B x HC.
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PROPOSITION 3.19. We have that p(1p x7) ~ (13 x7)®1%in (B x H) ®
H°, where 15 and 1° are the unit elements in B and H°, respectively.

PrROOF. Let V be a unitary element in Hom(H, B) definedby V(h) = 1 xh
forany 4 € H.Weregard itasanelementin Hom(H, B x H?). Also, there is an
isomorphism of (Bx H®)® H® onto Hom(H, B x H®) defined after Definition
2.2. Hence we regard p(1 x7) and (1 x7)®1° as elementsin Hom(H, B x H?).
We denote them by p(1 x 7)”" and ((1 x 7) ® 1°)*, respectively. Then by direct
computations, for any h € H,

(A x ) @ 1" V)(h) = (1 x De(ha)(V (hay) » 1°)
= (1 X h(l)) X T(l)(/’l(z))f(z).

On the other hand,

(Vo1 x )M(h) = (V(ha) @ 191 x 1) () 1)
=(Ix /’l(l)) X T(Z)(h(2))t(1)‘

Furthermore, for any s,l € H,

(toyry(M) (D) = ty(W) Ty (1) = T(hl) = T(lh)
=1 (D1)(h) = () (W) T (D).

Since H can be identified with 15 x H°, a C*-subalgebra of B x HY,
Vol x )" =((1x71)Q1H"V.

Since V is a unitary element in Hom(H, B) by Lemma 3.12(i), so is V in
Hom(H, B x H®). Therefore, p(1 x7) ~ (1 x17)® 1%in (B x H%) @ HO.

4. Construction of a unitary element and its properties

As mentioned in Introduction, let B be a unital C*-algebra and H a finite
dimensional C*-Hopf algebra. We suppose that there is a saturated action of
H on B defined in [14]. Let A be its fixed point C*-subalgebra of B and E the
canonical conditional expectation from B onto A. Let B x H be the crossed
product of B by the action of H on B and we denote it by Bj. In the same way
as in Section 3, we can define a coaction p of H on B; by for any x € B and

heH
p(x X h) = (x X hq)) @ hg).

We suppose that p(1 xe) ~ (1 xe)®1in B; ® H, where e is the distinguished
projection in H. We note that 1 % e is the Jones projection induced by E. We
shall show that the above condition is a necessary and sufficient one we stated
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in Introduction. Since p(1 X e) ~ (1 X e) ® 1 in B; ® H, there is a partial
isometry w € B; ® H such that w*w = p(1 x e), ww* = (1 xe) ® 1. Let

k o . . . _ k k
{vj;}i,j.x be asystem of matrix units of H. We writew = ), ;| x;; ®v;;, where
k PR . k __ k \ki ki
x;; € B, for any i, j, k. Moreover, we write X = > vk (bl.j)l.]j] X, for

i, € Bforanyi, j. k. i1, ji.ki. Then (1 xe)® Hw =

Zi,j’k(l X e)xikj ® vlkj Also, since {vfj} is a system of matrix units of H, by
Equation (5) in [14]

any i, j, k, where (bfj)

1
k _ ky k ki ki
(I xe)x;; = Z d_S(”mz) iy X iy,
i jukiiz

ko _ ki
Let u; = Zil,jl,kl S(viljl

calculations, for any i, j, k,

) - (bf.‘j)fl' ;, € B for any i, j, k. Then by routine

(1% e)(ulf 1) = Z dLS(vkl )S(vkl )-(bfj)k‘ W = (1> e)xfj.

ij Jiia iji i1 i2]1
i ik
Thus
(Ixe)@DHw=> (1 xe)u; x 1) &
i,j.k
=((1xe)® 1)(2@{; 1) ® v{;)

i,j.k

Letu = ), ul; ® v, € B® H. Since we identify B with B x 1, a
C*-subalgebra of By, we identify B ® H with (B x 1) ® H. If we do so,

u= Zi,j, % (ui.‘j x1)® vlk] Hence by the above equation, we obtain that

(Ixe)® DHw=((1 xe)® Du,
wW((1Ixe)@Du=w*({(I1xe)® Hw = p(l xe).

