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ABSOLUTELY CONVERGENT FOURIER SERIES
AND GENERALIZED ZYGMUND CLASSES
OF FUNCTIONS

FERENC MORICZ*

Abstract

We investigate the order of magnitude of the modulus of smoothness of a function f with absolutely
convergent Fourier series. We give sufficient conditions in terms of the Fourier coefficients in order
that f belongs to one of the generalized Zygmund classes Zyg(«, L) and Zyg(a, 1/L), where
0 < «a < 2and L = L(x) is a positive, nondecreasing, slowly varying function and such that
L(x) — oo as x — 00. A continuous periodic function f with period 27 is said to belong to the
class Zyg(a, L) if

|f(x+h)—2f(x)+ f(x —h)| < Ch*L (%) forallx €e Tand h > 0,

where the constant C does not depend on x and /; and the class Zyg(«, 1/L) is defined analogously.
The above sufficient conditions are also necessary in case the Fourier coefficients of f are all
nonnegative.

1. Introduction

Let {cx : k € Z} be a sequence of complex numbers, in symbols: {c;} C C,
such that

(.1 Zlckl < 00.

keZ

Then the trigonometric sereies

(1.2) > ae™ = f(x)

keZ

converges uniformly; consequently, it is the Fourier series of its sum f.
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We recall (see, e.g., [1, p. 6]) that a positive measurable function L defined
on some neighborhood [a, o) of infinity is said to be slowly varying (in Kara-
mata’s sense) if

L(Ax)

(1.3) Lo

-1 as x — o0 forevery X > 0.

The neighborhood [a, c0) is of little importance. One may suppose that L is
defined on (0, 0o), for instance, by setting L(x) := L(a) on (0, a). A typical
slowly varying function is

1 for0 < x < 2,
L(x) =
logx forx > 2.

In this paper, we consider positive, nondecreasing, slowly varying functions.
In this case, it is enough to require the fulfillment of (1.3) only for a single
value of A, say A := 2. To be more specific, the following condition () will
be required in our theorems and lemmas.

CONDITION (). L is a positive, nondecreasing function defined on (0, co)
and satisfies the limit relations
L(2x)
L(x)

— 1 as x — o0.

L(x) - oo and

Givena > 0andafunction L satisfying condition (), a continuous periodic
function f is said to belong to the generalized Zygmund class Zyg(«, L) if for
allh > 0,

1
(14 @a(f5h) = sup | f0x 1) =2/ () + f(x = W] = ChL (5) ,

where the constant C = C(f) does not depend on A, and w,(f; h) is the
modulus of smoothness of the function f.

Furthermore, given « > 0 and L with condition (x), f is said to belong to
the generalized Zygmund class Zyg(a, 1/L) if for all h > 0,

1
(1.5) w2 (f3 1) < Ch* ——.
L)
It is worth observing that if f € Zyg(a, L) for some o« > 2, or if f €

Zyg(a, 1/L) for some a > 2, then f = constant (cf. [2, Ch. 2]). Clearly, we
have
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Lip(o, L C Zyg(a, L) for 0 < o < 1;
Lip(e, 1/L) C Zyg(a, 1/L) for0 < a < 1.

We note that the generalized Lipschitz classes Lip(«, L) and Lip(«, 1/L) were
defined analogously in [6] where w, (f; &) is replaced in (1.4) and (1.5) by

o(fih) =wi(fih) :=sup|fx+h) — fQ)l, h >0,

xeT

the ordinary modulus of continuity of the function f.

Various kinds of generalized Lipschitz and/or Zygmund classes of periodic
functions were introduced in [3], [4], [7], [8], in which necessary and/or suffi-
cient conditions were given in order that the sum of an absolutely convergent
sine or cosine series with nonnegative coefficients belong to one of those gen-
eralized classes of order « for some 0 < o < 1. However, thecase 1l <a <2
was not considered at all in the papers indicated above.

2. New results

THEOREM 1. Suppose {c,} C Cwith (1.1), f is defined in (1.2), and L satisfies
condition (x).
(1) If for some 0 < o < 2,

Q.1 Z Klcy| = Om**L(n)), neN,

[k|<n

then f € Zyg(a, L).
(ii) Conversely, if {cx} is a sequence of nonnegative real numbers, in sym-
bols: {cy} C Ry, and f € Zyg(a, L) for some 0 < o < 2, then (2.1) holds.

We note thatin case 0 < o < 2 condition (2.1) is equivalent to the following
condition:

(2.2) > el = 0™ Lny), neN.

|k|=n

This claim is a straightforward consequence of Lemma 1 in Section 3.

We also note that, in case « = 1 and L = 1, Theorem 1 was proved in [5,
Theorem 3].
The next Theorem 2 is a natural counterpart of Theorem 1.

THEOREM 2. Suppose {c;} C Cwith (1.1), f is defined in (1.2), and L
satisfies condition (x).
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() If for some 0 < a < 2,

n¢
(2.3) Z |ck|=0(L(n)), neN,

|k|>n

then f € Zyg(a, 1/L).
(ii) Conversely, if {cx} C Ry and f € Zyg(a, 1/L) for some 0 < o < 2,
then (2.3) holds.

