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A NOTE ON IRRATIONALITY MEASURES

JAROSLAV HANCL and JAN STEPNICKA*

Abstract

The paper deals with lower estimates for the irrationality measure of the sum of a special series.
The result depends only on the form of convergence and does not make use of divisibility properties
of integers or any algebraic identities.

1. Introduction

Let a and b be positive integers with b < a such that a and b are coprime. Also
let {f,},2, denote the Fibonacci sequence and let {/,}°°, denote the Lucas
sequence. Matala-Aho and Prévost [3] found interesting results concerning

the irrationality measures of the sums of the series > -, ﬁ and ) 7

Results concerning lower bounds for the irrationality measure of the sum of
an infinite series whose terms are rational numbers appear also in Duverney
[1] or Han¢l and Filip [2] for instance. Recently Sondow [4] has given a new
estimate for the irrationality measure of the number e. In the sequel, for a real
number x we will use [x] to denote the greatest integer less than or equal x.

We prove the following.

244" —1) .
PROPOSITION 1. Let x =0~ > 3. Then the sum of the series

i 1
[ZX(3+Sln logn)n]

n=1

. . . 244" —1)
has irrationality measure greater or equal to x @0 — 1> x* — 1.

It is unclear to the authors if there exists a sequence {a,} -, of positive

1
integers with limsup,_, . a, = 1 such that for every sequence of positive
integers {c,}°2, the sum of the series Y -, ﬁ has irrationality measure
greater than 2.
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2. Main results

The following theorem is used in the estimation of irrationality measures of
series for which the terms have large denominators.

THEOREM 1. Let «, B, y, v and m be real numbers such that 0 < y,
0<v<l,0<B<acx< logz(lf—v—{—l) and 2 < m. Let ny be a positive
integer. Assume that {a,},° , and {b,}32 | are sequences of positive integers,
with {a,},2,  increasing, such that for every n > ng

(1) b, < a) log) a,
and
2) a, > 2",

Suppose that there exists positive real number k with

(@ —pB)
log, (£ +1) —«

3) k <

such that for infinitely many n

pn
4) a, < 2°
and

a(n+[kn]
) nspon > 22

Then the number Y .~ , % is irrational and its irrationality measure is greater
than or equal to m.

EXAMPLE 2.1. As an immediate consequence of Theorem 1 we obtain that
the sum of the series

o0 21010n—] + 3
- 2[]0(10+\coslogn\)n] + 5
n=
111e™2-1)
has irrationality measure greater or equal to o (10 @) — 1) >9.10'.

If the numerators of the terms of the series are not large then we can use
the following corollary to estimate the measure of irrationality.

COROLLARY 1. Let «, B, y and m be real numbers with0 < < a < 1,
0 < y and 2 < m. Let ng be a positive integer. Assume that {a,},>, and
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o0

nen, IS increasing, such

{b,}72, are sequences of positive integers, with {a,}

that for every n > ny y
b, < log, a,

and ;
a, > 2".

Suppose that there exists a positive real number k with

a —_—
I < (¢ —p)
l -«
such that for infinitely many n
a, < 20" and  Qnifkn) > mA ey,

Then the numbery - | Zi is irrational and its irrationality measure is greater
n
than or equal to m.

ExaMPLE 2.2. As animmediate consequence of Corollary 1 we obtain that
the sum of the series 00

Z 1
[210<10+cns logn)n ]

n=1
. . A 2+411" -1 11
has irrationality measure greater or equal to 10" -0~ — 1 > 10"".

3. Proofs

PrOOF OoF THEOREM 1. Assume that § is a sufficiently small positive real
number. Set M = m — 256(1 — v). Let N = N (§) be a positive integer greater
than ny, satisfying (4), (5). Also assume N is large enough to ensure that the

. log? . .
function Xglivx is decreasing for x > ay, that

N
6) ay =[] an
n=1

that for every R > N

nY log;ﬂ/ ag
(7) Z 2n(1—u) = al—u

log, agr<n R
and
2 1oel

52 3
230w

(I+%(l—v))2
ag
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and that

(@—B) (a—ﬁ)—w
<

9
® logz( —|—1) o logz( —|—1—8)

Observe that we can suppose (6) is true because from (2) we know that we
have lim,,_, o, a, = 0¢ and from the fact that {an} is increasing and the fact
that nyp < N we obtain thata,, < ay < an41 < -

Note that for each ¢ there are inﬁnitely many N with the properties 4)—(9),

. Fix

n=ng

lv

N and let us define the finite sequence {c; iv: j;y‘N I'as follows

a:, ift=N
= L
o) e = N1 N+2, ..., N+[kN].
Set
(10) cr = max c.

t=N,N+1,....,N+[kN]

Note that T = T (N). If c; = cu then from (4) and (5) we obtain that

M ., \KNT
N2BN N (% +l+6)
2 > ay = CN = CN4[kN] = AN {[kN)

20 (N+[kNJ)

_ M N
A l+6)[kN] 2a(N+[kNJ)—[kNJIog2(m+l+é)
> 2 (& =

Applying log, twice to the above inequality we get
M
logy, N + BN > o(N + [kN]) — [kN]log, (— + 1+ 8) .