On the other hand, u*((1xe) @ Du =Y, ; , . (uff xe)(uf; x1)®vj; . Since

p(l xe)= Zi’j’k d—lk((l X S(vj'-‘,-)) ® v,'»‘j), we can see that for any j, ji, k,
1
4.1 5(1 x S ;) = Z(uffj* X e)(uf; x 1).

Now, we shall show that « is a unitary element in B ® H. By [14, Proposi-
tion 2.8], we can define the canonical faithful conditional expectation £ from
Bionto Bby E (x xh) = t(h)x forany x € B and h € H, where we identify
B with B x 1 and t is the Haar trace on H.
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LEMMA 4.1. We have thatu*u =1 ® 1in B® H.

PRroOOF. Since we regard B ® H as a C*-subalgebra of B; ® H, we shall
show that u*u = (1 x 1) ® 1. By Equation (4.1) and the definition of E, for

any j, ji, k,
k* k 1 S k
uijui;, = — TS ;).

t(e)d;

i

Using the the above equation,

- Z —( TS X H e,

1
=(1xD)® Z mf@(v}iﬂ)v}-}l

=(1IxD® —(r ®1d)<2 —kS(vm) ® vm)

T Jik, i
=1Ix1D® L(‘1: Rid)(A) =1 x1) 1.
T(e)

Therefore we obtain the conclusion.
PROPOSITION 4.2. The element u is a unitary one in B ® H.

Proof. By Lemma 4.1, it suffices to show that uu™ = 1 ® 1. First,

(xe)@Dur(Ixe)@D=>1xe)®1=) (1xe) @k

i,k
On the other hand,
(Ixe)@Duu*((Ixe) @1 = Y (Ixe)ululfx (1 xe)®vf;

i,j,k,i

= Z (e - (uf‘j f‘*j) X e) ® v”l
i,j.k,i

= > (EGful) x o) ®vf
i,j.k,i

by [14, Proposition 2.12]. Thus
ZE(”Z fl*J) ne= {
J

0 ifi # i

I xe ifi=1i
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for any k. Hence using Ej,
ko ok
Z E (ujjuiy) =
J

for any k. It follows by the above equation that

{0 ifi £ i
1 ifi =i

(E@id)uu*) = > E@lul)evi =) 1ev=101

1 ll]
i,J.k,i

Since E ® id is faithful, uu* =1 1.
Also, we have the following proposition:
PROPOSITION 4.3. The set {( dku” , N dut )} ik is a quasi-basis for E.

ProOF. We note that if j = j; in Equation (4.1), we obtain that for any
j’ k’
—(1 x Sh) = Z(u X e)(uf; 1 1).

Since 1 x e is the Jones projection in B; induced by E, for any x € B,

(1> e){deE(xuk*)u X 1} = de(l b e)(E(xuk*)u x 1)

i,j,k i,j,k

=D de(1 x e)(xuff x D)(1 xe)(uf; x 1)

ij.k

=Y di(1 xe)(x x D(uff x e)(uf; x 1)

ijk
=Y (I xe)x x (1 x S))
Jik
=1 xe)(x x1).
Therefore we obtain the conclusion.
Moreover, we have the following:
LEMMA 4.4. Forany h € H, Zi’j,k(h . ufj) ® vf‘j = Zi,j,k uff ® vf].h.

Proor. Let {wl'.‘j} be a system of comatrix units of H. We note that

(I xe)® Du=up(l xe).
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Then by [14, Theorem 2.2],

d
((Ixe)® NDu= Z dimk(lH)((wf“ uk ) X wfll”) ® v

i,j.k,i1, j1,k

Also,

dy,
up(l X e) = Z dlm(H) ((M X wlkllj]) ® U’ijkllu)
i,j,k,it,j1.ki

Thus since {w } is a basis of H, we obtain that for any i, ji, ki,
k
Z(wlll Mij)®v Zu ®Uljwjlll
i,j.k i,j.k
Therefore we obtain the conclusion.