We note thatin case 0 < o < 2 condition (2.3) is equivalent to the following
condition:

2—a

5 _ n
(2.4) > Kl = 0<L(n)), neN.

|k|<n

This claim is a straightforward consequence of Lemma 2 in Section 3.

3. Auxiliary results
We recall three lemmas from [6, Lemmas 3, 4 and 6].

LEMMA 1. Suppose {ay : k € N} C Ry with Y a, < 0o and L satisfies
condition (*).
Q) If for some § > y > 0,

(3.1) Zkaak = 0(n” L(n)),
k=1
then
(3.2) Zak = 0w L), neN.
k=n

(i1) Conversely, if (3.2) holds for some § > y > 0, then (3.1) also holds.
Consequently, in case § > y > 0 conditions (3.1) and (3.2) are equivalent.

LEMMA 2. Suppose {a;} C Ry with Y ay < oo and L satisfies condition
().
() If for some § > y > 0,

n Y
3.3 K =0(" )
(3.3) k; a o
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then

o0 ny_5
(3.4) Zak = O(L(n)>, neN.

k=n

(i1) Conversely, if (3.4) holds for some § > y > 0, then (3.3) also holds.
Consequently, in case § > y > 0 conditions (3.3) and (3.4) are equivalent.
LeEmMMA 3. If L satisfies condition (x) and n > —1, then
/hidx:0(ﬂ) h>0.
o L(3) L))

4. Proofs of Theorems 1 and 2

ProoF oF THEOREM 1. (i) Suppose (2.1) is satisfied for some 0 < o < 2. By
(1.1) and (1.2), we may write that
4.1)

|fG+h) = 2f00) + flx—h) = > cre™ (e =247

keZ
S {Z + Z }|Ck||eikh _ 2+€—ikh|
|k|<n |k|>n
=: A, + By,
say, where n is defined by
4.2) n:=[1/h], h >0,

and [-] means the integer part.
We will use the inequality

4.3) |e* —2 4 e ™| = |2 coskh — 2|
kh
= 4sin® 5= min{4, k>h?}, keZ.
By (2.1) and (4.2), we obtain

@4) A <k Y Ko = h O™ *L(n))

iz =wo(in (1)) =o(we (1))
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Due to Lemma 1, Part (i) (applied with y := 2 — « and § := 2), condition
(2.1) implies (2.2). Now, by (2.2) and (4.2), we find that

(4.5) 1B, <4 |l =40 *L(n)) = O(h"‘L (%))

|k|>n

Combining (4.1), (4.4) and (4.5) yields f € Zyg(a, L).

(i1) Conversely, suppose ¢, > 0 for all k and that f € Zyg(«, L) for some
0 < a < 2. Then there exists a constant C such that
(4.6)

[f(h) =2f(0)+ f(=h)| = ch(eikh — 0 4 ek

keZ
ch(2coskh 2)) ch(z 2 coskh)
keZ keZ
kh 1
=4 ¢ sin?— < Ch*L (-, h>0
keZZ TS (h)

(cf. (4.3)). Making use of the well-known inequality

) 2 T
sint > —t for 0<t< —,
T 2

from (4.6) we conclude that

h? kh 1
4y kzck; <4) qsin’® - = ChaL(E)’ h >0,
lk|<n kez
where 7 is defined in (4.2). Now, hence it follows that
2 oa—2 1 2—a

> Ke < —h L()=0@""La,

k|<n

which is (2.1) to be proved.

PROOF OF THEOREM 2. (i) Suppose (2.3) is satisfied for some 0 < « < 2.
We start with (4.1), where n is defined in (4.2). Making use of the firstinequality
in (4.4) and applying Lemma 2, Part (ii) (with y := 2 — o and § := 2) yield

2—a h¢
2 210 | = K2 T
@ A=k Y Klal=hr0 (L( )) 0<L(%))'

lk|<n
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On the other hand, by (2.3), (4.2) and (4.3), we find that

(48) Bl <43 leil = 0(“

P L(n)) - O(%)'

h
Combining (4.1), (4.7) and (4.8) gives f € Zyg(«, 1/L).

(ii) Conversely, suppose that ¢; > 0 for all k and that f € Zyg(«, 1/L) for
some 0 < o < 2. Similarly to (4.6), this time we have
4.9

keZ

keZ
= O(L) x>0
L(y)/)

X

1£() =2f(©0) + f(—=0)| = | Y _er2coskx —2| =2 " (1 — cos kx)

By uniform convergence, due to (1.1), the series Y ¢;(1 — coskx) may be
integrated term by term on any interval (0, 2), 2 > 0. By Lemma 3, we
conclude from (4.9) that

< sin kh) Chet!
Z c|lh — <

, h >0,
|k|>1 k L (%)

where C is a constant. Setting 4 := 1/n and perhaps neglecting a finite number
of nonnegative terms, we even have

1 sink Cn—o!
4.10 - — L)< , e N.
(4.10) Z ck(n k ) - L) !
[k|>2n
Since .k
1 sin= 1
- — 2> — forall |k| > 2n,
n k 2n
it follows from (4.10) that
S Cn—!
" > s

, n € N.
lkI=2n L(n)

Due to (1.3), this inequality is equivalent to (2.3) to be proved.
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