Thus

log, N [kN] M
_0%\2[ +(a—ﬂ)<T<log2< — +1+8>—a)
_ INT () SR
v (n(i 01 -0) =)

<k- (logz(lm
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Hence log, N

(a_IB)_ N

k.
log, ({= +1-14) —« =

This and (9) are in contradiction to (3). Therefore c; # ¢y and
cr > max cj.

e¢]

From this and from the fact that the sequence {a,},2,, is increasing we obtain

n=n
that
M)
ar > ( max Cj)(lﬂ, )
=N N+1,....T—1
(11) T—1

Mo s ( M 145 =N
> n( max Cj)(l—v+)(l—v++)

where the second inequality comes from the fact that
(L +1+3 (L +148)" " =1 M T-N-1
> =17 +145$6
—v

(L +1+5) -1 (L +1+5) -1
M T—N-2
+ +1+34
1—v

+o L

)T—N

Because {a,},2,, is increasing, N is large and greater than n and inequalities

(6) and (11) yield

T-1 Moy T-1 o Mg
Pte) T\ (H+1+8) T\
ar > ( max Cj) > C;
i=N,N+1 T-1

,,,,,

i=N i=N
T-1 BB T—1 \ L4s
N
=<aN I ) = ([Ta)
i=1
This implies that

1+ & (1-v) B a-? 2 1-n? T—1

5 I=v T 3 3 M
— I+ 37 (1-v) 1+ 57 (1-v) I+ 7 (1-v) I+ 37 (1-v)
(12) alT”z(aTM ) =a; " cap ™ >ap " -(Hai).

i=I

Now we will prove that

o
b, 21
(13) Z_ < #'
n=T
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From (1), (2), (7), the fact that {a,};Z, is an increasing sequence of positive
integers (thus a,, < ay < ar_; < ar < ---) and the fact that the function
log2

is decreasing for x > ar we obtain that

00
Z bn Z 10g2 an _ Z logg a, 4 Z logg a,
a, a] v alfv alfv
n=T n=T n T <n<log, ar n log, ar <n n
1 1
log a log} a, log,”" ar n’
al—v Z al—v al—v Z 2n(1—v)
T log,ar<n " T log, ar <n
I'H’
21lo
arp "’

Thus (13) holds. Now inequalities (12) and (13) imply that

(14)
00 T-1 o0 T-1 T—1 b
DL Ll B UL SR ) St
P = P T—1 -
a a a a
n=1 " n=1 " n=1 " Hn=l an n=T "
1 1 1
210g T 2log, a 2log, T
— a; v M<1 )2 _ - M(l—u) T—1 M
1+ (1-v) 1—vy 1+ -y
i (1_[ ) (ap ")t <l_[ ai>
izl i=1
1+
2log, " a
< 52 3
YA 5(1-v)

M= T-1 M
(12 a-v)° +1+%(1—v>
ar . 1_[ a;

i=1

Let us put gr = ]_[5;11 an, PT = ]_[;:_11 a, ZZ 11 Z and € = ‘S(j—_‘fv From
(8) and (14) we obtain that

1

M+e”
qr

15)

The fact that M 4 25(1 — v) = m > 2, where § is sufficiently small, and
that for each § we can find infinitely many pairs (pr.qr) = (Prwvy, 9T (NY)
satisfying (15) imply that the number Z a— is irrational and its irrationality
measure is greater than or equal to m. '

ProOOFOF COROLLARY 1. Itisenoughtosetv = 0,0 = ap-log,(m+1) and
B = Bp -log,(m+1) in Theorem 1 where ap, Bp are constants in Corollary 1.
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PrROOF OF ProposiTioN 1. For the function sinlogn we have that
sinlog(ne™) is about — sinlogn. Now set k = e — 1, o = UFQE-20 1)

2+4e 1)
T_ 244" -1 1,
and 8 = % andm = x -1 T+ in Corollary 1. Because we can

take e sufficiently small we obtain Proposition 1.

ProOF OF ExampLE 2.1. For the function coslogn we have that

T . . s
coslog(ne?) is about —sinlogn. Now set v = %, k =ez -1, a =
14112 -1)

(11 — €)log, 10 and B = (10 + €) log, 10 and m = =5 (10«”-n0+0 ) in The-
orem 1. And let us take € sufficiently small and the proof is complete.

The arguments in Example 2.2 are similar to the proof of Proposition 1.
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