In the rest of this section, we are devoted to the properties of u.
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LEMMA 4.5. Letx e (BX 1D QH. Ifx(1xe)®1) = ((1 xe)® 1)x, then

xe(AxX1)®H.
Proor. This is immediate by routine computations.

LEMMA 4.6. For any a € A,

u(@x D@ Du*((1xe)®@1D) = ((1xe)® Du((ax1)® Hu*.

PRrROOF. Since u is a unitary element in (B x 1) ® H by Proposition 4.2, we

have only to show that for any a € A,

(@xDRDu*(Ixe)@Du=u*"((1xe)® Du(lax1)®1).

Since u*((1 xe) ® Nu = p(1 x e), forany a € A,

(@x D@ Du*((Ixe)®Du=(ax1)®p(l xe)
= p((a x 1) xe))
= p((1 xe)(a x 1))
=p(Ixe)(ax)®1D)

=u"((I xe)® Du((ax1)®1).

ProOPOSITION 4.7. Foranya € A, u(a @ Nu* € A ® H.

ProoF. This is immediate by Lemmas 4.5 and 4.6.
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Letz=) e(vf‘j)uf.‘j € B.
LEMMA 4.8. The element 7 is a unitary one in A.

PrOOF. We note that id ®e€ is a homomorphihsm of B ® H onto B. Since
u is a unitary elementin B ® H, sois z = (id ®¢)(u) in B. Also, we have that
(1 xe)® Du =up(l xe). Since (id ®¢) o p = id,

(Ixe)z=>0d®e)(((1 xe)® Du) = (1d®e)(up(l xe)) =z(1 xe).

Thus z is in A.

REMARK 4.9. For any unitary element a € A, we can see that

kx* k _x
{( draui, « diu;;a )}i,j,k
is a quasi-basis for E by the above proposition and easy computations. Espe-

cially {( dkzuf;‘, dkuf»‘jz*) }i’j’k is a quasi-basis for E.
Let U = u(z* ® 1) which is used in the next section. Clearly U is a unitary
elementin B® H.

5. A weak action of the dual C*-Hopf algebra and a unitary cocycle

As mentioned in Section 2, there is an isomorphism 1 of B ® H onto the unital
convolution *-algebra Hom(H, B) defined by for any x € B, h € H and

¢ <€ H,
1x @ h) (@) = d(h)x.

For any x € B ® H, we denote by x" an element :(x) € Hom(H°, B).
We constructed a unitary element U € B ® H in the previous section. Then
U” is a unitary element in Hom(H°, B). Let {¢,,} be the dual basis of H°
corresponding to a system of matrix units {vfj} of H. Then it is a system of
comatrix units of H°. By [14, Theorem 2.2], A%(¢7 ) = Y, ¢!, @ ¢!, for any
m, n, r. Hence we can see that U"(¢},,) = u,, 2" and U"*(¢},,) = zu,, for
any m, n,r.

LEMMA 5.1. We define ¢ - x = U"(¢q))xU" (@) for any x € B and
¢ € H°. Then (¢, x) — ¢ - x is a weak inner action of H® on B.

ProoF. Since U"(1%) = 1, by [1, Lemma 1.4], it suffices to show that
(¢-x)* = S%¢*) - x*forany x € B, ¢ € H°. Thus we have only to show that
(¢h, - x)* = S%.*) - x* forany x € B and m, n, r. Indeed

@ X)* =D (2" x210))" = B, x* = (S050)(g),) x" = (@) -x".
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LEMMA 5.2. Foranya € Aand ¢ € H°, ¢ - a € A.

 _ ko ks k
PrOOF. For any a € Ak, ula @ Hu* = Zi’j_k,il i au;’; ® vj; . Thus by
*

.o, k o .
Proposition 4.7, Zj ujau;’; € Aforany a € A and i, iy, k. Hence for any
rrm,nanda € A

r _ r * r*x
¢mn ta = ZumtZ azu,, € A.
t
Therefore we obtain the conclusion.

COROLLARY 5.3. Themap H* x A — A : (¢, a) — ¢ -a is a weak action
of H on A, where a € A and ¢ € H°.

Proor. This is immediate by Lemmas 5.1 and 5.2.

Following [1, Example 4.11], we shall construct a unitary cocycle of H° ®
H to B. Let o be a bilinear map from H° @ H° to B defind by for any

¢,V € H,
o (¢, ¥) =U"@a)U"WapU " () V).

By [1, Example 4.11], o satisfies Conditions (2), (3) and (4) of Definition 3.1
of a unitary cocyle for the weak inner action of H° on B.

LEMMA 5.4. Forany ¢,y € H®, o(¢, V) € A.

PrOOF. For any ¢ € H°,

(U*((1 xe) @ D) (@) = UM (@))€’ (9 (1 xe) = UM (@)1 % e),

(p(1 xe) U (p) = ((1 X eqy) ® e (@)U (d2)
= (id ®pu)p(1 x ) U (¢2)).

Since U*((1 X e) ® 1) = p(1 x e)U*, we obtain that
(5.1 U™ (@)(1 1 e) = (id ®p)) p(1 x ) U™ (d)).
Also, for any ¢ € H,
(Up(1 xe)"(9) = U™ (@) (1 x eq))de(e@),
(1 x &) @ DU ($) = (1 x e)e’(d1))U" ($2)) = (1 x &)U"(9).

Since ((1 X e) ® 1)U = Up(1 % e), we obtain that

(5.2) (I xe)U"(@) = UM (P (1 X ewy)dw)(ew)).
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Furthermore, by Equation (5.2)

p((1 xe)U™(p)) = p(U" (P (1 X eq)dw)(ew)).

Since U (¢p) € B and p(U"(¢)) = U™ (¢p) ® 1, we see that

(5.3) (1 xeq)U" (@) ® ey = UMN(da)) (1 x ey (e3) @ e,

where we identify B with B x 1. Now, we shall show that any ¢, ¥ € H°,

(I xe)o(@,¥) x1)=(o(@,¥) x D xe).
First, by Equation (5.2)

(I xe)(o(p, ) x 1) =U"@a) 1 xewy)pa(e)U"(Wa) U (93 ¥@)-
Moreover, by Equation (5.3),

(Ixe)o(p,¥)=1)
= U" (1) o) (e U™ (Yay) (1 x eq) V) (ed) U™ (93 ¥3)-

On the other hand, by Equation (5.1)
(0(¢,¥) x (1 xe)

= U"Npa)U" (Y1) (d @)Y p (1 x e)U" (i3 ¥ 3))
=U"Npa)U" (W a) (1 X ey (e2) V) (ea) U (@ ¥ 3))-

It follows thatforany ¢, ¥ € H, (1xe)(o (¢, ¥)x1) = (o (¢, Y)x1)(1xe).
Therefore we obtain the conclusion.

LEMMA 5.5. The element o is a unitary one in Hom(H® ® H°, A).

PrOOF. By Lemma 5.4, it suffices to show that 0*0 = 00* = €’ ® €”. For

any ¢, ¢ € H', we see that (6*0) (¢, V) = (00%)(, ¥) = €*(¢)e’(¥) by

routine computations. Therefore we obtain the conclusion.

PROPOSITION 5.6. The element o is a unitary cocycle for the weak action of
H on A.

ProoF. This is immediate by Lemma 5.5 and [1, Example 4.11].

6. A twisted crossed product induced by an inclusion of unital
C*-algebras of depth 2

In this section we suppose that there is a saturated action of a finite dimensional
C*-Hopf algebra H on a unital C*-algebra B. Also, we suppose that A is the
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fixed point C*-subalgebra of B for the action of H and that p(1 X e) ~
(1 xe)®1in By ® H, where B = B x H. Furthermore, we suppose that p
is the coaction of H on B; induced by the action of H on B. By the previous
section, we can construct the weak action of the dual C*-Hopf algebra H° on
A and the unitary cocycle o € Hom(H® ® H°, A) using the unitary element
U € B ® H defined at the end of Section 4. By Section 3 we can construct
the twisted crossed product A x, H° of A by the weak action of H°. Also, we
can define the dual action of H on A x, H°. Let = be a map from A x, H°
to B defined by 7(a x ¢) = aU”(¢) forany a € A and ¢ € H°. Then the
following proposition holds:

PROPOSITION 6.1. With the above notations, 1 is an epimorphism of A <, H®
onto B satisfying that h - w(x) = mw(h - x) forany x € A x, H and h € H.

ProoF. Clearly 7 is a linear map from A x, H° to B. Forany a,b € A
and ¢,y € H°,
w((ax$)(bx ) =aldq) -b)o(Pw), va)U (@3 ¥e)
= aU"($a)be" (9 U" (Y1)’ @3 ¥ )
=aU(@)bU" () = m(a x ¢)m (b x ).
Also,

(@ x $)) = 7o (S, b)) (@, - a*) x ¢y
= U (% (¢2) U N(91) UM (93U (@5 a*e (o5
=U"(¢)*a* =m(a x ¢)*.
Thus 7 is a homomorphism of A x, H® to B. For any x € B, we can write
x = deE(xzuf;)usz*
i)k
by Proposition 4.3 and Remark 4.9. Put y = Zi’j’k dkE(xzuf;‘) X ¢ij Then
yeAx, H and w(y) = Y. dkE(xzufj*)UA(qﬁfj) = x since U/\((;Sfj) =

uﬁ-‘iz* forany i, j, k. Hence 7 is surjective. Furthermore, foranya € A,h € H,
¢ € H,

i,j.k

7(h-(a % ¢)) = ¢y (INalU™@a) = Y ¢a)(vl)be (Waul;z’
i,j.k,($)

= ¢ fhau;z*

i,j.k
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since U = Y, , uf;z* ® vf;. On the other hand,

hem(ax¢) =) alh-ui;dp@yz) =) al(d@p)((h-uf) @ vfy)"

i,jk i,jk
= alid®@p)uf; ® vl = ¢ (fhauf;z*
i,j.k i,j.k

by Lemma 4.4. Therefore n(h-(a x¢)) = h-mw(a x ¢)foranya € A,h € H,
¢ e H.

COROLLARY 6.2. With the same notations as above, F = E o w, where F
is the canonical conditional expectation from A x, H® onto A.

PrOOF. Foranya € A, m(a x 1°) = aU”"(1°) = a. Hence for any a € A,
¢ € H,

(Eom)(ax¢)=e-m(ax¢)=m(e-(axe))=Flaxe)

by Proposition 6.1, where we identify A with A x 1°.

PROPOSITION 6.3. With the same notations as above, 7 is an isomorphism
of A x, H onto B.

ProoF. By Proposition 6.1, we have only to show that 7 is injective. We
suppose that m(x) = O for an element x € A x, H°. Then F(x*x) =
E(m(x*)m(x)) = 0 by Corollary 6.2. Since F is faithful by Lemma 3.14,
x =0.

The following theorem is the main result:

THEOREM 6.4. Let B be a unital C*-algebra and H a finite dimensional
C*-Hopf algebra acting on B in the saturated fashion. Let A be the fixed point
C*-subalgebra of B for the action of H on B and E the canonical conditional
expectation from B onto A. Let e be a minimal and central projection in H,
which is called the distinguished projection and p the coaction of H on B X< H,
the crossed product of B by the action of H on B, which is induced by the
action of H on B. Then the following are equivalent:

(1) We have that p(1 xe) ~ (1 xe)®1in (B x H)® H,
(2) There are a weak action of H® on A and a unitary cocycle o of H* ® H°

to A satisfying that there is an isomorphism 1w of A x, H® onto B such
that F = E o 7,

where H® is the dual C*-Hopf algebra of H and F is the canonical conditional
expectation from A x, H® onto A.
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Prookr. This is immediate by Propositions 3.19, 6.3 and Corollary 6.2.

Let A C B be an irreducible inclusion of unital C*-algebras and E a
condtional expectation from B onto A which is index-finite and of depth 2.
Then in [2] Izumi pointed the following: There is a finite dimensional C*-Hopf
algebra H acting on B such that A = B and E(x) = e - x forany x € B. We
note that the action of H on B is saturated by [14]. Let p be the coaction of H
on B x H defined in the same way as in Section 3. We call p the coaction of
H on B x H induecd by the inclusion A C B.

COROLLARY 6.5. Let A C B be an irreducible inclusion of unital C*-
algebras and E a condtional expectation from B onto A which is index-finite
and of depth 2. Let H be a finite dimensional C*-Hopf algebra acting on B in
the saturated fashion such that the inclusion A C B can be identified with the
inclusion BY C B. Let p be the coaction of H on B x H induced by A C B.
Furthermore, let e be the distinguished projection in H. Then the following
are equivalent:

(1) We have that p(1 xe) ~ (1 xe)®@1in(Bx H)® H,

(2) There are a weak action of H® on A and a unitary cocycle o of H* ® H°
to A satisfying that there is an isomorphism w of A x, H onto B such
that F = E o,

where H® is the dual C*-Hopf algebra of H and F is the canonical conditional
expectation from A x, H onto A.

Proor. This is immediate by Theorem 6.4.

We shall give another application of Theorem 6.4. Let A be a unital C*-
algebra. We suppose that A has cancellation and the unique tracial state t4.
Let 74, be the homomorphism of K((A) to R induced by t,4. Also, we suppose
that T4, is injective. Irrational rotation C*-algebras, UHF-algebras and AFD
1 I-factors have the above properties.

LEMMA 6.6. Let A be as above and let B be a unital C*-algebra which is
strongly Morita equivalent to A. Then B has the following properties:
(1) B has cancellation,
(2) B has the unique tracial state tp,
(3) Let T4 be the homomorphism of Ko(B) to R. Then tp, is injective.
PRrROOF. Since unital C*-algebras A and B are strongly Morita equivalent,
B is isomorphic to a full corner of some full matrix algebra over A by Rieffel

[10, Proposition 2.1]. By this fact and [10, Proposition 2.2], we can obtain the
conclusion.



246 KAZUNORI KODAKA AND TAMOTSU TERUYA

COROLLARY 6.7. With the same notations and assumptions as Theorem 6.4,
we suppose that A has cancellation and the unique tracial state T4 and that the
homomorphism ta, of Ko(A) to R induced by t, is injective. Then there are a
weak action of H® on A and a unitary cocycle o of H* ® H° to A satisfying
that there is an isomorphism w of A x, H° onto B such that F = E o 7,
where HO is the dual C*-Hopf algebra and F is the canonical conditional
expectation from A x, H® onto A.

PrOOE. Let p be the coaction of H on B; = B X H induced by the action of
H on B and e the distinguished projection in H. Then by [14, Definition 4.2],
B, is strongly Morita equivalent to A. Thus by Lemma 6.6(2), B; has the
unique tracial state tp,. Recall that H = EB,iVZIMdk (C) as C*-algebras. We
identify H with 69;12’:1Mdk (©).Fork=1,2,..., N,let p; be aminimal central
projection in H and 7r; a homomorphism of B; ® H onto B; ® M, (C) defined
by mr(x) = x((1 ©x 1) ® pi) forany x € B; ® H. Let Try be the unique tracial
state on My, (C) and let 7y = 15, @ Try fork = 1,2,..., N. Let 1y, be the
homomorphism of Ko(B; ® M, (C)) to Rinduced by 7 fork =1,2,..., N.
Since t; o m; o p is a tracial state on By, tg, = Tx o ¢ o p. Thus for k =
1,2,..., N,

T ([ (1 3 e) (1 x 1) ® pp)]) = (o7 0 p)(1 X e) = 75,(1 X €)
= ((1 X ) ® pr)
= t([(1 X &) ® D((1 ¥ 1) & po)]).

Since i, is injective for k = 1,2,..., N, by Lemma 6.6(3) in K¢o(B; ®
My, (C)),

[p(1xe)((1x1)® p)]=[((1>xe)®D((1>x1)® pul.

Since B; ® My, (C) has cancellation by Lemma 6.6(1), we have

p(Ixe) (1 x1) & pr)~ ((1xe)@D((x1)& pr)

inB @My (C)fork=1,2,..., N.Hence p(1 xe) ~ (1 xe)®1in B @ H.
Therefore we obtain the conclusion by Theorem 6.4.

Also, we have the following similar result to Theorem 6.4.
ProrosITION 6.8. With the same notations and assumptions as Corollary

6.5, the following are equivalent:

(1) There are a C*-subalgebra P of A with the common unit and a con-
ditional expectation G from A onto P, which is index-finite, satisfying
that there is an isomorphism w of P, onto B such that G\ = E o m,
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where Py is the C*-basic construction induced by G and G is the dual
conditional expectation of G from Py onto A.

(2) There is a saturated action of H° on A satisfying that there is an iso-
morphism 7 of A x H° onto B such that F = E o 7.

PrOOF. (1) = (2): Let p, By and e be as in the proof of Corollary 6.7.
Since the inclusion A C B is of depth 2, so is the inclusion P C A. Hence
since P’ N By is isomorphic to some full matrix algebra over C, P’ N B,
has the properties (1), (2) and (3) in Lemma 6.6. In the same way as in the
proof of Corollary 6.7, p(1 xe) ~ (1 xe)® 1in (P’ N B;) ® H. Thus
there is a partial isometry w € (P’ N By) ® H such that w*w = p(1 x e),
ww* = (1 x e) ® 1. Also, in the same way as in Section 4, there is a unitary
element U € (P"NB)® H suchthat (1 xe) @ Nw = ((1 xe) ® 1)U. In the
same discussions as in Sections 4 and 5, we can define a weak action of H° on
A and a unitary cocycle o of H*® H®to A by forany x € A and ¢, ¥ € H°,

¢-x =U"(¢p1)xU"(¢w)
o (@, V) =U"a)U"Wa)U"™ (@ ¥@) € A,
where U is a unitary element in Hom(H°, P'N B) induced by U. We note that
sinceU € (P’"NB)® H,U"(¢) € P'NBforany ¢ € H®. Let ep be the Jones
projection induced by P C A. Since ep is a minimal and central projection in
P’ N B, for any x € P’ N B, there is the unique element ¢(x) € C such that
xep = epx = c(x)ep. Weregard c asamap x € P’ N B + c(x) € Cl. Then
¢ is a homomorphism of P’ N B to C. Let ¢ be a homomorphism of H° to C1

defined by ¢ = co U”. By easy computations, we can see that ¢ is a unitary
element in Hom(H°, C1) with ¢ (1°) = 1. Furthermore, for any ¢, € H°,

o(p, ¥ep = UNpa)U" (W)U (P ¥)ep
=U" @)U (Wayepc™ (@)Y @)
= cNpa)c" W) (P V)ep.

Since o (¢, ¥) € A, 0(d, V) = " ()" (1)) (9o ¥ 2) forany ¢, ¥ €
H° Let W = ¢™U” € Hom(H", B). Then for any x € A and ¢ € H

W(pm)xW*(dw) = " (1) (B - x)c" (d3) € A.
Thus by easy computations, we can see that the map
Ax H’> (x,9) > W(da)xW(dp) € A

is an action of H° on A. We denote by A x H° the crossed product of A by
the above action of H° on A. Let ® be a map from A x H® to A x, H°
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defined by for any x € A and ¢ € H, ®(x x ¢p) = xc*(d1)) X P2y, Where
x X ¢ € A x H° Then by routine computations, ® is an isomorphism of
A x H° onto A x, H satisying that F/ = E o ®, where F’ is the canonical
conditional expectations from A x H° onto A. (2) = (1): Let P = AH’
the fixed point C*-subalgebra of A for the action of H® on A. Then P is the
desired C*-subalgebra of A.
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